Jlexnus Ne3

§4. CymectBoBaHue COOCTBEHHOT0 3HAYEHU S
BIOJIHE HEMPEPHIBHOTO CAMOCONPSIZKEHHOT0 oTepaTopa.

[lycts nuHelHbIN omepaTtop A AeicTByeT B JHMHEWHOM mnpoctpaHctBe L. Uumcimo A
Ha3bIBaeTCsl COOCTBEHHBIM 3HAYEHUEM orepaTopa A, €Clid CYHIECTBYET AIeMeHT ) # (0 Takoi,

9r0 Ay =Ay. DJeMeHT ) Ha3bIBacTCI COOCTBEHHBIM BEKTOPOM. MHOMXKECTBO COOCTBEHHBIX

BEKTOPOB, COOTBETCTBYIOIIMX COOCTBEHHOMY 3HA4e€HHIO A, SBISETCS IOANPOCTPAHCTBOM
IpOCTpaHcTBa L (JIOKaXXUTE 3TO CAaMOCTOSATENBHO).

1
Ecmu A #0, 1o unucno 4 = n Ha3bIBACTCS XapaKTEPUCTUYECKUM YUCIIOM onepaTtopa A .

ITycTh BBINIOJIHEHBI CIIEYIOIIME YCIOBUS AJIs onlepaTopa A :

1) A: E— E (E — 0eckOHeYHOMEPHOE €BKJIMI0BO IPOCTPAHCTBO, Hanpumep, hla,b]);
2) A=A4",
3) A — BIIOJHE HENPEPHIBHBIN OrepaTop.

Jlanee OyaeT MOKa3aHO, YTO MPU ITUX YCIOBUAX omepatop A HMMEET Mo KpaiHel mepe
OJTHO COOCTBEHHOE 3HAUYCHUE.

[IpenBaputenbHo chopMyaupyeM U JOKaXKeM psifl YTBEPKIACHHM, U3 KOTOPBIX U Oyjaer
CJIEIOBATh 3TOT BAYKHBIN PE3yJIbTAT.

Jlemma 1. Ilycte 4 - caMOCONpPSDKEHHBIM ONEpaTrop, U e — MPOU3BOJBHBIM 3JIEMEHT

MpOoCTpaHCTBA £ Takoii, 4To ||e|| =1. Torna cnpaBeaJIMBO HEPABEHCTBO
2 2
||Ae|| < HA e

Mpu4eM pPaBCHCTBO HMECT MCCTO TOrJa M TOJIBKO TOrJa, KOraa e SABJIACTCA COOCTBEHHBIM

2

2
BEKTOPOM orepaTopa A, OTBEUAIONUM COOCTBEHHOMY 3HAUCHHIO A = ||Ae|| .

HoxaszarenscTBo. M3 HepaBencTBa Komm-byHAKOBCKOro JIETKO MOIY4YHTh
2 2 2 2
||Ae|| = (Ae,Ae) = (A e, e)S HA eH . ||e|| = HA e

2

MMPUYEM 3HAK paBCHCTBA BO3MOKCH TOTAa W TOJBKO TOraa, Korjga 3JCMCHTLL A2€ A e JTUHEWHO
2 ) 2
3aBUCHMBIL, T.e. A"e = Ae. UTak, e — coOCTBEHHBII BEeKTOp oneparopa A~ .
o 2
JIy1st TOro 4TOOBI HAMTH A, YMHOXUM PaBEHCTBO A e = Ae CKaJSIpHO Ha e. YUUTHIBas,

qTo (Aze,e) = (Ae, Ae) = ||Ae||2 Hu

2
|e|| =1, monyumm, 4to A = ||Ae|| .
[lycts Temepb e — COOCTBEHHBIH BeKTOp omepatopa A°, COOTBETCTBYIOIIMii
2 2 2
COOCTBEHHOMY 3HAYCHUIO A:”Ae” . Tornma Aze:”Ae” e u ”Aze”:”Ae” . Jlemma 1

JI0Ka3aHa.
Onpenenenue. DJEMEHT e Ha3bIBAETCS MAaKCUMAJIbHBIM 3JEMEHTOM (BEKTOPOM)

onepaTtopa A, ecnu ||e|| =lwu ||Ae|| = ||A||

Kak Opu1o nmokazano B mpenpiaylleM B maparpade, BIOJHE HENPEPBIBHBIA OmepaTop
SBIISIETCS. OTPAHUYEHHBIM.

Jlemma 2. CaMOCONpPSDKCHHBIM BIIOJIHE HENPEPBIBHBIM omepatop A4  oOiamaer
MaKCHUMaJIbHBIM BEKTOPOM.

