Jlexnus Ne2

§3. DyeMeHTHI TeOpHHU JMHEHHBIX 0IIEPATOPOB.

IlepeiineM Tenepr K ONPEEIICHUIO JIMHEWHOTO oneparopa. Onepatop A4, NEHCTBYIOIIMN
U3 JINHEHHOTO IPOCTPAaHCTBA L, B JIMHEWHOE IPOCTPAHCTBO L, HA3BIBACTCA JIMHEHHBIM, €CIIU

JJIsA JIFOOBIX DJIEMEHTOB youny, nus3 L1 H JIIOOBIX BCIICCTBCHHBIX YHCCII 0(1 u a2 BBITIOJTHEHO
paBeHcTBO Ay, +a,y,) = a Ay, + a, Ay, .

bynem o6o3Hauate oOnacth ompeneneHus omeparopa A kak D(A). Iast mpocToTshl
Ooynem cuurath D(A)=L,. MHOXecTBO 3HaueHuil onepatopa 4 obo3Hauum R(A). B nanHOM
ciydae R(A) < L, - nuHEiHOe NOAIPOCTPAHCTBO MPOCTPAHCTBA L, .

bynem Ha3bIBaTh HYJIb-IIPOCTPAHCTBOM oreparopa A MHOKECTBO
Ker A= {xeL1 : Ax = 0} . OueBunHoO, ut0 Ker A — nMHENHOE MOANPOCTPAHCTBO L, IpUYeM

OeKerA. Ecmn KerA;é{O} (B 2TOM cilydae TOBODPST, 4YTO HYJIb-IIPOCTPAHCTBO

HETPUBUAJILHO), TO ONepaTop A Ha3bIBAETCS BBIPOXKJICHHBIM.
Ecnu omepatop A B3aMMHO OJHO3HAUHBINA, TO MOXHO BBECTH OOPATHEIH omepatop A~
¢ obnacteto onpenenenus D(A™') = R(A) u mHOx)ecTBoM 3Hauenuii  R(A')=D(A)=L,. [lna

JUHEMHOro omeparopa BOIPOC O CYIIECTBOBAHUU OOPATHOIO peliaeTcs CIEAYIOIUM 00pazoM:
oOpaTHBIN OmepaTop CyIIECTBYEeT TOTAa M TOJBKO TOTJa, Korja omepatop A He sBIseTcs
BBIPOXKJICHHBIM (JIOKQ)KUTE 3TO CAMOCTOSITEIBHO).

B xauecTBe OCHOBHOIO INpHUMeEpa JMHEHHOIO OIeparopa pPacCMOTPUM HHTETPaIbHBINA
onepatop dpenronsma

Ay = IK(x,s)y(s)ds, x,s €la,b].

Ecnmu sagpo K(x,s) HenmpepbIBHO IO COBOKYIHOCTH AapryMEHTOB, 4TO MbI OyJem
npefnonaraTb B TEUYEHUE BCEro Kypca, TO B COOTBETCTBUU C TEOPEMOH O HENpepbIBHOU
3aBHCUMOCTH OT IMapaMeTpa COOCTBEHHOTO MHTErpaa, JOKa3aHHOW B Kypce MaTeMaTHYECKOTO
aHanmu3a, omepatop A JAEHCTByeT B JMHEHHOM HpPOCTpaHCTBE (YHKLUUH, HEMPEpBIBHBIX Ha
oTpeske [a,b] 1, OUEBUAHO, ABISCTCS TUHEHHBIM.

B nanbHelimmemM Mbl OyJeM paccMaTpuBaTh JIMHEHHBIE OINEpaTOphl, AEHCTBYIOIIKE B
HOPMHPOBAHHBIX TpocTpaHcTBax. Ilycte omepatop A  oToOpakaeT HOPMHPOBAHHOE
OpocTpaHcTBO N, B HOPMHMPOBAHHOE MPOCTpaHCTBO N, (JUIsl MPOCTOTHI OyJeM CUYHMTaTh, YTO
D(4)=N,).

Omnpenenenne A. Onepatop A Ha3bpIBaeTCS HEMPEPBIBHBIM B TOUYke ygeD(A), ecnu nis
aroboro £>0 Haiinercs Takoe >0, uto ams BceX y €D(A) U yAOBIETBOPAIOUIMX HEPABEHCTBY ||y-
Vo|| <O BBIIONHSIETCS. HEPABEHCTBO ||Ay-Ayy||<€.

Kak mw B Kypce MaTeMaTHUecKOro aHajlu3a MOXXHO C(OPMYJIHPOBATH BTOPOE
OIpeieIeHre HEIIPEPhIBHOCTHU OIlEpaTopa B TOUKE.

Onpenenenne b. Oneparop A Ha3bIBaeTCsl HENPEPBIBHBIM B TOUKE ypeD(A4), ecnu ans
mo0o0il mocnenoBaTeNbHOCTH V,, n=1, 2, ..., y,€D(A), y,—yp, TOCIen0BaTEILHOCTh Ay,
CXOIUTCA K Ayy.

