I'maa 2. BAPUAIIMOHHOE UCYUCJIEHUE

Jleknus Ne9

§1. BBenenue.

B sT0ii rmaBe Mbl OyZieM paccMaTpUBATh 33a4l OTBHICKAHHSI SKCTPEMYMOB (MaKCHUMYMOB
WIN MUHMMYMOB) (yHKIMOHanoB. Cpa3dy OTMETHUM, YTO TaKue€ 3aJauyd OTHOCATCS K YHCIY
BaXHEHMIINX 3a7a4 COBPEMEHHOW MaTEeMaTHKU M MCCIEAYIOTCS BO MHOTMX MaTeMaTHYECKHX
Kypcax TaKHuX, Kak, Hampumep, «OKCTpeManbHble 3amaun», «ONTHUMaIbHOE YIPAaBICHUEY,
«JIuHelHOe HporpaMMUpOBaHuE», «BbIIyKiIo€ IPOrpaMMUPOBAHME)» M HEKOTOPBIX APYIHX.
BapuanyoHHOe HCUHCICHHE SBIIAECTCA KIACCUYECKUM  PA3AEIOM MaTeMAaTHKH, OCHOBBI
BAPUALIMOHHOTO HWCYHUCICHUS 3aloxeHbl eme B 17-18 Bekax. @DyHKIMOHANIBI, KOTOpPbHIE
UCCIIEYIOTCS B BAPMALIMOHHOM UCYUCIIEHUH, Oy Iy T ONUCAHbI HUXKE.

@YHKIHUOHAI — 3TO ONEpaToOp, MHOKECTBO 3HAYEHUN KOTOPOrO COCTOUT M3 uucel. Mbl
OyzeM paccMaTpuBaTh TOJIBKO BELIECTBEHHBIE ()YHKIIMOHAJIBI, MHOKECTBAMH 3HAYCHUH KOTOPBIX
SIBJISIIOTCS] BEIIECTBEHHbIE YnCia. B nanpHeileM BMECTO CIIOB «BEIIECTBEHHBIH (DyHKIIMOHAID
MBI OyZIEM TOBOPHUTH IIPOCTO «(PYHKITHOHAID.

b
[Ipocreitmmii npumep ¢yHKIMOHANA - uHTerpan | y(x)dx. Kaxnoit ¢pynkmun y(x),

UHTErpupyemoit o Pumany Ha otpeske [a,b], cOMOCTaBIsAETCS YUCIO0 — 3HAUYEHUE MHTErpaja.

TunuuHon 3aL[aqu71 BApHUAIIMOHHOI'O MCHUCIICHUS SBJISACTCA 3aada I[I/I,ZLOHBIZ cpeau BCEX
3aMKHYTBIX IINIOCKUX KPHUBBIX BaHaHHOﬁ JJINHBI HaAWUTH Ty, KOTOpasd OrpaHn4uBacT HaI/I6OJ'ILHIyIO
niomanib. XOpOH_IO HU3BCCTHO, YTO 3TO OKPYKHOCTD.

§2. MonaTue pynkuuonana. Bapuanusa ¢pyHkumonana.

Msl Oynem wu3ydaTh (DyHKIMOHAIBI, NEHCTBYIONIME W3 JHHEHHOTO HOPMHUPOBAHHOTO

NPOCTpaHCTBA Y B MPOCTPAHCTBO BENIECTBEHHBIX umcen R'. B xauecTBe mpocTpaHCcTBa Y MBI
OyJIeM paccMaTpUBaTh CIEIYIOIINE MPOCTPAHCTBRA:
1) Cla,b] — npocTpaHCTBO HETIPEPBIBHBIX HA OTpe3ke [a,b] dyHKUMH, B KOTOPOM OIpeneneHa

HOpMa
[Plegey = max o)
Cla.b] x€la,b]
HarmomMHuM, 4TO CXOAMMOCTH O HOPME ATOTO MPOCTPAHCTBA HA3BIBAECTCS PABHOMEPHOMU
CXOAMMOCTBIO Ha oTpe3ke [a,b].
2) C"[a,b] — mnpocTpaHCTBO (YHKIMIH, HENpPEPHIBHBIX BMECTE€ CO CBOMMH IEPBHIMH

IIPOM3BOJHBIMU Ha OTpe3ke [a,b]. Hopma B 3TOM npoCTpaHCTBE OIMpeneseTcs Kak

y”c‘”[a,b] = ){gaaii]|y(x)| + {g%]|y'(x)| .

MO’KHO BBECTH SKBHUBAJIEHTHYIO HOPMY:
||y||c“>[a,b] - maX{”y”C[a,b] Y

(cxomuMOCTh (DYHKITMOHATBHBIX IMOCIEAOBATEIHLHOCTEH M0 00eMM BBEACHHBIM HOPMaM OHA U
Ta XK€ - paBHOMEpHas Ha OTpe3Ke [a,bh] cXOAMMOCTh KaK MOCIIeI0BATENLHOCTH (DYHKIUH, TaK U

!