JokazarenbctBo.  O003HAUNM ||A||:M . Ilo omnpeneneHnro HOPMBI omepaTopa

CymeCTBYCT IOCICAOBATCIBHOCTL ), , ”yn

=1, n=1,2,3,..., TaKkad, uto z, = Ay, obnagaer
CBOMCTBOM ||zn ||—>||A||:M . Tak kak nmociaen10BaTeNnbHOCTh ), OrpaHU4YEHA, U omneparop A —

BIIOJIHE HGHpCpBIBHLIfI, TO M3 TMOCJICHOBATCIBPHOCTH Zz, MOXXHO BBIACINTE CXOIALLYIOCA
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TIO/INIOCIICA0BATEBHOCT 2, —> z € E. Ilepeobosnaunm z, =z,. M3 cxogumoctd z, —> z 1pH

n —> 0 CJIEAYET, UTO ||zn || - ||z|| =M.

[Tokaxem, 4TO SJIEMEHT Z = SIBJISIETCS. MAaKCUMaJbHBIM BEKTOPOM orepatopa A .

z
M
z

n

PaccMoTpuM MOCNIEI0BATENBHOCTD 2, = YR W3 nemmebl 1 umeem

Az,
M

2

|42.]=

== gl = e

z

n

o ~ ~ z
C npyroii CTOpOHBHI, ||Azn || < ||A|||zn = ||A|| H" :| , W 3THX JIByX HEPAaBEHCTB BBITEKAET

2
Z ~
El <z <.

Ilockonmeky z, >z n |zn — M TO, mepexoAs K MpeAeily Ipu 1 —» o0 B MOCIETHEM

~ -~ - Z
COOTHOIIIEHUH, nojryuyuM M < ||Az|| <M, nm ||Az|| =M,T1e. Z :ﬁ SIBIISICTCSI MaKCHMaJIbHBIM

BEKTOPOM JIJIs onieparopa A .
Jlemma 3. Eciu z - MakcUMalbHbIN BEKTOpP CaMOCONPSKEHHOro omneparopa A, To z -

COOCTBEHHEI BeKkTOp omepatopa A°, COOTBETCTBYIONIMH COOCTBEHHOMY 3HAUEHMIO
A=|4" =m>.
I[OKaSaTeJ'H)CTBO. %k} OIPCACIICHUA MAKCUMAJIbHOI'O BEKTOpa CICAYCT
M? =[] =]z <| 42| <| 4|2 = | 4| <l 4=,

2 o~
T.C. ||Az|| ZHAZZH. Otcroma, cormacHo jemMe 1, ciemyer, 4TOo z - COOCTBEHHBIH BEKTOP

-~ 2 2
omepatopa A°, COOTBETCTBYIOUIMH COGCTBEHHOMY 3HAUYEHHIO A=||Az|| =||A|| =M?, uto u

TpeOOBANIOCH T0KA3aTh.
Jlemma 4. Ecnn onepatop 4° 061amaeT coOGCTBEHHBIM BEKTOPOM Z, COOTBETCTBYIOIIHM

coOCTBeHHOMY 3HaueHHmIo M °, To omepatop A MMeeT COOCTBEHHBIH BEKTOp, OTBEUYAIOMIMii
cobcTBeHHOMY 3HaueHn0 M wimu — M .

JloxasatensctBo. Tak Kak z — cOOCTBEHHBIH BekTop omepatopa A°, To z#0 u

A’z=M?z. Tlepenumem 510 paBeHCTBO B Buae (A°—M°I)z=0, tae I — eIVHUYHBII
oneparop, unmu (A—MI)A+MI)z=0.

Bosmoxnsl nBa ciydas. Ilycts chavana u =(A+MI)z+#0. Torna (A-MI)u=0 wunnm
Au=Mu, 1.e. u — COOCTBEHHBIH BEKTOp omepaTopa A, COOTBETCTBYIOUIHH COOCTBEHHOMY

3Ha4YeHuto M .
Ecmu e u=(A+MI)z=0, To z — cOOCTBEHHBI! BEKTOp omeparopa A, OTBEYAIOIIHA

CcOOCTBEHHOMY 3Ha4eHHUI0 —M .
Teopema. CaMOCONPSKEHHBIM BIIOJHE HEMPEPBIBHBIA omnepaTtop A, ACHCTBYIONIUMH B
OECKOHEUHOMEPHOM  €BKJIMJIOBOM  NIPOCTPAHCTBE, 00JalaeT COOCTBEHHBIM  BEKTOPOM,

COOTBETCTBYIOIINM COOCTBEHHOMY 3HAUCHUIO A , MpUYeM |A| = ||A|| .

Joka3zarenbcTBo. CorjacHo jgeMme 2 oreparop A 06naz[aeT MaKCUMAaJIbHBIM BCKTOPOM
2
z . Jlemma 3 YTBEPIKAACT, YTO 3TOT BECKTOP Z ABJIACTCA COOCTBEHHBIM BCKTOPOM OIICpaTOpa A .