Jloka3aTenbCTBO  SKBHBAJCHTHOCTH JTHUX  ONPEACICHHA IMPAKTHYECKH JIOCIOBHO
MOBTOPSIET aHAJIOTMYHOE U3 Kypca MaTEeMaTHUECKOr0 aHAJIN3a U MPEI0CTABISAETCS YUTATEIIO.

Oneparop A Ha3bpIBaeTCA HENPEPBLIBHBIM Ha D(A4) (Ha N;), €clii OH HENPEPHIBEH B KaX10M
Touke. OKa3bIBaeTCs, YTO JMHEHHBIA ONepaTop HENpephIBEH TOTJa M TOJbKO TOI/A, KOIrJa OH
HeTpepbIBeH B Hyne. Ha camom gene, ecnu y,—Vy, TO y, - yp—0, a U3 IHHEHHOCTH omepaTopa
BBITEKAET, 4TO Ay,—>Ayy TOTAQ B TOIBKO TOTAa, KOTIa A (Y, - Yo) —0.

Onpenenenne. Hopmoii oneparopa 4 Ha3bIBaeTCs
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[ = sup_ [4v] s,

[y ] w=t
Ecnu a0 He OyneT BBI3BIBATH PAa3HOYTEHHM, TO JJIS COKpalleHHs 3amucu OyneM o0O03HavyaTh
4], =14]-

N—N,

Ecmmn ||A||<+oo, TO omepatrop A Ha3plBaeTCd OrPaHUYEHHBIM. JloKaxure

CaMOCTOSITENIHO, YTO B KOHEUHOMEPHBIX MPOCTPAHCTBAX JIOOOH JTMHEWHBIA ONEepaTop SBISCTCS
OrpaHUYCHHBIM.
[Ipumep JUHEWHOrO HEOTpaHWYEHHOTO omeparopa. Paccmorpum mpoctpanctso C[0,1],

KOTOpOE, OYEBUAHO, SBISETCS  OECKOHEUHOMEPHBIM  IPOCTPAHCTBOM, H  OINEPaTOp

d . .
muddepernuupoBanus A :d—, oTpeseNieHHbI Ha JTMHEWHOM MOANPOCTPAHCTBE HEMPEPHIBHO
s

muddepenuupyemsix Gynkuuit uz C[0,1].
[TokaxeM, 4Yro A - HEOrpaHWYEHHBIM JIMHEHHBIA  omepatop. Bos3pMem
MOCJICIOBATEILHOCTh  (DYHKIIMMA y,=cosns. Tornma: || ,

:max|cos ns|:1, HO
SE[O,I]

||Ayn (s)||:||n-sin ns ||—>oo OpPU 1 —> 00, YTO IMPOTUBOPEUUT OIPEJIECICHUI0 OTrPAHUYEHHOTO

oreparopa.

Teopema. [l 1:000ro y € N, BBIIOJIHEHO HEPABEHCTBO ||Ay || S”A”” v, tne 4 —

JMHEWHBIA OTPaHUYEHHBIM ONEPATOp, NAECHUCTBYIOIIMKA U3 HOPMHUPOBAHHOIO NPOCTpPaHCTBA N, B
HOPMHUPOBAHHOE NMPOCTPAHCTBO N, .

JokazarenbctBo. 1). s y =0 (HyJeBOH 37€MEHT NpOCTpaHCTBA) TEOpEMa BEpHaA, Tak
kaxc | 4y]=]40] = 0=[4]-[] =]4]-0.

2). Paccmorpum Temepb ciydaii y# (0. BozbmeM aneMeHT z:ﬁ €MHUYHBIN
y
BEKTOD, T.K. ||z||=1. Tornma ||Az||: Aﬁ S”A , 13 4Eero U CJIeyEeT YTBEPKICHUE TEOPEMBI.
y

Teopema. Jlunenneni oneparop A: N, — N, SBISICTCA HENPEPHIBHBIM TOIA U TOJBKO
TOT/1a, KOT/1a OH OTPaHUYEH.

JokazarensctBo. Ilockonmbky omepatop A JHHEWHBIM MBI OyJeM HCCIEA0BaTh
HENPEPBIBHOCTH TOJIBKO B TOUKE ().

1) JlokaxkxeM, 4YTO W3 OrPAaHMYECHHOCTH CJEAYeT HEMPEpPhIBHOCTh. Bo3bMeM
nocnefoBarensHocTs y, >0 mpu n—>oo. Torma |Ay,|<|4|-[y.]|=>0 n, crenoparensro,

orepaTop A SBISIETCS HEMPEPHIBHBIM.
2) JlokaxkeM, YTO W3 HENPEPHIBHOCTU CIEAYET OrpaHUUYEHHOCThb. [Ipenamosnoxkum, 4To
omnepatop A HeorpaHudeHHbIM. Torma cymecTByeT mociIenoBareiabHoOCTy y,, n=1,2,3,..

