TEMA 1

Mempuuecxue, HOpmupoeannsle u €B8K1UO008bL npocmpancmaea.

OcHoBHbIE onpee/ieHHs U TeOpeMbl

MuoxecTBO L Ha3pIBaeTcs (BEIIECTBEHHBIM) JHWHEWHBIM MPOCTPAHCTBOM, €CIH IS
JOOBIX JIBYX €T0 2JIEMEHTOB X, V OMPEJENICH dJIEMEHT X+ )y € L (Ha3pIBaeMbIi CYyMMOH X U V),

U Ui Mo00ro 3yeMeHTa x € L W nro00ro (BEUIECTBEHHOTO) YHCIA ¢ OMPENETCH JIIEMEHT

ax € L, mpudeM BBITIOJTHEHBI CIICTYIOIINE YCIOBHS:

1) 1 1r00bIX IEMEHTOB X, ) € L X+y=y+x (KOMMyTaTUBHOCTb CIIOXKEHMUS);

2) st TIOOBIX DJIEMEHTOB X, V,z€ L (x+y)+z=x+(y+z) (aCCOUMAaTUBHOCTH CIIOKCHUS);

3) cymectByeT 3neMeHT 6 € L (Ha3bIBaeMblii HYJIEBBIM DJIEMEHTOM, WM HYJIEM MPOCTPAHCTBA
L) Takoii, 4To mjist 1r000T0 3M1eMeHTa X € L x+6 = x (CyIIeCTBOBaHUE HYJIEBOTO JIEMEHTA);

4) st 1F000TO ANIEMEHTa X € L CymIecTBYeT AIeMeHT (—x) € L (Ha3bIBaeMblii OOpaTHBIM K X)
Takou, 9To X+ (—x) =6 (cymecTBOBaHUE OOPATHOTO JIEMEHTA);

5) mis J00BIX AMEMEHTOB X,y € L 1 mo0oro (BEMIECTBEHHOTO) YHcia @ a(x+)y)=ax+ay
(mUCTpUOYTUBHOCTh YMHOXEHUSI CYMMBI 3JIEMEHTOB Ha YHCIIO);

6) nns Tro0bIX (BEIIECTBEHHBIX) yuceNl @ U [ u nobdoro snementa x € L (a+ f)x =ax+ fx
(mucTpUOYTUBHOCTH YMHOKEHHSI CYMMBI YHCETT Ha SJIEMEHT);

7) nns m0O0bIX (BEIIECTBEHHBIX) uncen o [ u moboro smemeHta xelL  (aff)x =a(fx)
(accoMaTUBHOCTh YMHOXKEHUS HA YHCIIO);

8) nmns moboro anemenTa x € L 1-x=Xx (CBOWCTBO €IUHMUIIBI).

ONEeMeHTHI X,,X,,...,X, JIAHEHHOrO IPOCTPAHCTBA L Ha3bIBAIOTCSA JMHEHHO 3aBHCHMBIMU,

€cIM CYyLIECTBYIOT Takue (BemectBeHHble) unucna C,,C,,..,C, , He Bce paBHbIE HYIIO, UYTO

m
ZCkxk 29; €CIIM  KE€ TIIOCICAHEEC PaAaBCHCTBO HMECT MECTO B CAMHCTBCHHOM Cllydac
k=1

C =C,=..=C, =0, TO 3JIEMEHTHI X,,X,,...,X,, - JUHCHHO HE3aBUCUMBIL.

HartypanbHoe uucino 7, Ha3blBaeTcsi Pa3MEPHOCTBIO JIMHEHHOTO MPOCTPAHCTBA, €CIHU
CYUIECTBYIOT 7 JIMHEWHO HE3aBUCUMBIX AJIEMEHTOB IMPOCTPAHCTBA, a JIIoOble 7+1 3JIeMEHTOB -
JTUHEIHO 3aBUCHMBI. B 3TOM cilydae THHEHOE IPOCTPAHCTBO HA3bIBACTCS KOHEYHOMEPHBIM (71-
MEPHBIM).

Ecnu st mr060r0 HATYypaJIbHOTO 7 MOXHO YKa3aTh 7 JTUHEHHO HE3aBUCHMBIX DJIEMEHTOB,
TO JIMHEHHOE MPOCTPAHCTBO Ha3bIBaeTCS OECKOHEUHOMEPHBIM.

MHoxecTBO M Ha3bIBACTCSI METPHUYECKHM HPOCTPAHCTBOM, €CIH JUIsl JTIOOBIX JBYX €ro
AJIIEMEHTOB X,y € M ompeneneHo BEUIeCTBEHHOE 4nucio p(x,y) (Ha3piBaeMOe METPUKOH, WU

paccTosHUEM ), TPUYEM BBITNIOJIHEHBI CIEAYIOIINE YCIOBUS:
1) s Ar00BIX 2IEMEHTOB X,y € M p(x, )20, npuueM p(x,y)=0 Torma u TOJBKO

TOTJa, KOTJa 3JIEMEHThl X U ) COBHAAAIOT (HEOTPULATEIBHOCTh METPUKH);
2) st MOOBIX AIIEMEHTOB X,y € M p(x,y)=p(y,x) (CUMMETPUYHOCTH METPUKH);
3) st moOBIX 37IEMEHTOB X, V,z€ M p(x,y) < p(x,z)+ p(y,z) (HEpaBEHCTBO TPEYTOJbHUKA).
MeTtpuueckoe MPOCTPaHCTBO HE 0053aTEIbHO SBISETCS JIMHEHHBIM.
ITocnenoBaTenbHOCTE  B3IEMEHTOB METPUYECKOrO MpocTpaHcTBa X, e M, n=1,2,..

CXOJUTCS K 21eMeHTy X, € M (x, = x, npu n — ), ecimu p(x,,x,)—> 0 npu n—oo.



JluneliHoe MpOCTpaHCTBO N Ha3bIBaeTCsI HOPMHUPOBAHHBIM, €CIIM JUIA JIIOOOTO 3JeMEHTa
x € N ompeneneHo (BEImIECTBEHHOE) YUCO || x| (Ha3pIBaeMOe HOPMOIi), MPUYEM BBIITOTHEHBI

CIICAYIOIINE YCIOBUS:
1) s moboro anmementa x€ N || x| >0, npuuem || x||=0 Torma m TOIBKO TOTAa, KOTaa

X =6 - HyJIeBOU JIEMEHT MPOCTPAHCTBA;
2) nns moboro snmeMeHTa x € N W J000T0 (BEIIECTBEHHOro) 4Ymcia « || ax||=|a|-|| x|

(HeoTpuaTeabHas OHOPOIHOCTH HOPMBI);
3) st moObIx aneMeHToB X,y € N || x+ y|| < || x||+]|| v || (HepaBeHCTBO TpeyroabHUKA).

HopmupoBanHoe = mpOCTpPaHCTBO  SBISETCS ~ METPUYECKHM,  €CIM  TOJIOXKHUTb
plxy)=[x=yll.

ITocenoBaTenbHOCTh 3IEMEHTOB HOPMHPOBAHHOIO IpocTpaHctBa x, € N, n=1,2,...
cxonutcs (o HopMe mpocTpaHcTBa N) K 3neMeHTy X, € N (x, > X, NpH n—>0), €CciIu
|| x,—x,||—0 npu n—>o0.

N3 cxonuMmocTu MOCIEA0BaTENbHOCTH X, 0 HOPME IPOCTPAHCTBA CIEAYET CXOAMMOCTH
MI0CJIEI0BATENBHOCTH (YHUCIIOBOM!) HOPM, T.€. €clM X, —> X, Ipu n—>©, 10 || x, || = X, || mpu
n — oo0. ObparHOe, BOOOIIIE TOBOPSI, HEBEPHO.

IlocnenoBarenbHOCTs  X,, n=1,2,... DJIEMEHTOB HOPMHUPOBAHHOIO IIPOCTpaHCTBA N
Ha3zbIBaeTCs (yHAAMEHTAIbHOW, eciu i Jroboro & >0 wHalgercs Homep K Takou, 4To st
moboro n> K 1 1060ro HATYpabHOTO p BHINIOJIHEHO HEPABEHCTBO || x,,, — X, || <& .

Ecnu mocnenoBaTenbHOCTh CXOAUTCS, TO OHa (QyHaameHTanbHa. Ecmu ke mrobas
GyHIaMeHTaJlbHAst  IOCIENIOBATEIbHOCTh  IEMEHTOB  CXOOUTCA, TO  HOPMHUPOBaHHOE
IIPOCTPAHCTBO HA3bIBAECTCS OJIHBIM.

[TotTHOE HOPMHPOBAHHOE IPOCTPAHCTBO HA3hIBAETCSl OAHAXOBBIM.

ITocnenoBarensHOCTh  X,, n=1,2,... D2JIEMEHTOB HOPMHUPOBAaHHOIO IpOCTpaHcTBa N

Ha3bIBACTCSl OIPAHMUYCHHOW, eciM cymecTByeT koHcranta C Takas, 4to | x, ||<C mns Beex
n=12,...
ITocnenoBarensHOCTs X, n=1,2,... 2JIEMEHTOB HOPMHUPOBAHHOIO MpOCTpaHCTBa N,

oOnajaromasi TeM CBOMCTBOM, YTO W3 JIOOOM ee MOIMOCIeI0BAaTEIbHOCTH MOXHO BBIIEIHUTD
CXOZSIIYIOCS, Ha3bIBAETCS KOMIAKTHOM.

JIrobass KOMIakTHasi TOCIEOBATEIBHOCTD SIBJSETCS OTpaHUYEHHON. B KOHEUHOMEpHOM
MPOCTPAHCTBE BEPHO U 0OpAaTHOE YTBEP)KICHUE, OHAKO, JJIs1 OECKOHEYHOMEPHBIX MPOCTPAHCTB
3TO, BOOOIIIE TOBOPS, HE TaK.

JluHeliHOE€ TNPOCTPAaHCTBO FE HA3bIBACTCS EBKIMJIOBBIM, IS JIHOOBIX JIBYX 3JEMEHTOB
X,y € E omnpeneneHo BEUIECTBEHHOE 4YUCIO (X,)), HAa3bIBAEMOE CKAJSIPHBIM IMPOU3BEICHHUEM,

MPHUYCM BBITIOJIHCHBI CJICAYIOMIUC YCIIOBUSA:

1) nnst MOOBIX AIEMEHTOB X,y € E (x,y)=(y,x) (CUMMETPUYHOCTB);
2) st IIOOBIX DJIEMEHTOB X, ),z € E (x+y,2)=(x,2)+(y,2) (amIUTUBHOCTH TIO
MIePBOMY apryMeHTY);

3) nns moOBIX AMIEMEHTOB X,y € £ M 000ro BemlecTBeHHOro yncna o (ax,y)=a(x,y)
(OITHOPOJHOCTH MO MEPBOMY APT'YMEHTY);
4) nmnsg moboro xe £ (x,x)>0, mnpuyem (x,x)=0 TOrma u TOIBKO TOTJA, KOrna x =6
(CBOMCTBO CKaJISIPHOT'O KBaJpara).
B eBkinaoBoM mpocTtpaHCTBE £ BCerja MOXHO BBECTH HOPMY, MOPOXKIACHHYIO CKaIsPHBIM

npom3BeaeHuEM || X ||, =+/(x, X) .

Jns mo0BbIX  JIBYX DSJEMEHTOB X W ) TPOM3BOJIBHOTO EBKJIMIOBA MPOCTPAHCTBA

BBITIOJIHSIETCS HEPaBEHCTBO Komu-bynsikoBckoro (x,9)° < (x,x)-(»,») Wi



[(x,»)| < x]||“|| ¥||, npu4eM paBEeHCTBO UMEET MECTO TOTJa M TOJIbKO TOT/a, KOTJa 3JIEMEHThI X
U Y JIMHEHHO 3aBUCHUMBI.

Hanomuum onpenenenys OCHOBHBIX BCTPEUAIOLIUXCS Jlajiee TMHEHHBIX TPOCTPAHCTB.

1.  HopmupoBannoe mpoctpanctBo Cla,b]. DnemeHTaMu STOTO MPOCTPAHCTBA SIBIISIOTCS
HempepeiBHBIE  HA  oTpe3ke  [a,b]  ¢yHknuu. Hopma  ompexmensieTcss — Kak

||y||c[a,b]=)£1€1[?§]| y(x)|, cxogumocth 1o Hopme mpoctpanctBa Cla,b] - paBHOMEpHas

cxonuMocTs. [IpoctpanctBo Cla,b] - 6anaxoBo (IOJIHOE).

2. Hopmupoannoe npoctpactBo C'”'[a,b]. DaeMeHTaMH 3TOTO NPOCTPAHCTBA SBISIOTCS
(GyHKIUHM, HENpPEepbIBHBIE C MPOU3BOAHBIMH JI0 p-TO MOPsAKA BKIOYUTEIHLHO Ha OTPE3KE

[a,b]. Hopma onpenensiercs kax ||y

P
_ (k)
P lap] = /;fo xme[%] | v (x)|, cXOIUMOCTh O HOpPME

npoctpanctBa C'”'[a,b] - paBHOMEpHAas CO BCEMM IIPOM3BOAHBIMH JO P-TO TOPSJIKA.

IIpoctpanctBo C”’[a,b] - 6aHaxoBo.
3. EBkuugoBo (HOpMHUPOBAHHOE) MPOCTPAHCTBO /h[a,b]. DneMeHTaMu 3TOTO MPOCTPAHCTBA
SIBIISTIOTCSI HETIPEpPhIBHBIE Ha OTpe3ke [a,b] ¢yHkuuu. J{ns nmro0bix JBYX HENPEPHIBHBIX

b
¢byHkuuid nomaoxum (y, z):J- y(x)z(x)dx - ckamgpHOe MpPOHM3BEACHUE, U BBEAECM HOPMY,
a
b
TIOPOXK/ICHHYIO CKAJIAPHBIM TIPOU3BEACHUEM || V ||, 5= J- ¥*(x)dx ; CXOMMMOCTb 110 HOpME

a
npoctpanctBa hla,b] - cxogumocTh B cpenHeM. IlpoctpanctBo h[a,b] He sBHseTCS
TIOJTHBIM.

IIpuMmepsl pelieHus 3agay

Ilpumep 1.1. ]JlokazaTh, 9TO MHOKECTBO (BEIIECTBEHHBIX) (DYHKIIMN, HEMPEPHIBHBIX HA OTPE3KE
[a,b] oOpasyeT (BelecTBEHHOE) JIMHEHHOE MPOocTpaHCcTBO (TipocTpancTBo Cla,b]).

Pewenue. Tak kak cymMMa JBYX HENPEPHIBHBIX (DYHKIIMM, a TaK)Ke MPOU3BEJCHUE HEIPEPHIBHOM
(GYHKIMH Ha BELIECTBEHHOE YHUCIIO, TAKXKE SBJIAIOTCS HENPEPBIBHBIMU (QYHKLUUSAMH, TO IS
peleH s 3a/1a4d He0OX0IMMO IPOBEPUTH AKCHOMBI JINHEHHOTO MPOCTPAHCTBA.

1) Vy(x),z(x) € Cla,b] y(x)+z(x) = z(x) + y(x) ;

2) Vy(x),z(x),w(x) € Cla,b] [y(x)+z(x)]+ w(x) = y(x) +[z(x) + w(x)];

3) HyJEBBIM 3JIEMEHTOM IPOCTPAHCTBA ECTECTBEHHO CUHUTATh y(x)=0 €(la,b];
4) Vy(x) € Cla,b] cymecTByeT MPOTUBOMOIOKHBINA HIEMEHT -y(x) e Cla,b];
5) Vy(x),z(x) € Cla,b],Vax a[y(x)+z(x)]=ay(x)+az(x);

6) Vy(x) e Cla,b],Va,p (a+p)y(x)=ay(x)+ py(x);

7) Vy(x) € Cla,b],Va, (ep)y(x)=a [By(0)];

8) Vy(x) € Cla,b] - y(x) = y(x).



Ilpumep 1.2.  Jloxazath, yTo mpoctpanctBo Cla,b] sBIseTCS HOPMHUPOBAHHBIM, €CIH JUIS

¥ y(x)€Cla,b] onpezenuty |y cr, sy = max | ()|

Pewenue. Jlns  1oka3aTenbCTBa JOCTAaTOYHO YOEOUTbCS B KOPPEKTHOCTH YKAa3aHHOTO
OIIpEJIEJIEHUS] HOPMBI, T.€. IPOBEPUTH AKCHOMBI HOPMBI.

D @ edab]: vy =max [y(x) 20, npusen [y q, =0 y(x)=0=6;

2 W@elablVa: @y, =max|ay@)Hal - max [y Ha ] e
3) Y y(x), z(x) € Cla,b]: |y +2|

Cla,p) — MAX | y(x)+z(x)| <
’ xela,b]

< max (| () | +] 2(x) ) < max | () [+ max | 20) =[] ey 7] cram -

Ilpumep 1.3. Jloxazath HepaBeHCTBO Kommu-byHsIKOBCKOTO B IpocTpaHCcTBe A[a,b] u mpoBepUTH

b
KOPPEKTHOCTH OMPE/IECTICHUSI HOPMBI B ’TOM IMPOCTPAHCTBE || y|| Mad] = ’ j V2 (s)ds .
a

Pewenue. HepaBenctBo Komu-byHsikoBckoro B mpocTpancTBe h[a,b] umeeT BU

b

(v,z)’ = Dy(x)z(x)dx} < Iyz(x)dx‘jzz(x)dx vV y(x), z(x) € hla,b].

a

Jlnst  ;mokaszatenbcTBa — pacCMOTPUM  CIEAYIONIee  OYEBHIHOEC  COOTHOIICHHE
0<(y+Az,y+Az)=(y,y)+24(y,z) + A’(2,2), KOTOpoe CIpPAaBEMIMBO s JIHOOBIX JBYX
3JIEeMEHTOB TpocTpaHcTBa  Y(X),z(x) € hla,b] m moboro BemecTBeHHOro uucia A. [loatomy
JTUCKPUMHUHAHT KBaJIPaTHOTO (OTHOCUTENIBHO A ) TpexuJieHa JOJDKEH OBbITh OTpULATEIbHBIM, T.C.
4(y,z)* —4(y,y)z,z) <0, OTKyJa M MoNydaeM TpeOyeMoe HepaBeHCTBO:

b

(7.2)’ = [ [ y(x)z(x)dx} <(r)z2) = [ ¥ (R)dx- [ 2 (x)dx.

a

3ameuanue. TlpuBeneHHOE OKA3aTEIBCTBO MOXET OBITH TPOBEICHO B JIFOOOM E€BKJIMIOBOM
MPOCTPAHCTBE.
Jlis TIpoOBEepKM KOPPEKTHOCTH OIPENeTICHUs HOPMBI B MPOCTpaHCTBE h[a,b] HYKHO

Y6CI[I/ITBCH B CIIPaBCIJIMBOCTHU COOTBCTCTBYIOIINUX AKCHOM B OIMPCACIICHUN HOPMEI.

b

1) Vy(x) € h[a,b]: ||y Mad] = Uyz(x)dx >0, mpuyem ||y|
' b b

2) Vy() eha.b)Va: |ayl,,, = /[y @dc=al. [y @dFal ]y

o = GO+ 2(0)) dx = [ (7 () + 27 () + 2(x)2(x))dx <

hlab] =0=y(x)=0=0;

h[a,b];

3) Vy(x),z(x) € hla,b]: |y+z

(c yuetom HepaBeHcTBa Komu-byHskoBckoro)
b

sjyz(x)dx+jz2<x)dx+2\/jy2(x)dx-\/jzzmdx = (113 Uy + 112 gy

a

OTKyJia I0J1y4acM HEPABEHCTBO TPEYIOJIbHUKA ||y+z Hap] = |3 ey + 11 2 ligasy -



Ilpumep 1.4. Haiitu HOpMy y(x) =sin x + cos x
a) B npoctpanctee C[0,27];
0) B mpoctpanctse h[0,27].

Pewenue. a) ||sin X+cos x|| clo2e = MAX |sinx+cosx |=~/2 ;

2z
0) ||sinx+ cos x||h[0,2”] = j (sinx+cosx)’dx =27 .
0

Ilpumep 1.5. Jloka3atb, 4To mr00as CXOIAMIAsCSAd IIOCIEIOBATCIHLHOCTD JJICMEHTOB
HOPMHPOBAHHOTO MPOCTPAHCTBA (PyHIaMEHTaIbHA.
Pewenue.  IlocnenoBaTenbHOCTh X, 3JEMEHTOB HOPMUPOBAHHOI'O MPOCTpAaHCTBA N Ha3bIBaeTCA

dbyHIaMeHTaIbHOH, eciu AJis Jiroboro & >0 Haiinercs Homep K Takoid, 4To it roboro n > K
¥ JIF0OOr0 HATYPaJIbHOIO p BBIMOIHEHO || x,,  — X, [ < €.

ITycTh mocnenoBaTenbHOCTh X, 2JEMEHTOB HOPMHPOBAHHOTO MPOCTPAHCTBA CXOAUTCS (IO

HOpMe npocTpaHcTBa N) K 3/eMeHTy X, € N, toraa ans iroboro & >0 cymecrtByer Homep K

TakoM, 4yTo Npu 7 > K ¥ 11000M HATypaJbHOM p OJHOBPEMEHHO BBINOJHEHHI [BA HEPABEHCTBA!

& &
R T b B

HOHB?)Y}ICB HepaBeHCTBOM TpeyFOJIbHI/IKa, HOHY“IHM HpI/I n= K n HIO6OM HaTypaJIbHOM P
|| xn+p _xn ||:|| xn+p _xo + xO _xn ||S|| xn+p _x0 || + || xn _x0 ||S &, 4YIoH Tpe60Ba‘HOCB'

Ilpumep 1.6. ]Jlokaszatb, 4TO IPOCTPAHCTBO A[a,b] HE SBISAETCS MOTHBIM.

Pewenue. Jlns  pokazaTenbCcTBa JIOCTATOYHO TIOCTPOUTH mpuMep (yHIAaMeHTanbHOU
MOCIIEZIOBATEILHOCTH 3JIEMEHTOB MPOCTPAHCTBA h[a,b], KOTOpasi HE SBISIETCS CXOJSAIICHCS B
3TOM MPOCTPAHCTBE.

PaccmMoTrpuMm uis  ompeneneHHOCTH mpocTpaHcTBo A[—1,1] u mocnemoBaTenbHOCTH

HEMPEPbIBHBIX (PYHKIIHI (37IEMEHTOB 3TOT'0 POCTPAHCTBA):
1
-1, -1<x<——

y,(x)=¢ nx, 0<|x|<—
n

1, leSI.
n

a) Jlokaxem, 4To 7Ta MOCJIEIOBATEIHLHOCTh hYHIaMEHTAJIbHA B IpocTpaHcTBe A[—1,1].