2
, a U3 JeMMbI 4 cienyer, 4To omepatop A

COOTBETCTBYIOIIIUM COOCTBEHHOMY 3HAU€HUIO ||A|
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UMeeT COOCTBEHHBIN BEKTOP, COOTBETCTBYIOIIMI COOCTBEHHOMY 3HAYCHUIO ||A|| W —||A , T.€C.

|A| = ||A|| Teopema noka3aHa.

3ameuanue. Dta Teopema, BOOOIIE TOBOps, HE BEpHA, €CIM OTKa3aTbCcsi OT YCIOBHUH
CaMOCOMNPSKEHHOCTH WJIM BIIOJIHE HETIPEPBIBHOCTH ONEPATOPA.

IIpumep. BrionHe HeNpephIBHBIIN ONEpaTop, KOTOPBIA HE UMEET HU OHOTO COOCTBEHHOTO
3HAYEHHUsI, 3TO, HAIPUMEP, HEBBIPOKACHHBIA oniepaTop BonbsTeppa ¢ HempepbIBHBIM APOM. DTOT
pe3yNbTaT MBI IOJIyYUM IIO3THEE.

IIpumep. PaccMOTpuM olepaTop YMHOXKEHHUS Ha X, a UMEHHO TaKoOil, 4To sl JIF0O0ro
ateMeHTta y w3 h[a,b] (menpepwiBHOW ¢yHKIMU y(x)) Ay =x-y(x) Omneparop A4
CaMOCOTPSKEHHBIN, T.K. U mo0bIX  y,(x), »,(x) u3 hla,b] BepHO

(Ayl,yz)=fxy1(X) yz(X)dx=fy1(X)xy2(X)dx=(yl,Ayz)-

Omneparop A He MMeeT COOCTBEHHBIX 3HAYEHHH, T.K. €clii A - ero cOOCTBEHHOE 3HA4Y€HUE, TO
x-y(x)=Ay(x), wu3 yero cnemyer, yro y(x)=0 mnpu xe€[a,b], a 3TO TPOTUBOPEUHUT
OTIpENIeICHNIO0 COOCTBEHHOTO BEKTOPA.

b
Paccmorpum Tenepnr omepatop ®Ppenronbma Ay = .[K (x,8) y(s)ds, nencTByIOIMMUIA
hla,b]— hla,b]. Ilyctb sigpo K(x,s) omeparopa yAOBIETBOPSET CACAYIOIIUM YCIOBHIM:
1) BemiecTBEHHOE,
2) HempepbIBHOE 10 COBOKYMHOCTH NMEPEMEHHBIX (X, ),

3) He paBHOE TOXIECTBEHHO HYJIIO,
4) cuUMMETpUYECKOE.
Teopema. Ilycth BbIMOSHEHBI yciioBus 1)-4) s siapa WHTErPaIbHOTO OIepaTropa
Openronsma A: hla,b]— h[a,b]. Torma stot onmeparop 061agaeT COOCTBEHHBIM 3HAYCHHEM

A, A#0: Ay=Ay, y#0, yehla,b].
3ameuanue. B TeopuM HMHTErpaJbHBIX ypaBHEHHH ynoOHee HCIOJIb30BaTh

1
XapaKTepUCTUYECKUE 4YHUCIa, a HUMEHHO /'L:X, A#0. Torma B YTBEpKICHUU TEOPEMBI

ciemyer 3anucatb AAy=1y.

JoxazatenbctBo. Panee Obulo goka3aHo, 4TO omnepaTop Ppearosibma sBISETCS BIOJIHE
HENpPEPbIBHBIM, a MPH YCIOBUHM CUMMETPUYHOCTHU SApa U CAMOCOIPSKEHHBIM. TeM caMbIM, 10
JIOKA3aHHOM BbIIIE Teopeme omneparop Ppexnrosbma HMeEET XOTS Obl OZHO COOCTBEHHOE
3Ha4yeHue. [[ng Toro, yToOBl MPOBEPUTH, YTO YKAa3aHHOE COOCTBEHHOE 3HAUYEHUE HE DPABHO
HYJII0, JOCTaTOYHO JOKa3aTh CIEAYIOLIEe YTBEPKICHHE, 4YTO PEKOMEHAYEM IpOAeIaTh
YUTATEII0 CAMOCTOSTENIBHO:

Yreepxaenue. [lycts A - nuHeNHbIN orpaHudeHHsblil onepatop, A: N, - N,,rae N, u

N, —HOpMupOBaHHbIE pocTpaHcTBa, U A # 0. Toraa ||A|| >0.

§5. IlocTpoenne noc/jieq0BATEILHOCTH COOCTBEHHBIX 3HAYECHNH 1 COOCTBEHHBIX
BEKTOPOB BIIOJIHE HENMPEPHIBHOIO CAMOCONPSI:KEHHOT 0 OIlepaTopa.