A
TaKas, 4To | y,l=1 a ||Ayn > n. CnenoBaTesbHO, IPU 1 —> 00 UIMEEM Dull> , B TO BpeMs
n
Y
Kak —*~ — (0, 4TO MPOTUBOPEUUT ONPEAEICHUIO HEMPEPHIBHOCTH oneparopa A.

n

b
IToxaxxeM Tenepb, 4YTO UHTErpanbHbIil oneparop dpenronapma AyEIK (x,8)-y(s)ds,

a
x €la,b], sBuserca orpaHudyeHHbIM w3 hla,b] B  h[a,b]. JleWicTBUTENBHO, MYCTh

b 2

b
||y||: jyz(s) ds=1 m z=Ay, Ttorma |z(x)|2 =|Ay|2 = '[K(x,s) y(s)ds

a
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N3 nepaBenctBa Komm-ByHSKOBCKOTO CiieqyeT, 4To s KaKAOro (DPUKCHPOBAHHOTO
2

x€la,b] BepHO J.K(x,s)y(s)ds < IKz(x,s) ds - Iyz(s)ds:J.Kz(x,S) ds.

bb
2
Hurterpupys no x, noixyuyum ||Ay || < J‘J.K *(x,8)dxds . TIockonbKy MpaBas 4acTh HEPABEHCTBA
aa

HC 3aBUCHUT OT )y, TO

b b
||A||£ ijz(x,s) dxds <+,
aa
YTO U TPeOOBAJIOCH 10KA3aTh.

JIoKa)kuTe CaMOCTOSITENIBHO, UTO MHTErPpAIbHBIN onepatop dpenronbma Takxke SIBISECTCS
orpannueHHbIM Tipu faeiictBuu u3 Cla,b] B Cla,b], u3 h[a,b] B Cla,b] uuz Cla,b] B hla,b],
U HallIuTe OLIEHKH CBEPXY AJII HOPMBI OrlepaTopa.

B nanpHelimem HaMm MoTpeOyeTcs Cleayroas

JlemMma. IlycTh JMHEHHBIA OrpaHUYEHHBIA omepaTop A AEHCTBYET W3 HOPMHUPOBAHHOTO
IIpOCTpaHCcTBAa N; HOPMUPOBAHHOE MPOCTPAHCTBO N, a JIMHEWHBIA OIPaHUYEHHBIN omneparop B
JIEUCTBYET M3 HOPMHUPOBAHHOTO MPOCTpaHCTBA N, HOpMHUpPOBaHHOE MpocTpaHcTBO N;3. Torma
|[BA]|<]|4]|[|B]|-

JoxkazarensctBo. [l moboro anemenTta y u3 N; (|[y||=1) umeeT MmecTo HEpaBEeHCTBO

|[BAy[[<|[BI[||Ay[[<||BI[||Al[[ly||=[|BI[||4]|. Otctoma, ¢ yuerom ompenenCHHs HOPMbI
JMHEMHOro onepaTopa cleAyeT YTBEpKICHUE JIEMMBI.

Omnpenenenne. IlocnenoBarenvHOCTb V), n=1,2,..., DIEMEHTOB HOPMHUPOBAHHOIO
npocTpaHcTBa N Ha3bIBACTCSl OTPAaHUYEHHOM, €CJIH CylIecTByeT KoHcTaHTa C Takas, 4to ||y,||<C
g Bcex n=1,2, .... .

[IpennaraeMm uuTaTeNn0 CaMOCTOATENBHO JIOKa3aTh, YTO Jito0as  cxonsuiasics

[IOCJIEI0BATEILHOCTD SIBJISIETCS OTpaHUYEHHOM, 51 mo0ast (dbyHIaMeHTanbHas
MOCJIEIOBATEILHOCTh TAKXKE SIBJISIETCS OrPaHUYEHHOM.
Onpenenenune. I[locnenoBarenvHOCT )y, n=1,2,..., DIEMEHTOB HOPMHUPOBAHHOTO

nmpocTpaHcTBa N, oOianaromias TeM CBOWCTBOM, YTO W3 JIFOOOW €€ MOAMOCIEA0BATEIbHOCTH
MO>KHO BBIJICIUTH CXOMSIIYIOCS, HA3bIBACTCS KOMIIAKTHOM.

Jlerko nokasartpb, 4TO J100ass KOMIIAKTHAS MTOCJIEI0OBATEILHOCTD SABJISIETCSI OTPAHUYEHHOM.
Ha camom nene, ecnu mociaenoBaTeNbHOCTb V,, n=I[,2,..., HE SABIAETCS OTPAHUYECHHOH, TO
HAWJETCS MOANOCIEI0BATENBHOCTE  Vy,,  TaKas, 9YTO |y, i >k, k=1,2,..., 13 KOTOPO# HEIB3s

BBIJICIUTH CXOJISIIIIYIOCS TIOJIITOCIIEI0BATEILHOCTD.

3ameuanue. B mpoctpanctBe R' KpUTEpHii KOMIIAKTHOCTH IIOCIEIOBATEIBHOCTH
omnpeaensercs TEOPEMOU bonbsnano-Beliepmpacca: u3 mo00# OTpaHUYCHHOU
MIOCJIEIOBATEIbHOCTH BEILIECTBEHHBIX qucen MOYHO BBIJICJIUTH CXOJALLYOCA
TO/IIIOCIIEIOBATENBHOCTD. AHAJIOTHYHOE YTBEPXKICHHE HMMEET MECTO U B IIpocTpancTse R". Jlis
0ECKOHEYHOMEPHBIX MPOCTPAHCTB 3TO HE TaK.