C[a,b]}

UX MEPBBIX MPOU3BOAHBIX). B nanpHeliemM Mbl OyeM M0JIb30BaThCs TOJIBKO NEPBON HOPMOIA.
3) C"[a,b] — mpocTpaHCTBO (DYHKILMii, HENPEPHIBHBIX Ha [a,h] BMECTE CO CBOMMH p -MH
IPOM3BOJIHBIMU BKJIIOUUTENEHO, HOPMUPOBAHHOE C MIOMOIIIBIO
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P
||y||c(p)[a’b] = ;g%aa,)b(]|y(k)(x)| .

CX0OMMOCTh 1O HOpPME 3TOTO NPOCTPAHCTBA — pPaBHOMEpHass Ha oOTpe3ke [a,b]
CXOOMMOCTB C IIPOU3BOAHBIMU 10 P - 'O NOPSAJKA BKIIIOUUTEIIBHO.
Urak, pynkuuonan V{y]: Y — R! , TIIe B KauecTBe Y MbI Oy/eM paccMaTpuBaTh TOJIBKO

BBCICHHBIC BbIlIC (YHKIMOHAIBHBIC MPOCTPAHCTBA WIM HX MOAMHOXecTBa Y C Y, Toraa
V:Y' >R

b
[IpuBenem mnpumep QyHKIHMOHANA: V[y]:J. 1+(y'(x))’dx - J§auHAa KpHUBOIA,

omuckiBaeMoit pynkumeit y(x), V:C"[a,b] > R'
Onpenenenne. OynkuuoHan V[y] Ha3bIBaeTCsl HENPEPBIBHBIM B TOUKE Y €Y , eciu
Ve>0 36 >0 Takoe, uto Vy €Y : ||y - y0|| < O BBINOJIHACTCS] HEPABEHCTBO |V[y] - V[y0]| <¢g.

AHaNOrMYHO MOXKHO JaTh ONpEJeNICHUE HENIPEPhIBHOCTU (YHKIMOHAIA B TOUKE Yo €Y',

ecnu (DYHKIIMOHA PAacCMaTpPHUBACTCA TOJBKO Ha MHOXecTBe Y'. (DyHKIMOHAN HAa3bIBACTCS
HETPEPHIBHBIM Ha BCEM mpocTpaHCTBe Y (MHOKeCTBE Y'), €CIIM OH HEMPEPHIBEH B KaKIOU
touke Y(Y').

Onpenesienue. bynem Ha3pIBaTh (3aMKHYTBIM) IIAPOM C IIEHTPOM B TOYKE Vg U PATUYCOM
7 > (0 MHOXXECTBO TOYEK:

S, (yo)={yeY:|ly—yo|<r}.
Omnpenenenne. Touka Y, SBISCTCA TOYKOM  JIOKATBHOrO MHHUMyMa (MakCHMyMa)

dynkuuonana V[y], ecau Haitnercs r > 0 takoe, uto V[y]=V[y,] (V[y]<V[y,]) ans moboro

ye S_r( V) (mmu y e S_r( Y)Y, ecnu peub UaeT 0 JOKaJbHOM MHHUMYME Ha MHOXecTBe V).
B nanbHeiimieM Mbl OyaeM TroBOpPUTH 00 OTBICKAHMM TOJIBKO JIOKAJbHBIX MHHHUMYMOB HWJIH
MaKCUMYMOB (JIOKaJIbHBIX 3KCTPEMYMOB), IPUYEM CIIOBO «JIOKAJIbHBII» MBI Oy/1€M OITyCKaTb.
[Tycts yy €Y - npousBoibHas (PUKCUPOBAHHAS TOUKA, /1 € Y - MPOU3BOJIBHBINA JIEMEHT
Y . PaccmotpuMm ¢ynkuuto d(¢) = V[y, + th] BeleCTBEHHOM NEPEMEHHOMH £ .
Onpenesienue. Ecrm gns moGoro heY CYIIECTBYET  IPOM3BOIHAS

(D’(t)L:O = %V[ Y, +th] , To 3Ta mpou3BOIHas Ha3bIBaeTCsa Bapuauueil GpyHkuuonana V[y] B

t=0

TO4Ke ), U obo3Hauaercs OV (y,,h). OdueBunno, uro V[y, +th]-V[y,]=t5V (y,,h)+o(|t]).
YroObl pa3bACHUTH CMBICT BBEJCHHOTO MOHSITHS, BCIOMHUM MaTeMaTHYECKUN aHAIM3 U
paccMoTpuM  ciydaif, xorga V:R" — R' (bymkuus MHOrMX TepeMeHHBIX). Torma

d .
(D’(t)L:O = EV[ ¥, +th]| Ha3bIBaeTCs MPOU3BOAHON (QYHKIMH V' 110 HANIPABIEHUIO /1 .
t=0

Teneps ompenenum, yro takoe auddepenunpyembiii yHkimonan. dOyukuonan V|y]