Ilyctb BHOJHE HENPEPHIBHBIM CaMOCOIpPSDKEHHBIM omepatrop A  JIEHCTBYeT B
0ECKOHEUHOMEPHOM E€BKIIMIOBOM TpocTpaHcTBe  /M[a,b]. B mpenpimymem mnaparpade Ml

JIOKa3alii, YTO TaKOH ornepaTop 06agaeT coOCTBEHHBIM 3HaueHneM A: Az = Az, |A| = ||A||
O4eBUAHO, YTO 3TO COOCTBEHHOE 3HAYEHHE SIBISETCSI MAaKCUMaJbHBIM IO MOIyi0. B
caMoM Jienie, mycTb A - Jpyroe coOCTBeHHOe 3HaueHuWe, T.e. Az = AZ. Byaem cuutaTh, 9TO

19



||Z||=1 (uHavye mpocto HOopmupyeMm z ). Torma ‘7\‘=||A§||S||A||||Z||=||A||=|A| Tem cambim,

M060e APyroe COOCTBEHHOE 3HAYCHUE, ECIIH OHO €CTh, TI0 MOAYJIIO He mpeBocxoauT [4|.

PaccmotpuMm mporienypy HMOCTpOSHHS MOCIIENOBATEILHOCTEH COOCTBEHHBIX 3HAYCHUH W
COOCTBEHHBIX BEKTOPOB BITIOJIHE HEMPEPBIBHOTO oreparopa A .
B npenpiaymem naparpade Mbl JOKa3aiM CyIIECTBOBAHHE COOCTBEHHOrO 3HaueHHs A,

TaKoro, 4T0 |A1|:||A||. ConoctaBuM A, coOCTBEHHBIN BEKTOp ¢, . bynem cuurars ||(p1 ||:1.

O6o3nauuM H, = h[a,b] - Bce ucxoHOE OECKOHEUHOMEPHOE €BKIIMA0BO MPOCTPAHCTBO. [1ycTh

onepatop A #0 (04EBHAHO, YTO HYJEBOH ONEpaTop MMEET M NPUTOM TOJIBKO HYJIEBOE
COOCTBEHHOE 3HAUYCHUE).
Paccmorpum MHOXkecTBO /, BEKTOpOB ) Takux, uto (y,¢,)=0, yveH,, (1.e.H,-

OPTOrOHAJIBHOE AONOJIHEHUE K ¢, ). OTMETHM €ro CleayIolue CBONCTBA.
a) H, -_nuneiiHoe mpoctpanctBo. Ha camom nene, [uist JIOObIX BEIIECTBEHHBIX YUCEN

a,, 0, 1 JIO0BIX 2JIEMEHTOB ), M Y, Takux, 4to (1,¢,)=0, (»,,¢)=0 umeer mecro

(@ +a,,,¢)=0.
0) H, - 3aMKHyTO, T.e. €ClIM IocjiexoBarelbHocTb y, — vy U (v,,¢)=0, TO
n—

(»,¢,)=0 (u3Toro,uro y, € H, u y, — y cuenyer,uro y e H,).

HOKaSaTeHBCTBO. HpI/IMeHSIH HEPaBCHCTBO KOHII/I—BYHHKOBCKOFO, nojrydyacm
|(yna¢1) -, ¢1)| = |(yn =) ¢1)| < ||yn - y””@l” = |(yna¢1) -, (01)| —0.

—0

ATK (y,,0)=0,10u(y,0,)=0.
B) H, - NHBapUaHTHOE NOJANPOCTPAHCTBO OTHOCUTENILHO oneparopa A, 1.e. AH, c H,

(u3 Toro, uro y € H, cnenyer,uro z=AyeH,).

HoxasarenscrBo. (z,¢,) =(4Ay,9,) =, 4p,) =, Ao)=A(y,9,)=0.
Wrak, H, - nuHeilHoe OECKOHEUHOMEpPHOE EBKIMUIOBO IMpOCTpaHCTBO. Jlanee Oynem

paccmarpuBath oneparop A: H, - H,.
OueBuaHO, 4YTO omeparop A - BIOJHE HENPEPHIBHBIA CaMOCONPSIKEHHBIA - U
< =
||A || Hy > H, _”A||H|—>H1 ||A|| Torma mo TteopeMe mnpensimymero mnaparpada omeparop 4,

neiictyromuit H, — H,, uMmeer coOCTBEHHOE 3HayeHHe A,, KOTOPOMY COOTBETCTBYET

COOCTBEHHBIN BEKTOP ¢, , IPHUEM |A2| =||A || i, = ﬁp ||Ay|| Bynewm cuurath, 4TO ||g02 || =1.
yiy|=t

Ecmn  A,=0, To mpouecc mHOCTpoeHHs COOCTBEHHBIX 3HAYEHUH 3aKkaH4MBaeTcs. B

IPOTHBHOM CJIy4ae BBEIEM Jalle€ MHOXKECTBO [1,, cocrosiuee M3 BEKTOPOB Y TAaKHX,

yro (y,9,)=0, (»,¢,)=0. IloBropss paccyxaeHus, IpUBEIECHHbIE BBIIIE, MOXKHO J0Ka3aTh,

