Jlexknus Nel2

§6. loctaTouHnble yc/I0BHS IKCTPpeMyMa
B 3a/1a4e ¢ 3aKpenieHHbIMH KOHIIaMH.

BepneMcss k 3amaue ¢ 3aKpEIUICHHBIMM KOHUAMH: HAWTH MUHHUMYM

dbyHKIIMOHANA
b

V[y]=IF(x,y,y')dx

MIPH YCIIOBUH, YTO
y@=4, yb)=B.
Heobxomumoe ycrnoBue 3xcTpemyma 0b110 chopmyaupoBaro B §3. [lomyunm
TCIICPb AOCTATOYHOC YCJIIOBUC MUHHMYMa (IlOCTaTOLIHOC YCJIIOBUC MAKCUMYyMa

MoJIy4acTCAd aHaJ'IOl"I/I‘IHO). KOHGLIHO, MOKHO IHOIIBITaTbCA HCCJICAOBATh 3HAK
2

MIPOU3BOJHOMN %V[y + th] JUIS BCEX JAOMYCTUMBIX /h(x). 31mech ke Mbl Oyaem
1=0

KCMOJIb30BaTh IPYTrOoi MOAXO/.

[Tycts Ha pyHKIMU y = f(x) JOCTUraeTcss MUHUMYM (yHKIMoHana V|y] ans
3aJ]auyl C 3aKPEIUIEHHBIMU KOHIIAMMU:

y@=4, yb)=B.

910 03Hauaer, uto V[¥]-V[¥]>0 mms Bcex F(x) u3 okpectHOCTH P(X) TaKuX, uTO
y(a)=A4, yb)=B. DyHKIIHOHAT V['f] MBI MOXEM pacCMaTpuBaTh Kak
KPHUBOJIMHENHBIN UHTETPaj BTOPOro poja

V13]= ] F (x5, 5)de = [F(x3.y')ds

0 KPUBOM C= {(x, y): y=y(x), x€ [a,b]} .
PaccMOTpHM  KPHBYIO 5:{(x,y): y=y(x), xe[a,b]} 1 0003HAYUM

Viyl=1 ), V[¥]=1(C). Hy>KHO OLEHHTb 3HAK BHIPAKCHHS
1(C)=1(C)= [ F(x,,y")dx— [ F(x,,y")dx,
c C

TOYHEE MOJTYYUTh YCIOBHS, IPU KOTOPHIX 3TO BBEIpaKCHUE HEOTpUIATeIbHO. J{iist aTOM
e  Mpeodpa3yeM pa3HOCTh WHTETPajoB IO ABYM, BOOOIE TOBOPs, Pa3IUYHBIM
KPHUBBIM B HHTETPAJI 110 OJHON KPUBOM.

bynem cuutarh, 4to QyHKIUS Y :y(x) COJICPKUTCS B ILEHTPATbHOM WIIH
COOCTBEHHOM TIOJIE€ 3KCTpemasei. HamoMHUM, 4YTO DKCTpEMalbl0 Ha3bIBACTCS
pellieHre ypaBHeHus Diepa.

[Iycte obmacth G Ha IJIOCKOCTH (X,)) COAEPXKHUT KPHBYIO, 3aJaHHYIO
¢ynkuueit y(x). Ecnu depe3 kaxmyro Touky oOmacté G THPOXOTUT U MPU TOM
€IMHCTBEHHAsl KpHUBasi, SBISIONIASCS PEIICHUEeM ypaBHEHUs Dilnepa, TO TOBOPAT, UTO
MHOECTBO TaKUX dKCTpeMasieil o0pa3yeT COOCTBEHHOE TOJIE.

[Tone »kcTpemaineil Ha3bIBaeTCS ILEHTPAIBHBIM, €CJIM BBITIOJIHEHBI TE K€
YCIIOBUSI, HO BCE IKCTPEMaJH MmepeceKaroTcs B oHo# Touke ((a, ) wnu (b, B)).

B o0oux ciy4asx MOXXHO OJHO3HA4YHO OIpeAeIuTh QYyHKIUO p(X,y):
p(x,y) - Ipou3BOJHAS B TOYKE X TOM 3KCTpemMaln y(x), KOTOpas MPOXOAMUT Yepe3
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Touky (x,y). B cinyuyae nentpanpHoro mois ¢GyHkuus p(x,y) ompeaeneHa Be3ae B
obmactu G, KpoMe OJJHOHM M3 TOUEK NepeceueHus skerpemane (a, A) wm (b, B).