3aganum pousBosibHOE & >0 M MONOXKUM m > 1, TOT/AA CYIIECTBYET TaKO€ HATypaJbHOE
yucino N(&), st KOTOporo

1 1
2 1 ) g , ’ , 2 2n 4 4
[EAEIESTNES! =j(yn(x)—ym(x)) dxzzj (mx — nx) dx+2j (I-mx)dx="+""-— <" <g
Y 0 ¥ 3n 3m®~ 3m 3n

npu V.m>n>N(¢g)= [;} +1, yTo M TpeboBaIOCh JOKA3ATh.
&£



0) Ilycts mocnemoBaTenbHOCTh V,(X) CXOAMUTCS B mpocTtpaHcTBe h[—1,1], T.e. cymecTtByer

HenpepbiBHast QyHKIUS @(x) Takas, 9ro st Ve >0 N, (g) unpu Bcex n > N, (&) BBIIOIHEHO

IRCIE . J 0.-pran <

Paccmotpum pa3peiBHYIO (QYHKIHIO w(x) = < 0, x=0

Torna s Ve >0 3IN,(g) takoe, uto ipu Vn = N, (&) umeem

[0, -y (x)dx =

Tak kak @(x)- HempepwiBHas, a W(x)- pa3pbiBHas ¢yHKIus, 10 @(x)—w(x)#0 u,

1
CJIEJIOBATEIILHO, \/J' (@(x)—w(x))Ydx >0. Ilostomy nns Bcex € >0 u n=max{N,(¢),N,(&)}
-1

1

0< \/ [ (@) =y (x))dx = J [0 =3, N+, (1) —p ()T dx <

-1

< \/ j (P(x) =y, (x)) dx + J j 3, () =y () dx =[]y, =), + J j (o (@) -y (Y dr <45 =

BBuny mpousBosbHOCTH BbiOOpa ¢ >0  moslyuaeM NpOTHBOpEYHME, a  3HAYUT
IPEIIOI0KEHNE O CXOAUMOCTH I10CIIEA0BATENBLHOCTH V, (X) B IpocTpaHcTse A[—1,1] HeBepHO.

Wrak, nocTtpoeHHass MOCIEA0BaTENbHOCTh Y, (x) (yHIaMEHTalbHAa B IPOCTPAHCTBE
h[—1,1], HO He ABJIIETCS CXOIAIICHCS B 3TOM IIPOCTPAHCTBE, UTO U TPEOOBAIOCH JJOKA3ATh.

3ameuanue. HpI/I J0Ka3aTCJIbCTBEC OBLIO HCIIOJB30BAHO COOTHOIIICHUE

i(y(x)+z(x))2dx£}yz(x)dx+j.zz(x)dx+2\/j‘y2(x)dx -\/jzz(x)dx =L/j.y2(x)dx +\/j‘zz(x)dx] )

a

a

SABJIAOMICCCA CIICACTBUCM HCPABCHCTBA KOI_HI/I-BYHSIKOBCKOFO.

Ilpumep 1.7.  JlokazaTb, 4TO HE BCSIKasi OrpaHUYEHHAsS IMOCJIEI0BATEIIBHOCTh B MPOCTPAHCTBE
Cla,b] saBIIETCS KOMIAKTHOM.

Pewenue.  Paccmorpum mpoctpanctBo C[0,1] u mocineaoBaTelbHOCTh 3JIEMEHTOB 3TOTO

Yullcrony = fg[%’f] |y,(x)[=1, Tte.

MPOCTPAHCTBA y,=sin2"zx, n=12.3,... OueBuunHo, |

MOCJIe1I0BATEIbHOCTh OTPAaHUYEHA.
[TokaxeM, 94TO HUKaKasl €€ MOAMNOCIIeI0BATEIbHOCTh HE MOKeT cxoauTbes B C[0,1].

. . . 1
JleficTBUTENBHO, TSI JTF00OTO HOMEpPA i CYHIECTBYET TOYKA X = S €[0,1] Takas, yto B

Heii y.(x")=sin2'z =1. Ilpu stoM mnsa mo6oro k >i B ITOW XK€ TOYKE MMEET MECTO

2i+l
* . k 1 * *
Y, (x")=sin2 HF =0. CnenoBaTenbHO, ||yl. -V, || con 2 1 7(xX) =y (x)[ =1, T.e. Huxaxas
MO/INIOCIIEIOBATEILHOCTD paccMaTpuBaeMon MOCJIEI0BATEILHOCTH HE ABJISIETCS

(byHIaMEHTAIBHOM, a 3HAYUT U HE MOXKET CXOIUTHCA.



1.1
1.2

1.3
1.4

1.5

1.6

1.7

1.8

1.9
1.10

1.12

1.4

1.5

1.6

3ana‘m AJI CaMOCTOATECJILHOI'O PEIICHUSA

JlokasaTh, 4To npoctpancTBo A[a,b] aensercs muneitHbIM.

Joxasats, uto npocTtpanctso C v )[a,b] SIBIISIETCS JIMHEWHBIM.

Jloka3aTb, 4TO B IPOCTPAHCTBE R' sens3s BBecTH Hopmy 1o opmyre || X || = | arctg x| .
MO’KHO I OTIpEAETTUTh HOPMBI CIIETYIOIIMMH (QYHKIIUAMU T YKa3aHHBIX MHOKECTB:
a) || y[|= max | y(x)| 8 Cla,b];
xe[a,42]
6) || y I y(a) |+ max | y'(x) | 8 CV[a,b];
xela,b)

B 1y = y(®B) = y(@) |+ max [ ()| » CV[a,b].

Haiiti HOpMBI criefyrommx QyHKIMH, paccMaTpuBast X Kak anementsl npoctpancts C[0,2] u CV[0,2]:
a) y =2sin /x — cos /x

6) y=3cosmx —sin zx

B) y=x" —x

r) y=x"—4x

m y=x"—6x.

Haiitu HOpMBI criemyromux GpyHKIui, paccMaTpuBas X Kak >eMenTsl npoctpanctsa A[0,2]:
a) y =2sin /x — cos /x

6) y=x’—x

B) y=x" —1.

ﬂOKa?)aTI), YTO C€CJIK MOCJICAOBATCIIBHOCTDL 3JIEMCHTOB HOPMHUPOBAHHOT'O IMPOCTPAHCTBA CXOAUTCA, TO 3Ta
MOCJICA0BATCIIBHOCTh OTpaHUYCHA.

[MocTpouTsh MpUMep, MOKA3BIBAIOIIMIA, YTO U3 CXOJUMOCTH B CpeHeM Ha oTpeske [d,b] dynkumonansHoit
MOCJIEJOBATEIFHOCTH HE CIIEAYEeT paBHOMEpHAs (M Take OTOYeUHas) CXOAUMOCTb.
[ocTpouts MpuMep GECKOHEUHOM OPTOHOPMHPOBAHHOM cHCTeMBbI B ipocTpanctee A[a,b] .

I[IpuBecTH MpUMep OrpaHUYEHHON HEKOMITAKTHOM MOCIeI0BaTebHOCTH B ipocTpancTee /[ a,b].
n
Jloxazats, 4o nocaenosarensocts Y, (X) = X" orpannuena n nekommaxtaa B npocrpancrse C[0,1].

JloKasaTb, 9YTO IMOCIENOBATENbHOCTh HempepblBHO auddepenumpyembix va [a,b] ¢ynxumit y, (X),

i[a,b] +|

2
! o
YAOBJICTBOPAIONIUX HEPABCHCTBY | yn h[a.b] < 7/, ]/ > 0 , SABIACTCA KOMIIAKTHOU B

Y

npoctpaunctee Cla,b].

OTBeTHI K 321a49aM
a) HET; 0) na; B) HET.
D 1 lepa=v5. 19l 0= (7 + N5
6) ly ||C[0,2]= \/E , Iy ||C(1>[0)2]= (m+ 1)\/55

B Y leea=2. 19 gz =3
r) HJ’||C[0,2]:4’ ”y”c“’[o,z]:g;
D Y leea=9, 17 lleorgpy=15-

4 86
a) ¥ lligo.21= \/g; 6) 15 lsto = ﬁ; B) 13 {lho.21= 7



TEMA 2

dnemenmul meopuu TUHENHBIX ONEPAMOPOS.
Oopammuuwiii onepamop. Bnonne nenpepuiensiit onepamop.

OcHoBHbIE OnpeeIeHUs] U TeopeMbl

Omneparop A4, AEUCTBYIOIUHN U3 TUHEHHOIO MPOCTPAHCTBA L, B JINHEHHOE NPOCTPAHCTBO L, ,
Ha3bIBACTCS JIMHEHHBIM, €CIIH JUIS JIFOOBIX 3JIEMEHTOB ); U > U3 L, ¥ JIIOOBIX BEIECTBEHHBIX YHCEI
Oy U 0 BBITIOJIHEHO paBeHCTBO  A(,y, +a,p,) =, Ay, + a, Ay, .

ITycte D(A)- obnactb onpezneneHus, a R(A)- MHOXecTBO 3HaueHHH omepartopa 4. Ecim
onepatop A: y = Ax, NEUCTBYIOIIUN U3 JUHEWHOIO IIPOCTPAHCTBA L, B JIMHEHHOE MPOCTPAHCTBO
L,. B3aMMHO OJIHO3HAYHBIN, TO MOYKHO BBECTH OOpaTHBIH omepatop A~ : A'y=Xx c 00macTeio
onpenenenns D(A™') = R(A) n mHox)ecTBoM 3Hauenuii R(A™')=D(A)=1L,.

Hynb-nipocTpancTBoM omnepatopa 4 HasbiBaeTcsi MHOXKeCTBO Ker A={xelL : Ax=40}.

OueBuzHo, uto Ker A — nuHeiiHoe noanpocTpancTBo L, , npuueM O € Ker A . Ecin Ker A # {0}
(HyJb-IIPOCTPAHCTBO HETPUBHUAIILHO), TO ONEPaTOp A Ha3bIBAETCS BHIPOKICHHBIM.
Onpenenenne A. Onepatop A4, IEHCTBYIOIIMHA W3 HOPMHPOBAHHOI'O IIPOCTPAaHCTBA N, B

HOPMHPOBAHHOE NIPOCTPAHCTBO N, , HA3bIBAETCS HEMPEPBIBHBIM B Touke y, € D(A) < N,, eciu s
moboi mocnenoBarenbHocTH Y, € D(A), Takoil 4ro y, — y,, MOCIEAOBaTEIbHOCTh Ay,
cxogutea K Ay, .

Onpenenenne b. Onepatop A4, NEUCTBYIOIIMN W3 HOPMHPOBAHHOIO NpPOCTpaHCTBA N, B
HOPMHPOBAHHOE NPOCTPAHCTBO N, , HA3bIBAETCS HEMPEPBIBHBIM B Touke y, € D(A) c N,, eciu s
moboro & >0 Haiinercs takoe 6 >0, uyto a7 BceX y € D(A) U yAOBIETBOPSAIOUINX HEPABEHCTBY
|¥y=y, || £6 BeImONHSETCS HEPABEHCTBO || Ay — Ay, || < €.

ChopmynupoBannbsie ompezneneHuss A v b IKBHBaJICHTHBI.
Omneparop 4 Ha3bIBaeTCs HENPEPLIBHBIM Ha MHOXkecTBe D(A) (Ha N, ), eciii OH HEeNpephIBEH

B KQKJIOM TOYKE 3TOr0 MHOXECTBA. JIMHEHHBIA oniepaTop HEMPEPHIBEH TOrJA U TOJIBKO TOTIA, €CIIU
OH ABJIACTCA HCTIPCPBIBHLIM B HYJIC.

HopmMmoii nuneiiHoro onepatopa A Ha3bIBAETCA YKCIIO ||A|| N>y, = Sup ||Ay|

NZ
¥l =1

JIMHENHBIN onepaTop HA3bIBAETCS OTPAHUYECHHBIM, €CJIM CYLIECTBYET Sup || Ay || v, ST
[yl =t ’

Teopema. Jluneinsii oneparop A: N, — N,, [BIFETCA HENPEPHIBHBIM TOTJa MU TOJBKO
TOTJa, KOTAa OH OIpaHUYEH.
< .
Teopema. [lns1 m060ro y € N, BBIIOIHEHO HEPABEHCTBO || Ay || N, S ||A|| N, || y|| N » Tae 4

— JIMHEUHBI OTPAHUYECHHBIN OINEpaTop, ACUCTBYIOUIMI M3 HOPMHMPOBAaHHOIO IIPOCTPAaHCTBA N, B
HOPMHPOBAHHOE ITPOCTPAHCTBO N, .

Jlunelinpiit onepatop 4 Ha3bIBAE€TCS BIOJIHE HEMPEPBIBHBIM, €CIIH IS JTFO00M OrpaHUYeHHON
IIOCJIEA0BATENBHOCTH 2JIEMEHTOB ), M3 N, IOCIEN0BATENBLHOCTh 2z, = Ay, >1€MeHTOB N, TakoBa,

qTo u3 JIIO6OI>'I (&9 IIOAITIOCIIECAOBATCIBHOCTHU MOXHO BBIJACINTD CXOAAIIYI0CA
MOATOCTE0BATEIPHOCTh  (T.€.  BIIOJHE HENPEPBIBHBI  omeparop mpeodpasyer  Jro0yro
OrpaHUYCHHYIO MMOCJICAOBATCIIBHOCTD B KOMHaKTHYIO).



Brionine HenpephIBHBIHN OepaTop SBISETCS OTPaHUYCHHBIM (CJI€0BAaTENIbHO, HEPEPHIBHBIM),
OJTHAKO HE JII000# HEMPEPHIBHBIN JIMHEHHBIA ONIEPATOP SBJISETCS BIIOJTHE HEMPEPHIBHBIM.

IIpumepsl pemenus 3aaa4

b
Ilpumep 2.1.  JlokaxuTe, 4TO WHTErpaidbHbIi omeparop Pdpenromprma Ay:jK (x,8)y(s)ds ¢

a

HETIPEPBIBHBIM SIIPOM SIBJIICTCSI OTpaHUdYeHHBIM Tipu aeiictBun 3  Cla,b] B Cla,b] u HanguTe
OLICHKY CBEpXY JUIsl HOPMBI Olleparopa.

b
Pewenue. Tlyctb z(x)= Ay = IK (x,8)y(s)ds, tne y(s) - mpou3BoOJbHAS HENIPEPHIBHAS HA [a,b]

Gynkumst, npuaem || y ||cpo= )I;l[?)bg] | y(x)| =1. Tak kak siapo K(x,s) HENPEepBHIBHO HA 3aMKHYTOM

OrpaHUYEeHHOM MHOKecTBe (KBaapare [a,b]x[a,b]), TO OHO OrpaHUYEHO.
O6o3nauuB K= max |K(x,s)|, mosyuum, yTo s J06oro x €[a,b] nmeer Mecto
]

x,5€la,b

|2()| = |[ K(e.) y(s)ds| < [I K(e.s) || y(s) |ds < max | y () | [ KCrs)|ds < 1|7 legasn Ky (b=a).

Torma || Ay ||C[a,h] =z ||C[a,h] = max |z(x)| <[y ||C[a,b] ‘K, -(b—a)=K,-(b—a), otkyna cienyer, 4to
x€la,b] 5/1—/
orneparop ®penronbpma ¢ HEMPEPBHIBHBIM siapoM, neicTtBytoumii uz Cla,b] B Cla,b], orpanudes.
Tak kak qOKa3aHHOE BBIIIE HEPABEHCTBO BEPHO Ui JHOOOW HENpPEephIBHOW (YHKITUH
Y(x): [ ¥llerap;=1, TO ¥ 131 HOPMBI ONIEPATOpa CIIPaBE/IMBA OLICHKA
[ 4ll= sup||Ay|| < K,-(b=a).

lI¥=1

Ilpumep 2.2.  ]JlokaxuTe, 4TO MHTErpaibHbli oneparop dpearosbMa ¢ HENPEPHIBHBIM SAPOM
SIBIISIETCS BIIOJIHE HEMPEPBIBHBIM Tipu AevictBun u3 Cla,b] B Cla,b].

Pewenue. PaccMOTpuM MPOU3BOJIBHYIO OTPAaHUYCHHYIO MOCIEAOBATEIHHOCTh HEMPEPHIBHBIX Ha
[a,b] Qynkuuit y (x) W 3aMeTHUM, YTO JJsd JOOOro »n  MMEeT MeCTO OLeHKa

|».

= <
C[a,b] g%g’;{] |yn(x)| - M *

b
ITycte z,(x)=Ay, = J-K (x,5)y,(s)ds. JIna pemeHus 3agaud AOCTATOYHO IIOKa3aThb, UTO

a

HOCJIEI0BATENBHOCTh  z, (X) PaBHOMEPHO OTpaHHYCHA W PABHOCTEIICHHO HEMPEPBIBHA HA OTPE3Ke
[a,b].

a) JlokaxkeMm CHadajla paBHOMEpPHYIO orpaHM4eHHOCTb. O003HauuM K= max |K(x,s)|. Toraa

x,s€la,b]
b a
|2,(0) | = [ K(x,5)3,(s)ds| < [| K(x,9)] | y,(s) | ds < M -K,-(b—a)=C, uT0 W TpeGoBaioch
a a <K, <M
J0OKa3aTh.

0) [okaxeM Tenepb paBHOCTEHNEHHYIO HENPEPBIBHOCTH INOCIEIOBAaTENbHOCTU z,(X). Bo3pmeMm

IIPOU3BOJIbHBIE TOUKH X,, X, € [a,b]. Umeem

2,() =2, (%) =|[[K (5, ) = K (x;,9)] 3,(5) ds| < [|K(x,,8) = K(x,,5)|-| y,(s)|ds .




@ukcupyem npousBosibHoe & >0. @yHkuus K(x,s) HENpepblBHA 110 COBOKYIHOCTH
apryMEHTOB X, § Ha 3aMKHYTOM OTpaHWYeHHOM MHOXecTBe [a,b]x[a,b] m, cnemoBaTeiabHO,
paBHOMEpPHO HETpPEphIBHA Ha 3TOM MHOXecTBe. [losTomy mnms moboro & >0 HalgeTcss Takoe

0 >0,u4To |K(x1,s)—K(x2,s)| < MIpU  YCIIOBUU |x1 —x2| <0.

&
M- (b—a)
Wraxk, ans nroboro ¢ >0 cymectByeT o >0, 4T0

2,00) =2, ()| < [ K (x5,9) = K (x,,9) || 3, () |ds < [| K (3x,,8) = K (x,8) || 3, (5) |ds < &

< & <M
S M- (b-a)
s Beex n=1,2,... u moObIX X,,Xx, €[a,b], yl0OBIETBOPAIOIIUX HEPABEHCTBY |x1 —x2| <0, T.€.

HOCJIEA0BATENBHOCTD Z, (X) PAaBHOCTENIEHHO HENPEPhIBHA.
ITo Teopeme Aprena, u3 MOCIEIOBATEIbHOCTU HEMPEPBIBHBIX (QYHKIMHA z (X) MOXKHO

BBIJICJIUTH PAaBHOMEPHO CXOAALIYIOCS (K HENPEephIBHOM (DYyHKIMH!) MOAMIOCIE0BATEIEHOCTh. DTUM
e CBOWCTBOM o0safiaeT u Jr00asi MOANOCIeI0BATEIbHOCTD MTOCIEI0BATEABHOCTH Z, (X), IOITOMY

oreparop A sBIsSETCA BIIOJIHE HENpepbIBHBIM nipu AevictBun Cla,b]— Cla,b].

IIpumep 2.3. Jloka3atrh, 4TO €CIH JIMHEHHBIA onepaTtop B: N, — N, sBifeTCS OrpaHUYEHHbIM, a
IUHEWHBI onepatop A: N, — N, BHOIHE HempepbBHBIM, TO BA: N, - N, — BHOIHE

HenpepbIBHbIM oneparop (N,, N,, N, — HOpMHUPOBaHHbIE IPOCTPAHCTBA).

Pewenue.
a)  Omeparop 4: N, — N, sBIseTCs BIIOJIHE HEIPEPHIBHBIM, II0TOMY JUIs J1F000H OrpaHUUEHHON

IMOCJICAOBATCIBHOCTH  Z, ENl COOTBCTCTBYIOIIAA en IOCICA0OBATCIIbHOCTD AZn €N2 SABJIICTCA

KOMITaKTHOM.
0) Jlokaxxem, 4Yro oOrpaHuuYeHHbli omepatop B: N, —> N, TepeBOJUT KOMIAKTHYIO

[I0CJIEI0BATENBHOCTh ¥, € N, B KOMHakTHyr0 By, € N;. Tak kak y, KOMIIAKTHa, TO U3 J000i ee
HOJIOCIEI0BATEILHOCTH ~ MOXHO  BBUIENNTh  cxopdmiyrocs v, — )V, € N,. Paccmorpum
[IOCJIEI0BATENBHOCTh By, € N, 1 mo0yro ee NoAI0oCIe0BaTeIbHOCT By, , . VI3 cooTBeTCTBYIOIIEH
HOCJIEAOBATENBHOCTH ¥, € N, MOMHO BBIICIMTH HOJINOCIEI0BATENBHOCTE ¥, —> V,. BBU1y
HEIPEPBIBHOCTU OIEpaTopa B MOCIeNoBaTeIBHOCTh By, — Takke cxomurcs: By, — By, e N;, a
3HAYUT By, SABISETCS KOMIIAKTHOM.

ITosTomy onepatop BA: N, - N, nepeBoauT 00y OrPaHUYEHHYIO IIOCIEJ0BATEIbHOCTh

z, € N, BKOMIAKTHYIO BAz € N;, T.e. IBISIETCA BIIOJIHE HENIPEPBHIBHBIM.

Ilpumep 2.4. Tlyctb A - NUHEHHBIA OrPaHUYEHHBINA ONEPATOP, ACHUCTBYIOIIMI B HOPMUPOBAHHOM
npocTtpanctBe. Jloka3aTh, YTO MHOKECTBO 3JIEMEHTOB MPOCTPAHCTBA TakuXx, yTo Ay =6, oOpa3yer

3aMKHYTO€ JIJMHEHHOE MOIPOCTPAHCTBO (HYJIb-IIPOCTPAHCTBO ONIEPATOPA).

Pewenue.

a)  PaccMoTpuM IpOM3BOJIBHBIE JIEMEHTHI ), U ), Takue, uto Ay, =60 u Ay, =60 . Toraa

Ui MOOBIX @, @, BBINONHEHO A(a, y,+ a,y,)=a,Ay,+ a,Ay, =6, T.e. MHOXKECTBO 3JIEMEHTOB
y: Ay =6 - nuHeltHOe MPOCTPAHCTBO.

0)  JlokakeM ero 3aMKHYTOCTb, T.€. ecid Ay, =60 u y, = y,, 10 Ay, =0.

Tak kak A4 - orpaHMYEHHBIN JUHENHBIN ollepaTop, TO

10



[ Ayo I = 11 (Ay, = Ay,) + Ay, | < [ Ay, = Ay, [ +]] Ay, | < [ 4[] vo =, [| = 0 mpu 7 — o0,
=0

IToatomy || Ay, || =0, a 3HauuT Ay, =6, 4T0 U TPEOOBAIOCH 10KA3ATh.