4TO onepaTtop A, otodpaxaromuii /, — H,, BIOJIHE HENPEPHIBHBIA U CAMOCOIPSKEHHBIHN, U

o TeopeMe IMpenblayliero maparpadga umeeT COOCTBEHHOE 3HAaYeHHE TakKoe, YTo

[Asl=14] om, = sup |4y

yily=1
(7.9)=0
(7.2)=0

, KOTOpPOMY COIIOCTaBMM COOCTBEHHBIH BEKTOp ¢,. bynem

CUUTATh, YTO ||¢)3|| =1.
Ecmm A;=0, To npouecc 3akanuuBaerca. B mpoTHBHOM cilydae BBEJEM IIPOCTPAHCTBO

H,nr.n.
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Bo3MoxHBI ABa ciryyasi.
1) Vn=1.2,... ||A || 4 oy #0. Toraa Mpl momyyaeM GeCKOHEUHBIE MOCIEI0BATEIBHOCTU

A, no,.

2) Jnst mexkoroporo n H, _, #0, HO ||A || . m ., =0, T.e. ISl HEKOTOPOTO 1 CyXCHHE

n+l n+l

onepatopa A Ha IPOCTpaHCTBO [/, ,, craHeT HyJeBbIM omeparopoM. Torma A,,, =0 u

IPOLECC MMOCTPOEHHUS ITPEKPAIACTCSL.
3ameuyanue. OYEBUIHO, YTO |A3| < |A2| < |A1|.

3ameuaHue. Hna orepaTopa @®penronbma BaXKHa MOCJIEI0BATENbHOCTh
XapaKTEePUCTHUUECKUX YUCET |/”tl| < |/12| <.... Torma cnenyer paccMaTpuBaTh CIEAYIOLINE 1BA
BapUaHTA:

1) GeckoHewyHoe uucio A, ;
2) KOHEYHOE 4ucio A, .

Teopema. CoOCTBEHHBIE BEKTOPHI CaMOCOIPSIKEHHOTO oreparopa A, COOTBETCTBYIOIINE
Pa3INIHBIM CO6CTBCHHBIM 3HAYCHHUAM, OPTOIOHAJIbHBI.
HoxasarensctBo. Ilycte Ap, =A@,  Ap, =Ap,, A #A,, o1 u @y —

COOTBCTCTByIOH_H/Ie CO6CTBeHHBIe BeKTOpLI. TOFI[a
0=(A4p,,0,)—(Ap,,p,)=(A, —A,)@,,p,), u3uerocrenyer (¢,p,)=0.
—_—

#0
Teopema. UYucio pa3nuuHBIX COOCTBEHHBIX 3HAUEHWH BIIOJIHE HEMPEPHIBHOTO

CaMOCOIIPSDKEHHOT0 onepaTopa A4, yJIOBIETBOPSIOIIUX yciaoBuio || 4[> |A|Z5 >0, rae 0 -
(UKCUPOBAHHOE MOJIOKUTEIBHOE YHCIIO0, KOHEYHO.

JlokazarenbctBO. [IpenmonokuM, d9To COOCTBEHHBIX 3HAYECHHH OECKOHEYHO MHOTO.
BeibepeM mociie10BaTeNbHOCTh (Pa3IMYHBIX) COOCTBEHHBIX 3HaueHudl A ,A,,..,A,,.n 1

KaXJOro COOCTBEHHOTO 3HAYEHUS BBIOEPEM COOCTBEHHBIE BEKTOPA @), D5 ,ecey @, ...

(|,

=1 Vn=12,...), no npeaplaymieii 1eMMe OHU 00pa3yIOT OPTOHOPMUPOBAHHYIO CUCTEMY.

Omnepatop A- BrmosiHE HemnpepbiBHBIA. (Cle10BaTENbHO, W3 TOCJIEN0BATEIbHOCTH
A@, = A, ¢, MOXKHO BBIIECIUTh CXOIAILYIOCA MOINOCIEN0BATENbHOCTh. [TokaxeM, 4To 3TO He

Tak. Bo3pMeM npou3BOJIbHBIEC HATYpAJIbHbIC YnCia I U J, i#. Torna
2 2
[40, 40| =[a0 A0, =0, -0, 00, - A,0)) = A+ A 2257 >0,

T.C. HHKaKasg II0AINOCICAOBATCIBHOCTh II0CIICA0OBATCIbHOCTH A(Dn :An(0n HEC ABIACTCA

(dyHIaMeHTalbHOW, a, CJeNOBaTeNIbHO,  HHUKaKas I[OJIOCIEIOBATEIBHOCTh HE MOXKET
CXOJIUTHCSI.
Onpenenenne.  Yucino  JIMHEHHO  HE3aBUCHUMBIX  COOCTBEHHBIX  BEKTOPOB,

COOTBETCTBYIOIIUX COOCTBEHHOMY 3HA4Y€HMIO, HAa3bIBAa€TCSI KPATHOCTBIO COOCTBEHHOIO
3HA4YCHUA.