VA

PaccmoTpum uHTETpan
~ d
J(C)= j {F(x, ¥, p(x,)) +(ay(x) - p(x, y)] F,(x,y, p(x, y))} dx
c

10 KpUBO C c G . 3ameTtum, uro J (5 )=1 (5 )= V[E ], Tak Kak y(Xx) MPUHAATIEKUT

. d —
TIOJII0 SKCTpeMalieit U, CIeI0BaTENbHO, o y(x)— p(x,y) =0 na xkpusoii C .

x

[Mepenuimem UCCIIETy MBI UHTErpal B BUJIC
J(C) = I [F (x, v, p) - pF, ] dx+F,dy w 3amMeTHM, 4YTO OTO KPUBOJHMHEHHBIH
c

UHTETpal BTOPOIo poAa.
[Tokaxkem, 9TO TOJ 3HAKOM HMHTErpajia CTOMT MONHbIN nuddepeniman. s
3TOTO JI0CTATOYHO YOEIUTHCS B TOM, YTO

0 0
—\F—-pF |=—F .
ay( p P) ax P
[Tockoneky F =F (x, v, p(x, y)) , IMEeeM
0
a p=pr+Fppp)C’
0
5( _pr):Fy+Fppy—Fppy—p(pr+Fpppy)'

Yepes kaxayro Touky (x,)) obmactu G TPOXOIMUT SKCTpEMaib, MO3TOMY B
KaXJI0i Touke (X, ) BBIMOJIHAETCS COOTHOIICHHUE (YpaBHEeHHE Ditnepa)

(Fy_ipr(x’y’p(xay))j =0,

d.

y=y(x)
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rae y= y(x) - DKCTpeMaib (T.€. pelIeHHe ypaBHEHUs Oiliepa), MPOXOAsIas yepes
3aIaHHYI0 TOUKY (X, V). W

F,-F, _prp_Fpp(px +pyp):0’
0 0
TO €CTh PaBEHCTBO — (F - pF, ) = —F, BBINOJIHACTCS.
oy ox
Wrak, uarerpan J (é) HE 3aBUCHUT OT BHIOOpA ITyTH UHTETPUPOBAHUS, U

V[)_/]:J(C’):_[{F(x,y,p)+(y'—p)-Fp(x,y,p)}dx:]((_?).

IToaTOoMy
AVZI(é)—l(@):I(C')—J(é):'[{F(x,y,y')—F(x,y,p)—(y'—p)-Fp (x,y,p)}dx.

Omnpenenum Teneps GyHkuuio Belepirpacca:
E(xayay,’p)E F(xay’y’)_F(xayap)_(y,_p)'Fp(xayap)'
OueBUIHO TOCTATOYHOE ycloBUEe MUHUMyMa: E >0 B okpectHocTH y(x). B

3aBHCUMOCTH OT TOTO, Kakasi BHIOMPAETCS OKPECTHOCTh — Ciiadasi WM CUJIbHAsS, MBI
MOJTyYUM CJIa0BIN WM CUIIBHBIA MUHHUMYM.

Chopmynupyem emie pa3 AOCTAaTOYHOE YCJIOBHE CHIBHOTO (ciaboro)
MUHUMYMa:
1) y =y(x) ynoBineTBOpsET ypaBHEHUIO DUIepa;
2) y=y(x) MoOxXeT OBITh BKIIOUYECHa B COOCTBEHHOEC WM IIEHTPAIBHOE IOJIe
3KCTpEMaJEn;
3) E (x, v, p) > (0 B cuibHOM (cr1aboii) okpecTHOCTH ) = P(X).

B ciyuae cuiibHOTO (€71a00T0) MakKCUMyMa JIOCTATOYHO BBIOJTHEHUE YCIOBHS
E<0.

[Tomyunm eme OXHO JOCTATOYHOE YCIOBHE MHHHMYyMa, KOTOpOE JIETKO
npoBepuTh. bynem mpeamomarate, 4Yto @ F (x, v, y’) JIBAXIbl  HEMPEPBIBHO
maddepennmpyema o ' . Pasnoxum oty GyHkmmio B psa Teitnopa B Touke p (1o

TPETheMy apryMEHTY) C OCTaTOYHBIM WieHOM B ¢opMme Jlarpanka
2

(V'-p)

s fw

!