3ameuanue. Tak Kak BIIOJIHE HEMPEPBHIBHBIA OMEPATOp SBJISETCS OTPaHUYEHHBIM, TO JOKa3aHHOE
YTBEPKJICHHUE CIIPABEIJIMBO U JJIs BIIOJHE HEMPEPHIBHOTO ONlEpaTopa.

Ilpumep 2.5. Jlokasarb, 4TO eciu JIMHEHHbIA onepatop A uMeeT oOpaTHBIA, TO OOpaTHBIN
omepatop A~ TakikKe ABJIACTCS TMHEHHBIM.

Pewenue. Ilycth A - B3auMHO OJHO3HAYHBIN OMEPATOpP, TOT/AA CYIIECTBYET OOpaTHBIM ONepaTop
A™'. Jlns pemieHus 3a1a4M JOCTATOYHO TPOBEPUTH TIPH JIOOBIX J,,V, € R(4) n mobex «,a,
CIIPaBeIMBOCTD paBeHcTBa A~ (), + o, y,) =, Ay, +a, 47"y, .
ITycte Ax, =y,, Ax,=y,, Torgja H3 IMHEHHOCTH oIepaTopa A ciexyer
Aoy, + opx,) =y Ax, + o, Ax, = o,y + @,y
¥ 10 OTIPEJIETIEHHI0 0OPATHOTO omepatopa X, +a,x, =A™ (a,y, + a,,).
C npyroii ctoporbl, 47y, =x,, A"y, =x,, OTKyJa yMHOXas HA ,,, U CKIAJIbIBAsi, IOIyIHM
-1 -1, _
o Ay +a, Ay, =ax +a,x,.
U3 1Byx mociemHux paBeHCTB umeeM A '(a,y, +a,y,)=ax, +a,x, = A"y, +a,A” 4TO U
ABYX At p M 2V2) =X Xy = 0hA Y 24 )y
TpeOOBAIOCH 10KA3aTh.

Ilpumep 2.6. JlokasaTh, 4TO eciu onepaTop A JMHEHHBIH, TO 0OpaTHEIH omepatop A~
CYLIECTBYET TOT/Ia U TOJIBKO TOT/A, KOI1a onepaTop A HEBBIPOXKIECHHBIMH.

Pewenue.

a)  Jlocrarounocth. IlycTte omepatrop A HEBBIpOXKACHHBIA, T.6. Ax=60 < x =0 (Hynb-
IIPOCTPAHCTBO onepatopa A TpuBHanbHO). Torma i rOOBIX JIBYX JJIEMEHTOB X, # X, HMEEM
A(x,—x,)#0 = Ax, # Ax,, T.e. oneparop A B3aUMHO OJHO3HAUHBIA, a 3HAYUT CYLIECTBYET
o6paTHIi onepatop A .

6) Heobxomumocts. IlycTs onepatop 4 umeeT obpaTHbIi A~ . 3ameTuM; 4T0 A~ - ITHHEHHBIA
omeparop (cMm. mpumep 2.5) ¥ JgoKaxkeM 4To A - HEBBIpOXKIEHHBIH. [lycTh 3TO HE Tak, T.e.

cymecTByeT x # 6 Takoii, uto Ax=6. Torna O #x=A"'Ax= A" (Ax)= A" 0 =6 . lonyuennoe
—
=6

MIPOTHBOPEYHE TTOKA3BIBAET, UYTO ecliu Ax =6 , To x =6, T.e. oneparop A - HEBBIPOKICHHBIH.

Ilpumep 2.7. Ilycth onepatop auddepeHuupoBanus A :di ONpe/esieH Ha MOANPOCTPAHCTBE
X

C{"[0,1] menpepbiBHO muddepeHmpyeMbX (GyHKIME V(X), YIOBIETBOPSIOIMX YCIOBHIO

(0)=0. Jloka3aTs, uTo omepatop A MMeeT oOpaTHbI 1 HaliTn A,

Pewenue. MuoxecTBOM 3HaueHuil oneparopa A sasusercs npoctpanctso C[0,1]. lokaxkem, 4ro

obpatHsIii onepatop A~ cymectByer. Tak kak ypaBHeHue Ay =6 < di y(x)=0, y(0)=0 umeer
X

enuHCTBeHHOe pemieHne y(x)=0=46, T.e. HyIb-IPOCTPAHCTBO oOmepaTopa A TPUBHAIBHO, TO

orepaTop A HEBBIPOKJIEHHBIH, K 0OpaTHBIH orepaTop A~ CyIIECTBYET.

11



Yrobbl HaliTh A, HykHO 1 Jmoboii Qymkuum z(x)e C[0,1] pemmrts ypaBHEHHE

Ay=z (y(x)eC{"[0,1]), um di y(x)=z(x), »(0)=0. PemeHnem yka3aHHOW 3amaun Komm
X

sBrseTcs y(x) = .[z(s) ds,te. A'z= J-z(s) ds .
0 0

d .
3ameuanue. Ecnum paccMmarpuBarh omeparop AuddepeHIupoBaHus Azd—, JEUCTBYIOILIUM
X

C"[0,1]— C[0,1], To OH sBNSETCS BHIPOXKAEHHBIM, TaK KaK HYIb-TIPOCTPAHCTBO B TOM CJydae
HETPUBHUAILHO M cOCTOUT U3 QyHKIM y(x)=c. [loaToMy 0OpaTHBII ornepaTop HE CYIIECTBYET.
BcrnoMHMTE, uTO IepBOOOpa3Has HENPEpHIBHONW (YHKIMU OHpeeiseTcs C TOYHOCTBIO JI0

. d
MOCTOSIHHOM (371eMeHT u3 Ker A (Hynb-IIPOCTPAHCTBA) Oreparopa A:d—), T.e. OTOOpakeHue
X

C"[0,11— C[0,1], ocymecTBasemoe onepatopoM Au(QepeHIpOBaHHs, He SABJISETCS B3AHMHO
OAHO3HAYHBbIM.

Ilpumep 2.8.  Jloka3aTh, 4TO eciu omeparop A, ACUCTBYIOIMH B OECKOHEUHOMEPHOM
HOPMHPOBAaHHOM TIPOCTPAHCTBE, SBISETCS BIOJHE HENPEPHIBHBIM, TO OOpPATHBIH OIEpaTop
HEOIpaHUYEH.

Pewenue. TIpeanonoxum, 4to oOpaTHbIA onepatop A sABIseTcsS OorpaHuyYeHHBIM. Tak kak A -
BIIOJIHE HENPEPHIBHBIN OIEPaTop, a MO MPEANO0JI0KEHHIO, onepatop A ' SBISETCS OrpaHUYEHHBIM,
10 omepatop A'A  sABIAETCA BIOIHE HENMPEPBHIBHBIM (CM. IpuMmep 2.3), Y4TO HEBEPHO, TaK
TOXIECTBEHHBIH omepatop A 'A=1 He sABJIAETCS BIIOJHE HENPEPHIBHBIM (CM. Kypc JIEKIMii).
IToyueHHOE NPOTHBOPEYHE JHOKA3BIBAET, 4TO A ' - HEOrpaHHYEH.

Ilpumep 2.9.  Paccmorpum omneparop BomnbTeppa By:J- y(s)ds (x€[0,1]), neiicTByromuii B
0

npoctpanctee C[0,1].

a) JloxazaTp, 4TO B sBIs€TCS OrpaHUYECHHBIM.

06) Jlokasarb, 4yro B wuMeeT oOOpaTHBIM oOIepaTop, KOTOPBIM OIpPEACIICH Ha HEKOTOPOM
MIOAIIPOCTPAHCTBE U HEOTPAHUUEH.

B)  Iloctpouts oneparop (I —B)™".

Pewenue.
a) OueBHIIHO, YTO OrepaTop B SBIsSETCS JIUHEWHBIM M OINpesesieH Ha BceM npoctpancTBe C[0,1].
Paccmorpum MHOECTBO || v|=max | y(x)|=1. Ha 3TOM MHOKECTBE nMeeM
xe[0,1]
X X
| By llcror; = rn[%)li]” y(s)ds| < m[%l)lg] I\ y(s)|ds <1, 4rto ¥  JOKa3bIBae€T OTrPAaHUYCHHOCTH
x€[0, X€[U,
0 0

paccMaTpuBaeMoro oreparopa.

0) Onepatop B otoOpaxkaer Bce mnpoctpancTtBo ([0,1] Ha nMHEWHOE MOANPOCTPAHCTBO

HernpepbiBHO auddepeHiupyeMbix GyHkmuit z(x) = By = jy(s) ds , yIOBJIETBOPSIONINX YCIOBHUIO
0

z(0)=0. Tak kak U3 paBEHCTBA j y(s)ds =0 (Bepnoro mis Bcex xe[0,1]) BbITekaer, 4TO
0
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y(x)=0, T0 By=60< y =60, 1T.e. Hylb-IPOCTPAHCTBO OmepaTopa B COJIEPKHUT TOJILKO HYJIEBOI
anemeHT. ClenoBaTelibHO, ONEparop B - HEBBIPOKACHHBIA, M HMeeT OOpaTHBIA, KOTOPBIH
OTIpejieNieH Ha yKa3aHHOM BbIIe mojnpoctpadcTBe. O603HaunM D(A™') - o6nmacTh onpeseneHus

omepatopa A~

d X
Jlerko Bugeth, uto B~ :d_ , Tak Kak BB 'y= .[y'(s) ds = y(x)— y(0) = y(x) u
X 0

G, d T 3
B By—aly(s)dS—y(x).

Jlokaxxem, 49To OOpaTHBIM oIepaTop HeorpaHuyeH. PaccMoTpuM MOCienoBaTeIbHOCTh

y,eD(A)cCl01]:  y,(x)=sin27znx, (y,(0)=0!), | Yullepoy=1, n=12,3.... Torzma
1 B~ llcjo.,= max isin 2wnx|=27n > o, T.e. sup || B7'y|| He cymecTByeT, u omepaTop
o don|dx yeD(A™), Iyll=l

B! aBiseTcs HEOrpaHMYEHHBIM.

3ameuanue 1. JIeWCTBYs aHAJIOTMUYHO MpUMeEpPY 2.2, MOXKHO II0Ka3aTh, YTO PACCMaTpPUBAEMBbII B
JAHHOM npuMepe onepatop BousbTeppa sBisieTCs BIOJHE HENPEPBIBHBIM, CIIEI0BATEIbHO,
o0paTHBIi orepaTop HeorpaHudeH (mpumep 2.8).

B)  UtoOnl mocTpouts onepatop (I —B)™', Hy)XHO Il IPOU3BOIBLHON HEMPEPBHIBHOM (YHKIIHH
z(x) pewmuTh ypaBHEHHUE Y(X) —J- v(s)ds = z(x) . 3ametum cpazy, uro y(0)=z(0).
0

Tak kak z(x) ™MoxerT He ObITh auddepeHuupyeMoil, TO HILEM pelIeHHe B BHJE
y(x)=z(x)+w(x), tme w(x) - HoBas HeusBecTHas QYHKIMs, I KOTOPOH HMEeM

w(x) = I z(s)ds + I w(s)ds, w(0)=0. OueBuano, yro w(x) aubdepeHuupyema; s ee
0 0
ornpeeneHus noaydaeM 3agaday Komm w'(x) = w(x)+z(x), w(0)=0, pelieHrne KOTOpOi UMeeT

BHJI W(X)= e"J-Z(s) e 'ds . [loatomy y(x)=z(x)+e" .[ z(s)e ’ds , u obpatuslii oneparop (I —B)™

0 0

onpenensercs popmyinoit (I —B) 'z =z(x)+ .[ 2(s)eds.
0

X t X X X
3ameuanue 2. PaccMoTpuMm omepatop B’y = I dt I y(s)ds = I y(s)dsj dt = I(x —5)y(s)ds. Jlerko
0 0 0 s 0

IoKa3aTb, HAIIpUMEp, MCTOAOM MaTeMaTHYEeCKOM I/IH,Z[yKL[I/II/I qTo

y(s)ds = Iy(s) ds I (t=

B™'y=BB"y= J-dtj-(t s)" —J.(x o y(s)ds.

D! 1)'
Janee, paznoxuB GYHKIHIO e B psia e’ = Z@, OymeM HUMETh
n!
(I-B)'z=2z(x) +J-z Al S) z(s) ds=z+ ZB"“z . Takum  oOpa3zoMm, MBI  MOJXYYHIU
0o 0

npesicTagnenne oneparopa(/ —B)” B Bune psna Heiimana (I-B)"' =1+ B".
1
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Ilpumep 2.10.  ]Jlokazatsh, uro oneparop nuddepeHiupoBanus A = di
X

a) He ABIAETCA BIOJHE HenpepblBHEIM 1pH aeiicteun CV[0,1] — C[0,1];

6) sBNIsieTCS BIOJNHE HEMpephIBHBIM npu Aeiicteun C[0,1]— C[0,1].
Pewenue.

1
a)  Paccmotpum B npoctpanctee CV[0,1] mocnenosatensHocTs y, = —cos2" 7x,n=1,2,3,....
n 2;1
Dra nocienosateabHoCcTh orpanudena B C[0,1], Tak Kak 11 11060ro HoMepa n  HMeeM
1
—_— 4 —_—
v, O Xme[eolig] |y, (x)] +£1€1[201>1<] | ! (x) |—2—n+1 <2. OpHako TMOCIENOBAaTEILHOCTE 00pa3oB ee

SNIEMEHTOB, IOJy4aeMmas Npu JeicTBuM oneparopa auddepenmupoBanus Ay, = rsin2"zx,
n=1,23,... HekomnaktHa B mnpoctpanctBe C[0,1] (cm. mpumep 1.7). Iloatomy onepatop
nuddepeHIupoBaHNs He ABJIAeTCs BIONHE HenpepblBHbIM npu aeiictsun C[0,1]— C[0,1].

a) Ilycts y, - TIpOW3BOJLHAS OTpaHMYEHHAs MOCIEN0BATENLHOCTE B TpocTpanctee C7[0,1],

T.e. cymectByer M >0 Takas, 4To0 || y, ||

— !/ 14
copoy = MaX |y, () [+ max | () [+ max | ()| <M nns

a000ro HOMepa 1. 3aMeTHM, 4TO OTCIOZIa Cpa3y BBHITEKAIOT JiBa HepaBeHCTBA: max |y, (x)| <M u
x€[0,1]

max |yl (x)| <M.
xe[0,1]

d
PaccmoTpuMm  mocnenoBaTenbHOCTh  z,(x) = Ay, :d— y,(x). Bcece ¢ynkuun  z, (x)
X

HENPEephIBHBI, NpPHYEM, BBHAY CICIaHHOTO 3aMe4aHMs, NOCIEAOBaTENbHOCTH  z,(X) =y (x)

PaBHOMEPHO OrPaHUYECHA.
JlokaxkeM, 4TO MOCJIEAOBAaTEILHOCTh Z,(X) PaBHOCTENEHHO HeNpepbiBHA. JleficTBUTENBHO,

. £
Tak Kak max |y’ (x)| <M, To mus moboro & >0 HaipeTcs Takoe ¢, 4ro 0<o < v [TosToMy
xe[0,1]

npu BCEX x, x, €[0,1], |x1 - x2| <0 UMEET MECTO HEPABEHCTBO

y;(xl)_y;(x2)| =1y, (X[ |x,—x, |<MJ<e¢.
Jlanee, npuMeHsss TeopeMy Apiena, I0Jy4aeM, YTO IIOCIEHOBATENbHOCTh z, = Ay,

kommaktHa B C[0,1], a oneparop nuddepenmupopanus A :d— SIBJISIETCS. BIIOJIHE HENPEPBIBHBIM
X

npu aeiicteun C?[0,1]— C[0,1].

3ana'm AJI CaMOCTOATECJILHOI'O PEICHUSA

2.1  Jloka3aTh, 4TO MHTErpaibHblil onepatop @pearonpma oToOpaxkaeT NUHEHHOE NPOCTPaHCTBO /[a,b] B ceds U

SIBJISIETCSI JIMHEHHBIM OTIEPATOPOM.
2.2 ]Jloka3aTh, 4TO MHTETpaibHbIi omepaTop Bosbreppa oToOpaskaeT nuHEHHOE NPOCTPaHCTBO A[a,b] B cebd u

SIBIII€TCSA TMHEHHBIM OIEPaTOPOM.

2.3 Jloxa3aTh, UTO JUHEUHBIN omeparop, JEHCTBYIOUINM B HOPMHPOBAHHBIX MPOCTPAHCTBAX, HENIPEPBIBEH TOTAA U
TOJIbKO TOTZA, KOTAa OH HETIPEPhIBEH B HYyJIE.

2.4  Jloxa3aTh, UTO JTUHEWUHBIN Omeparop, JEHCTBYIOUINM B HOPMHPOBAHHBIX MPOCTPAHCTBAX, HENIPEPBIBEH TOTAA U
TOJIBKO TOT/a, KOTJJa OH OTPaHNYEH.
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2.5

2.6

2.7

2.8

2.9

2.10

2.11

2.12

2.13

2.14

2.15

2.16

2.17

2.18

2.19

1
JlokaszaTk, 4TO HENUHEHHBIH UHTETPATLHBIN oneparop Ay = j ev y2 (s)ds, meictyrommii C[0,1] — C[0,1],
0

SIBJISICTCSL HETIPCPBIBHBIM M SUp H Ay H < +00

[¥l=1
3ameuanue: pe3ynbTar NpeAbIAyILIEH 3aa4u B JaHHOM Cllydae, BOOOIIe TOBOPS, HEIPUMEHHM, TaK KaKk OIeparop
HE SIBJISIETCS JIMHEWHBIM.
Jloka3zaTh SKBHUBAJICHTHOCTh JIBYX OIPEJCICHUII HENPEepbIBHOCTH B TOYKE OIEPaTopa, IEHCTBYIOIIETO B
HOPMHUPOBAHHBIX MPOCTPAHCTBAX.
JlokazaTp, 4yTO JIMHEHHBIA OMepaTop OrpaHWYEH TOTJa M TOJIBKO TOTIA, €ClU cyllecTByeT nocrosinHas C >0,
4TO IS TF00OTO SIEMEHTa ) BBINOIHEHO HepaBeHCTBO || Ay ||[<C || y|| -
Jlokasatb, uro omepaTop auddepenuuposanus, peictByrommii us C%[q,b] B Cla,b], sBmwIeTCH
OTpaHUYCHHBIM.
Jokazatb, 4to omneparop Aud(depeHIUpoBaHus, OINPENeICHHbIH Ha MOANPOCTPAHCTBE HEMPEPHIBHO
muddepenuupyembix GyHxuuii npocrpancrsa Cla,b] W aeiictByrommid us Cla,b] B Cl[a,b], He ABIAETCH
OrpaHUYCHHBIM.
Jlokazats, uro ecin A - nMHCHHSBIN orpaHndeHHbI onepartop, aelictBytommii 41 N, > N,,rne Nyu N, —
HOPMHpOBaHHbIE npocTpancTsa, npudem Ay # 0,10 || 4[| > 0.
a) JlokasaTh, 4TO JMHelHbli onepatop A uMeeT OrpaHMuYeHHBIH OOGpaTHBIH TOrjga M TONBKO TOIZA, €CIIM
CYLIECTBYET unclo m >0 Takoe, 4to 1y BceX y € D(A) BbimonHeHo || Ay || >m || y]| -

1
©) Jlokasarhb, 4TO B 3TOM CJly4ae HOpMa 0OpPaTHOTO omeparopa pasHa || 47! ||=—, rae M - makcumanbHOE u3
2 b
M

BO3MOXHBIX 3HAUCHUH 11 , HAWJICHHBIX B TI. a).
MokaszaTh, 4TO €civ JHHEWHbIH omepatop B: N, — N, SBIAETCS BIOJNHE HENPEPHIBHBIM, & JIUHEHHBIN
onepartop A: N, — N, OTpaHUYEHHbIH, TO BA: N, — N, - BHOIHE HETIpephIBHBIA omneparop ( N,, N,, N, —

HOpPMHPOBAaHHBIE IPOoCcTpaHCTBa). CpaBHUTH C Pe3yiIbTaTOM Ipumepa 2.3.
Jlokazath, 4TO MHTErpanbHelil onepatop ®dpenronsma, Aeicteyromuit us hla,b] B Cla,b], aBndercsa BIOJHE

HENpepLIBHEIM ONEPATOPOM.
Jloka3atb, 4TO0 MHTErpaibHblil onepatop Ppenronema, aeicTByromuii U3 hla,b] B h[a,b], ABAgeTCs BIOJIHE

HCIPEPBIBHBIM OIICPATOPOM.

x

JlokasaTh, 4TO HHTErpalbHbIi orepatop Boabreppa By = I K(x,5) y(s)ds sBnsercs BNOIHE HENPEPHIBHBIM
a

npu neiicteun Cla,b] — Cla,b].

JlokasaTb, 4TO ONEPATOp YMHOXCHUS HA HE3aBHCHMYIO IepeMeHHYI0 X: Ay =x-y(x), AcHCIByOuui

Cla,b] — Cl[a,b], He aBnseTCA BIOJIHE HEMPEPHIBHBIM.

Jloka3aTb, 4YTO EAMHHYHBIN omeparop, neiicTBytomuii B mnpoctpanctee ([a,b], He sBisercs BroOJHE

HENPEPbIBHBIM.

y(s) ds

0 \/(x—s)2

I[OKHB&TI), qToO I/IHTel"paJ'H)HHﬁ oreparop Ay = HC SBJISICTCA BIIOJIHE HCIPCPBIBHBIM IIPU

neiicteun C[0,1] — C[0,1].

o d s - @
Jlokazats, uto nubdepenumansubiii oneparop Ay = ay(x) +4y(x), neiicteyroumit C{"'[0,1]— C[0,1]

(Cél)[O,l] - TOIIPOCTPAaHCTBO HempepbBHO aupdepenmupyeMbrx Ha [0,1] GyHKOWH, yHZOBIETBOPSIOMINX

yenosuto 1(0) =0, ¢ nopmoii npoctpanctea C (1)[0, 1]), umeer orpaHUueHHBIH OOpaTHBINA, U HAUTHU €ro.

Omer: Ay = je#’”)y(s) ds.
0
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TEMA 3

Coocmeennvie 3nauenus u co6cmeeHHvle 66KMOpPbl
6NOJIHE HENPEPLIBHO20 CAMOCONPAIHCEHHO20 Onepamopa.

OcHOBHbBIE ONMPEACTCHUA U TEOPEMbBI

Omepatop A" :E— E, JeWCTBYIOIIMH B €BKIMIOBOM IPOCTPAHCTBE, HAa3bIBACTCS
COMpPSDKEHHBIM K omeparopy A, ecnu YV y,y, € E (Ay,,v,)=,,4"y,). Ecm A=A4", 10

orepaTop 4 Ha3bIBAETCsl CAMOCOIIPSIKCHHBIM.
Ilycts nuHelHBIM omepatrop A AEWCTBYeT B JMHEHMHOM mnpoctpaHcTBe L. Yueno A
Ha3bIBAETCsl COOCTBEHHBIM 3HAYCHHMEM olleparopa A, eClii CYLIECTBYET JJIEMEHT ) # 6 TakoH,

910 Ay =Ay. DJEMEeHT ) Ha3bIBaeTCs COOCTBEHHBIM BEKTOPOM. MHOXXECTBO COOCTBEHHBIX

BCKTOPOB, COOTBCTCTBYIOIIHUX CO6CTB€HHOMY 3HAYCHUIO A, ABJBICTCS  MMOANPOCTPAHCTBOM
npocTpaHcTsa L .