HasbplBaeTcsl  OU(QepeHIupyeMblM B TOYKe  ),, €cid  And  Jwoboro heY
Viy, +h]=V[y,1=dV(y,,h)+o(|h|), tae dV(y,,h) - nuHEHHBII W HENpEpbIBHBIA 1O

(YHKLIMOHAJ, KOTOPbIM MHOIZAa Ha3bIBAIOT CHUIbHON Bapuanued B Touke Y, (B OTIMYHE OT

¢yHkunonana oV (y,,h) (oT aprymeHra /), Ha3bIBAEMOI'O B 9TOM ciy4ae cilaboi Bapualuen B

TOUKE Y, ).
3aMeTuM, 4TO TOYHO Takoe e omnpeneneHue aupdepeHIupyeMOCTH BBOAMIOCh U B
Kypce MaTeMaTHYecKOTo aHanu3a A1 (yHKIMH MHOTHX mepeMeHHBIX V : R" — R'. Ilpu sToM
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JI0Ka3bIBAJIOCh, YTO, €CIIM (DYHKIMSI MHOTUX NEepeMEHHbIX anddepeHuupyemMa B TOUKEe ), , TO B

ATOM TOYKE CYIIECTBYIOT IMPOU3BOAHBIE IO BCEM HampaBieHusM. OOpaTHoe, BOOOILIE ToBOps,
HEeBepHO. TOYHO Takas K€ CHUTyals W B BapHALMOHHOM HCYHCICHUH - €CIH CYIIECTBYET
CWJIbHAS BapHaIlys, TO CYIICCTBYeT M Bapualus (cinadas Bapuarus). OOpaTHOE HEBEPHO.

Janee Mbl Oy1eM UCIIOB30BaTh TOJIBKO JaHHOE BBIIIE CIIEAYIOIIee BApHALIUH

d
oV (y,,h) :EV[yo +1th],_, .

Teopema (HeoOxogumoe yciaoBue 3kcrpemyma). Ilycte y, €Y - Touka skcTpemyma
¢dyHkunonana V[y], u ans Besikoro h €Y cymectByer oV (y,,h). Torma oV (y,,h)=0.

JoxkazarenbctBo. IlycTh nms onpenenéHHocTH y, - TOUKa MHUHMMyMa (yHKIMOHala

V{y] (nns makcumyma J10Ka3aTeabCTBO aHAJIOTHYHO). Torjaa cymecTByeT Iiap S_r( Vo), >0,
TakoH, uro V[y]=V[y,] ansa moboro y eS_,(yO). Ecm  |¢| Sm, TO Yy, +th eS_r(yO) u
Ve +th]2V]y,].

Paccmorpum ¢dynkuuio ®@(¢) =V[y, +th]. 3amerum, 4Tro IS T€X K€ ! BBIIOJIHEHO
HepaBeHCTBO D(7) > D(0). Ilo ycnosuio teopembl D(¢) nuddepenmupyema B Touke =0 u,
CJIEI0BATEIBHO, d)'(t)L: , =0. Taxum obpazom, oV (y,,h) =0, 4T0 1 TPeOOBAIOCH AOKA3ATE.

Teopema cripaBennuBa u B cliydae, Koraa (yHKIIMOHAN pacCMaTpUBAETCsS HA MHOXKECTBE
Y'Y, Ho mnst takux heY , uro y,+theY’ mo xpaitHeil Mepe Ui TOCTaTOYHO MajbiX f. B

3TOM CJIy4ae Hy»HO COOTBETCTBYIOIIUM 00pa3oM U3MEHHUTD U ONpeiesieHue BapHalluu.

§3. 3anmaua c 3aKpenIEHHBIMM KOHIIAMHU.
Heo0xoauMoe yciaoBue IKCTpeMymMa.

ByneMm paccMatpuBath MHOkeCTBO (yHkuuit Y'Y = C"”[a,b] Takoe, uto:
Y'={yeC"[a,b], y(a)=4, y(b)=B},
rie A m B - 3agaHHBIC 4YuCia, T.€. MHOXECTBO HENpephIiBHO auddepeHmpyeMbix Ha [a,b]

(GYHKIUH, y KOTOPBIX U3BECTHBI 3HAYEHMsI Ha KOHIIAX OTpe3Ka (KOHIbI 3aKPETJICHBI).
PaccmoTpum pyHKIMOHAT

Viyl= [I)F (x,y,y")dx .

[Ipocreiimias 3agaya BapHallMOHHOTO UCUYMCIEHUS (3a[1a4a C 3aKpeIyIEHHbIMU KOHIIAMM):
HaWTH 3KCTPEMyM 3TOro (DyHKI[HOHAIA HA MHOXECTBE Y.

B BapuaiioHHOM HMCYHMCIIEHHWU TPUHATA ClEAyIollas TepMUHONIOTHs. bByaem roBoputh,
4yTo Ha (QYHKIMU J,(x) IOCTHUraercs CHWIbHBIH MUHUMYM, ecnu V[y]=V[y,] g Bcskoro

y €Y' u3 okpectHocTH ) B MeTpuke npocrpaHctBa Cla,b]: max| y(x)— yo(x)|£ r, r>0

xe[a,b]
(ap ¢ LEHTPOM B Y, paauyca r ).
Omnpenenenue caaboro MUHUMYMa J1a€TCs aHAJOTMYHO, HO OKPECTHOCTh BBIOMpaeTcs B
merpuke C"[a,b]:

n%a§]|y(x) — y(0)|+ max V()= x)|<r, r>0 .