Teopema. HenyneBoMy COOCTBEHHOMY 3HAUCHHIO BIIOJHE HEMPEPHIBHOTO orepaTopa A
MOJKET COOTBETCTBOBATh TOJILKO KOHEYHOE YHCIIO JHWHEMHO HE3aBUCHUMBIX CO6CTB€HHBIX

BEKTOPOB.
HoxazarenbctBo. Ilyctb A #0, m A cOOTBEeTCTByeT OECKOHEYHO MHOTO JIMHEHHO
HE3aBUCHMBIX COOCTBEHHBIX BEKTOPOB @), (,,...,®, ,.... llpuMeHuB mnpouenypy I'pama-

[IIMuaTa, XOpOILIO H3BECTHYIO W3 Kypca JUHEHHON anredpbl, Mbl MOXEM IpeoOpa3oBaTh
@, Pyseees P, 5... B OPTOHOPMUPOBAHHYIO CHUCTEMY. A TOrga IOKa3aTEIbCTBO 3TOH TEOPEMBI
JIOCJIOBHO TIOBTOPSIET JIOKA3aTENbCTBO MPEABIAYLICH TEOpeMbl, €cld Mbl 0003HauYUM
|A|:5>0. A WMEHHO, TIOCKOJIbKY ||(pn =1, (¢.9¢;)=0, i#j ,a Ap,=Ag,, m
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IIOCJICA0BATCIBHOCTHU A o, HCJIb341 BBI6paTL CXOOAIIYIOCA  MOAINOCICA0BATCIIbHOCTD,

2
MOCKOJIbKY HAgpl- —Agp JH :2|A|2 >0 mpu i# j. DTOT pe3yiabTaT MPOTHUBOPEUYUT TOMY, UTO

onepaTop A SIBISETCS BIIOJIHE HENPEPBIBHBIM.

3ameuanue. HyneBomy coOCTBEHHOMY 3HAYEHHMIO MOKET COOTBETCTBOBATh KaK KOHEUHOE,
TaK 1 OECKOHEYHOE YUCIIO JTMHEHHO HE3aBUCHMBIX COOCTBEHHBIX BEKTOPOB.

Ecnu cymiectByeT mocneoBaTeabHOCTh JUHEHHO HE3aBUCHUMBIX COOCTBEHHBIX BEKTOPOB
@1y Py ey P, 5., TO, UCNONB3Ys Hpoueaypy I'pama-lllMunra, ee MoxHO HpeoOpa3oBaTh B

OPTOHOPMHUPOBAHHYIO CUCTEMY.
Hamomuum ¢opmynsl nponenypst ['pama-IlImuara. Ilo 3aganHOi mociaeqoBaTeIbHOCTH

BEKTOPOB @15 P2 5oy Py 5. CTPOATCA TOCHEAOBATENBHOCTH YW1, W D ey Wpyseee U €],€0,...85,...
1o ¢popmynam:
LA
Ha TIEPBOM IlIare - V=0, e =1—7;
”Wl
n-l1 7%
n
Ha 1-OM IlIare - 1//n=(pn—2(g0n,ek)ek, en=”7.
k=1 n

Tenepb copmyIupyeM OCHOBHbIE PE3yJIbTaThl O TOCTPOEHUU TOCIEI0BATEILHOCTH
COOCTBEHHBIX  3HAUEHUH, YNOPSIOYEHHBIX B  TOPSAKE  HEBO3pACTaHHUS  MOJIYJIA:

|A1|2|A2|2...2|An|2.... Kaxnoe coOcTBeHHOE 3HAUeHME IIOBTOpPSETCS B ATOH

MMOCJICAOBATCIIBHOCTHU CTOJIBKO pa3, KaKOBa €0 KPaTHOCTb.

Kaxnomy coOCTBEHHOMY 3HAU€HHIO COOTBETCTBYET COOCTBEHHBIH BEKTOp, MpUYEM
MOKHO BBIOpaThb COOCTBEHHBIE BEKTOPHI TaK, YTO OHU O0Opa3ylOT OPTOHOPMHPOBAHHYIO
cucremy. Ha camom pnene, cOOCTBEHHBIE BEKTOPbI, COOTBETCTBYIOIIME Pa3HbIM COOCTBEHHBIM
3HAYCHHUAM OPTOI'OHAJIBHBI, a COOCTBEHHBIE BCKTOPBI, COOTBCTCTBYIOIIUC OAHOMY H TOMY K€
cOOCTBEHHOMY 3HAYEHHIO, MOXHO OpPTOTOHAJIN30BaTh, UCNONb3Ys npouenypy I'pama-LlImunra.
— 0.