1
Yucno A= n (A #0) HazpIBaeTCs XapaKTEPUCTUYECKUM UMCIIOM orepaTtopa 4.

Teopema. CaMOCONpPSDKEHHBIM BIIOJHE HENPEPHIBHBIM omneparop A, AEHCTBYIOIUN B
OCCKOHEYHOMEPHOM  €BKJIMJOBOM  IPOCTPAHCTBE, 00JIalaeéT COOCTBEHHBIM  BEKTOPOM,
COOTBETCTBYIOIIMM COOCTBEHHOMY 3HadeHuio A: |A|=|4]|. D10 cobcTBeHHOE 3HAYCHHE

SIBIISICTCS. MAKCUMAITLHBIM TI0 MOJTYJTFO CPEJIM BCEX COOCTBEHHBIX 3HAUEHHI oreparopa A.
Teopema, BoOOIIIE TOBOpS, HE BEpHA, €CIM OTKA3aThCs OT YCIOBHUN CaMOCOMPSHKEHHOCTU
WJIH BITOJTHE HEMPEPBIBHOCTH OmepaTopa (CM. IPUMEPHI B KOHIIE TEMBI).
DJNeMeHT e Ha3bIBaeTCs MaKCUMAaIbHBIM JIIEMEHTOM (BEKTOpOM) oreparopa A, eciu
le||=1 u ||Ae||=|| A||]. CamoconpsskeHHBIN BIIOJHE HENMPEPBIBHBIN omepatop A obnamaer

MaKCHMaJIbHBIM BEKTOPOM.
Ecnu z - MakcUManbHBIM BEKTOP CaMOCOIPSDKEHHOro omnepatopa A, TO z -COOCTBEHHBIN

BEKTOp omepatopa A’, COOTBETCTBYIOIMII coOcTBeHHOMY 3HaueHmio A = || A|°=M?>. Ecmu
onepatop A’ o61agaeT cOGCTBEHHBIM BEKTOPOM Z, COOTBETCTBYIONIUM COOCTBEHHOMY 3HAYEHHIO

M?, To onepatop A MMeeT cOOCTBEHHBIH BEKTOP, COOTBETCTBYIONIUI COOCTBEHHOMY 3HAUEHUIO
M vm - M .

b
Teopema. Ilycts sapo K(x,s) omepatopa @Ppearonbma Ay = IK (x,8) y(s) ds

hla,b] — hla,b] SIBJISICTCS BCIIIECTBCHHBIM, CHMMETPUYECKHM, HEMPEPhIBHBIM  TIO
COBOKYITHOCTU TEpeMeHHbIX (X,s5)€[a,b]x[a,b], u He paBHO TOXIECTBEHHO Hymo. Toraa
oneparop ®penronbma obnanaer coOcTBeHHBIM 3HaueHueM A, A#0: Ay=Ay, y=#0,
yehla,b].

1
NHorma ymoOHee MCIOJIb30BaTh XapaKTEPUCTUUECKHE YHCTA: /I:X, A#0. Torma B

YTBEPKICHUU TEOPEMBI CIIEyeT 3anucath AAy=1y.

Teopema. CoOCTBEeHHBIE BEKTOPBI CAMOCOIPSKEHHOTO orieparopa A, COOTBETCTBYIOLIHE
pa3IUYHBIM COOCTBEHHBIM 3HAUEHHSIM, OPTOIOHAJIBHBI.
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Teopema. Uucino coOCTBEHHBIX 3HAYEHHUH BIIOJHE HEMPEPBHIBHOTO CAMOCONPSHKEHHOTO
oreparopa A, yAOBIETBOpAOIUX ycioBuio: || A||=|A|>25>0, (6 - ¢dukcupoBanHoe
MOJIOKUTEIBLHOE YUCI0) KOHEYHO.

Uucno  JIMHEMHO  HE3aBUCHUMBIX  COOCTBEHHBIX  BEKTOPOB,  COOTBETCTBYIOIIMX
COOCTBEHHOMY 3HAYCHMIO, HA3bIBAETCSI KPATHOCTHIO (PaHIOM) COOCTBEHHOT'O 3HAYCHMUS.

Teopema. HenyneBomy coOCTBEHHOMY 3HA4YEHHUIO BIIOJHE HEMPEPBIBHOTO omeparopa A
MOXET COOTBETCTBOBATh TOJBKO KOHEYHOE YHCIIO JIMHEHHO HE3aBUCHUMBIX COOCTBEHHBIX
BeKTOpoB. HyneBomy cOOCTBEHHOMY 3HAU€HHI0O MOXKET OTBEYaThb Kak KOHEYHOEe, TaK U
0ECKOHEYHOE YMCIIO IMHEHHO HE3aBUCUMBIX COOCTBEHHBIX BEKTOPOB.

Teopema.

a) MHOXeCTBO COOCTBEHHBIX 3HaYEHUN CaMOCOIPSHKEHHOTO BIIOJIHE HEMPEPHIBHOTO OIepaTopa
A, NEeUCTBYIOIIET0 B OSCKOHEYHOMEPHOM E€BKJIMIOBOM TPOCTPAHCTBE, MPEACTABISIET COOOM:
b0 OECKOHEUHYI0 TOCJIEIOBATEILHOCTh, TOT/Ia NAll=|A 2| |2 2|A, | 2. -

MOHOTOHHO HEBO3PACTAIONIAsl M OTPAHUYCHHAsI CHU3Y HYJIEM;
au00 KOHEYHYI0 IOCIENOBaTENbHOCTb, Torma |[Al=|A[=2|A,|=2..2|A, [>A,,, =0

(kaxmoe cCOOCTBEHHOE 3HAYCHHE MOBTOPSETCS B OTHU HEPABEHCTBAaX CTOJBKO a3, KaKOBa €ro
KpaTHOCTB ).

0) Eciiu HeHyneBbIX COOCTBEHHBIX 3HAUEHHH OECKOHEYHO MHOT'0, TO |An| — 0.

n—

B) Kaxxaomy coOcTBEHHOMY 3HAUEHHUIO OTBEUYAET XOTs Obl OIMH COOCTBEHHBII BEKTOpP, PUYEM
MOHO BBIOpaTh COOCTBEHHBIE BEKTOPHI TaK, YTO OHM 00pa3yloT OPTOHOPMUPOBAHHYIO CUCTEMY
(coOcTBEHHBIE BEKTOPHI, COOTBETCTBYIOIIME Pa3HbIM COOCTBEHHBIM 3HAYEHUSM OPTOT'OHANIBHBI,
a COOCTBEHHBIE BEKTOPbI, COOTBETCTBYIOIIME OAHOMY U TOMY K€ COOCTBEHHOMY 3HAY€HHIO,
MO>KHO OPTOI'OHAJIM30BaTh, UCIIONIB3Ys npoueaypy I'pama-1lImuara).

Jljig XapakTepUCTUYECKUX YMCEs BIIOJIHE HEMPEPHIBHOTO CaMOCONPSIKEHHOTO OrepaTopa
CIpaBEAJIMBBI AHAJIOTHYHBIE PE3YIIbTATHI:

ambo |il| < |/12| <..< |/1n| (KOoHEYHas IOCIIEN0BATENILHOCTh XapaKTEPUCTHYECKUX YHMCEN);

60 |/11| < |/12| <..< |/1n| <... (beckoHeYHas TOCIEOBATEIHPHOCTh XapAKTEPUCTUUECKUX YUCEN).

B sTom ciyuae lim |/1n =0,
n¢—o0

KaxnoMy XapakTepuCTHUECKOMY YUCIY A, MOXHO COHNOCTaBUTh COOCTBEHHBIH BEKTOP

@, , IPUYEM BEKTOPbI {¢,} 00pa3yloT OPTOHOPMHUPOBAHHYIO CUCTEMY.

AHaJIOTUYHbIE YTBEPXKICHUS BEPHBI JUIsI MHTETPAIbHOTO OIepaTopa C HENpPEpHIBHBIM,
CUMMETPUYECKMM M HEPaBHBIM TOXAECTBEHHO HYNIIO sIpoM. B 3ToM ciydae BMecTO ClOB
COOCTBEHHBIE BEKTOpPHI TOBOPAT COOCTBEHHBbIC (YHKIIMM HMHTErPaJIbHOTO OIepaTopa WIn
coOcTBeHHBIC BYHKIMY siapa K(x,s) .

Ilyctb 4 - BIOJHE HENPEPHIBHBIM CAMOCOIPSDKEHHBI ONEpaToOp CO  CIEAYIOLIEH
[I0CJIEI0BATEIBHOCTBIO XapaKTEPUCTUUECKUX YHCell (HEBaKHO, KOHEUHOW MM OECKOHEYHOH) :
|/11|£|/12|£...S|/1n|£..., KOTOPBIM COOTBETCTBYET OPTOHOPMHUPOBAHHAS ITOCJIEIOBATEILHOCTD

COOCTBEHHBIX BEKTOPOB @, @y 5eces P, 5. -
Teopema. BexTop y npuHAIEKUT HyIb-IIpocTpaHCcTBY omepatopa A (yeKer 4)
Torga M Toubko Ttoraa, ecmu (y,¢,)=0 k=12,.. (@,- KoHeuHas wuMM OECKOHEUHas

MOCIIEI0BATEIHHOCTB ).
Teopema T'mianOepra-LllImuara. DyHknus f(x) Ha3pIBaeTCs HCTOKONPEACTABUMOMN

yepe3 sapo  K(x,s), ecnm CymecTByeT HempepbiBHas GyHKuusS g(x) Takas, 49To
b

f(x)= J-K (x,5)g(s)ds. Ecnmu ¢ynkuus f(x) HCTOKONpEACTaBUMa UYepe3 CUMMETPHUUECKOe

a
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HenpepbiBHOE sApo K (x,s), TO OHa MOXKET OBbITh pasjioxeHa B psaa f(x) = z fi ¢.(x), rme
k=1

b
fi=(f,0)= .[ f(s)@,(s)ds, npuuem 3TOT psiI CXOAUTCS aOCOIOTHO U PaBHOMEPHO Ha [a,b] .

MoxHOo paccmarpuBarh omnepatop PpearoabmMa B TPOCTPAHCTBE  HEMPEPHIBHBIX
KOMIIIEKCHO3HAYHBIX (yHKImi  h°[a,b], cocTosmeM U3 KOMIUIEKCHO3HAUHBIX (DYHKIHil
BEIIECTBEHHOM miepeMeHHOW X: y(x)=u(x)+iv(x) x€la,b], byaxkumu  u(x), v(x) —

HeTpepbIBHBIC Ha [a,b] BemecTBeHHble (yHKIMKU. B »TOM mpocTpaHCTBE CKaIspHOE
b

IPOU3BEACHUE BBOAUTCH Tak: (y,,),)= J. v, (¥)y,(x)dx (3mech " - 3HaK KOMILICKCHOTO

a
COTIPSDKEHHS ).
Teopema. Ilyctb WMHTErpanbHBI ONEpaTOp C HENPEPBIBHBIM  CUMMETPUYECKUM

BEIECTBEHHBIM siipoM K (x,s) AelcTByeT B KOMIUIEKCHOM mpocTpaHncTse /1 [a,b]. Toraa stor
OIIepaTop MOXKET UMETh TOJBKO BEIICCTBEHHBIE COOCTBEHHBIC 3HAUCHHUSI.

Ecmm  sapo  K(x,s) sABmsieTcs  BBIPOXKICHHBIM, T.€. MPEACTAaBUMO B  BHUJC

K(x,s)zZaj(x)b_/(s), rie  a,(x),....,a,(x) u b (s),..,b, (s)- TUHEHNHO HE3aBUCHUMBI U
Jj=1

HETIPEPBIBHBI IO CBOMM apryMeHTaMm Ha [a,b], TO HHTETpajbHBIM OmepaTop SBISETCA

BBIPOXKJIEHHBIM. B 3TOM cilydae u y HETro BCerzia ecTh HyJIeBo€ COOCTBEHHOE 3HAUYCHHE, TTPHUYECM
KpaTHOCTh €ro paBHa oo. OTBICKaHUE JNPYTrUX COOCTBEHHBIX 3HAYCHHU CBOAMUTCS K PEIICHUIO
SKBUBAJICHTHON ayreOpanyecKkol 3a7a4ud Ha COOCTBEHHBIC 3HAYCHHS U COOCTBEHHBIC BEKTOPBI
JUISl HEKOTOPOW MAaTPHUILIBI

b G

Ac, :zcjj-aj(x) b(x)dx,i=12,.,n, wm K-C=A-C, rne K=1{k}; C=

i,j=1°
J=1 a
v cn
k..

g

CoOcTBeHHble 3HaueHust A, Matpuul K W, CleAoBaTeNbHO, COOCTBEHHbIE 3HAUYEHUS (U

1
XaApPaAKTEPUCTUUYCCKHUEC YHUCJIa =——) UHTCI'PAJIbHOI'O OoIrcparopa cArojbMma TErepb MOKHO
Iy =— ®

n

HaiiTu, pemmB xapaktepuctuyeckoe ypapaenue det(K —Al)=0.

Hekortopeple 3amaun Ha HaXxOXJIEHUE XapaKTEPUCTUYECKUX YHMCET U COOCTBEHHBIX
¢bynkuuii omneparopa @peAroibMa ¢ HENPEPHIBHBIM HEBBIPOXKIAECHHBIM SIIPOM PACCMOTPEHBI
TaKXe B MpUMepax K Teme 7.
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IIpuMmepsl pelieHus 3agay

Ilpumep 3.1. [Iycte M - mOANPOCTPAaHCTBO €BKJIWJOBA MPOCTPAHCTBA, WHBAPUAHTHOE
OTHOCHUTEIILHO caMmocompshkeHHoro oneparopa A. Jloka3aTe, YTO OpPTOTOHAJIBHOE JOMOJHEHUE
M | nonmpocTtpancTBa M Taxk)Ke MHBApUAaHTHO OTHOCHUTEIIBHO omeparopa A.

Pewenue. Paccmotpum ntoOble aneMeHTsl ye M u ze M, T.e. Takue, 4ro (y,z)=0.
[ToanpocTpanctBO M WHBApUAHTHO OTHOCHUTEIBHO omepatopa A. DTO O3HAYaeT, 4yTo IJIs
naoboro y € M snement Ay e M, t.e. (Ay,z)=0. HyxHo nokas3are, uto Az M | .

Onepatop A - camocompsiKeHHBIM, mo3ToMy (A4y,z)=(y,Az)=0, T.e. dAeMEHT Az
opTorosaiet mooomy y € M . CnenoBarensHo Az € M|, uTo 1 TpebOOBAIOCH 10KA3ATh.

Ipumep 3.2. Jloka3aTh, 4TO HOpPMa BIIOJIHE HENPEPHIBHOTO CAMOCOINPSKEHHOIO OIEpAaTopa

MOXeET ObITh HalifieHa 1o Gopmyiie || A || =sup | (A4y,y)|.
lIyli=1

Pewenue. O603nauuM 1 =sup |(Ay,y)| ¥ AOKaxeM, 4TO yKa3zaHHas TOYHAs BEPXHAS TpaHb
[IylI=1

CYIIIECTBYET. [Tonw3ysce HEPaBEHCTBOM Komm-byHsikoBckoro, MOJy4YUM
Ay, <[ Ay [l v <[ 4[] y[[=] 4], otkyma cmemyer cymectBoBarue sup|(A4y,y)| u
neny nen llyli=t
OLICHKA 1 =ﬁp|(Ay,y)| <| 4]
y||I=1
Jlokaxem Temepb, YTO CIPABEIJIUBO HEPABEHCTBO > || A||. Hdua moboro smemeHta y

HOpMa D3JIEMEHTa ), :ﬁ paBHa egunHuue. Ilostomy  |(A4y,,¥,) | < sup |[(4yy, )| = 4,
llyolI=1
otkyna nonydaem |(Ay,y)| < u-||y|’. Hons3yscs nuneitHOCTBIO omepaTopa A, cBoHCTBaMH
CKJIIPHOTO TPOM3BEIEHUS U paBeHCTBOM (Ay,z)=(y, Az) (onpeneieHne camOCOIPSKEHHOTO
omepaTtopa), HerpyaHo mnonyuutb 4(Ay,z)=(A(y+z), y+z)—(4A(y—z), y—z). W3 »storo
PaBEHCTBA C YYE€TOM MOJTYYSHHOMU BHIIIE OIICHKU, HMEEM
414y, 2) [ = (A(y+2), y+2)=(A(y—2), y =) | |(A(y + 2), y+2) |+ [(A(y = 2), y=2) |<
Spelly+zlP +uclly=zIP=2u4-(1»IF +11zIP)-
[ToaToMy 17151 IPOM3BOJIBHBIX AJIEMEHTOB MPOCTPAHCTBA TakuX, uTto || y||=1 u |[z| =1,

BepHO | (Ay,z)| < u . Tonaras z=i HOJTY4UM [(Ay, 4y)]| =

| 4y’ | Ayl
Takux 4to || y || =1, orkyna cnenyer ||A|| < u.

| Ay || < ;4 nna mo0bIX ),

Urtak, u <||A|| £ 4, nostomy || A|| = u =sup|(A4y,y)|, 9T0 1 TpedOBAIOCH.
lIylI=1

3ameuanue. OOpaTUBLINCHL K TEOpEeME O CYHIECTBOBAHMM COOCTBEHHOTO BEKTOpa BIIOJIHE
HETPEPBIBHOTO CAMOCONPSHKEHHOTO OTepaTopa, MOXKHO 3aKJIFOYUTh, YTO €CIIM B PACCMOTPEHHOM
3amadye oneparop A - BIOJHE HENPEPBIBHBIN, TO MAaKCHMAlbHOE MO MO COOCTBEHHOE

3HAa4YEeHHUE ero yIOBJIETBOPsET cooTHOUEHUIo |A |=|| 4| =sup|(4y,y)]
lIvl=1
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Ilpumep 3.3. Paccmorpum omeparop ymHoxkeHus Ay =(1—x)-y(x), nelcTByrommii B
npoctpanctse A[0,1].

a) JlokazaTp, YTO yKa3aHHBIH OMepaTop SABJSIETCS OrpaHUYECHHBIM, U HAITH €ro HOpMY.

0) [loxasarh, 4TO y HEro HET MaKCUMaJIbLHOTO BEKTOpA.

Pewenue.
a) HamomHuM, 4YTO HOpPMOH JIMHEWHOTO ONEpaTopa HA3bIBAETCS YHCIIO ||A||:sup || Ay||.
()
1
Paccmorpum B npoctpanctse /4[0,1] muoxkecTBO GyHKIMA y(x): || ¥ l410,,= J- Y (x)dx =1.
0

1 1

Torna || Ay [l0.,= J‘(l—x)2 Y (x)dx < I y*(x)dx =1, TIO3TOMY OIIepaTOp OTPAaHWYEH M JJIs
0 0

HOPMBI OTIEpaTopa mojiydaemM oreHky || 4 ||<1.

Jlokaxkem, 4TO HOpMa paccMaTpuBaeMoro omneparopa paBHa 1. Jljist 3TOro Q0CTaTO4YHO
IIOCTPOUTH MOCIEA0BATEILHOCTD ¥, (X) HENPEPhIBHBIX QyHKIMHA Takyto, 4to || Ay, |l — 1-
7 n—o

J3n-(1-nx), 0<x<t

Ilycts y,(x)= i "
0, x>—
n

HernocpencTBEHHBIM BBIYMCIEHUEM JIETKO TIPOBEPUTE, 4TO V7 ||y, ||,0y=1 1

1
HAynHz[OI]z?,nT(l—nx)z-(l—x)zdle—L— ! - —> 1
’ 0 2n  10n° no=
[Tostomy || 4||=1.
06) Jlokaxxem, YTO Yy paccMaTpuBaeMoro omeparopa B mpoctpanctBe /[0,1] HET

MaKCUMaJIbHOrO BekTopa. Hamomuum, uto snemeHt y: || y|| =1 Ha3piBaeTcsi MakCHMaJlbHBIM
BEKTOPOM  OTpaHWYEHHOTO  omeparopa, ecau || Ay|| =] A4||. Ilpennmomoxum, dYTO

Vo(X): || ¥, || =1 sBnsercs MakcHUMalbHBIM BEKTOPOM paccMaTpUBAEMOro OIepaTropa, TOoriaa
1 1
I3 F= [ de=1, ||y, |P=[(1-x)? y2(x)dx | A|P=1. Bemmras nocremme nga
0 0
1

PaBEHCTBA, OTYIHM j[l ~(1-x)*]- s (x)dx =0, 4TO HEBO3MOKHO.
0 20
TakuM 06pa3oM, CIENaHHOE MPENOI0KEHHE HEBEPHO, T.. MAKCHMAIFHOTO BEKTOPA Yy
orepaTopa Her.

3ameuanue. PaccMOTpeHHBIH omepaTop yMHOXKEHHS B mnpocTtpancTBe /4[0,1] sBisiercs

CaMOCOIIPSPKCHHBIM, HO HC BIIOJHC HCIPCPBIBHBIM, IMO3TOMY TCOpEeMa O CYHICCTBOBAHUU
MaKCUMaJIbHOT'O BEKTOpa B JAHHOM CIIy4ac HEIIPUMCECHUMA.
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Ipumep 3.4. Mycrs K® (x,5) = K(x,s) —M , TI€ @, - HOPMHPOBaHHAsl COOCTBCHHAs
1

b
¢bynkuus oneparopa @penronsma Ay = .[ K(x,s) y(s) ds ¢ HeTIpepbIBHBIM CUMMETPHUECKUM

a

SAPOM, OTBEYAIOIIAs XapaKTEPHUCTHUECKOMY YnCly A,. PaccMoTpuM MHTErpasbHBIN ornepaTop
b
A® cagpom K@ (x,5): APy = .[K(z) (x,8) y(s)ds .

JlokazaTp, 4TO:
a) Bce COOCTBEHHbIE QYHKUUU (,,...,(, ,... OIeparopa A, OTBEUAIOIIUE XAPAKTEPUCTHUECKUM

wacnam |4,|<...<|4,|<.., sBmwmoTcs Takke coGcTBeHHBIMK (yHKumsME omepatopa A7,
COOTBETCTBYIOIIMMH TEM K€ XapaKTEPUCTUUECKUM YHCIIaM |/12| <...< |in| <.

6) onepatop A” He MMeeT PyTrUX XapaKTEPUCTUUECKUX YHCEN, OTIMYHBIX OT A, k =2,3,4,...;
B) (QYHKIUS ¢, TaKXKe SBISETCS COOCTBEHHOH (yHKIMEH onepaTopa AP coorBercTByIOMmICH

HyJIeBOMY cOOCTBeHHOMY 3HaueHuto aupa K (x,s).