B mepBom ciywae tpeOyercs, 4ToObl GyHKIMU )(X) OBUIM PaBHOMEPHO «OJM3KH» K
GyHKIMH ),(X), @ BO BTOPOM CIIydae JONOJHHUTEIBHO TPeOyeTCss paBHOMEpHAsl «OIM30CTb» U
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NEePBBIX NPOU3BOIHBIX. OYEBHIHO, YTO, €CIM (PYHKIIMOHAI UMEET CUIBHBII MHUHUMYM B TOUYKE
¥,(x), To OH MMeeT u c1abblil MUHMMYM B TOHl ke Touke. OOpaTHOE, BOOOLIE TOBOPS, HEBEPHO.

Onpenenenus cinaboro ¥ CUIBLHOTO MaKCHUMyMa Jal0TCsl aHAJIOTHYHO.
HeobxoauMoe ycinoBHEe OSKCTpeMyMa, MOJIY4YEHHOE B IpedplaymeM mnaparpade,
oV (y,,h) =0, cnopaBeyInBO Kak I €1aboro, Tak U JUld CHJIBHOrO 3KcTpemyMma. [lomyunm

HCO6XOI[I/IMOC YCJIOBUC OJId 3aa4U C 3aKPCTIJICHHBIMH KOHIIAMU. HJ'IH 3TOr0 HaMjaeM BapHanuro

SV (v, ) =%V{y+th]

t=0

b
CHauana BBIYHCIUM MPOU3BOIHYIO %V[ y+th]= %IF (x, y+th,y"+th")dx , npennonaras, 4to

byHknus F WMeeT BCe HEOOXOMUMBIC JJISi 3TOTO HEMPEPHIBHBIC YaCTHBIC IPOU3BOJIHBIC.
OtHocutensHo A(x) € C"[a,b] nmotpebyem, utobsl y(x)+th(x)eY', 1.e. h(a)=0, h(b)=0.
Hrak,

b
%V[ y+th]= j [F,(x, y +th, y' +th'Yh+ F,(x,y + th, y' + th' )1 Jdx .

[Tonaras =0 u npupaBHMBas HYJIO HNOJIYYMBIIYIOCS BapHallMIO, MOJIy4daeM, 4TO JUIs
¢yHKIMM y(Xx), HA KOTOPOW JOCTUTAETCSA SIKCTPEMYM, UMEET MECTO

b
SV (y,h) = [[F, (x,, 3 )h+ F, (x,y, ) ldx = 0.
Pa3o6pem uHTETpan Ha 1Ba M NPOMHTETPUPYEM I10 HYACTSAM BTOPOI:
b b
b b d
! F,h'dx _Fy,_jz|a - !EF,h dx .

Tak kak h(a)=h(b)=0, To noncranoBka F,, h|i =0. OOvenunsss ob6a WHTErpajla B OJUH,

oJIy4aem

h d
!(Fy ——-F)hdx=0.

Huke MBI JOKaXeM, 4YTO, €CIIM ITOT HHTErpal pPaBeH HyJIO Ui J000N (QyHKIun
h(x)e C"[a,b], obpamaromeiici B Hyl, Ha KOHHIAX otpeska h(a)=h(b)=0, To
d

F, _EF) =(, mpu yCJIOBHHM, YTO B CKOOKax CTOMT HempepbiBHas ¢GyHkmus. I[losTomy B

KayecTBE HEOOXOIMMOI0 YCIOBHS 3KCTpEMyMa Ul 3aJadd C 3aKPEIUICHHBIMH KOHI[AMH MBI
NoJIy4aeM CIICIYIONIYI0 KpaeByo 3aauy Juis ypaBHeHUs Disepa:
d
F,-—F,=0
odx

y(@)=4, yb)=B

Teopema (HeoOxoamMoe yciaoBHe JIKCTpeMyMmMa Uil 3a/1a4d € 3aKpelieHHbIMH
KOHILIAMH).
1) Ilycth y(x) ocCymecTBIS€T SKCTpeMyM (CHJIBHBIM Wi CialOblil) B 3amade C

3aKpeIIEHHBIMU KOHIIAMH H JIBAXKIBI HETIPEPBIBHO Tu(hepeHIrpyema.
2) Oyukuus F(x,y,y’) ob0mamaeT HEMPEPHIBHBIMH YaCTHBIMH IPOM3BOIHBIMHU 0

BTOPOTIO MOpsAAKa BKIIOUYUTCIIBHO.

Torma y(x) sBiIsAeTCs pelIeHHMEM KpaeBoOH 3a7auu AJis ypaBHEHuUs Dijepa
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d
F,——F= 0 ,
y(@)=4, yb)=B
NI
Fy=F=Fyy'=Fuy"=0; ya)=4, y(b)=B.