[IpuMepbl HEKOMIAKTHBIX MOCIEA0BATEIILHOCTEH.
1) IlocmenoBaTeIbHOCTH BEIISCTBEHHBIX dmcen 1, 2, 3, ... sABIsAETCS HEKOMIIAKTHOM, TaK
KaK SICHO, 4YTO U3 OTOM  IMOCJIENOBATEIbHOCTH  HEJb3S  BBIACIUTH  CXOISIIYIOCS
MOANOCIEA0BATENIBHOCTb.
2) Uucnosas nocneposarensHocts 1, 1, 2, 1, 3, 1, ... Takxke HekommnakTHa. HecmoTps Ha
TO, YTO W3 HEE MOXHO BBIIEIUTH CXOMSIIYIOCS MOAINOCIEN0BATEIBHOCTh, OJHAKO HENb34
BBIICTIUTH CXOISAIIYIOCS MOANOCIEIOBATENILHOCTD U3 170001 ee N0ONOCAe008ameNbHOCHU.

[Ipumepbl orpaHMYEHHBIX HEKOMIAKTHBIX MOCIEI0BAaTEIbHOCTEN B OECKOHEYHOMEPHOM
MIPOCTPAHCTBE.
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3) PaccmoTpuM mpocTtpancTBO /[a,b]. B Kypce MaTeMaTHYecKoro aHaan3a JOKa3bIBAIOCHh
cyliecTBoBaHue B /[a,b] OpTOHOPMHPOBAHHOW CHCTEMBI, COCTOSIICH M3 OECKOHEYHOTO YHCIIa
9JIEMEHTOB (HAIIPUMED, C IIOMOIIBI0 TPUTOHOMETPHYECKON CHCTEMBI (DYHKITHIA):
0,i#j
e, n=12,.., .

\%HZL (€, ;) =0; = Liz i
s 1= ]

HOKa)KeM, YTO H3 IIOCICOOBATCIIBHOCTH YJICHOB OpTOHOpMHpOBaHHOﬁ CHCTCMBbI (BTa
MOCJIEIOBATEILHOCTh, OYEBHJIHO, SIBIIACTCS OTPAaHUYCHHOW) HENb3sl BBIACIUTH CXOISIIYIOCS

NOJIOCIENOBATENBHOCTE. B camom  gere, Hel. — e/‘” =(e,—e e —e)=2, i#]

:>Hel.—ejH:1/2, ecniu  iz. [loaTomMy  HUKakas  MOAMOCIENOBATENbHOCTh  ATOU

MOCIIE0BATEIHLHOCTH HE MOXKET OBITh (DyHIaMEHTATBHOM, a, CIICIOBATEIBHO, U CXOSIICHCS.
4) PaccmoTpum Temeps MocienoBaTebHOCTh  €;, ¢, €), C, €3 C, ... (¢ — (MKCUPOBAHHBIN
BEKTOp U3 h[a,b]). DTa mocnenoBaTenbHOCTh TAK)KE HEKOMITAKTHA — U3 HEE MOKHO BBIJCIUTH
CXOJIATILYFOCS MOJIIIOCIIEAOBATENLHOCTD, HO HEJIb3s BBIIEJIUTD CXOJISAITY FOCS
MIOIIOCIIEAOBATEILHOCTD M3 JI000M €€ IMOAIM0CIACA0BATEILHOCTH.

B kadecTBe ympakHEHUSI MOCTPOWTE CAMOCTOSITEIbHO MNPUMEP OrPAHUYEHHOH, HO
HEKOMIIAKTHOM MOCIIeI0BATEIbHOCTH AJIeMeHTOB npoctpaHcTBa Cla,b].

ChopmynupyeM Tereps OMpeeseHUEe BIIOJTHE HEMPEPHIBHOTO JMHEHHOTO OIeparopa,
JEUCTBYIOILEr0 U3 HOPMUPOBAHHOI'O IIPOCTPAHCTBA N, B HOPMHPOBAHHOE IIPOCTPAHCTBO N, .

Omnpenesenne. Jluneiineiili onepatop A Ha3bIBaeTCsl BIOJHE HEOPEPBIBHBIM, €CIU IS
A1000i1 OrpaHMYEHHOM MOCJIEIOBATENBHOCTH 3JIEMEHTOB ), U3 N, IOCIeN0BaTENbHOCTD

z, = Ay, 2neMeHTOB N, TakoBa, 4TO W3 JHOOOH ee MOANOCIe0BaTeIbBHOCTH MOXKHO BBIIEIUTh

CXOZAIYIOCS MTOANOCIEN0BATEIBHOCTD.

Takum oOpa3oM, BIOJIHE HENPEPHIBHBIN onepaTop mpeoldpasyeT Jto0ylo OrpaHUYCHHYIO
IIOCJIEI0BATEIBHOCTD B KOMIIAKTHYIO.

Teopema. BriosHe  HenmpepbpIBHBIM  ONEpaTop  SBISETCS  OTPaHUYEHHBIM (A,
CJIEZIOBATENIbHO, HETPEPHIBHBIM).