Pewenue.  Tax kak s1po omepatopa A HENpepsIBHO H CUMMETpUYHO, To u supo K (x,s)

Y/IOBIETBOPSIET TEM K€ YCIOBHAM, T.e. omepatop A sBisercs BIONHE HENpPEPHIBHBIM U
CaMOCOTIPSKEHHBIM.  3aMETHM TakKke, uTo jeiicTBHe omepaTopa A'” MOXHO NpencTaBUTh B

cxenyiomen mne: A%y = [[K (5,9~ () ds = 4y,

HanmomamnM, 4YTO COOCTBEHHBIE (YHKIMH CaMOCONPSHKEHHOTO —ormepaTopa 00pa3yroT

b
OPTOIOHAIBHYIO CHUCTEMY, U Ap, = I K(x,8)p,(s)ds = %(pk . bynem cuurare Takxke, 4TO
a k

b
loelI” = [ @ (x)dx =1.
a)  Jlns mo6oit coocTBeHHOM QyHKIMKU @,, k=2,3,4,... oneparopa A uMeeM

, b ) b b l 1 1 1
4%, =£K< )(2,5) 9, (5)ds =£K(x,s)¢k(s)ds—£% P ds = 9. (1)=0=— ¢, (x).

k k
T.. @, sABIgeTcsas  CcOOCTBeHHOM  (ynkmmeidl omepatopa A%,  cooTBercTByrOmIEH

XapaKTEePUCTUUECKOMY UUCTy A, .

6) Ilycts A - xapakrepuctuueckoe umcio omepatopa A%, a @- oTeevaromas emy

. 1.
cooctBenHass  ¢yHkuus, T.e. AYp=—¢@. Jokaxem, dYTo A  SABISETCI  TaKXKe

A
XapaKTepUCTUYECKUM YUCIOM omepartopa A, T.e. COBNAJAET C OMHUM U3 A,, k=2,3,4,....
JlecTBUTEIBHO

§=24%p =LK (x,5)¢(s)ds =/€_‘-K(x,s)¢~)(s)ds—ﬂ:_‘-% G(s)ds=AAG—0=14p,

T.e. A SBIAETCS XapaKTEPUCTHYECKUM YHUCIOM omepatopa A, 4To M TpeboBaiock. 31ech
OBLIO MCHOJIB30BAHO HEOYEBUAHOE (TaK KAaK ¢, U ¢ - COOCTBEHHBbIE (DYHKIMU Pa3IUYHBIX

orepatopoB!!!) cooTHoieHNE
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b
j 0/(5)P(s)ds =(,,9) = (9, A4V D) = A, A7 P) = (A ~ camoconpsincennviit) = 2 (AP p,, §) =

= - (9,9 o | (9,0)
:ﬂ/ A s —_—— > P :ﬂ/ —, — :0'
(Ao, 9) 2 (¢>:1¢)) K’ﬂ ¢>J —21 }

B) A%¢, = Ap, —%((pl,(ol) = /% @,(x) — % @,(x)=0-¢,(x), CICIOBATEIbHO ¢, - COOCTBEHHAs
k k

dynxius oneparopa A”, oTBeuaromas cobcTBeHHOMY 3Ha4YeHHI0 A, =0,

Ilpumep 3.5. Jloka3atb, 4TO omepaToOp YMHOXEHHS Ha HE3aBUCHUMYIO TMEPEMEHHYIO X :
Ay = x- y(x), nerictBytomuii B mpoctpanctse /4[0,1]

a) SIBJISIETCS CAMOCOTIPSKEHHBIM;

0) He uMeeT COOCTBCHHBIX 3HAUCHHUIA.

Pewenue.
a) (Ay,z)= .[[x y(x)]-z(x)dx = _[y(x) [x z(x)]dx = (v, Az), T.€. A - caMOCOTPSHKEHHBIN.

06) Paccmorpum ypaBHeHue Ay=x-y(x)=Ay(x) = (x—A1)-y(x)=0, oTKyna nmoiaydaem
y(x)=0. Urtak, npu mobom A ypaBHeHHE Ay = Ay HMEET TOJbKO TPUBHAIBHOE pEIICHUE,
YTO U 03HAYAET OTCYTCTBHE COOCTBEHHBIX 3HAUCHHUH y omepartopa 4 .

3ameuanue. PaccmaTpuBaeMblil orepaTop HE SIBISETCS BIIOJHE HEMPEPBIBHBIM (CM. 3aaady
2.16), mosToMy TeopeMa O CYIIeCTBOBAaHMM COOCTBEHHOTO BEKTOpa B JaHHOM Cllydae
HCIIPUMCHUMA.

Ilpumep 3.6.  Jloka3zatb, uto oneparop Bonbreppa 4y = .[ y(s)ds (x€[0,1]), neiicTByromuii B
0

npoctpanctse A[0,1]:
a) SBISIETCS BIIOJHE HETIPEPHIBHBIM;
0) He uMeeT COOCTBEHHBIX 3HAUYCHUM.

Pewenue.
a) Jlokaxxem cHavama, 4T0 A - BIIOJIHE HEMNPEPHIBHBIM OMEpaTop NpH ACHUCTBUU
h[0,1] — C[0,1].

PaccmoTtpum OTPaHUYECHHYIO MOCEI0BATEIbHOCTh v, € h[0,1]:

Y

1 X
o] = ”yj (¥)dx <M, n=1,2,..., u NOCNENOBATENBHOCTD Z, (X) = Ay, = Iyn (s) ds.
' 0 0

JlokaxkeM paBHOMEPHYIO OTPaHUYEHHOCTD z, (x) B mpoctpanctee C[0,1]. [elicTBUTENBHO,

X X X X X 1
z,(x)|= jyn(s) ds| = Il-yn(s) ds s\/jds-jyj(s) ds < jds : jyj(s) ds <M
0 0 0 0 0 - 0 ~
cpasy s Beex x €[0,1] u Beex n=1,2,... , otkyza cuenyer ||z, ||o,=sup |z,(x)|[< M, 4ro u
x€[0,1]
TpeOOBAIIOCK.
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JlokaxkeM paBHOCTENEHHYI0 HEINPEPBIBHOCTh IIOCIEAOBaTeNbHOCTH z,(x). Bo3bmeMm

IIPOU3BOJIBHBIE TOUKH X, X, €[0,1]. Imeem

X X, X X) X, 1
2,(50) =2, ()| =|[ 3, (Vs = [ 3, (s =| [y, ()ds| < [ [ ds- [ y2(s) ds < |0, =x,)- [ w2 (s)ds
0 0 X X X \__0 —
<M?
2

dukcupyem mpou3BoibHOE £ >0 u BrIOEpeM 0< 0 = Torma mst Bcex n=1,2,3,...

7 -
2

£
u  molblX  X,X, €[0,1], yaOBIETBOPAIOIMX  YCIOBHUIO |xl—x2|£5:W, uMeeM

z (x)—z,(x, )| < &, T.€. IOCIIEI0BATENLHOCTD Z, (X) PaBHOCTENCHHO HEMPEPBIBHA.

Wrak, nocnenoBarenbHOCTh GyHKIMH z, (Xx), HemnpepblBHbIX Ha cermente [0,1],
PaBHOMEPHO OTPaHMYEHA M PABHOCTENIEHHO HerpepbiBHA. M3 TeopeMbl Apliena cieayeT, YyTo U3
HEE MOXKHO BBIIEIUTH IOANOCIENI0BATEIBHOCTb, PABHOMEPHO cxonduytocs npu x €[0,1]
HenpepbIBHOH  ¢yHKuMU. OueBUAHO, YTO OTUM KE CBOMCTBOM 00inamaer U  Jrodast
MOJIIOCIIE0BATENBHOCTD HOCe0BaTeNIbHOCTH Zz, (x) . CrnenoBarenbHo, oneparop A sBISETCS
BIIOJIHE HenpepwIBHBIM Tipu aeiicteun 4[0,1] — C[0,1].

Tak kak U3 paBHOMEPHOH CXOAMMOCTH CIIELYET CXOAUMOCTb B CPEIHEM, TO Ta )K€ camas
MOJIIOCIIE0BATENBHOCTh HEMTPEPBIBHBIX (DYHKIIMI, KOTOpasi CXOAUTCS PABHOMEPHO K HEKOTOPOH
HENpepbIBHON (YHKIMHU, CXOAUTCS U B cpelHeM K Toil ke ¢yHkuuu. [lostomy omepatop A
SIBIISIETCS BIIOJIHE HEMPEPBIBHBIM U nipu aevictBun A[0,1] — A[0,1].

6) IlokaxeM, YTO paccMaTpUBAacMblii OINEPaTOp HE HUMEET COOCTBEHHBIX 3HAYEHUI.

X

PaccmotpuM ypaBHeHue Ay = .[ y(s)ds = A y(x) u nokaxkem, 4yTo MpH JIIOOOM 3HaYEHUU A OHO
0

MMEET TOJbKO TPUBHAIBHOE PEILICHUE.

Ecin A =0, TO yrBep>KIeHUE OYEBUIHO, TaK KaK B 3TOM cllydae J- y(s)ds=0-y(x)=0
0
st Beex x €[0,1] u, cnenoBarensHo, y(x)=0.

I[Ipu A #0 ypaBHEeHHUIO I y(s)ds = A y(x) ymoierBopsitoT GyHKuuH Brga y(x)=ce®, a
0

Ttak kak y(0)=0, ToO U B 3TOM CiIy4yae €IWHCTBEHHBIM pPEIICHHWEM €ro npu Jobom A Oyaer
y(x) =0, 9ro 1 TpeOOBaNIOCH T0KA3aTh.

3ameuanue. PaccMaTpuBaeMblil OllepaTop HE SIBISETCS] CAMOCOIPSKEHHBIM. J{eliCTBUTENBHO,
IIyT€M MHTETPUPOBAHUSA 10 YaCTIM JIETKO IT0Ka3aTh, YTO

(Ay.2) = [[[ M0y d]- 2(x)d # [ (o) [ 2(0) il = (. 42)

[TosTOMy Teopema 0 CyIIECTBOBAaHUH COOCTBEHHOI'O BEKTOPA B JAHHOM CIIydae HEIPUMEHUMA.

23



w
Ilpumep 3.7. Tlokasarp, uTo omepatop Ppenronbma Ay = I sinxcoss y(s)ds, xe€[0,7] nHe
0
MMEET XapaKTEePUCTUISCKUX YHUCEIL.

Pewenue. Paccmotpum ypaBaenue y(x)=A .[ sinxcoss y(s)ds. Tpebyercs nmoka3aTh, 4TO HU
0

JUISL OTHOTO A HE CYILECTBYET HETPUBUAIBHBIX PEIICHUN 3TOr0 ypaBHEHUS.

O6o03naunm C = I coss y(s)ds, torma y(x)=ACsinx, u ana onpenencHuss C uMeeM
0
C=|cossCAsinsds =0. CnenoBarensHo, y(x)=0 npu mob60oM A, T.e. XapaKTEPUCTUUECKHUX
»(s)

YHCeN Y UCCIIEyeMOT0 Oreparopa Her.

S N

3ameuanue. B nmamHom cmydae sapo  K(x,s)=sinx-coss HEOpEepbIBHOE, HO HE

CUMMETpPUYECKOE, TOITOMY  ONEpaTrop  SBJSIETCS  BIIOJIHE  HENPEPbIBHBIM, HO  HE
CaMOCOTPSHKEHHBIM, U TEOPEMA O CYIIECTBOBAHUU COOCTBEHHOTO BEKTOpA HEMPUMEHUMA.

Ilpumep 3.8. HaiiTn xapakTepUCTHYECKHE 4YHCIa M TOCTPOUTh OPTOHOPMHUPOBAHHBIE
cOOCTBEHHBIE (PYHKLIMU OJHOPOAHOTO ypaBHeHHsI DpearosbMa ¢ HEMPEPHIBHBIM BBIPOXKICHHBIM

CUMMETPUYECKUM SIApOM  y(X) = /1J- sin(x+s) y(s)ds .
0

Pewenue. SIapo ucciemayeMoro omneparopa CHMMETPHUECKOE M HEMPEPHIBHOE, CIIEAOBATEIIBHO,
oreparop q)peI[FOHbMa B ,Z[aHHOﬁ 3aaa4e ABJISICTCS BIIOJIHC HCIIPCPBIBHBIM U CaMOCOIIPSI’KCHHBIM.
[IpencraBum sigpo B Buge K(x,s)=sin(x+s)=sinxcoss+cosxsins u 0003HAYUM

V4

jcoss y(s)ds=a,, jsin sy(s)ds=a,. Torna y(x)=Aa,sinx+Aa,cosx, rae
0 0

a, :.[cossy(s)ds=/1J-coss(a1 sins +a, coss)ds =ﬁ%a2,
0 0

a, = J-sinsy(s)ds = /ljsins(al sins +a, coss)ds = ﬂ,%al.
0 0

a, —177[ a,=0
OnHOpomHAs cucTema 4 UMeeT HeTPUBUAIILHBIC PEIICHUS TIPU YCIIOBHH
—ﬁal -a,=0
Ax
1 -—— Az )\
A2) = 221 [ 22 <o,
A 2
— 1
2
2
OTKY/la OIIpeJiesIseM XapakTepucTuyeckue uncna 4 =— u A4, =——.
T
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2 :
Ilpu A, = — uMeeM a, =a,, T.e. coocTBeHHas QpyHkuus y,(x) = C(sinx+cosx);

2 .
npu A, = — HoJy4aeM a, =—a,, 1 coOcTBeHHast GyHKIUS ,(x) = C(sinx—cosx).

Tak kak coOcTBEeHHbIE (PYHKIMH, OTBEYAIOIINE PA3IMYHBIM XapAKTEPUCTUUECKUM YHCIIAM,
OPTOTrOHAJILHBI, TO UCKOMasi OPTOHOPMHUPOBAHHAS CUCTEMA UMEET BUJ

"=

. 1 .
(sinx+cosx), @,(x) =—=(sinx—cosx).
2 \/;

Ilpumep 3.9. Ecmu nns nmio6wix x,s €[a,b] umeer mecto paBeHcTBO K(x,5)=—-K(s,X), TO

snpo K(x,s) Ha3bpIBaeTCsI KOCOCUMMETPUYECKUM.
[Tokasarh, 4TO BCe OTIMYHBIE OT HYJSI COOCTBEHHBIE 3HAuUeHUs omepatopa Ppearonbpma

b
Ay = I K(x,s)y(s)ds, xel[a,b] ¢ BemECTBEHHBIM KOCOCHMMETPHUYECKUM SIPOM -  YHCTO
a
MHUMBIC YHCJIa.
b

Pewenue. Ilycte A - 0IHO W3 COOCTBEHHBIX 3HAYCHHIA, T.€. J-K (x,s)y(s)ds = Ay(x), tnme

a

y(x)#0 - coorBercTByrOmas coOcTBeHHas (DYyHKIMs (BO3MOXKHO, KOMIUIEKCHO3HauHas1). Tak

b
KakK SIPO BELIECTBEHHO, TO MMEET MECTO TAKIKE IK (x,5)y"(s)ds = A"y*(x), rae 3HaK * o3Hayaer

a

KOMIUIEKCHOE COTPSIKEHUE.
YMHOXHM BTOpO€ ypaBHEHHE Ha )(X), a MEpBOE - HAa KOMIUIEKCHO CONPSKEHHYIO

byakuuo y*(x), ¥ IPOUHTErpUpYeEM 10 0Tpe3Ky [a,b]. Iomyunm:

ALY di= v (e Kx5)55)ds

A*j)-| y(x) | dx = jy(x)dxj- K(x,s)y"(s)ds = j).y*(s)dsj). K(x,s)y(x)dx.

Mensist 0003HauEHHsI IEPEMEHHBIX HHTEIPUPOBAHHS B ITOCIICAHEM HHTETpAJIC U YIUTHIBAs,
gto K(x,5)=—-K(5,X) IPUXOIUM K COOTHOIIECHUIO

A*jl y(x)[* dx :j‘ V' (x)dxj)- K(s,x)y(s)ds = —j V' (x)dxj). K(x,s)y(s)ds .

b
CknanpiBas 1mepBoe W IMOCJIEIHEe PaBeHCTBa, Hainem (A +A*)I| y(x)|" dx=0. Tak Kax

a

y(x)#£0, 10 A" =-A, 1.e. 160 A =0, TMOO SIBISETCS YUCTO MHUMBIM.

3ameuanue.  HamomMHUM, 4TO BCe COOCTBEHHBIC 3HAYCHHSI CAMOCOUPSHKEHHOTO Omeparopa -
BEIIECTBEHHBIE 4YMCla. B paccMOTpeHHOM ciydyae WHTErpaibHbIi omneparop dpenronbma He
ABJIACTCA CaMOCOIIPAKCHHBIM, IIO3TOMY CO6CTB€HHBI€ 3HAYCHHUA MOT'YT HC 6I>ITB BCIIICCTBCHHBIMU
(B 1aHHOM NIpUMEpE BCE HEHYJIEBbIE COOCTBEHHBIE 3HAUEHUS 0KA3aJIUCh YNCTO MHUMBIMH).
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Ilpumep 3.10. Haiitu xapakrtepuctuyeckue 4ucia U COOCTBEHHbIE (YHKIMHM OIepaTopa

1
®penrosibMa ¢ BHIPOKIECHHBIM KOCOCUMMETPUUECKUM sIIpOM Ay = .[ (x—s)y(s)ds, xe[0,1].
0

Pewenue. Tpebyercst HailTU Takue A, MPU KOTOPBIX CYIIECTBYIOT HETPUBHAJIBHBIC PELICHUS

1 1 1
ypaBHEHUS y(x)= ﬂj(x —s)y(s)ds . O603HaYnM C = jy(s)ds, C = js y(s)ds,

0 0 0
toraa y(x) = A(Cix—C,), u ans onpenenenus C,, C, NOIy4UM COOTHOIIECHUS

1 1
C =A[(Cs—C,)ds :ic1 —2C,, C,=A[s-(Cs—C,)ds =ic1 —icz,
 —— 2 y 3 2
y(s) y(s)
OTKyJ1a
A
(1——) C,+4C, =0
2
—iCl +(1+ijcz =0
3 2
HeTpuBunasibHbIe pEICHUs] CUCTEMBI CYIIIECTBYIOT MTPH YCIOBUU
T
A =| 2 = 241=0 = A =+i2J3, 4, =—i2\3.
A A 12
—_ 14—
3 2

Ilycte A=4, = 21\/5 torga, mnonaras C, =C -2«/5 , e C - Mpou3BOJIbHAS MMOCTOSHHAS,
Haitnem C, =C-(i+ \/g) u cooctBeHHble PyHKIMU Y, (x)=A4,(Cx—C,)=C(12ix—6i+ 2\/§) .

[Iycts A=4, = —2i\/3 Torma, Takxke nonaras ¢ =C -24/3, maiinem C,=C-(—i +3) u
cobcTBeHHbIE QYHKIMU Y, (X) = A,(Cx—C,) =C(-12ix+6i+ 2\/5) .

3ameuanue.  Ecnm omepaTop HECaMOCOIPSDKEHHBIN, TO XapaKTEPUCTUUECKUE YMCIIa MOTYT He
ObIThb JCWCTBUTENbHBIMH. B  nmaHHOM ciywae, supo omepatopa K(x,s)=x—s He

CUMMETPHUYECKOE, U XapaKTePUCTUYECKHE YHCIIa OKA3aIUCh YACTO MHUMBIMHU (CM. ipumep 3.9).

3ana'm AJI CaMOCTOATEC/ILHOI'O PEICHU A

3.1 Hycts, K (x,5) = K(x,s) _zﬂ(le(ﬂ[(S)’ e @, - coOcTBeHHBIE (YHKIIMU OmepaTopa
i=1 i

1

b
®pearonema Ay = I K(x,s) y(s) ds ¢ BellecTBEHHBIM HENPEPHIBHBIM CHMMETPHUECKUM SJIPOM,

a

oTBewarome xapakrepuctmdyeckmm wmenam A, k=1,2,3,...n. PaccMOTpUM HMHTErpaibHBIH
b

onepatop A" ¢ sampom K" (x,5): A"y = J.K(””)(x,s) y(s)ds .
a

JlokasaTh, 9TO:
a) Bee coGcTBennble Gynkuun @,, kK =n+1,... oneparopa A, oTBevarolMe XapaKTePUCTHUECKHM HCIAM
+1
|/1n+1| <. S|/1k| <., sBiOTCS Talke cobeTBeHHBME Gyrkmmamu onepatopa A" coorBercTayomIvMI

TEM K€ XapaKTEPUCTUYECKHM YUCTIaM |/1n+1| <..< |ﬂ,k| <
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+1
6) omepatop A" he umeer JPYTUX XapaKTepUCTHYCCKUX YUCETI, OTIIMYHBIX OT lk , k=n+1,...;

B) Gynxkumn @, k=12,..,n TaKKe SBISIOTCS COOCTBeHHbIMH (yHkumsamu  onepatopa A7

COOTBETCTBYIOIIMMH HYJIEBOMY COOCTBEHHOMY 3HAYEHHIO simpa K (”“)(x,s) .

32

3.3

34

3.5

3.6

3.7

3.8

3.9

3.10

3.11

3.12

JlokasaTh, 4TO HUHTErpanbHbIi omepaTop @pearomsMa ¢ HENpPEepHIBHEIM CHMMETPHUECKUM  SAPOM,
neiicteyrommii A[a,b] — h[a,b], sensercs camoconpsKeHHBIM ONIEPATOPOM.

JlokasaTh, 4TO MHTErpajbHBIH omepaTop BombTeppa ¢ HEMPEpLIBHBIM HE PABHBIM TOXKAECTBEHHO HYIIO
anapom, aeiictByromwii Al a,b] — h[a,b], ue sBnsercs camoconpsKeHHBIM ONEPATOPOM.

X
JlokasaTh, uYTO WHTErpaibHbIl omnepatop Bosbreppa By = IK (x,8)y(s)ds ¢ BemecTBeHHBIM

a
HETPEPLIBHBIM  SIPOM  SIBISETCS BIOJHE HempepbiBHBIM npu geifictun  h[a,b] — Cla,b] nu
hla,b]— h[a,b].
Ilycte ¢ - COOCTBEHHBIH BEKTOP CaMOCONPSDKEHHOIO omepaTopa A, NEHCTBYIOMIETO B EBKIMIOBOM
npocTpaHcTBe. JI0Ka3aTh, YTO MHOXECTBO BEKTOPOB, OPTOrOHANLHBIX (, 0OPa3yIOT 3aMKHYTOE JIMHEiHOe

MOJAMPOCTPAHCTBO, MHBAPUAHTHOE OTHOCUTENILHO A.
Jlokazate, 4YTO ecaM WHTETpalbHBIN omepatop Dpearoabma ¢ HEMPEPHIBHBIM CHMMETPHUYECKUM

. c
BermecTBeHHbIM AapoM K (X,S) neiicTByeT B KOMILIEKCHOM mpocTpancTee /A [d,b] (xommiekcHoMm

pacumpenuu npoctpanctsa h[a,b]), To >ToT omepatop MOXeET MMETh TOJNBKO BEIIECTBEHHBIE
COOCTBEHHBIE 3HAYCHMS.