F(x,3,y")=F(x,y,p)+(V'-p)-F,(x,y,p)+ (x,.9),

gelp.y'] nm qe[y,p].
Torna ¢pynkuus Beiiepmrpacca npumer umeer Buj

_(y'—P)zF (x,3.9)
= 5 ' \X V> q)-

UtoOel ObLIO BBHIMOJMHEHO YycnoBue FE >0,  10CTaTOYHO TMOTPeOOBATH
F,, >0 wna okcrpemanu y=y(x). Orto ycuosue Jlexannpa. MoxHO TaKKe

E(x, .5, p)

TpebGOBaTh  BBINONHEHUS HepaBeHcTBa [, >0 B (cmaboit uIM  CHUIILHOMN)

okpectHOoCcTH Y (X). Chopmynupyiite camu ycnosue Jlexanapa At MaKCHMyMa.

Paccmotpum mpumep. Ilycts TpeOyeTcs wuccienoBaTb Ha 3KCTPEMyM
(dbyHKIOHAT

Vb= (Ve

¢ rpannynbiMu yenoBusimu - y(0) =0, y(a)=b, a>0,b>0.
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N3 ypaBHenus DOitnepa »"=0 mnomysaem y=Cx+C,. HWcnonb3ys

TpaHUYHBIC YCJIOBHS, HAXOJIUM KPHBYIO, JJIsi KOTOPOH BBIMOJHACTCS HEOOXOIMMOE
YCIIOBUE IKCTpEMyMa:

b
y=7yx)=—x.
a

DOta KpuBas MOXET ObITh BKIIOYEHA B IIEHTPAIILHOE MOJE JKCTpeMayed —
MHOXXeCTBO GyHKIMH Bumga y=Cx, WIX COOCTBEHHOE IIOJIE JKCTpeMalieh -

. b
MHOXecTBO QyHKuui Buna y =—x + C (C — npou3BONIbHAS TIOCTOSTHHAS).
a

@ynkuusa Benepurpacca umeer BUI
E(x,y,5,p)=(') =p’ =" =pPp* = ('~ p) (' +2p)
1 obparaercst BHyIb ipu Y = p, y' =-2p.

Ha paccmarpuBaemoii kpuBoit y = y(x) = éx nMeeM p = b > 0. [TorTomy B
a a

cnaboi OKpecTHOCTH ) (X) BBIIOJIHEHO HEPaBEHCTBO E > 0 ; B CUIIbHON OKPECTHOCTH
3TO HEPAaBEHCTBO, OYEBMJIHO, HE BBINOJHsSETCA. Tem cambiM, GYHKIMSL V(X)
peanusyer ciadblii MUHUMYM (pyHKUIMOHana V|y].

Eme serye nposeputs yciosue Jlexanapa:

: b
F, =6y| » = 6=>0.

B 3akaroueHne CKaxkeM HECKOJIBKO CIIOB O YMCJICHHBIX METOOdAaX B
BapnallMOHHOM HMCYHCJICHHUU:

d
1) Tlpexxne Bcero ypasHenue F,——F, =0 ¢ rpaHHYHBIMU YCIIOBHSIMH

dx
y(a)=A, y(b)=B MOXHO pemaTh YUCICHHBIMA METOaMHU.

2) MOXHO UCHONB30BATh TAKXKE CICAYIOMUNA TOIXO0A. IDKCTPEMYM

b
byskmmonana  V[y]= J‘F (x, V, y')dx UIIETCS Ha MHOXECTBE (YHKIMH BHIA

a
N
Y, = Zlanwn (x), rme w,(x) - 3anaHnble QyHKUMK. 3a7aua CBOAMTCS K OTHICKAHUIO
-

MUHHMYyMa (WK1 MakcuMmyMma) GyHKImMu N nepeMeHHbIX. OueBUIHO, YTO
max V[y]>max ¢(e,,..a,)>min ¢(a,..c,)>min V[y].
MoOXHO NpUMEHATh U Apyrue nojaxonanbl. M3-3a HegocTaTka BpeMEHU MbI HE
MO>KEM PACCMOTPETh MX MOJAPOOHO. DTH METOABI M3yyaroTcsi B Kypce ‘“UucieHHble

MCTOI[LI”, a TaKKC B CICHUAIBHBIX KYypCaX, IMOCBAMICHHBIX YHUCICHHBIM MCETOHaM
pEeICHUA SKCTPEMAJIBHBIX 3a41a4.
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1)

2)

—

10.

IK3AMEHAIMOHHBIE BOMTPOCHI

Omnpenenenust 1 popMyTHPOBKH TeOpeM.

CdopmynpoBaTh OlpeaeseHre IEHTPATLHOTO OIS SKCTPeMalIeH.
CdopmynupoBath onpeneicHre COOCTBEHHOT'O TOJIS SKCTPeMaJIei.