JlokazatenbcTBo. Ilpennonoxum, 4To BIOJHE HENPEPBIBHBINA onepaTtop 4 HE SBISIETCA

orpaHu4YeHHbIM. Torga Haiznercs nmocienosarenabHocts ¥, € Ny, n=1,2,3,..., || Vv, || =1, Takas,

4To ||Ayn||2n. Ho Ttorma u3 mocnenoBaTelbHOCTH z, = Ay, HENb3s BBLIEIUTb CXOISAILLYHOCS

noAmnocCJaCa0BaTCIIbHOCTb, UYTO NPOTUBOPCHYUT TOMY, YTO A — BnonHe HCHpGpBIBHBIfI oneparop.
3ameTuM, 4YTO HE JH000W HENPEepPHIBHBIM JIMHEWHBIA OMEpaTop SIBJISETCS BIIOJTHE
HETIPEPLIBHBIM.

Ilpumep. Paccmorpum enunnunblit oneparop 1 : hla,b] — hla,b], T.e. Takol, uto Iy =y
Iuist moboro y € hla,b]. O4eBUAHO, YKa3aHHBIN ONEpaTop SIBISIETCS OTPAaHHUYEHHBIM.

JlokaxxeM, 4YTO OH He SBISETCS BIOJHE HEMpephIBHBIM. /[l 3TOro AocTaToyHO
paccMOTpeTh MOCIEA0BATENLHOCTh YJICHOB OPTOHOPMHPOBAHHOM CHUCTEMBI M3 Pa30OpaHHOTO
BBILIE NTPUMeEpa 3) U 3aMETUTh, YTO MOCIIEJOBATENBHOCTh [e, = e, HEKOMIIaKTHA.

Teopema. [lycts 4 - onepatop @pearonbma, AecTBytomuit u3 hla,b] B hla,b]. Toraa
A - BIIOJIHE HENPEPBIBHBIN OIEpaTop.

HoxkazarenbcTBo. Jlokaxkem cHavana, 4To A - BIOJIHE HENPEPBIBHBIA OMEpaTop MpH
neiicteuu hla, b]— Cla, b].

Kputepuii KOMIAKTHOCTH MOCIEA0BATEIBLHOCTH 3J€MEHTOB mnpoctpaHcTBa Cla,b]

ompenensercss TeopeMol Apiiena, OKa3aHHOH B Kypce MaTeMaTHUECKOro aHaju3a: ecid
HoCNeA0BaTeNbHOCTE 3JeMeHTOB  Cla,b] paBHOMEpPHO OrpaHWYeHa U PAaBHOCTEIIEHHO

HCIIPCPBIBHA, TO U3 HCC MOXXHO BBIACIUTL PABHOMCPHO CXOAAIYIOCS MOANIOCICAOBATCIbHOCTD.
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PaccMmotpum mnocienoBaTenbHOCTs )y, € hla, b] Takyro, 4TO H V. ISM, n=12,., u

b
HOCJIE0BATENBHOCTE  Z, (X) = Ay, = _[ K(x, s)-y,(s)ds. JlokazaTenbcTBO c(HOpMYINPOBAHHON

a
HaMH TEOPEMbI COCTOUT B IPOBEpPKE YCIOBUH Teopembl Aplerna, T.e. HY)KHO IOKa3aTh, YTO
II0CJIEI0BATENBHOCTD Z, (X) PAaBHOMEPHO OTPAaHWYEHA U PAaBHOCTENEHHO HENPEPhIBHA.
1) JlokaxeM CHa4aga paBHOMEPHYIO OrpaHuueHHOCTb. O603HauuM K, = sup |K (x, s)|.
x,s€la,b]

[Tockonbky ¢yHkius K(x,s) HEMpepbiBHA MO COBOKYIMHOCTH apryMEHTOB X, § Ha 3aMKHYTOM
OFpaHMYEHHOM  MHOXecTBe (kBaagpare) [a,b]x[a,b], 71O K, ,<+0. bomnee Toro,

K, = max |K(x, s)|. Torna

x,s€la,b]

l2,(0)| = |[ K(x,9) y,(s)ds| < |[K>(x,9)ds- [ yi(s)ds <M -K,-~[b—a

<K2-(b-a) <M?

Ut BceX X € [a,b] mBcex n=1,2,3,..., a3TO U €CTh paBHOMEPHAsI OTPAHUYECHHOCTb.

2) JlokaxkxeM Tenepb PABHOCTENEHHYIO HENPEPBIBHOCTh IOCIEN0BATENBHOCTH Z, (X) .