Jloka3aTk, uTO COOCTBEHHbIE BEKTOPBI CAMOCONPSKEHHOro oneparopa A , COOTBETCTBYIONIME PA3IHUHBIM
COOCTBEHHBIM 3HAYEHUSIM, OPTOTOHAIBHBIL.

. 2 <& sinnx -sin ns
Jloka3aTh, 4TO WHTErpaibHBI omeparop ®pearomsma ¢ sapom K (x,s) = _z—z’
= n
neiictByrommii B npoctpanctse /[0, 7], sBISETCS HEBBIPOKIEHHBIM.

Jlokasath, 4TO HyJIb ABJIAETCA MPOCTHIM COOCTBEHHBIM 3HAUEHHEM MHTErpajJbHOTO omepartopa dpearonsma

2 & sinnx-sinns
c sapom K(x,s) = _z—z
T n

I[OKa3aTL, YTO HYJIEBOC COOCTBEHHOE 3HAYCHHUE HUHTETPAJILHOI'O oIepaTropa (DpCL[FOJ'II)Ma C dApoM

, neiictyrorero B npoctpanctse A[0, 7],

2 & sin 2nx - sin 2ns
K(x,s)z—z > , neiictyromero B mpoctpanctee A[0, 7], umeer Geckoneunyro
TS (2n)
KPaTHOCTb.
[IpuBecTH MpUMep MHTErpajbHOro omepatopa Mdpejaronsma, HyleBoe COOCTBEHHOE 3HAUYEHHE KOTOPOTO
1MeeT KOHEUHYIO KPaTHOCTb.
HaifTu XapakTepuCTHYECKHE YMCIA M COOCTBEHHblE (DYHKIMH OJHOPOMHBIX ypaBHeHHil dpearoabpma c
BLIPOJKICHHBEIMU ~ HETPEPBIBHBIMHM ~ CHUMMETPHYECKMMH — sAApaMH B  CIHeAyIOIIMX  coydasx  (Bce
XapaKTePUCTHUECKUE YHCIA - BELIECTBEHHEIE):

a) y(x) = AT cos xcos s y(s)ds ;
6) y(x)= zfsm xsins y(s)ds
B) y(x) = AT cos(x+5) y(s)ds;
) y(x) = 4 cosr—s) (s)ds
0 506 = 2] (1+5) (6)

e) y(x)= ljxs y(s)ds;

27



3.13

3.11

3.12

3.13

x) y(x)=A4 _1[ (xs+x7s%) y(s)ds ;

3) y(x)=A4 jf (I+cos(x—=s)) y(s)ds .

Haiitn xapakrepucTudeckue 4uciia 1 cOOCTBEHHbIE (QYHKIMM ypaBHEHUH Dpearonbma ¢ BRIPOKICHHBIMHU
HECHMMETPUYECKUMHU SApaMH (XapaKTepUCTUIECKHE YHUCIIa HE0Os3aTeIbHO BEIIECTBEHHBIC, M HX MOXET HE
OBITH BOBCE):

a) y(x)=A j (xs —2x7) y(s)ds ;

6) y(x) = ﬁ,zfsin(x —s)y(s)ds;

B) y(x)=A j xcoss y(s)ds ;

-

r y(x)= AJ- cosxsins y(s)ds .
0

OTBeTHI K 3212aYaM

X, sin nx - sin ns

Ay:J-K(x,s)y(s)ds, e K(x,s)zg > (k=2).
0 T ok n
2
a) A=—, y(x)=Ccosx;
T
2 .
6) A=—, y(x)=Csinx;
T
2 2 .
B) 4=—, y(x)=Ccosux; A=——, y,(x)=Csinx;
T T
r) A= g, y(x) = Cl cosx+ C2 sin x (paHr XapaKTEpPUCTHYCCKOTO YKCIIa PaBeH 2).
T
3 3
2 =§, 7(@) = C+x3); zzz—%, Y,(0)=C(1-x3);

o A=3, y(x)=Cx;

3 5

) ﬂl=5, y, =Cx; ﬂz=5, y, =Cx’;

3) ﬂ,l :%, y =C; ﬁz zl, v, =C sinx+C2 COSX  (paHr 12 paBeH 2).
T T

a) A =-6, y1=C(x—2x2);

i ix l —ix
6) }1:—’ ylzce ; AZZ__ﬂ y2=C€ .
T T

B) XapaKTePUCTHUECKHUX YHCEN (U COOCTBEHHBIX (DYHKIIHI) HET;
I) XapaKTepUCTHYECKUX 4ncel (M cOOCTBEHHBIX (pyHKIMIT) HET.
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TEMA 4

Ipunyun corcumarongux omoopasxicenuii. Memoo nociedoeameibHbIX
npuobauxcenuii ona ypagnenus Opeozonvma 2-pooa ¢ "manvim'" I

OcHOBHbBIE ONMPEACTCHUA U TEOPEMbBI

[Iycte D — omeparop, BooOIIe TOBOps, HEMMMHEWHBIN, neicTBytonuid D: B— B, rae B -

0aHaxoBO (TIOJJHOE HOPMHUPOBAHHOE) MPOCTPAHCTBO.
Oneparop D Ha3bBaeTCd CKUMAOUIMM (MM CKAMAIONIMM _OTOOpakeHHUEM), €CIU

cyliecTByeT KoHcTaHTa ¢: 0 < ¢q <1, Takas, 4To Juid J100bIX Y,,), € B NMeeT MeCTo HepaBEHCTBO
1Dy =Dy, [ <q | =y
DNeMEeHT ) Ha3bIBAaeTCsl HEMOABUKHOM TOUKoH oneparopa D, eciu Dy =y .

Teopema (0o HemoaBmxkHOW TOuke). Ilyctb D — cxumaromuii omneparop. Toraa
CYIIECTBYET, U MIPUTOM €IWHCTBEHHAs, TOUKa ) € B Takas, yTo Dy =y . JTa TOUYKa MOXET OBITh

HaliJleHa METO/I0M IOCIEI0BaTeNbHbIX Npubmmxkenuit: y,,, =Dy, , n=0,1,2,.. , rney,€B -
Mpou3BONbHAS  (UKCUpPOBaHHAs ToYka #3 B (HadambHOe MPUOMIDKEHHE), MpUYEM
Yy > y:Dy=y.

Teopema. Ilycte D - omepatop, oToOpaxkaromuii 6aHaxoBO MPOCTPaHCTBO B B cebs, u
IyCTh CYIIECTBYeT HATypalbHOE 4YHCIO k Takoe, uto D*- cxumarommii omepartop. Torma
orepatop D HMMeeT eIMHCTBEHHYIO HEMOJBIKHYIO TOUKY (T.€. TaKylo, uTo Dy =y ), IpU4eM y
MOXKET OBITh HaWJEHO METOJOM IIOCJIENOBATENbHBIX NPUONIMKEHUN: 111 Joboro y, € B
V,y=Dy,, n=0L.., y —y.

PaccmoTpum MHTETPaIbHbIHI oreparop Opearoapma A: Cla,b]—> Cla,b]:

b
Ay = I K(x,s)y(s)ds , tne sagpo K(x,s) HENPEpbIBHO MO COBOKYITHOCTH MEPEMEHHBIX X,S, HO,

BOoOOIIe TroBopsi, He cuMMerpuueckoe. OOo3naumM: max |K(x,s)|=K,, Torma mpu
x,s€la,b]

| 4| < ———— omeparop AA sBnsgerca cxumarouM. 3ametum, uto Cla,b]- GaHaxoBo, T.e.
K,(b—-a)
MOJTHOE HOPMUPOBAHHOE IIPOCTPAHCTBO.
1
Teopema. Eciu | 4] < m (Takue A OyneM Ha3bIBaTh «MaJBIMU»), TO HEOJHOPOIHOE
—a
0

b
ypaBHenue ®Ppearonpma 2-ro pompa y(x) = le (x,8)y(s)ds+ f(x) wmmMeeT eIUHCTBEHHOE

a

pereHue it Jr000i HenpepsiBHOW GyHKIMH f(x) € Cla,b], nmpudeM pelieHne MOXET OBITh
HaWJIEHO METOJIOM TIOCIICIOBATEIBHBIX TPUOIMIKEHUH.

1
Caencteue 1. Ilpu |A| <———— OAHOPOAHOE ypaBHEHHE UMEET TOJIHKO TPUBHAIBHOE
K,(b—-a)
pelieHue.
Crnencteue 2. Ecim y omeparopa ®penronbMa ecTh XapaKTEPUCTHUECKUE YHCIIA, TO
1
|//i’mm 2—'
K,(b—a)
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Ecnm 3anucare ypaBHeHue ®dpenroinbma 2-To poja B omeparopHoil ¢dopme y=AAy+ f
wm (I -AA)y=f, T0 B ciay4ae, KOrja pelieHue CyIECTBYeT M €IWHCTBEHHO, €ro (perieHue)

MOKHO TIpesicTaBuTh B Buje y=(I—AA)"' f=(+AR,)f =f+AR,f, rae R, - uHTerpaibHbIi
b
OTIepaToOp C HEMPEPBIBHBIM 110 X, s sSaApoM R(x,s,A), T.e. y(x)= f(x)+ ﬂjR(x,s,ﬂ)f(s)ds .
Anpo R(x,s,A) onepatopa R, Ha3bIBaeTCsl PE30JILBEHTOM.

b
Oyuxkuun K (x,5)=K(x,s), K, (x,5)= .[K(x,t)Kn_l(t,s)dt , n=2,3,.. Ha3BIBAIOTCs

1
IIOBTOPHBIMU (MTEPUPOBAHHBIMH) siApaMu. Tak kak mpu "mMaibix" A (|ﬂ|<m) pAan
—a
0
K, (x,5)+ AK,(x,8)+..+ "' K (x,s)+... cXomuTcs paBHOMEpPHO 1O X,s€[a,b], TO
=K (x.5)

pe3onbBeHTa R(X,s,A) MOXeT ObITh HaliieHa 1o Gpopmyre R(x,s,A) = ZZ'”‘IKm (x,s).

m=1

o0
B cityuae "manbix" A4 Ui omepatopa R, MMEET MECTO INpeACTaBlIcHUE R, :z/i’HA” -

n=1

pan Heiimana.

IIpumepsbl pemenus 3aaa4

Ilpumep 4.1.  Jlokazarb, 4TO CKUMAIOLIUN ONEPATOP SABJISIETCS HEMPEPHIBHBIM.

Pewenue. HanmoMHuM omnpejeneHue c:xuMarolnero oneparopa. Onepatop A, JeHCTBYIOIUN B
0aHaXOBOM MpOCTpaHCTBe B Ha3blBaeTca Cxumaronmm, ecim J¢g: 0<g<1 Takoe, 4To
Vs €B: |l dy = Ay, [<q- |y -2, .

Boszbmem mo6oe &£ >0 unyers 0 <0 <&, Torna Aus Mo0bIX 2JIEMEHTOB Y, ), TaKHX, YTO
||y—y0||£5, yuuthiBast 0<¢ <1, umeem: ||Ay— Ay, ||Sq-||y—y0 ||<||y—y0 ||S 0 <¢. Takum

00pa3om, ornepaTop sIBISETCS HENPEPhIBHBIM, YTO M TPeOOBAJIOCH 10KA3aTh.

Ilpumep 4.2. Tlycth omepatop A, HAEUCTBYIONIMH B 0aHAXOBOM MPOCTPAHCTBE B, o0namaer

CBOMCTBOM, 4T0 P = A" SBISETCS CKUMAIOIIUM OIIEPATOPOM.
Jloka3zatb, 4TO ypaBHEHUE y = Ay UMEET €IMHCTBEHHOE PEIICHUE.

Pewenue. Tax xak P - C)KAMAIOIIUM, TO CYIIECTBYET €IUHCTBEHHAs! HEMOJBUKHAS TOYKA -
y=Py »3TOoro omeparopa, KOTOpas MOXET OBITh HaiJiecHa METOJIOM IOCJIeIOBATEIHHBIX

NpUOIIDKCHUH, T.€. JUIS YKa3aHHOTO ) CIIPAaBEUTUBHI CIICTYIONINE YTBEP K ICHHUS:
a) s V y, € B nocnenoparensHocts Py, ——>— ) (HenoaBmKHOI Touke oneparopa P);
6) Py=y= P(Py)=Py=y=...= P'y=1y nnamoboro k=1,2,3... .
Paccvotpum Ay =AP'y=A4A4"y=A"Ay=P"'4y. OGoznauus Ay=y, u HpopOIKas
—
=y

TpesibIIyIee paBeHCTBO, C yueToM a) nodyunM Ay = P Ay = P'y, —22 53 ortkyna crnenyer,

cm.a)
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yTo y = Ay, T.€. HENOJABW)KHAsI TOYKa omneparopa P sBIsSeTCs TakKe M HEMOIABHKHOM TOUYKOM
oneparopa A.

Jlnst okas3aTenbCTBAa €AMHCTBEHHOCTH HEMOJIBMXKHOM TOUKHM orepaTopa A MpearnoiaokumM
MPOTUBHOE, T.€. MYCTh CYILECTBYIOT JIB€ TOUYKU ) # ) Takue 4to Ay=y u Ay =y, Torma
A'y=Py=y u A'y=Py=Yy, OoTKyga cjlenyer, 4ro Jy=) B CWIy €IUHCTBEHHOCTH
HEIOJBUKHOM TOUKH ornieparopa P.

Ilpumep 4.3.  Ilycth B 6aHaXOBOM MPOCTPAHCTBE B 3a/aHbl Ba CKUMAIOIIUX orneparopa A u
D, Te. gug  m0OOBIX  JIEMEHTOB x,yeB UMEIOT  MECTO  COOTHOILEHUS

| Av-dy|<a,-[x-yl, 0<a,<l u [[Dx-Dyl|<a,|x-yl, 0<a,<l.
3amaaum Hekotopoe umciao ¢ > 0. Ha3zosem omepatopsl 4 u D & -ONU3KUMH, €ClU IS
Vz € B BoinonHeHo || Az—Dz||<¢.

JloKa3arh, 4TO HEMOBHKHBIC TOYKA X W ' ITHUX OMEPATOPOB HAXOMATCS HA PACCTOSHUH

p(x Yy ) =lx =y < , tme o =max{a,,a,}<l.

l-a
Pewenue. Tlycth x*- HEMOABIKHAs TOYKa omeparopa A, T.e. x = Ax", a y* - HemoJABHXKHAs
ToYKa oneparopa D: y" = Dy".

BosbMeM x" B KauecTBe HAYaJIbHOTO MPHUOIMKEHUS HWTEPALMOHHOTO MpoIecca st

ompexneneHus y*, T.e. =x", y, =Dy, =Dx",... = D"x"; " =lim D*x". Torna
p y Yo M Vo Vi Y i
—>0
. . . oy X =Dx7|
X" =y <> = I+ =y 1+ v =y TS =y [+ ey, +0£12)+...+0!lk) l) < T
D
epexons B IIOCIEJAHEM HEPABEHCTBE K IMpelely IIpH — 00, IOJIy4UM
Hep p penenry mpu  k ; yd
% % * 5 * %
. x —Dx Ax" —Dx Ax" — Dx &
[x"—y" || £ I | = I I < H H < , 910 W TpebOoBajIOCh
-« -« l-a -«
JI0Ka3aTh.

Ilpumep 4.4.  IlpuBectu mpuMep oreparopa, NEPEBOAAIICTO OaHAXOBO MPOCTPAHCTBO B B
ce0s1, yIOBJIETBOPSIOWIETO YCIOBUIO || Ay—Az||,<||y—z|l; 1ua mobbx y,zeB, u He
HMMEIOLLET0 HEMOABUKHOM TOUKH.

. V2
Peuwenue. PaccMOTpUM CIEYIONINI OmepaTop B NpocTpaHcTBe R' @ Ax = x+5—arctgx. Hns

moObIX  y,z€B, npumensisi popmyny Jlarpamwxka (& Mexay y uU z), HOIYyYUM
1
1+&°

| Ay—Az||,=|y—arcigy—(z—arcigz)| =|1- |ly—z|<|y—z|=|y-z|l,. Onnako,

T
JUIL BCEX ) MMEET MECTO HEPaBEHCTBO Ay = y+3 —arctgy >y, 4TO U O3HA4aeT OTCYTCTBUE

HCHO,Z[BI/DKHOI‘/JI TOYKHU pacCMaTpuBacMoro omncparopa.

3ameuanue. YKazaHHBIN onepaTop HE YAOBJIETBOPSET TEOPEME O HEMOABUKHOM ToUKe!!!
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1
Ilpumep 4.5. [Ipu xakux A omeparop @pearonbma Ay = A I (x—s)y(s)ds sBnsercs
0

CKUMAIOTIIUM
a) ipu nevicteuu C[0,1] — C[0,1];
0) npu aeiicteun h[0,1]— A[0,1].

Pewenue.

a) PaccmoTpuM [11Be MpoOM3BOJIbHBIE HeENpepbiBHbIE ¢GyHKUuMU y(x), z(x) € C[0,1], Torma
1

[Ge=9)[(s)—2(s)]ds

0
=[A-ly=zllejoyy, T-€.0meparop 4: C[0,1]— C[0,1] sBusercs cxumarommm npu | A [<1.

Ay— A =|A|-ma <|A|-ma — - ma —g| =
| Ay = Az ||c11,= | IXE[O}] | |Se[o,’f]|y(s) z(s)| x,se[o’ﬁﬂx s |

06) PaccmoTrpum nBe poU3BOIBHBIC HEMpephiBHBIE GYHKINU V(X), z(x) € A[0,1], Torma

1 1 2
|| Ay — Az HZ[OJ] =1 J.dx D (x—=s)-[y(s)—z(s)] ds} < (mepaBeHcTBO Komm-ByHSIKOBCKOTO)
0 0

(x_S)zdex =A% ly-z ||2[o,1] )

<A j {j(x_s)zds‘j.[J’(S)_Z(S)]zdS}dx: A ly—z Hz[o,l] j. %,

S S——

2
= H)”ZHh[O,l]

cnenoBarenbHo, omepatop A: h[0,1] — A[0,1] aBiseTcs CXKUMArOITUM TIPH YCIOBUU | A |< J6.

Ilpumep 4.6. Tlpu xakux A omepartop BonbTeppa By = ﬂj (x—s)y(s)ds sBusercs
0

COKUMAIOTIIUM
a) npu aevcteuu C[0,1]— C[0,1];
0) npu aeiicteun h[0,1]— A[0,1].

Pewenue.
a) Paccmorpum nro6wie n1Be HenpepwiBHBIC QyHKIMU Y (X), z(x) € C[0,1], Torna

X

| Ay = Az || gy = | A]-max | [ (x=9)[p(s) — z(s)]ds
xe[0,1] 0%;0_/

< . — . — =
<141 max | ) =2(5) | max [ (r—5)ds

4]

= T-H y=2llcoyy» T-€.0mepatop B: C[0,1] > C[0,1] sBnsiercs cxumaromum npu | A [<2.
0) PaccmoTpum nBe pou3BOIBHBIC HEMpepbIBHBIE PyHKIMH Y (X), z(x) € A[0,1], Torma

1 X 2
|| Ay — Az HZ[OJ] =1 J.dx D (x—=s)-[y(s)—z(s)] ds} < (mepaBeHcTBO Komm-byHSIKOBCKOTO)
0 0
2

1 x X ! X /1
<A .[ [I(X—S)zds'J.[J’(S)—Z(S)]zds] dx= 27 |y-z Hz[o,l] 'J.de.(x_S)zdS :EH y—z Hi[O,l]’
0 0 00

2
<|ly=zllro

cnenoBarenbHo, omepatop B: Ah[0,1] — A[0,1] Oyner cxxumaromum npu | A | < V12
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Ilpumep 4.7. Cuuras napamerp A "MajgbiM", METOJOM MOCJIENOBATEIbHBIX MPHOIMKCHUN
IIOCTPOUTH PE30IBBEHTY u IIOJIYYUTh peuienue YpaBHEHUS ®penrosbma

y(x)= /1J- sin(x+s)y(s)ds+cosx. CdhopmynupoBath Kputepuit "manoro" A.
0

3ameuanue. TlpuBeACHHBIA HIKE CIIOCOO MOCTPOCHUS PE30JIBBEHTHI CIYKUT WJLTFOCTpAIUEH K
JIOKa3aHHOM B KypcCe JICKIIUA TeOpeMe O BO3MOXKHOCTH TPEACTABICHUS PE30JIbBeHTH R(x,s,1) B

Buze psaga R(x,s,A) = z A"'K (x,s) npu "maneix" 1. Tak kak siipo onepatopa ®pearonsma B

m=1

JAHHOM 3a7aue SABJISIETCS BBIPOXKICHHBIM, TO PEILIEHHE YPaBHEHUS MOXKET OBITh MOJIy4eHO Ooiiee
3G (PEKTUBHO METOJaMM, PACCMOTPEHHBIMH B mIpuMmepax 6.1-6.2 (tema 6). ns mocTpoeHUs
PE30JIBBEHTHI TAKXKE MOTYT OBbITh MCIOJB30BaHbl U JPyrue MpUEMbl (CPaBHUTE C PE3yIbTaTOM
npumepa 6.3!11).
Pewenue. HauneMm c mocTpoeHus pe3oyibBeHTH R(X,s, ), BBITUCAB UTEPUPOBAHHBIE sI/Ipa:
K (x,s)=K(x,s)=sin(x+s),

T s 72_
K,(x,s) = j K(x,0)K,(t,s)dt = j SIn(x+1) sin(t +5)dt = - -cos(x=s)

0

0

Vs V4 2
K (x,8) = [ K(x.0K, (t,5)dt = % [ sin(x+1) cos(t—s)dt = ”T sin(x +s),
0 0

T 2m-1
K, (5,9) = [ K(x.0K,, (t,)dt = (%j -cos(x—s), m=123..,
0

V4 2m
Ky (.5)= K(x,t)KZm(t,s)dtz(gj Csin(x+s), m=1,2,3..
0

Hcnonb3ys hopMyiy amst pe3oiabBeHThl R(x,s,4) = Zﬁ,m‘ll(m (x,5) W cyMMHpYS psiA

m=1

sin(x+s) + ﬁ; cos(x —s)

6

Kpurepuii "mamoro" A B JaHHOM CiIydae COBIIQJIa€T C YCIOBHEM CXOJUMOCTH psiaa

OTJICTILHO TI0 YE€THBIM M HEUETHBIM HOMepaM, HaijaeM R(x,s,A)=

. 2
Hetimana |A|<—, W Kak JIeTKO BHUJIETh, BBIMIOJHICTCS Ha 00Jiee IIUPOKOM MHOMKECTBE
T

3Ha4eHUH A, YeM J0CTaTOYHOE YCJIOBHE, CPOPMYIMPOBAHHOE B TEOPEME O Pa3peIIMMOCTH
1 1

asHeHus Openronsma 2-ro poga: |[A| < ——=—.
yp p pona: |4 X (b-a) =

b
Jlamee, Tak Kak pelIeHUE MpeAcTaBUMO B Buae y(x)=f (x)+/1J-R(x, s,A) f(s)ds, To

nojarasi f(x)=cosx, TMOJy4YuM

2
. M-sinx+(7[;j -COS X cosx+/1—ﬂ-sinx
y(x) =COSx+/1J-R(x,s,ﬁ.)cossds =Ccosx+ = 2
0

EORC)
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Tor ’xe pe3ynbTar HaeT W HEMOCPEACTBEHHOE MPUMEHEHHE METOJa TOCIeI0BATEIbHBIX
npubmmxenuit. Ilomoxum y, =0, y, =44y +f, n=0,1,2,... , Torma

»n=4 J-sin(x+s)-0.ds+cosx=cosx;
0

T
) T .
Y, :lJ-51n(x+s)cossds+cosx:ﬂ,zsmx+cosx;
0

V4 2
Yy = /1jsin(x+s)[ﬂ%sins+coss]ds+cosx = (%Z) cosx+l%sinx+cosx;
0

2
Jlerko Buaetp, yto ecnmu  |A|<—, TO mpu n—>o0 00€ MOANOCIECIOBATEIHHOCTU
V4

Ar .
cosx + — -sinx

I8)

MOJIy4€Ha BBIIIE B KAYECTBE PEIICHUS 3a/1a4H IPYTHUM CIIOCOOOM.