Teopema yxe gokaszaHa.

OcHoBHasi JleMMa BapHAUMOHHOro ucuyucienus. Ilyctb ¢(x) - ¢uxcupoBaHHas
HenpepbIBHAs Ha oTpe3ke [a,b] QyHKuus, U A7 BCAKOM HempepblBHO AuddepeHunpyemoint

b
byukuun A(x) Takol, uro h(a) = h(b) =0, umeer MecTo .f(o(x)h(x)dx =0. Torma ¢(x)=0.

JoxkazarenbctBo. [ycth ¢(x)#0. He orpannumBast oOImHOCTH, OyIeM CYMTATh, YTO 3Ta
GyHKIMS TPUHUMAET TOJOXKUTENbHbIE 3HadeHus (ecnu @(x) <0 s Bcex xe€[a,b], 1O
3amMeHUM @(x) Ha —@(x)). Toraa B cuily HENPEPBIBHOCTH @(X) CYLIECTBYIOT TOUKa X, € (a, b)
#(x)

2
s moboro x €[x, — 90, x, + ). Ilycts Temepb h(x) - HempepblBHO auddepeHnupyeMas

Takas, 4to ¢@(x,) >0, u uHTepBan [x, —o, x, + o] < (a,b), & >0 Takoii, uro @(x)=>

byHKUUSA, TpHYEM
h(x)=0, xé&(x,—0,x,+9);
h(x)>0, xe(x,-0,x,+0).

b Xo+0 Xo+0
Torna I @(x)h(x)dx = J- @(x)h(x)dx > @ Ih(x)dx > (), 4TO MPUBOAMUT K MPOTUBOPEUUIO C
a Xg—0 Xg—=0

YCIOBHEM TEOPEMBI.
B kauectBe npumepa pyHKIMM A(x), yIOBIETBOPSIONIEH 3alMCaHHBIM BBIIIE YCIOBUSAM,
MOYKHO B3ATh

{(x—(xo—é)f(x—(xow))i xe(x,=8, X, +0);
h(x) =
0, xX&(x,—0, x,+0).

IIpuBenemM HEKOTOpbIE MTPOCTHIE IPUMEPBHI.

1. Paccmorpum ¢pynkimonan V{y]= I ¥ dx ¥ 3a1aIUM pa3IHdHbIe TPAHHYHBIE YCIOBHSI.
0

a) Ilycts y(0)=0, y(r)=0. VYpaBHeHue Diliepa B 3TOM ciiydyae umeet Bug y =0, a
€ro pEILIEHUE, YIOBJIETBOPAIOIIEE I'PaHUYHBIM yciloBusAM, ecTb y=0. Ha sTtom pemenun,
OUYEBUJIHO, JOCTUTAETCd MUHUMYM UCCIIEAyeMOoro (yHKIMOHAIA.

6) Ilycts y(0)=0, y(7r)=1. Torna kpaeBas 3aaaya JUIisl ypaBHEHUs Diifiepa HE UMEET
pelLIeHHH B Kiacce HeMpephIBHO MU depeHIpyeMbIX GYHKINHI.

2. Mycts V[y]= I(yz —(¥)?)dx, arpanmunsie ycnous  y(0)=0, y(7)=0.
0

VYpaBHeHue Diisiepa B 9TOM ciaydae uMmeeT Bua  y'+y =0, a ero oOrnee peneHue ecTb
y=C,sinx+C, cosx. KpaeBas 3amaua nmeer OECKOHEYHO MHOTO pemenuii, Tak kak C, =0, a
C, - npon3BoJIbHAS TOCTOSTHHAS.

PaccMoTpuM HEKOTOpble YacTHbIE Cly4yau 3aBUCUMOCTU (pyHKImH F(x,y,y') OT CBOMX
apryMEeHTOB.
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" — T —
1) F(x,y,y")= F(x,y). YpasHenue Diinepa umeer Bug  F (x,y) =0 u He ABseTCs
nudepeHnranbHbpIM, MOITOMY €ro pelnieHue (€Cau OHO CYIIECTBYET), BOOOIINE TOBOpPS, HE
YAOBJIETBOPSICT T'PAaHUYHBIM YCIIOBUSAM y(a)=A4,, y(b)=B. CienoBarenbHo, pelleHHE

KpaeBoOi 3a/1a4 /ISl ypaBHEHUs Diiiepa, BOOOIIEe ToOBOPsi, HE CYIIECTBYET.
2) F(x,y,y)=M(x,y)+N(x,y)y" (mureiiHOCTh IO )" ). YpaBHEHHE Diiiepa UMEET BU/

' d 1 '
M, +y N{V—ZN(x,y):My+y N,-N,-y'N, =0,
WIN
M,-N =0.
[Tony4yenHoe ypaBHEHHUE TaKKe HE ABIsETCS AUQdepeHIInaIbHBIM, U KpaeBas 3aaqa Jiis

ypaBHEHUs Dityiepa, BOOOIIE TOBOPsI, HE UMEET PEIICHUSI.
_ ' 5 " _
3) F=F("). VYpaBHeHue Jinepa UMEET BUL F,,y"=0, ¥ CymecTByIOT JBC
BO3MOXHOCTH.
a) y"=0; eroobmee pemenue y=C,x+C,, rae C, u C, — Npou3BOIbHbIE NOCTOSHHBIE.