CohopmynupoBaTh JOCTATOYHBIC YCJIOBHS CHJIBHOTO MHHAMYMa B 3ajade C
3aKpeIICHHBIMU KOHIIAMH C HCTIONb30BaHueM GyHKIUH Belieprpacca.
CdhopmynupoBaTh JOCTaTOYHBIE YCIOBHS ClIadOro MHHMMyMa B 3ajade ¢
3aKpEIUICHHBIMU KOHIIAMH C UCIIOJIb30BaHueM (QyHKimu BeliepmTpacca.
CdhopmynupoBaTh 10CTaTOUHBIE YCIOBHS JIekaHIpa CHIILHOTO MUHUMYMa B 3a/1a4e ¢
3aKpCIIJICHHBIMU KOHIIAMHU.

CdopmynupoBars gocTarouHbie ycioBus JlexxaHapa ciaboro MUHHMyMa B 3a/1a4ye ¢
3aKpETJICHHBIMU KOHI[AMH.

CohopmynHupoBaTh JOCTATOYHBIC YCIOBHSI CHIBHOTO MakKCHMyMma B 3ajgade ¢
3aKpEIUICHHBIMU KOHI[AMHM C UCIIOJIb30BaHueM ¢GyHkimu BeliepmTpacca.
CohopmynupoBaTh JOCTATOYHBIC YCIOBHS cIaboro MakcuMymMa B 3agade ¢
3aKperICHHBIMU KOHIIAMH C HCTIONBb30BaHueM GyHKIUHN Beliepmrpacca.
CdopmymnupoBaTh A0CTaTOYHBIE yciaoBuUs JlexkaHapa CHIBHOTO MakCHMyMa B 3ajiaue
C 3aKPEIUICHHBIMU KOHIIAMHU.

CohopmynupoBaTh JocTaToOuHbIe yenoBus JIexanapa cnaboro MakcumMyma B 3ajade ¢
3aKpeTICHHBIMU KOHI[AMH.

YTBep:kI1eHUs U TeOpeMbl, KOTOPble HEO0OX0AUMO YMeTh J0KA3bIBATh.
Teopernyeckue 3axavu.

O00CHOBATh JOCTATOYHBIE YCIOBHUS CHIIFHOTO MUHUMYMa B 3a7jaue ¢ 3aKpeTIeHHBIMU
KOHIIaMH C UCTIOJIb30BaHMeM (PYHKITMHN Befiepmrpacca.

OO00CHOBATh IOCTATOYHBIC YCIOBHS CIa00r0 MUHHMYyMa B 3a[aue ¢ 3aKperUICHHBIMH
KOHI[AMH C UCIIOJIb30BaHueM ¢yHKImu Beliepmpacca.

O6ocHOBaTh focTaTouHble ycioBus JlexaHIpa CHIBHOTO MHUHUMyMa B 3a7adye C
3aKpCIJICHHBIMU KOHIIAMU.

O6ocHOBaTh JocTaTOYHBIE ycioBus Jlexkanapa cimaboro MuUHMMyMa B 3ajade C
3aKpETICHHBIME KOHI[AMH.

O0oCcHOBAaTh  [TOCTaTOYHBIE YCIOBHS CHJIBHOTO MakCMMyMa B 3ajade C
3aKpEIUICHHBIMU KOHIIAMHM C MCIIOJIb30BaHueM (GyHkimu BeliepmTpacca.

O060CHOBATH JTOCTATOYHBIE YCIIOBHS CIA00T0 MaKCHMyMa B 3aJlaue C 3aKpeTUICHHBIMHU
KOHIIaMH C UCTIOJIb30BaHMeM (PyHKITMHN Befiepmrpacca.

O6ocHOBaTh AOCTaTOYHbIE YCIIOBHUS JlekaHIpa CHIBHOTO MakCHMyMa B 3agade C
3aKpEIICHHBIMU KOHIIAMHU.

O6ocHOBaTh JocTaTouHbIe ycnoBus Jlexannmpa cimaboro MakcMMyMa B 3amade C
3aKpeIUIeHHBIMA KOHITAMH.

Haiitn skcrpemanu (ynkimonana V[y]= I( y')3dx C TPaHUYHBIMH YCIOBHUSIMH
0
y(0)=0, y(a)=b, a>0, b>0 wu onpenenuts THI 3KCTpeMyMa (CIa0bIi UK

CHJIBHBIA, MUHIMYM WM MaKCHMyM) B 3aBHCHMOCTH OT 3HA4YEHWH MMapamMeTpoB a M

b.
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