n—>0

Ecmn HCHYJICBBIX COOCTBEHHBLIX 3HAYeHHHI OECKOHEYHO MHOIo, TO |A n

I[eﬁCTBHTeHBHO, noCJIICA0OBATCIIbHOCTD |Al’l| ABJIIACTCA MOHOTOHHO HCBOSpaCTaIOH_[eﬁ n

OrpaHu4eHHON cHu3y (Hynem). IloaTomy 3Ta mocienoBaTenbHOCTh UMeEET mpenen. Ecnu 1ot
npezen 0oJblle HyJis, TO Mbl I10JIy4aeéM IPOTHUBOPEYHE C JOKAa3aHHBIM BBIIIE YTBEPKACHUEM O
TOM, YTO YHCIO COOCTBEHHBIX 3HAUEHUH, MOJAYJIM KOTOPHIX HPEBBIMIAIOT JI000e
(UKCHUPOBAHHOE MOJIOKUTEIBHOE YUCIIO0, KOHEUHO.

IK3aMeHAIlOHHbIE BONPOCHI

1) Omnpenenenus 1 GopMyJIHMPOBKH TeOpeM.

CdopmymnupoBats ornpeneiaeHre COOCTBEHHOTO 3HAYEHUS JIMHEHHOTO OIeparopa.
CdopmyupoBaTh onpeaesieHne coOOCTBEHHOTO BEKTOpa JIMTHEHHOTO OIepaTopa.
CdopmynupoBath onpeieIcHHe MAaKCUMAIBHOTO BEKTOpa JIMHEHHOTO OIepaTopa.
CdopmynupoBath onpeereHrne HHBAPUAHTHOTO MOIITPOCTPAHCTBA IUHEHHOTO OIepaTopa.
CdopMyupoBaTh onpeesieHne KpaTHOCTH COOCTBEHHOTO 3HAYCHHSI IMHEHHOTO OTepaTopa.
ChopmynupoBath omnpeaesieHue COOCTBEHHOH (YHKIMM sApa HWHTETPAJIBLHOIO Oleparopa
®penroapMma.

7. CdopmynnpoBaTs OIpeieleHrne BRIPOKACHHOTO JTHHEHHOTO OTepaTopa.

SR
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2)

10.

11.

12.

13.

14.

15.

YTBepikaeHus U TeopeMbl, KOTOPble HE00X0ANMO YMeTh 10KA3bIBATh.
Teopernueckue 3axaqu.

Jlokasath clieyroliee yTBepKaeHre: MycTh A - CaMOCONPSKEHHBIN OMepaTop, ACHCTBYIOIINA B
€BKJIMJIOBOM MPOCTpaHCTBE E, 1 € — MPOU3BOJLHBIN BEKTOp U3 E, ||e”: 1. Torma crpaBemIHBO

5 IIpUYeM pPaB€HCTBO HMMECT MECTO TOraa U TOJIBKO TOrjaa,

2 2
HEPABEHCTBO ||Ae|| < ”A e

2

KOIJla € SBJISIETCs COOCTBEHHBIM BEKTOPOM OIepaTopa A~ , COOTBETCTBYIOLIMM COOCTBEHHOMY
2

3HayeHno A =||Ae|| .

JlokaszaTp cremyrolee yTBep:KIEeHHE: CaMOCONPSIKEHHBIM BIIOJHE HENpPEpBIBHBIN omeparop A,
JICHCTBYIONIHI B €BKIUAOBOM MPOCTPAHCTBE £, 001a1acT MaKCUMaIbHBIM BEKTOPOM.

JokazaTh ciemyromee yTBEp)KIEHHE: €CIH z - MaKCUMAaJIbHBIA BEKTOP CaMOCOMPSIKEHHOTO
orepaTtopa A, NEHCTBYIOIIETO B EBKJIHIOBOM IPOCTpPaHCTBE K, TO z -COOCTBEHHBIH BEKTOP

2 . 2 2
oreparopa A~ , COOTBETCTBYIOIIHII COOCTBEHHOMY 3HaueHHI0 A = ||A|| =M".

JokazaTh cnenyromniee yTBepKIeHHE: IyCTh onepaTop 4 AeHCTBYET B €BKJINAOBOM MIPOCTPAHCTBE
2
E, u omepatop A° o6mamaet cOOCTBEHHBIM BEKTOPOM Zz, COOTBETCTBYIOLIUM COOCTBEHHOMY

spayenmio M °. Torma omepatop A nMeeT COOGCTBEHHBIH BEKTOp, COOTBETCTBYOLIHI
cobcTBenHOMY 3HaueHuo M wmu — M .