CXOOSTCS K OMHOM M TOW ke GyHKIuu  y(x) = KOTOpasi yxe Oblia

b

Ilpumep 4.8. MeToaoM TOCIENOBATENBHBIX NPUOIMKEHUI pemuTh ypaBHeHue ®dpenronbpma

1

y(x) = /Ij y(s)ds+1. Iloka3ate, uto psan Heiimana cxomutcs numib B obiactu | A|<1, ogHako
0

peleHue, MOJTyYeHHOE TIPY ATOM YCIIOBHH, CYIIECTBYET NpH BceX A#1.

Pewenue.  Pemenue ypaBuenus @pearonsma y =AAy+ f MOXeT ObITh 3aIMCaHO B BUJE P

Heiimana y(x)= f(x) +i A"A" f(x).

1 1
B namem ciaygae  Af(x)= .[f(x) dx, f(x)=1, moaromy Af(x)= .[1 -dx=1 n,
0 0
ananoruydo, A" f(x)=1 (n=2,3,...). CnenoBarenbHo, nipu ycinoBuu | A| <1, psnx Heiimana
z A"A" f(x)= z A" CXONUTCS, W  peIICHHEM  YypaBHEHUs  sBIAETCS  (PYHKIUS
n=1 n=1

% 1
y(x) :I+Zl” = 1 onHakKo eciu |A|>1, TO psAn pacXoguTCs, U CHPABEIIHUBOCTD
n=1 -

MOJTyYEHHOH (POPMYITBI OKa3bIBAETCS 1101 COMHEHHEM.
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1
C npyroi#i cTopoHbI, 0003HAYHB I y(s)ds=C, Oynem umetb y(x)=AC+1, oTkyna
0

1
= + S = +1. 03TOMY, IIpHU = ABHCHHUEC HEPaA3pCIInuMO, a IJId OCTaJIbHBIX
cj(/lcud AC+1. TI y, ipu =1 yp pazp
0

1 A 1
A#1 Haxomum C=—— u y(x)=1+AC=14——=——.
1-1 1-4 1-4
. 1
Wrak, pemenue 3agaun CymecTByeT NMpu Bcex A #1 u maercs ¢opmynoin  y(x) :n,
YTO COBIIAJAET C BBIPAKEHUEM, MTOJIyYCHHBIM paHee JIUIIb Ha MHOXKecTBe |A | <1. 3ameTum, 4Tto
npu ycinoBuu | A|>1 pemeHne Takke CyIIECTBYEeT, HECMOTpS Ha TO, 4To psn Heiimana

pPacxXoamTCs.

3agaum 11l CAMOCTOSITEILHOTO peleHust

4.1 JlokazaTb, YTO WHTETpaIbHBIN omepaTop @penrombma ¢ BEHIECTBEHHBIM HEMPEPBIBHBIM  SIIPOM,
ﬂeﬁCTByIOHIHﬁ B TPOCTPAHCTBEC C[a,b], HC HMCCT XAapPAKTCPUCTUYCCKUX YHNCCII Ha HHTEPBAJIC
1
0, ——— |, rae K, = max |K(X,S)|.
0
Ko(b_a) x,s€la,b]
4.2 JlokazaTh, YTO WHTETpaIbHBIN omepaTop @penrombma ¢ BEHIECTBEHHBIM HEMPEPBIBHBIM  SIIPOM,
ﬂeﬁCTByIOHIHﬁ B MOPOCTPAHCTBC h[a,b] 5 HC HMCECT XAapaKTCPUCTUYCCKHUX HYUCCII Ha HWHTCPBAJIC
1
Ae€| 0, ——— |, rre K, = max |K(x,s)|.
Ko(b_a) x,s€la,b]

b
43 Jlokasats, 4To 3ajaya peluenus ypaphenus Opemronsma 2-popa V(X) = ZJ-K (x,8) y(s)ds+ f(x) ¢

a

1
BEIECTBEHHBIM HETPEPBIBHBIM AIPOM KOPPEKTHO MOCTaBJIeHa NpH ycioud | A| < —————, rze
K,(b—a)
K, = max |K(x,s)|
x,s€la,b]
a) B mpoctpanctee Cla,b];
6) B npoctpanctee h[a,b].
1
e o
4.4 Jlokasats, uro omepatop ®penromsma  Y(X) z—jxs y(s)ds+1 sBnsercs cxumarommm B
2%
npocrpanctee C[0,1], u HaiiTu ero HemoABMKHYIO TOUKY.
4.5 MeTOoIoM MOCHEI0BATENBHBIX MPUOIMKEHHH TTOCTPOUTH PE3OIBBEHTY M TONYYHTh PEICHHE yPABHEHHS

®penronsma 2-ro poja:
1

a) y(x)= ljxs y(s)ds+x;
0

X
1+s?

1
6) y(x)=/1J- y(s)ds +1+x°;
0

1
B) y(x)= /ij(s)ds +sin7zx;
0
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e) y(x) =

r y(x)= ﬂjxsin 2s y(s)ds +cos2x;
0

2z
0 p(x)=4 j sin(x+5) y(s)ds +2 ;
0

O 0 [N

sinx-coss y(s)ds+1 (A=1);
xK) y(x):ljxes-y(s)ds+e" (/7,:1);
24 2
1
2
3) y(x)zjy(s)de (A=1).
0

B caydasx a) - 1) chopMyIHpoBaTh KpUTepHii "Mamoro" A ; B IpuMepax €) - 3) MPOBEPUTH BEIIOTHEHHE

COOTBETCTBYIOLIECTO YCJIOBUS.

44

4.5

OTBeTHI K 3a1a4aM

_4 x+1
TR
3xs 3x
a) PesombBenta R(x,s,A)= R pemenne  Y(X) = U; YCIIOBHE  CXOJMMOCTH

nocrenoBatenbHbIx npubmmwkenuii | A | <3, mocrarounoe ycnoBHe TEOpEMBI BBINONHEHO MPH

|A|<1.

1 X AX )

m2 137 pemenne Y(x)=14+—"77= ;
S

2 2

6) Pesombeenta R(x,5,A)=
1-2

YCJIOBUC CXOAMMOCTU MOCJICAOBATCIbHBIX HpHGJIH)I(GHI/Iﬁ |/1 | <S’ JA0CTATOYHOC YCJIOBUC
n

TeopeMsl BhIMosiHeHo Jmb ipu | A | < 1.

1 ) 24
B) Pesomeeenta  R(x,s,4)=——, pemenne y(x)=sinzxX+————; ycioBue
1-1 z(1-14)
CXOIMMOCTH TIocTIe/loBaTeNbHbIX npubmmkenuit | A | <1 cosmamaer ¢ nocratounbiM ycioBuem
TEOpeMBL.
x-sin2s
r)  Pesombeenta R(x,s,A1)= —, @ Peuenne y(x) =cos2x; mnocnenosarenbHbIE
T
I+—
2

HpI/I6HI/I)KeHI/Iﬂ CXOOATCA TIpU | /1 | <—, IOCTaTO4YHOE YCJIOBHUEC TCOPEMBI BBIITOJITHEHO TOJIBKO UIA
v

1
Al<—.
||7T2
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sin(x +5)+ Az cos(x —s)
1-A°7°

n)  PesomsBenta  R(x,s,4)= ,  pemenne  Y(x)=2;

IOCJICAOBATCIILHBIC HpI/I6J'II/I)KCHI/I$I CXOIATCs TpHU |/1| < —, [OOCTAaTOYHOE YCJIOBUEC TEOPCMBbI
T

BBITIOJIHEHO TOJIbKO Mpu | A | < —.

2sinx-coss .
) Pesombeenta  R(x,s,4) = 1 pemenne  Y(x)=1+2sinx;

IOCJICAOBATCIILHBIC HpI/I6J'II/I)KCHI/I$I CXOIATC TpHU |/1| < 2, OAHAKO JOCTATOYHOC YCJIOBUEC

"manoro" A: |A|=1<—, chopmynupoanHoe B TeOpeMe, - He BBHINOIHEHO.
T

xe -x
%) Pesombeenta  R(x,s,4)= 2 pemenne  Y(X)=Xx+e *; mnocnemoBaTebHbIE
1 1
npubmuskenus cxoaates npu | A| <1, onmako nocrarounoe ycnosue teopemsr | A | = 3 <—
e
HE BBITIOTHSETCS.
1
3) Pesomseenta  R(x,s5,4)= ﬂ, pemenne  P(X)=x+ Z ;  TocJefoBaTeIbHbIe

npubmmkenus cxonsres npu | A | <2, nocrarounoe yenosue teopembl | A|=1<2  rtarxke
BBITOJTHSIETCSL.
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TEMA 5§

Jluneitnoe ypasuenue Boavmeppa 2-20 pooa.

OcHOBHbBIE ONMPEACTCHUA U TEOPEMBI.

VYpaBHeHue y = ﬂ]K (x,8)y(s)ds+ f(x), x,se€la,b], wiu B omepaTopHoil (opme

yv=ABy+ f, Ha3pIBaeTCs ypaBHeHHEM BonbTeppa 2-ro poja.

Ilycts sigpo K(x,s) HENpepbIBHO MO COBOKYIMHOCTH IEPEMEHHBIX Ha CBOEH TPEyroJIbHOMN
obnmactu ompeneneHus A ={x,s:a<s<x<b} W HEe paBHO HYIIO TOXICCTBEHHO, [(x) —
HenpepbIBHas HA [a,b] GyHKUUS.

Teopema. VYpaBuenue Bombreppa 2-ro poma mnpu J1000M 3HA4eHUH A HUMeEeT
€IMHCTBEHHOE pelleHHe s 11000 HenpepblBHONW (yHKIMU f(X). DTO peleHre MOXKeT ObITh

HaliJICHO METONOM IIOCIENOBAaTENbHBIX Hpubmxenuit y ., =ABy +f, Vy,e(la,b],
f(x) € Cla,b].
Cneocmeue 1. llpu mo0oM A OJHOPOJHOE YpaBHEHHE HMMEET TOJBKO TPUBHAIBHOE

peleHue.
Cneocmsue 2. Omeparop Bombereppa, peiictBytonii  Cla,b]— Cla,b], He wumeer

XapakTepucTuueckux yuceln. Takum oOpa3om, oneparop BonbTeppa sBisieTcss IPUMEPOM BITIOJIHE
HEIPEPBIBHOTO OIlepaTopa, HE UMEIOIIEro HA OAHOTO XapaKTePUCTUYECKOTO YUCIA.

Meron mocnenoBaTeNbHBIX NPUOMMKEHWA i1 ypaBHeHuUs BomabsTeppa 2-ro  ponaa
Ha3bIBA€TCA METOAOM HHKapa 1 BbIIJIAOUT TaK: I JIIO60FO Ha4dYaJIbHOI'O HpI/I6HI/I)KeHI/I$I

v, € Cla,b]  ompenenum Vo = /IJK(x,S) v, (s)ds+ f(x), n=0,1,2,..., WIn
Yoy =ABy +f, npuuem y, (X)—=—r(x).
[onaras y, =0, nonyuaem psiag Heiivana y=f+ABf+A1* B> f+..+A"B" f+....
Ecnm 3anucats ypaBHenue BonbTeppa 2-ro poaa B oneparopHoi dopme y =AAy+ f unm

(I-AA)y=f, TO Tak KaK pelIeHHE CYIIECTBYET M E€AMHCTBEHHO IpH JI000H HENpephIBHOM
byaxkumn  f(x) w  mobom A, ero (pemieHHWE) MOXKHO TPEACTaBUTH B  BHUIE

y=(I-A4) "' f=U+AR)f=f+AR,f, Tae R,- UHTErpaibHbIH ONEPATOP C HENPEPHIBHBIM
mo x,s siapom R(x,s,A), T.e. y(x)= f(x)+ ﬂjR(x,s,ﬁ,)f(s)ds .

Anpo R(x,s,A) oneparopa R, HaSBIBaaeTCSI PE30JIbBEHTOH.

Oynkuun - K, (x,s5)=K(x,s), K, (x,5)= IK(x, HK, (t,s)dt, n=2]3,. Ha3pBalOTCA
MOBTOPHBIMU  (UTEPUPOBAHHBIMH)  SIAPAMH. ISD;IL[ w +AK, (x,8) +..+ K, (x,5)+...

=K(x,s)
CXOOQUTCA paBHOMCPHO IO X, S e[a,b] npu .HIO6BIX },, B OTJIMYMUC OT AHAJIOTUYHOI'O pdaa IJId
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ypaBHeHuss Ppenrosibma, CXOAUMOCTh KOTOPOro rapaHTUPOBajIach JIMIIb IIpU |/1| < W) , U
—a
0

©
pe3onbBeHTa R(X,s,A) MOXeT ObITh nostyueHa no ¢popmyne R(x,s,A) = Zl’"‘ll{m (x,s).
m=1
VYpaBHenus: BonbTeppa ¢ sapaMu CrenUaibHOTO BUAA MOTYT TakKKe PEIIAThCSA ITYTEM
cBelieHUss K auddepeHmaibsHOMy ypaBHEHHUIO, JUOO € HCIOJIB30BAaHUEM IMPEeoOpa3oBaHUs
Jlarutaca (mpumepst 5.4 u 5.5).

IIpuMmepsl pelieHus 3agay.
Ilpumep 5.1 MeTonoM MOCIEeNOBATENbHBIX NPUOIMKEHUH TOCTPOUTH  PE30JIbBEHTY
2

X X
WHTETPAIBHOTO ypaBHeHHsT Bonbreppa 2-ro poma y(x)= /lj e y(s)ds+xe? wm HaiTH
0
peleHue 3Toro ypaBHeHust npu A =1.

—(x=s)

Pewenue. BplunciuM NOBTOPHBIE Apa 3TOro ypaBHeHus: K, (x,s)=K(x,s)=e ,

K,(x,s)= J-K(x, HK,(t,s)dt = _[e_("_” e Vdt=(x—5)e ",

x X 2
K (x,s)= .[K(x, K, (t,s)dt = Ie_("_” (t—s)e "V dt= % e,

Km+1(xas) = .[K(xat)Km(t,S)dt Z%.e_("ﬂ) .

[loncraBnsis 3T BBIpaXEeHUS B (GopMyay  JUII  PE30JbBEHTHI,  IMOIYYUM

.
R(x,s,A) = z/l’"’le (x,5)=e . = V) BaveTum, UTO A CXOAUTCS MPH THOOBIX
m=1

A, 9TO obecnevmBaeTcss HE MaJlOCThIO A, KaKk ObUIO B ciiydae ypaBHeHus Dpenroibma, a
HAIMYHEM MHOXHTENST 7! B 3HAMEHATEISIX MMOBTOPHBIX S/IEP.

Hanee, momoxuB A=1, momyunm R(x,s,4)=R(x,s,1)=1 wu 3anumem peuieHue

XZ

ypaBHEHHS IPU f(x) =xe? B BUIAC

2 S2

se7ds:(x+1)-e

X

y(x)zf(x)+/1ij(x,s,/l)f(s)a’s=xe2 +1-

I\)‘k,\,

-1.

O S

Ilpumep 5.2. MeTooM MOCEI0BATENbHBIX TPUOIMKEHNUN pEelIUTh ypaBHeHUEe Bonbreppa

Y = [(s=x) y(s)ds+1.

Pewenue.  VtepaunmoHHBIH  mpomecc  JUisi  JAHHOTO  yYpaBHEHHUS  BBIMJISAMT — Tak:

V,a(x)= j(s -x)y,(s)ds+1. BeiGepeM B kauecTBe HayaabHOIroO NpubIMxKeHus y,(x)=0, Torna
0

OCJIEIOBATENbHO HAUJIEM:
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yl(x)zj(s—x)-Ods—kl:l,

2
X
P

yz(x)=!(s—x)yl(s)dsﬂzl‘(s—x)-l ds+1=1- 5

2 4

x X X

— _ d+1:1__+_9

y5(x) l(s Db TRPY
. xz )C4 (_l)n.x2n
ynﬂ(x)‘i(s_x)y”(s)dﬁl_I_EJFZ_'" e

ITepexons k npeneny npu n — o, notyuyuM QyHkuuio y(x)=lim y, (x)=cosx, koropas u

SIBJIIETCS] PELICHUEM PacCMaTpUBAEMOro ypaBHEHHUSI.

Ilpumep 5.3. ]Jlokaszarb, 4TO eciu siApo ypaBHeHus Bombreppa y(x) = /I.TK (x,8) y(s)ds+ f(x)
3aBUCUT TOJILKO OT pa3HOCTU apryMeHToB, T.e. K(x,s)=K(x—s), TO Bge MOBTOPHBIE fAIpa, a
CJIEIOBATEIILHO U PE30JIbBEHTA, TAKXKE ABJIAIOTCA (PYHKUMSMU JIHIb OT Pa3HOCTU (X —S).
Pewenue. Ilycts K(x,s)=K(x—s), torna K,(x,s)= jK(x —t)K(t—s)dt. llpousBens 3ameny
MEePEeMEHHOMI WHTETPUPOBAHUS 1o (bSopMyne t—-s=¢, MOJTy4UM
Ky(59) = [ K(x-s-EKEdE = [ Fr—5.8) dé =, (x—s).

I[eﬁCTOBy;I Jaee 0 AHAJIOTUYHBIM IyTEM, HalijeM,
K, (x,5)= IK(x,t)Km_l(t,s)dt = jiK(x—t)Km_l(t—s)dt = TK(x—S -5HK, (5)dE=D, (x—5),

s s 0

YTO U TPEOOBAIOCH JOKA3ATh.

IIpumep 5.4. C nomoiupto npeodOpazoBanus Jlamngaca HAWTH PE30JIbBEHTY U 3alKMCaTh PEIICHHUE

ypaBHeHus Bonbreppa y(x) = J-sin(x —-s)y(s)ds+ f(x).

0

Pewenue. IlocTaBUM B COOTBETCTBHE (PYHKIIMSM, BXOJSIIMM B ypaBHEHUE, UX H300paKeHUS:

y(x)+=Y(p), f(x)+F(p), sinx+ 21 " = K(p). YuutbiBasi, 9T0 n300pakeHUE CBEPTKU ABYX
p +

GyHKIUH ecTh mpou3BeAcHHE MX n3o0pakeHui, nomyaum Y(p)=K(p)-Y(p)+ F(p), oTkyna
F K
L) =F(p)+—(p) F(p).
1-K(p) 1-K(p)
Hcnonb3ys pe3ynapTaT NpeAblAyIIed 3ajadd, MOXHO CIelaTh BBIBOJ, YTO PpPE30JbBEHTA
3aBUCHUT JIMIIb OT Pa3HOCTH (Xx—s), CIEIOBAaTEeNbHO, pEIIEHUe KCXOJHOTO YpaBHEHHS

mpencTaBuMo B Bujae y(x) = f (x)+J-R(x—s,1) f(s)ds. CpaBuuBas mociennue nBe GOpMYIbI,
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K(p)
1-K(p)

K(p)= 21 r MOJTyYUM Ié(p):%, oTkyna HavigeM R(x,s,1)=R(x—s,1)= x—=s.
P+ P

JIETKO BHUJIETh, YTO H300paKEHHE UCKOMOU Pe30JIbBEHTHI €CTh R(p) = . IloncraBus crona

Pemenue ypaBHeHUs Teneph MOXKHO 3amucarh Tak: y(x) = f(x)+ I (x—s) f(s)ds.
0

Ilpumep 5.5. Pemuth mHTErpampHoe ypaBHeHue Bombreppa y(x)=sinx+ jsin(x —8) y(s)ds,
0

cBens ero k 3anade Kommu s nuddepeHnuanbHoro ypaBHeHHUS.
Pewenue.  Jlerko BUIETh, UTO pEIlIEHUE ypaBHEHUs ya0BIeTBOpsieT ycinoBuo 1(0)=0.

[TocnenoBarenbHO npoaudGepeHpyeM HHTErpalIbHOE YpaBHEHHE U HalIeM

y'(x)=cosx+ Icos(x —5) y(s)ds +sin(x —x)y(x) =cos x + jicos(x -)y(s)ds, y'(0)=1,

y'(x)=—sinx— Isin(x —5) Y(s)ds +cos(x—x)y(x)=—sinx+ y(x)— I sin(x—s) y(s)ds .

CknazpiBasi TIOCIIEHEE PABCHCTBO C MCXOAHBIM, monyunM )" =0 . Pernenue 3agaun Komu
¢ HavanbHbIMU yenoBusimu y(0) =0, y'(0)=1 maer y(x)=x.

3ameuanue. ITOT ke pe3yabTaT MOKHO HMOJIYUHUTh, UCTIONIB3YS (OPMYITY PEIICHUS TPEAbIIYILEro
npuMepa, nonaras B Heil  f(x) =sinx:

X
y(x):sinx+j(x—s) sins ds =sinx+x—sinx=ux .
0

3agaum 11l CAaMOCTOSITEILHOTO peleHusl.