0) F,(»)=0. Ecmu k; - KOpHHM MOCNEIHETO ypaBHEHHs, TO )’ =k;, & COOTBETCTBYIOMIHE

peleHus ypaBHeHus Dilniepa - Takxke JIuHelHble GyHKIu y =kx+C, .

Hrak, skcTpemansiMu B 3TOM 3a/1a4e SBISIOTCS MPSMBbIE.
b
B uactHOM ciyuwae, korma  [[y]= I J1+('(x))* dx; v(a)=4, y(b)=B (nn1uHa

KPUBOMW, COCIWHSIONICH IBE TOYKH Ha IIJIOCKOCTH), JOKA3aHHOE BBIIMIC OTPAYKAE€T M3BECTHHIN
¢dakT, 4TO Cpeau BCEX KPHBBIX, COCIUHSIONMX JABE TOYKH IUIOCKOCTH (a,4) u (b,B),

MHUHHMMAJIbHYIO IJIHMHY UMEET OTPE30K MPSMOH.
4) F = F(x,y") . YpaBHeHue Dilsiepa UIMEET BUJ

d
—F (x,y')=0
o (x5,

WA
F,(x,))=C.
5) F =F(y,y"). YpaBHenue Diiiepa uMeeT BU/T
Fy _Fy'yy’ _Fy'y'y”: 0,
WIN

d
Z(F-y'F.)=0.
dx( Y'E,)

DTO ypaBHEHUE, OYEBUIHO, UMEET MEPBBINA UHTETPaT
' —
F-y'F,=C.
B kauecTBe KOHKPETHOrO MpHUMEpa TaKOro THUIA PACCMOTPUM KJIACCHYECKYIO 3aJady O
OpaxuCTOXpOHE - KPUBOIl, O KOTOPOW MaTepuaibHas TOYKa B IOJIE TSHKECTU CKaThIBAeTCS 3a
HauMeHbliee Bpems u3 Touku (0,0) B Touky (x,,),). Ota 3amaua Obuia pemeHa MoraHHom

bepuynnu eme B 1696 rony.
[Tycth Ha mockocTu (X, y) OCh y HapaBJieHA BHU3, U B TOM K€ HaIlpaBJICHUS EHCTBYET

H CHJia TAXKCCTHU. 38.M€TI/IM, 4TO IIPpHU ABUKCHUU B I10JIC€ CHUJIIBI TAXKCECTU

ds
—=42gy,

dt
rae S - myTh, g - yCKOpeHHe CBOOOIHOrO MaJieHusl.

C npyroii CTOpOHBI,
ds =1+ (")’ dx,
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rae y=y(x) - TpaekTopusi ABW)KECHHUS MaTepHaIbHOM TOYKM. Bpems IBHXKEHHS MO 3ITOU
TPaeKTOpUH onpezaesnsercs (yHKIMOHAIOM

e le*U

OnpenenuM TPaeKTOPHIO, IS KOTOpOI/I (byHKLII/IOHan T[y] npuHMMaeT MUHHMaJIbHOE

3HaueHHe, T.e. Ty, rae mepememenue nu3 toukd (0,0) B Touky (x,,),) HPOUCXOIUT 3a

HauMEHbIllee BpeMs. 3aMeTHB, YTO MOJbIHTErpaibHas (YHKIMS HE 3aBUCUT SIBHO OT X,
3aMuIIeM cpasy MepBbIii HHTETpal YpaBHeHHs Disiepa (CM. BBIIIIE)
!
F-y'F,=C,

NIn
VIFON o)
S o)
Otcrona

1

Vya+("?)

Bsojst mapametp ¢ no gopmyie y' = ctgt, Haiigem

t —
y6)= 1+c¢ tg

Teneps onpeaenum x(¢) . Umeem
dy _2C;sintcost dt

!

y ctgt

=C <  y1+("))=C.

=Csin’t= 1(l—cos2t).

dx =

=2C,sin’tdt =C,(1-cos2t)dt,

OTKyJAa x-C, = % (2t —sin2¢).
W3 nonydeHHbIX BblpakeHU ans x(¢), y(¢) u ycnoBus y(0) =0, nHaxomum C, =0.

C, =~
ITocne 3amensl 2t =t, 20 u — =C, mnoJlyuyaeM ypaBHEHHE OPaXUCTOXPOHBI
2

x=C,(t,—sint), y=C,(1-cost,).

Wrak, 6paxucToxpoHa — 3T0 Hukiaouaa, a C, HaxoauTcs u3 yciaosus y(x,) =y, .