ChopmynupyiiTe MOCIEIOBATEIBHOCTh YTBEPXKIACHHM, U3 KOTOPBIX CIEAyeT Teopema:
CaMOCOTIPSKCHHBIN BIIOJHE HEMPEPBIBHBIA omepaTop A, NEHCTBYIONUN B OCCKOHCYHOMEPHOM
eBKIUIOBOM  TIPOCTpPAaHCTBE, 00JamaeT COOCTBEHHBIM  BEKTOPOM, COOTBETCTBYIOIIUM

COOCTBEHHOMY 3HA4YEHHIO A : |A| = ||A|| .
JlokasaTh TeopeMy: omneparop PpearosbMa ¢ BEMIECTBEHHBIM, HENPEPHIBHBIM 0 COBOKYITHOCTH
apryMEHTOB, HE PABHBIM TOXIECTBEHHO HYIII0, CAMMETPHYECKHUM SIIPOM 00JIa1aeT COOCTBEHHBIM

sHauenneM A, A#0: Ay=Ay, y#0, yehla,b].

JlokaszaTh, 4TO COOCTBEeHHOEe 3Ha4yeHHe A IHHeWHOro omeparopa 4 Takoe, 4YTO |A| =||A

b
ABJIACTCA MaKCUMaJIbHBIM 110 MOJYJIIO.

JlokaszaTh, 4YTO 4YHCIO COOCTBEHHBIX 3HAUCHHWU BIIOJNHE HEMPEPHIBHOIO CAMOCOIPSHKECHHOTO
omeparopa A, JeHCTBymEero B OECKOHEYHOMEPHOM  EBKJIMIOBOM  IPOCTPAHCTBE,

YIOBIIETBOPSIOIIHMX YCIIOBHIO |A| >0 >0, xoHeuHoO.

JlokasaTh, YTO HEHYJICBOMY COOCTBEHHOMY 3HAYCHHIO BIIOJHE HEHPEPHIBHOrO omepartopa A,
JecTByONeMy B OECKOHEYHOMEPHOM EBKJIMJOBOM MPOCTPAaHCTBE, MOXKET COOTBETCTBOBATH
TOJILKO KOHEYHOE YHCIIO JINHEWHO HE3aBUCUMBIX COOCTBEHHBIX BEKTOPOB.

JlokazaTb, 4TO €CIIH CaMOCOIPSDKCHHBIH BIOJNHE HEMpPEpBIBHBIN onepatop A, AeiicTByroumii B
0ECKOHEYHOMEPHOM E€BKJIMIOBOM IPOCTPAHCTBE, HMMEET OECKOHEYHYIO IOCIIE0BAaTEIbHOCTD

cobcTBeHHBIX 3Hauenuit A, n=1,2,3,..., 10 |An| - 0.

n—>0
Omnwmcath mporecc MOCTPOCHUS COOCTBEHHBIX 3HAYEHHH W COOCTBEHHBIX (YHKIMH BIOJHE
HENPEPHIBHOIO  CaMOCOIPSKEHHOIro oreparopa A, HeHCTBYIOMIEr0o B OECKOHEYHOMEPHOM
€BKJIUIOBOM TIPOCTPAHCTBE.

Ilycth @ - COOCTBEHHBI BEKTOP CaMOCONPSDKEHHOIO oreparopa A, HeHCTBYIOIErO B
€BKIMI0BOM IIPOCTPAHCTBE. J[0Ka3aTh, YTO MHOXKECTBO BEKTOPOB, OPTOTOHAILHBIX (), 00pa3yIoT
3aMKHYTOE JIMHEHHOE TIONPOCTPAHCTBO, HHBAPHAHTHOE OTHOCHTENBHO A.

JlokaszaTh, 4TO eciu MHTEerpalbHBIA oneparop dpenroiabma ¢ HENPEPHIBHBIM CUMMETPHUECKUM
BelIleCTBeHHEIM  simpoM K (X,8)  nmefictByer B KomiuiekcHom mpoctparcte 4 [a,b]
(KOMILIEKCHOM pacIIMpEeHUH MpocTpancTa /[a,b]), To 3TOT OmepaTtop MOXKET MMETH TOJIBKO
BEIECTBEHHBIE COOCTBEHHBIE 3HAYEHHMS.

[puBeauTe NMpUMEP CaMOCOMPSIHKEHHOTO OIeparopa, JAEeHCTBYIOIIEro B npoctpancTee Ala,b] u
HE MMEIOIIETO COOCTBEHHBIX 3HAUEHUIA.

IMpuBeauTe IPUMED BIIOJIHE HENPEPHIBHOTO ONEPATOPA, AEHCTBYIOLIETO B pocTpancTee Ala,b]
¥ HE HMEIOLIETO COOCTBEHHBIX 3HAYEHUH.
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16. Jlokasarh, 9T0 COOCTBEHHBIE BEKTOPHI CAMOCOIPSHKEHHOTO omepaTopa A, COOTBETCTBYIOIIHE
Pa3siIIMYHbIM CO6CTBGHHI>IM 3HAa4YCHUAM, OPTOrOHAJIbHBI.

17. Jlokazarh, 4TO COOCTBEHHBIE BEKTOPHI CAMOCONPSLKEHHOTO omeparopa A, COOTBETCTBYIOIIHE
pa3IMYHBIM COOCTBEHHBIM 3HAUEHUSIM, TMHEWHO HE3aBUCHMEI.
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