Bei0epeM npoun3BobHBIE TOUKH X, X, € [a,D]. Umeem

2,00) = 2,(0)| = |[[K (5, 8) = K (. )]y, () ds| < [[[ K(x,9) = K(x,,9) ds - [y (s)ds

Oukcupyem npousBoibHOe & >0. Dynkuus K(x,s) HEOmpepblBHA MO COBOKYMHOCTH
apryMEeHTOB X, § Ha 3aMKHYTOM OIpaHMYE€HHOM MHOXeCTBe [a,b]x[a,b] u, ciemoBarenbHO,
PaBHOMEpPHO HETpephiBHA Ha 3TOM MHOXkecTBe. [loatomy mis mroboro & >0 HalgeTcs Takoe

&
MAb—a ’

|)cl - x2| <. Tem cambim, s moboro & >0 naiinercs Takoe & >0, 410 |z,(x,)—2z,(x,)|< & MA

0>0, uto mana Bcex s€[a,b] uMeer MecTo OIEHKA |K(x1,s)—K(x2,s)|S ecimn

Bcex n=1,2,3,... um Bcex Xx,,x,€[a,b], yIOBICTBOPSIOIMUX YCIOBUIO |x1—x2|£5, T.C.
IIOCJIEI0BATENBHOCTD Z, (X) PaBHOCTENEHHO HEMPEPBIBHA.

Hrak, mnocnenoBaTenbHOCTh (GYHKUMHA z,(x), HENpepbIBHBIX Ha CerMeHte [a,b],

PaBHOMEpPHO OIpaHMYCHa M pPaBHOCTENEHHO HempepbiBHA. CorjiacHO TeopeMme Apuena, U3
MOCJIEI0BATEIbHOCTH z,(x) MOKHO BBIJIETIUTD PaBHOMEPHO CXOZSILYIOCS
MIOJITIOCIIEIOBATEIEHOCTh  HETIPEPBHIBHBIX (DYHKIMI KOTOpas, Kak OBLIO JIOKa3aHO B Kypce
MaTEeMaTHYECKOro aHaJIN3a, CXOJUTCS K HENPEPbIBHON (DYHKIIMU.

OueBUAHO, YTO ATHM K€ CBOHCTBOM o0OJamaeT W Jr00as MOANOCIEAOBATEILHOCTh
II0CJIEI0BATENBHOCTHU Z, (X), T.€. UX JH000H U3 HUX MOXHO BBIJCINUTh PABHOMEPHO CXOAALIYIOCS
HOJMOCIeN0BaTeIbHOCTh. ClleI0BAaTENbHO, ONEpaTop A SBISETCS BIOJHE HENPEPBIBHBIM IpU
neiicteun  hla,b] — Cla,b]. Ho, T.K. U3 paBHOMEPHOH CXOAUMOCTH CIEAYeT CXOANMOCTH B
CpeIHEM, TO Ta K€ caMasi MOJAIOCIEeI0BATEIbHOCTh HENPEPBIBHBIX (DYHKIUI, KOTOpask CXOAUTCA
PaBHOMEPHO K HEKOTOPOW HENPEPBIBHOM (DYHKIMH, CXOJUTCA M B CPEAHEM K TOH k€ (PYHKLUH.
Tem cambiv, omeparop @pearoibma  sIBISETCS BIIOJHE HENPEPHIBHBIM M IpU JI€HCTBUU
hla,b] — hla,b]. Teopema nokasaHa.

B nanpHelimem Ham moTpeOyeTcs aHAJIOTMYHOE YTBEPXKIACHHE U JUIsl MHTErPaJIbHOIO
omneparopa tumna BonsTeppa. Uurarensm npeziaraercs 1oka3aTb €ro CaMOCTOSTENIBHO.
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[Iyctb omepatop A neiictByer E —>E (E- 0ECKOHEYHOMEPHOE  EBKJIHMOBO
MIPOCTPAHCTBO).

Onpenenenune. Oneparop A : E — E OyneM Ha3bIBaTh COMPSDKEHHBIM K Omeparopy A,
ecnu ISt MOObIX  y,, V, € E umeer mecto (Ay,,y,)=(,,4 y,).

B kauecTBe ynpakHEHHs JOKaXHTE, YTO eciiu A - JTMHEWHbIA omeparop, T0 4" - Takke
ABJIETCS JIMHEUHBIM.

IIyctb A - orpanuyeHHblii oneparop. [lokaxeMm, 4To ||A|| = HA H [lyctes y -mobou

3JIEMEHT M3 E Takou, 9To || y|| =1.Torga

[ =y ) = (4 ) <[ | ol < |- avl <]l D=4l
Iostomy mist moboro y € E , takoro, uto |y||=1, Bemonxeno epasencrso || Ay”2 < ” A1) -
Otcrozia ||A||2 S”A* |4 -

[IpoBesisi aHATIOTUYHBIE PACCYKIEHHS Juls orepatopa A", moiydum ”A*”2 s” A |-]4].

N3 3TuX IBYX HEPaBEHCTB MOJIy4aeM, YTO ||A|| = HA

Onpenenenne. Ecniu A= A", 10 omepatop A Ha3bIBAETCS CAMOCONPSKEHHBIM (MM
CUMMETPUYECKHM).

b
Paccmorpum  omeparop @pearonbma Ay = J.K (x,s)y(s)ds, neiicTByronmii U3
a
E =h[a,b] B E=hla,b]. nga moObIX y,, y, € E umeem

b

(v, 3:) = [| [K(x,9) pi(s)ds | y,(x) dx = [| [K(x,9) 3, (x)dx | (s) ds = (3, 4'3,)

a a

b (b
B to xe Bpems  (y,, 4 y,) :J‘ IK*(S,x)yz(x)dx ,(s)ds, mostomy K'(s,x)=K(x,s).

a\a
Hrak, A"- omeparop, cOmpsyKeHHbIH K omeparopy ®Ppearonasma c¢ sapom K(x,s), Takke
sByseTcs onepatropoM @pearonsma ¢ sapom K (x,s)=K(s,x), x,sela,b].