Paccmotpum Teneps 3aauy ¢ 3aKperyieHHbIMU KOHIIAMU 7151 GyHKIIMOHAJa

b
Viyl= IF(x, VoV ey ) dx,

I'pannyHbIC YCIOBUS UMEIOT BU:
y(a)=y", y(b)=y;

y'(a)=y", y'(b)=»?;

(n-1) _ ., (n 1) (2)
y'(a)=y, 0,y (D) =y,
3anuImuTe caMOCTOATENBHO ypaBHEHUE Diiepa A 3TOM 3a7auu.

[Tycts Teneps GyHKIIMOHAT MMEET BU[
b
VIVI=[F(x, ey, s Viseeyh) dx,

y=(»,..y,) - BekTOp-QyHKIMs. PaccMoTpum 3a1ady ¢ 3aKpeIIEHHbIMU KOHLIAMU:
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yi(a) = A,‘:
y:(b)=B,,
rae i =1,..n; A,, B, -3agaHHbIE YHCIA.

Teopema. IIycTs:
1) ®ysxouu y,(x),...y,(X) OCYIIECTBIAIOT IKCTpeMyM (PyHKIMOHAIA V[y] B 3ajaye C
3aKpETUICHHBIMH KOHIIAMH U JIBXK/IbI HEMPEPhIBHO Au(epeHIUPYEMBI Ha OTPE3KE [a,b] .
2)  F(X, ¥V, V|5---Y,) AMEET HEMPEPBIBHbIC YaCTHbBIC MPOU3BOAHBIC 1O BTOPOTO MOPSIIKaA

BKITIOYHUTEIBHO.
Torma y,(x),...y,(X) yAOBIETBOPAIOT CUCTEME YpaBHEHHUH Dilnepa
d
F .. -—F N 0 .
odx , rae i=1,..n.

yi(a)=4; y,(b)=B;
Jlnst nokazaTenseTBa ¢(OPMYJIMPOBAHHOTO BBIIIE HEOOXOJMMOTO YCIOBHS AKCTpEMyMa
JIOCTaTOYHO 3aMETUTh, UTO €CIIA BEKTOP-PYHKIHS Y (X) = ( V1(x), ¥,(%),...,», (x)) OCYIIECTBIISICT

IKCTpeMyM (hyHKIIMOHATIA V[y] B 3a/1aue C 3aKPCIUICHHBIMU KOHI[AMH B CIIydae, KOTJa MOXHO
U3MEHATh BCE KOMIIOHEHTBI BEKTOP-(QYHKIIMH, TO 3Ta XK€ BEKTOP-QYHKIUS OCYIIECTBISET
IKCTPEMYM V[y] B Clyyae, KOTJa MEHSETCS OJHAa KOMIIOHEHTa, a OCTalbHbIe (PUKCHUPOBAHBI.
Orcrona HEMEUICHHO cieayeT, 4To »(X) VyAOBIETBOPSIET 3allMCAaHHOW BBIIIE CHUCTEME
ypaBHEHUH Diinepa.

[Ipumep. Paccmorpum 3agady u3 mexaHuku. [lycTh #n MaTepuanbHBIX TOYEK, UMEIOIIUX
Macchl m, U KOOpAUHATHl (X,,V,,z,), i=1,2,..,n, IBUXKYTCS IIOA ACHCTBUEM CUII

ou Ou Ou
F= T o I
X Vi Zi
NIOPOKICHHBIX TOTEHIMAIBHON (yHKIUEH u=u(x,,y,,2,..X,,¥,,2,).  Cunras, dYTO

KOOpAWHATBI TOYCK 3aBHUCAT OT BPCMCHU f, 3aMETUM, YTO KHHETHYECKasA OHEPIUsl CUCTCMBI
MaTCpHUAJIbHBIX TOUCK UMECT BU/

T = 32 () + 00 + ().

BBeneMm ¢yHKIIMOHAN ACHCTBUS

J‘Ldt ,
4
rae L — pynkuus Jlarpanka L=T7T —u,
WIn
_ < mi( "2 "2 i 2)
L_§17 (X)) +) +(z) )—ulx, y,,25.X,,¥,,2,)-

[To mpuHIMIY HAaUMeHbIEro AeicTBus (MpUHIKN ['aMuIbTOHA) MaTepUaIbHble TOUYKU JBUKYTCS

Iy
0 TPAEKTOPHSM, /Uil KOTOPBIX 3HaU€HUE (PyHKIIMOHANA .[L dt MUHMMAaJBHO.
|
15}
Cucrema ypaBHeHH Ditnepa i GyHKIIMOHATIA J‘L dt umeert BUJ:

4
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a_da_
ox, dt Ox]

G_L_iGL =0, tne i =1,...,n.
oy, dt oy,

oL d oL _

oz, dtoz]

Boruncnsis nmpou3BOJHBIE, TOJIy4aeM CUCTEMY YpPaBHEHUM MBMKEHHUS (K KOTOPBIM HYXHO

N00aBUThH HAYAJIbHBIC YCIOBUS):

" ou
mixl. = —a—,
‘xi
" .
m,y, =—8—, rane i=1,..,n
Vi
ou
m, ;,__ 5
0z,

Uurareno npeaiaraercsi CaMOCTOSATEIbHO TOJYYHUTh IEPBBIA MHTErPall TOU CHCTEMBI -

3aKOH COXPaHEHUSI SHEPTUU:
T +u = const.
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1)

2)

MEa A

® N

b

98]

10.
11.