Ecmu  K(x,s)=K(s,x) nana mobObix x,se€la,b], 1o sapo K(x,s) Ha3bpBaeTcs
CUMMETpUYECKUM. B 3TOM ciyuyae MHTErpajabHBINA ONepaTop SBISETCS CaMOCOMNPSIKEHHBIM (TIpU
neiictBuu u3 E B E). Jlokaxxure camMH, YTO €CIIM AP0 MHTErPAIILHOTO ONepaTopa HE SBISETCS
CUMMETPUYECKUM, TO OINEpaTop He SBISIETCS CaMOCOIpPsDKeHHbIM. HamomHumMm, 4rto sijpa

paccMaTpUBaEeMbIX HAMH MHTETPAJbHBIX OIEPATOPOB  HENPEPBIBHBI 110 COBOKYITHOCTH
apryMEHTOB.

IK3aMeHAIlMOHHbIE BONPOCHI

1) Onpenenenusi 1 GopMyJTHPOBKH TeOpeM.

1. CdopmyaupoBaTh ONPEIACICHUE TMHEHHOTO OIIEpPaTopa.
ChopmynupoBarh [Ba ONpECICHUS HEMPEPHIBHOCTH B TOYKE OINEpaTropa, JCHCTBYIOLIETO B
HOPMUPOBAHHBIX NPOCTPAHCTBAX.

3. CdopmynmpoBarb ompeneleHHe HOPMBI  JIMHEWHOTO  OmepaTopa, JEWCTBYIOIIET0 B
HOPMHUPOBAHHBIX TPOCTPAHCTBAX.
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2)

11.

12.

N —

10.

11.

12.

13.
14.

CdopMynupoBath ONpeaesIeHUE OrpaHHYEHHOTO JIMHEHHOTO OTiepaTopa.

ChopmynupoBaTb  ONpPEJENICHUE  OTPaHHYCHHON  MOCIEIOBATENBHOCTH  3JIEMEHTOB
HOPMHPOBAHHOTO [IPOCTPAHCTBA.

CdhopmynupoBath ompeaeacHue KOMITAKTHOM MIOCJIEIOBATEIBHOCTH 3JIEMEHTOB
HOPMUPOBAHHOTO ITPOCTPAHCTBA.

CdopMynupoBaTh ONpeaesICHUE BIIOIHE HEMPEPHIBHOTO OMEPaTOpA.

C(l)OpMyJ'II/IpOBaTB H606XOILI/IMOG U AOCTATOYHOC YCJIOBHUC KOMIIAKTHOCTU IHOCJICAOBATCIBHOCTHU
BEKTOPOB KOHEYHOMEPHOTO €BKIMI0BOrO poctpanctea R .

CdopmynupoBats Teopemy Apiiena.

ChopmynupoBaTh ONpPEIEICHUE Oleparopa,  CONPSDKEHHOrO K JIMHEHHOMY OIEpaTopy,
HGﬁCTBymH.IeMy B CBKIIMJOBOM IIPOCTPAHCTBEC.

ChopmynupoBath ONpEIEICHUE CaMOCOIPSDKEHHOTO  (CHMMETPHYECKOT0) — OIeparopa,
ﬂeﬁCTByIOLHCFO B CBKIIMJOBOM IIPOCTPAHCTBE.

ChopmynupoBaTh OINpeneIeHHE HHTErPAIBHOTO orneparopa OpeAroabMa ¢ CHMMETPHIECKAM
SIIPOM.

YTBep:KIeHUs1 M1 TeOpeMbl, KOTOPble HEOOXOAUMO YMETh 10KA3bIBATH.
Teopernyeckue 3axa4u.

Jlokasatp, 9TO omeparop, 00paTHBINA K JTHHEHHOMY ONIEpaTOpY, ABJISCTCS JIMHEHHBIM OIIepaTOPOM.
JokazaTh, YTO MHTErpalbHBI omeparop PpearonpMa oToOpa)kaeT JMHEHHOE MPOCTPAHCTBO
hla,b] B cebs u sBISETCS TUHERHBIM OTIEPATOPOM.

Jlokaszatp, 4TO WHTETPAIBHBIN orepaTop Bonbreppa oToOpakaeT JIHHEHHOE IPOCTPAHCTBO
h[a,b] B cebs u ABISIETCS TMHEWHBIM OMIEPATOPOM.

Jokazatb, 4YTO JMHEHHBIM omepaTop, ACUCTBYIOIIMI B HOPMHUPOBAHHBIX MPOCTPAHCTBAX,
HETPEPBIBEH TOTJA U TOJIBKO TOT/AA, KOI'ZIa OH HEIPEPHIBEH B HYJIE.

JlokazaTtb, 4TO JIMHEHHBIM omnepaTop, ACUCTBYIOIIMM B HOPMHUPOBAHHBIX IPOCTPAHCTBAX,
HEMpPEepBIBEH TOT'/1a ¥ TOJIBKO TOT/a, KOTJa OH OrpaHHyeH.

JlokazaThb 9SKBHUBAJIECHTHOCTH JBYX OIPEICICHUH HENPEpbIBHOCTH B TOYKE OIEpaTopa,
JEHCTBYIONIET0 B HOPMUPOBAHHBIX MPOCTPAHCTBAX.

Jlokasats, uto oneparop auddeperumposanus, geiictsytomuii us C[a,b] B Cla,b], seasercs
OTpaHUYCHHBIM.

Hokazatb, 4ro omeparop IauddepeHuINpOBaHNs, ONpPEACICHHBIH Ha MOANPOCTPAHCTBE
HernpepbiBHO AuddepermupyeMsix ¢yHkuuii npocrpanctea Cla,b] u neiictByronmii uz Cla,b]
B Cla,b], sBasieTcst HEOrpaHUYECHHBIM.

Jlokasatb, uto ecnu A - JMHEHHBIH orpaHudeHHbIl omeparop, A: N, > N,, N, u N, —

HOpMHpOBaHHEIE TpocTpancTBa, A # 0, To ||A|| >0.

,Tme A —

JlokazaTb, 4To i 1000ro » € N, BBIIOIHEHO HEPABEHCTBO ||Ay || S”A”” y

JIVMHENHBIM OTrPaHWYECHHBIM ONEPaToOp, AEHCTBYIOIUM W3 HOPMUPOBAHHOIO NMPOCTpaHcTBa N B
HOPMHMPOBAHHOE MPOCTPAHCTBO IV 5 .
Joxkazats, uto ecitt B : N, = N, sBIseTcs HEPEPHIBHBIM OIepaTopoM, a oneparop A : N;—N,

BITOJIHE HEMPEPBIBHEIN, TO BA: N;—>N; - BIOIIHE HeNpephiBHBIA omeparop (N;, N, N; —
HOPMHPOBaHHBIE TIPOCTPAHCTBA).

Joxazath crneaymollee yTBEpXKICHUE: MyCTh IUHEHHBIA OrpaHUYEHHBIA onepaTop A AEUCTBYET U3
HOPMHPOBAHHOTO  MPOCTpPaHCTBa N; HOPMHUPOBAaHHOE MPOCTPAHCTBO N,,  JMHEUHBIN
OTPaHUYEHHBIN Ooneparop B NeHCTByeT U3 HOPMHUPOBAHHOI'O IPOCTPAHCTBA /N, HOPMUPOBAHHOE
npoctpancTBo N;. Torga ||BA||<||A]]||B]]-

[Toctpouth mpuMep GECKOHEYHOW OPTOHOPMUPOBAHHOM CHCTEMBI B ipocTpancTse ha,b] .
Jloka3aTh  CyIIeCTBOBaHHWE  OIPAaHHYEHHBIX  HEKOMIIAKTHBIX  ITIOCIEIOBATEIbHOCTEH B
npocrpancte hfa,b].
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15.

16.

17.

18.

19.

20.

21.

Jlokasatp, 4TO €CIId B3aWMHO OJHO3HAYHBIA OMEpaTop, ACHCTBYIOMIHMA B OCCKOHEYHOMEPHOM
C€BKIIMAOBOM TIIPOCTPAHCTBE, MABJIACTCA BIIOJIHE HENPEPBIBHBIM, TO O6paTHBII7I oreparop
HEOTPaHUYCH.

JlokasaTh, 4TO €AMHHUYHBIA OIepaTop, AeicTByromuii B mpocrpaHctBe h[a,b], He sBisercs
BIIOJIHE HETIPEPBIBHBIM.

Jloka3ath, 4TO MHTErpaibHBIi onepatop ®pearonsma, neiicrByrommii w3 Cla,b] 8 Cla,b],
OTpaHWYCH, M HAMTH OIIEHKY CBEPXY HOPMBI OIIEpaTopa.

Jlokazath, 4TO WHTErpalbHbIi omepatop Dpexaronbma, aeiictByrommii u3 hla,b] B hla,b],
OTrpaHWYEH, ¥ HAWTH OIIEHKY CBEPXY HOPMbI OIIEPaTOpa.

JlokasaTh, 4TO WHTErpajibHbIi omeparop ®penronbma, neicreyrommid w3z hla,b] B Cla,b],
SIBJISIETCS BIIOJIHE HEMPEPHIBHBIM OIIEPATOPOM.

JlokasaTh, 4TO HMHTErpaibHBIA omepatop ®Ppenronbma, nedcrsyrommii w3 hla,b] B hla,b],
SIBIISIETCS BIIOJTHE HETIPEPHIBHBIM OIIEPATOPOM.

JokaszaTh, 4TO UHTETpaIbHBIN onepaTop PpenrosbmMa ¢ CHMMETPUUECKUM SIAPOM, TEUCTBYIOIINN
u3 hla,b] B h[a,b], sBasercsa caMOCONPSKEHHBIM OIIEPATOPOM.
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