IK3aMeHAIlMOHHbIE BOIPOCHI

Omnpenenenus 1 GopMyJHMPOBKH TeOpeM.

CdhopmynupoBaTh onpeneneHue GyHKIIMOHANA.

ChopMymupoBaTh OnpeaeieHne HEMPEPHIBHOTO (PYHKITHOHATIA.

CdhopmynupoBaTs onpenenenue auddepeHnupyeMoro GpyHKIHOHAIA.

CdhopmynupoBaTh onpenesicHie Bapualuu GyHKIMOHATIA.

CdhopmyaupoBaTh TOCTAHOBKY NPOCTEHIIEH 3aadyd BapHAIHOHHOTO WCUUCICHHS — 3aJlaud C
3aKpEeTJICHHBIMU KOHIIAMH.

CdhopmynupoBaTh onpeneneHie CHIbHOT0 MUHUMYMa (QpyHKIHOHAIA.

CdopMymupoBaTh ONpeAciieHne CHIIPHOI0 MaKCUMyMa (PYHKITHOHAJIA.

ChopmynupoBath onpeieacHue ci1adoro MUHUMyMa (yHKIIMOHAJIA.

CdhopmynupoBaTh onpenesneHne cnadoro Makcumyma (QyHKIMoHaIa.

. ChopmynupoBath onpeaeacHue CTpororo MUHIMyMa (Makcumyma) GyHKLIHOHAIIA.
11.
12.
13.

CdopmynupoBaTs HEOOXOAUMOE YCIOBUE SKCTpEMyMa JIJIs 33/1a4¥ C 3aKPEITUIEHHBIMU KOHITAMH.
CdopmynupoBath OCHOBHYIO JIEMMY BapHAIMOHHOTO HCYUCIICHHSI.
CdopmynupoBaTh MOCTAHOBKY 3aJadd C 3aKPEIICHHBIMH KOHIIAMHA M HEOOXOIUMBIC YCIIOBUS

b
skctpemyma st pyskuuonana V[ y]= [ F(X, y,,...y,; V15 V) ) dX.

YTBep:KIeHus1 U1 TeOpeMbl, KOTOPble HEO0OX0AUMO YMeTh 10KA3bIBATD.
TeopeTnyeckue 3a1a4u.

Jlokasath, 4TO HEOOXOAMMBIM YCIOBHEM JKCTpEeMyMa (DYHKITMOHAJIA SIBIISETCS PABEHCTBO HYJIIO
€ro Bapualuu MpU yCIOBUH, YTO BapHALUS CYIIECTBYET.

CdopmynupoBaTh IOCTAaHOBKY 3aJadd C 3aKPEIUICHHBIMH KOHIIAMH W TOJYYHTHh HEO0OXOIMMOE
YCIIOBHE 3KCTPEMyMa.

Jloka3aTh OCHOBHYIO JIEMMY BapHallHOHHOT'O UCUHUCIICHHUS.

CdopmynupoBaTh OCTAHOBKY 3a/1a4il C 3aKPEIICHHBIMH KOHIIAMH M MOJIYYUTh HEOOXOIMMbIE

b

ycnosus skctpemyma 1uist ynkuuonana V[ y]=[F(x, ..y, V..V, ) dx.

IlpuBecTn mpuMep TIIepBOM KpaeBOW 3amaud I ypaBHEHHs Oiepa misd (QyHKIIMOHAIA
b

Viyl=[F(x,y,y")dx, KoTOpas He UMEET PelIeHHUSL.

[lpuBecTn mnpuMep TmepBOil KpaeBOW 3ajadul Ijsl ypaBHEHHsS Oiiepa Uit (QyHKIHOHaIa

b
Viyl=[F(x,y,y")dx, xotopas uMeeT HEeAMHCTBEHHOE PELICHHE.

a

b
3anucarh pelenus ypasaenus Ditnepa 1 Gpynkuuonana V{y]= [ F(y')dx.

b
3anucaTh nepBblii HHTErpan ypapHeHus Jiinepa juis Gynkuuonana V[ y]= [ F(x,y")dx.

b
3anucaTh nepBblii MHTErpan ypapHeHus Jiinepa s dynkuuonana V[y]=[F(y, y')dx.
ChopMymupoBaTh M PEMIUTH 3a7a9y O OPaxuCTOXPOHE.

I/ICXOI[SI M3 BapHAllMOHHOTI'O IMPpUHIMIIA HAMMCHBIICTO I[Cf/iCTBPISI, IMOJIYYUTh YPAaBHCHUA OBUKCHUA
MaTepI/Ia.]'ILHOI‘/'I TOYKH B IIOTCHIMAJIBHOM IIOJIC.
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