5.1 Jloka3aTh, uTO WHTerpanbHBIi omepatop Bomwbreppa, aeiictyrommit B8 Cla,b], HEe HMeeT
XapaKTEPUCTUYECKUX YUCEL.

5.2 JlokaszaTh, 4YTO MHTErpanbHbI omepatop BonwsTeppa, aeiicteyrommit B h[a,b], HE UMeeT
XapaKTEPUCTUYECKUX YUCEL.

5.3 JlokasaTe, 9TO 3ajadya peIICHWs ypaBHEHHS Bombsreppa 2-poma  y(x) = I K(x,s) y(s) ds+ f(x)

KOPPEKTHO TOCTaBJICHA
a) B mpoctpanctee Cla,b];
6) Bmpoctpancte h[a,b].
5.4 PewuTs uHTErpanbHOE ypaBHEHUE, CBes €ro K 3anadye Komu:

a) y(x)=e"+ Iy(s) ds ;

0) y(x)=4e”+3x—4—j£(x—s)y(s)ds;

X
B) y(x)=sinx+ 2“‘ e y(x—s)ds (Yxasauue: c/ienath B MHTETPAIIE 3AMEHY NIEPEMEHHOH X —§ = é).
0
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5.5

5.6

5.7

54

5.5

5.6

5.7

MCTO,HOM OCJICAOBATCIbHBIX HpPI6HH)KeHPIﬁ MOCTPOUTHL  PE30JILBCHTY W  IMOJYYUTb  PCHICHUC
HUHTCTrpaJIbHOT'O YPABHCHUA:

a) y(x) =1+]£sy(s)ds ;
6) y(x) =x—_x[(x—s)y(s)ds;

B) y(x)=x+x7—_[y(s)ds-

Pemuts HUHTCIrpaJibHOC YPAaBHCHUEC, UCIIOJIb3YS Hp€06pa3OBaHI/I€ Jlannaca:

X

a) y(x)=x-— J‘eHy(s) ds;

0

0) y(x)=cosx—_x[(x—s)cos(x—s) y(s)ds ;

1 .
B) y(x)=2+g_([(x—s) y(s)ds .

Pemmts ypaBnenue BonsTeppa 1-ro pona I e "y(s)ds =sinx
0

a) mnpuMeHHB npeobpa3oBanue Jlamraca;
0) npomuddepeHUpoBaB ypaBHEHNE U CBEISI €T0 K ypaBHEHHIO BonbTeppa 2-ro poaa.

OTBeTHI K 321a4YaM.

a) y-y=e', y(0)=1; y(x)=(x+1)-e*;
6) V' +y=4e", ¥(0)=0, y'(0)=7; y(x)=2e" —2cosx+5sinx;
B) y'—y=sinx+cosx, p(0)=0; y(x)=e"—cosx.
a) R(x,s,A)= se/1 2 y(x)= e?;
1

6) R(x,s,A) =—=sin \/Z(s—x), y(x)=sinx;

Ji
B) R(x,s,A)=e"", y(x)=x.

2

X
a) y(x)—x—;,

2 1
0 X)=—coSxv3+—;
) y(x) 3 3

B) y(x)=cosx+chx.

y(x)=cosx—sinx
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TEMA 6

Heoonopoonoe ypasnenue @peozonvma 2-20 pooa.
Ypaeuenua @peozonvma c sviporcoennvimu aopamu. Teopemvr @peozonvma.

OcHOBHbBIE ONMPEACTCHUA U TEOPEMbBI

b
Paccmorpum HeomgHOpoaHoe ypaBHeHHEe Openronsma y(x) = ﬂjK (x,8) y(s)ds+ f(x) .

ConpsKEHHBIM (COIO3HBIM) MHTETPAIIbHBIM YPAaBHEHUEM HA3bIBACTCS YPAaBHEHHE C SIAPOM

K" (x,s)=K(s,x). Ecimu sapo CHMMETPHYECKOE, TO COIO3HOE YypaBHEHHE COBIAJACT C
HCXO/IHBIM.

Hapsny c ypaBHeHuem  y(x) = /”tjiK (x,s)y(s)ds+ f(x) wumm, B omepaTopHoil (opme
y=AAy+ f, Oynem paccMaTpuBaTh COIi)3HOC C HUM MHTErpajbHOE ypaBHEHUE
b
w(x) =2 [ K (x.5)p(s)ds +g(x)
(B omepatopHoii popme < w=AAy+g )? g(x) - HenpepbIBHAS QYHKITHS.

Chopmynupyem 4 meopemovt @peozonbma.
Teopema 1. OnHOpOAHOE ypaBHEHUE

b
(1) P(x) = A[K(x,5)p(s)ds =0
1 COIO3HOC C HUM OJHOPOJHOC YPAaBHCHHC
b
@ w ()= 2K (x.5)p(s)ds =0

*
(K (x, s)=K(s, x)) npu mo00M UKCUPOBAHHOM A HMEIOT JIMOO TOJBKO TPUBHUAIBHBIC PEIICHUS,
1100 OJMHAKOBOE KOHEYHOE YUCIIO JMHENHHO HE3aBUCUMBIX PELIEHUI: @),....,0, 5 W .../, .

B kypce gnekuuii Teopema Oblla JoKa3zaHa ISl MHTETPAIBbHBIX ypaBHEHUH C

BBIPOXK/IEHHBIMU U CUMMETPUYECKUMU SAPAMHU.
Teopema 2. [lns pa3peminMOCTA HEOAHOPOAHOTO YPaBHEHUS

3) 0(x)~ A [K (x,5) p(s)ds = £ (x)

HEOOXOJUMO M JIOCTATOYHO, uTOOBI f(x)ObLIa OpPTOrOHAJbHA BCEM JIMHEWHO HE3aBHCHUMBIM
pELIEHUsIM OJHOPOJHOIO COrO3HOro ypasHeHus (2) (f(x)Ly,,y,,..,yv,, ecu A -

XapaKTePUCTHUECKOE YUCTIO).

B kypce nekuumii Teopema Obla JoKa3zaHa ISl CIIy4aeB CUMMETPUUYECKUX U BBIPOXKIECHHBIX
anep.

Teopema 3 (anbTepHaTnBa @pearobma).

JIubo HeomHoponHOe ypaBHeHHE (3) paspemMMo TNpu 000 HEOAHOPOIHOCTH -
HenpepeiBHOW (yHKIMu f(x), 7ub0 omHOpoAaHOE ypaBHEeHHE (1) MMeeT HETpUBUATHHOE
pelieHue.

B kypce nekuumii Teopema Obla JoKa3zaHa Uil CIIy4aeB CUMMETPUUYECKUX U BBIPOKIECHHBIX
anep.

Teopema 4. MHOXECTBO XapaKTEPUCTHYECKUX YHCEN OTHOPOAHOTO ypaBHEeHHsS (1) He
0oJee, 4eM CYETHO, C €IUHCTBEHHOW BO3ZMOKHOM MPEIEIbHON TOYKOM 0 .
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DTOT pe3ynabTaT CIpaBeIMB JUIs JHOOOTO BIIOJIHE HENMPEpPBIBHOTO omepaTopa. B kypce
JIEKUMHA OH OBLI MOJy4YeH JUIs BIOJIHE HEMPEPBHIBHBIX CAMOCONPSIKEHHBIX ONEpPAaTopoB M, TEM
caMbIM, JIOKa3aH [UIsl cCiy4yas CHUMMETpUYECKHX siaep. JJis HMHTerpanbHBIX ONEpaTopoB C
BBIPOXK/IEHHBIMHU SIJIpAMH PE3YJIbTAT TPUBUAJICH.
3ameuanue. B xypce nekuuit Teopembl @DpearonbMa OBLIM JIOKa3aHBl A ypaBHEHHUH C
CUMMETPUYECKUMHU HENPEPBIBHBIMU AJIpaMH M yYPaBHEHUHN C HEMPEPHIBHBIMU BBIPOKICHHBIMU
sapamu. OHH CHIPaBEUIUBBI U JIJIS OOIIEro ciaydas MPOU3BOJILHOTO HEMPEPBIBHOTO sI/Ipa, TaK Kak
HMMEET MECTO CleAYIoIas

Teopema. lnterpansnoe ypaBHenue ®penronasma 2 pogay = A Ay + f ¢ HEBBIPOKIAECHHBIM

AAPOM IIpH (bI/IKCI/IpOBaHHOM A MOXHO 3aMEHHUTb SKBHBAJICHTHBIM HHTCIPpAJIbHBIM YPABHCHHUEM C
BBIPOXKICHHBIM SAAPOM.

OmuimeM mponenypy pelieHuss HeOJHOPOJHOTO MHTErpalIbHOrO ypaBHeHUs Ppenrompma
b
y(x)=4 '[ K(x,s)y(s)ds+ f(x)=AAy+ f B ciaydasx BBIPOXKIEHHOIO siipa U CUMMETPHYHOTO

anpa.
Hamomuum, dro sapo K(x,s) uHTErpaJibHOro omeparopa ®pearosbma Ha3bIBaCTCS

BBIDOXKJIGHHBIM, €CJIM OHO TIpencTaBuMo B Buae K(x,s)= Za ()b, (s), tme dynkuun
j=1
a;(x), b,(s), j=L2,.,n HenpepsBHbI 0 CBOMM aprymeHtam Ha [a,b]. He orpannumsas

OOIIIHOCTH, MOYKHO CUUTaTh, 4TO d,(X),...,a,(X) — JHUHEHHO He3aBUCUMBI, U b, (S),...,D, () —
TaKXe JTMHEWHO HE3aBUCHMBI.

b
Paccmorpum  ypaBHenusi @penromema 2 poma y(x) = in (x,8)y(s)ds+ f(x) ¢

BBIPOXKJEHHBIM  SIIPOM K(x,s)= Za_/ (x)b,(s), rie  f(x) — 3agaHHas HEMpepbIBHAS
Jj=1

byHKLHSA.
b n
O6o3Haune ¢, = J-bj (s)y(s)ds, Oymem uMeThH y(x)=4 Z c;a,(x)+f(x). M
a Jj=1

HaXOXKJCHUs ¢,  TOJIYyYMM  OKBHMBAICHTHYIO  CHCTEMY  aireOpanyeckux  ypaBHEHUH

b n b b n
cl.:Iy(x)bi(x)dx:ﬂZCjjaj(x)bl.(x)dx+If(x)bi(x)dx, win ¢, -AY k¢, =f, i=l..n.
a J=1 a a j=1

ky f;
1-Ak, -4k, .. -4k,
. Ak, 1-4k, .. -1k,
O0603HaYMM OMpeenuTeNb 3TOM cucTeMbl  D(A) =
Ak, ik, .. 1-Ak,

Teopema. Eciu A He sBisercss xapakTepucTudeckum uuciaoM (t.e. D(A)#0), To

MHTErpajbHOE ypaBHeHue dpenarosbMa 2 poAa MMEET peLICHHE NpU 000 HempepbIBHON
HEOJTHOPOJAHOCTH f(X), IpHUYEM 3TO pElICHHE SAUHCTBEHHO I KOKIoW QyHKIUU f(X).

Pemenue anreOpanyeckoid CHCTEMBI IJIst ¢, B OTOM CIIy4ae MOXKET OBITH HalJEeHO,

Hanpumep, o ¢gopmynam Kpamepa: c, :ﬁ D, (A1) f,, rme D, (A)- anredbpanueckue
k=1
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JononHeHus i-ro crondbua onpeaenurenst D(A) (D(A) u D, (A1) Ha3bIBatOTCS OUPEACAUTEIIAMU

®penronpma). [oacrasnsst ¢; B popmyny y(x) =4 Z ¢; a,(x)+ f(x), momyuum
j=1

() = f(x)+ ZM ZD,M) a,(x) [ £(5)by(s)ds.

wm - y(x) = f(x)+/1j R(x,s,2) f(s)ds, rtme R(x,s,A)= D(/I) ZZ D, (A) a(x) b.(s) -

PE30JIbBEHTA HHTETPAJIBHOTO OIlepaTopa.

Tenepp paccMoTpuM HHTErpanbHoe YypaBHeHHe Ppenaronsma 2-ro poja B cllydae
CUMMETPUYECKOTO sJIpa.
Ilycts sigpo K(x,s) HENpepbIBHO MO COBOKYIHOCTH MEPEMEHHBIX, CHUMMETPUYECKOE U

K(x,s)#0; A - BemecTtBeHHOe uucio; f(x)- 3amaHHas HempepbiBHas ¢yHkuus. Ilycth
|/11|S|22|£...£|/1n|£... - TOCJIEJOBAaTEIbHOCTh XapaKTEPUCTHUECKUX YUCENl HHTErPajlbHOIO
oneparopa, KOTOPbIM COOTBETCTBYET OPTOHOPMMpPOBAHHAs CHCTEMa COOCTBEHHBIX (DyHKIIHI
@1y Py ey @, ... (KAXKIOE XAPAKTEPUCTUUECKOE UKCIIO MOBTOPSETCS B 3TOU MOCIEI0BATEILHOCTU

CTOJIBKO a3, KakoBa €ro KpaTHoCTh!!!).
Bo3MoxHBI 1Ba ciryvasi:
a) A+ ik , k=12,. Torna pemeHHe MOXHO 3alucatb B CIEAYIOIIEM BHJIE

o, (x), tne  f, = j f($)p,(s)ds - xoapduunentsr Oypbe QyHKIHH

f(x) Mo OpTOHOPMHUPOBAHHOM cHCTEME CO6CTB€HHLIX byHkUMi @), 0, ,.... @, ... , UWIH

Y(@) = f(x)+ A {Z #:(x) m‘”j f(s)ds=f(x)+A j R(x,5,4) f(s)ds ,

k=1 k

R(x,s,4)

rae R(x,s,4) = Z (%) ¢.(5) - pE30JIbBEHTA HHTETpaIbHOIO oneparopa dpenroapma.

k=1 ﬂk _2«
0) A=4,, rae A, - XapaKTepUCTHYECKOE YMCIO HHTErPaJbHOrO OIeparopa, MMeEIoLlee
KpaTHOCTb 7, T.e. €My OTBEYaloT 7 OPTOHOPMHUPOBAHHBIX COOCTBEHHBIX (yHKLIMI
@, (%) 5oy @, ,(x). BoaTOM cityuae perieHre He €AMHCTBEHHO U onpeaesnsercss GopMyioit
00 2ﬂ
y(x) = f(x) + z ¢k (x) + cko ¢ko (x) +...t cko+r—1 ¢k0+r—1 (x) ’
o A=A
k#k,
k¢“1€0+r—1
e Cuy 5+++5> Cpoip_1 - IPOU3BOJIHBIE KOHCTAHTBI, IMPUYEM pEIIEHHE CYLIECTBYET IpU
YCIIOBUM OpPTOrOHANBHOCTH  f(X) BCeM COOCTBEHHBIM (QYHKIUAM @, (X) ,..., @, ., (X),

COOTBETCTBYIOLIUM XaPAKTEPUCTUUECKOMY HYUCIY A, . BeCKOHEeuHbl psij, 3aUCaHHbII B JaHHOM

BBIPQXKEHHUH, CXOTUTCS a0COIFOTHO ¥ PABHOMEPHO.

3aMeTUM, YTO pEeUIeHHs] OTIMYAIOTCS OJIHO OT APYyroro Ha (YHKUWHU, SBISIOIIKAECS
anemeHTamu Ker (I —AA) (Hynb-tipocTpaHncTBa) onepatopa [ —AA.

Teopema. A) Eciu omHopomHoe ypaBHeHue ®pearonbma 2-ro pojaa ¢ HEMPEPHIBHBIM
CUMMETPUUYECKUM SIIPOM UMEET TOJIBKO TpUBHAlbHOE pemeHue (T.e. A#A,, k=L2,.), 10
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HEOJHOPOJHOE YpaBHEHHE MMEET €IMHCTBEHHOE PELICHHE JJIs JII00OH HeNpephlBHON (ByHKIMH
S().

b) Ecnu ’xe OIHOPOAHOE ypaBHEHUE HMEET HETpUBHAIbHbIE pemieHus (T.e. A=4, —
COBIIQIA€T C OJIHUM U3 XapaKTEPHUCTUUECKUX YHCEN), TO HEOJHOPOAHOE YpaBHEHUE Pa3pelIuMo B
TOM M TOJIBKO TOM CJIydae, KOTJa HEOJHOPOJHOCTh — HempepbiBHas ¢GyHkmus f(x) —

OpPTOTOHAJIbHA BCEM COOCTBEHHBIM (PYHKIIUSM, COOTBETCTBYIOIIMM JaHHOMY A (OpTOroHaJIbHA
BCEM PEILEHUSIM OJHOPOIHOTO YPaBHEHHUS).

B) B nocnegnem ciydae, eciii pelieHue ecTh, TO OHO HE €JMHCTBEHHO.

Teopema. (AnbrepnatuBa ®@penroiabma JUisi HHTErpalbHbIX ypaBHeHu @pearosnbma 2-ro
polia ¢ CHMMETPUYECKUMU SAPAMHU):

JInbo HeoAHOPOAHOE YpaBHEHHE HMMEET pELICHHE IpH J000H HENmpepbIBHOW (GYHKUIUHU
f(x), mu0o0 ogHOPOIHOE ypaBHEHNE UMEET HETPUBHUAIBHOE PEIICHHE.

IIpumepsbl pemenust 3aaa4

Ilpumep 6.1. Tloka3zaTp, 4TO XapaKTEPUCTUUYECKHUE YUCIIA OJHOPOAHOTO ypaBHeHUs: Dpenronbma

1
y(x)= /1! (s> +sx)y(s)ds ¥ COOTBETCTBYIONIETO OJHOPOJHOTO  COIO3HOTO  YPABHEHHMS
-1

1

z(x)=A4 I (x* +5x)z(s)ds COBIANAIOT, ¥ NIPH STHX A yKa3aHHBIC YPABHEHMS UMEIOT OJHHAKOBOE
-1

YUCJIO JIMHEMHO HE3aBUCUMBIX PEIICHUM.

1 1 1 1
Pewenue. O0603HaYUM Iszy(s) ds=a,, Isy(s) ds=a,, J-Z(S) ds =b, Isz(s) ds=b,. Torma
-1 -1 -1 -1
pellleHUs yKa3aHHbIX ypaBHEHWH npumyT Bun y(x)=Aa, +da,x, z(x)=Abx’ +Abx, u 1is
onpeneaeHuss KodOPHUITUEHTOB TOTYIUM

1 1
a, =/1_[s2(a1 +a,s)ds :%al , a, =/1js(a1 +a,s)ds :%az,
-1 -1

1 1
b =A[(bs" +b,s)ds = %bl , by =A[s(bs> +b,s)ds :%bz.
-1 0

Urak, npu /I;t%HMeeM a=a,=0 = y(x)=0, 5,=b=0 = z(x)=0; npu /1:%

a,, a,, b, b, ocrarorcst mpou3BoJbHbIMU. IloaTOMY /1:5 ABIISIETCSA XapaKTEPUCTUYECKUM

YHUCIIOM ISl O0OMX paccMaTpUBaeMble YPAaBHEHUH, W TMPHU 3TOM A OHU UMEIOT MO JIBa TUHEHHO
HE3aBUCHMBIX pemtenus: y,(x)=1, y,(x)=x u z(x)=x, z,(x)=x".
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Ilpumep 6.2. Jnst kaxmoro A HWCCIeOBaTh Pa3peliMMOCTh M MOCTPOUTH PEIICHUE
HEOJIHOPOAHOIrO ypaBHeHMsT Ppenronbma 2-ro poja € BBIPOKIECHHBIM HECUMMETPUYECKUM

1
aapoM  y(x) = /1J- (s> —sx)y(s)ds +x°.
-1

1

Pewenue. PaccMOTpUM COOTBETCTBYIOIIEE OAHOPOJHOE ypaBHeHHE y(x)=A I (s> —sx)y(s)ds .

-1
1

1
O603HaYUM I s’y(s)ds =a, , I s y(s)ds = a, , TOrga peueHue ero uMeer Bua y(x) = Aaq, —Aa,x,
-1 -1

1 1
rie alzijsz(al—azs)ds:%al, azzﬂj-s(al—azs)ds=—%az. Wrak, mpu ﬂii%
-1

-1
a,=a, =0, 0IHOPOJHOE ypaBHEHHE MMEET TOJbKO TPUBUAIBHOE PELICHUE, & 3HAYUT UCXOIHOE
HEOJIHOPOJHOE YpaBHEHHE UMEET €IMHCTBEHHOE pPEIICHHUE.

3
ITpu A= iE (XapaKTepUCTHUYECKUE YUCIIA) OJTHOPOIHOE YPaBHEHNE UMEET HETPUBHAIIbHBIE

3 3
peuieHus: ecnu A = +E ,T0 ¥,(x)=C,ecnmu A= —5 T0 y,(x)=Cx. IlosTOMy, Ul yKa3aHHBIX

3HaUYeHUH A BOMPOC O Pa3peImIMMOCTH HEOJHOPOJHOTO YPAaBHEHHS CBOJIUTCS K TPOBEPKE
OPTOrOHANBHOCTH (YHKIMH f(X)=Xx COOCTBEHHBIM (YHKIHAM OJHOPOJHOTO COI3HOTO

1
ypaBHeHus z(x)=A .[ (x> —sx)z(s)ds .
-1

Haiinem coOcTtBeHHBIE (DYHKIIMM OJHOPOJHOTO COIO3HOTO ypaBHEeHHs.  OO003HAUUM
1 1

jz(s) ds=b,, js z(s)ds=b,, Torna pemenue ero umeer Bun z(x)=Abx’—Ab,x, THE
-1 -1

24 24

1 1
beﬂ_jl(blsz—bzs)ds:Tbl, b2=/1£S(b1s2—b2s)ds:—Tb2.

3
[Tpu /1:+E nonysaem b, =0, b - mnpousBoibHO, OTkyma z,(x)=Cx’ wu

1 1
3 2
j f(x)-z,(x)dx=C I X -x"dx =0, T.e. ucciemyeMmoe ypaBHEHHE Pa3peIIiMO U PEIIEHUE €ro He
-1 -1
CAMHCTBCHHO,

mpu A= —% umeeM b =0, b, - nOpousBoIbHO, OTKyaa 2z, (x)=Cx u

1 1

J- f(x)-z,(x)dx=C j x -xdx#0, T.e. y HCCIEAYEMOT0 HEOJHOPOJHOIO yPABHEHHS pEIIeHHUI
-1 -1

HeT.

1
UtoObl  pemuTh  ypaBHeHUs — y(x)=A4 I (s —sx)y(s)ds+x°  cHOBa  0003HAYNM
-1

1 1
jsz y(s)ds=a,, I s y(s)ds = a, , TOr1a pelleHre MPeACTaBUMO B BUlE y(x) = Aa, — Aa,x + X,
-1 -1

1 1
rae a, = jsz(/lal —/1a25+s3)d52%a1 , y = Is(/lal —2a2s+s3)d52—%a2 +%.
-1

-1
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3 2 .
Ipu A= _E umeeM q,=0, 0-a,= g , CIIEIOBAaTeIbHO, PEIICHUI HET, KaKk U ObLIO
YCTaHOBJIEHO pPaHee;

, a=C - Tpou3BOJbHAS IOCTOSHHASA, IIOITOMY

pu /1—+i MOIYYAM a—l
P 5 yq 2775

3

y(x)=C +Ex+ x’, T.e. pelleHHe He EIMHCTBEHHO, M OINpeeNsercsi C TOYHOCTHIO JIO
. . 3

cobcTBeHHOM QyHKIMHU siapa y,(x) = C, orBeyaromeit A = +E.

3 o
Ecrm A#+—, 10 0, =0, a, =—————, ¥ €IUHCTBCHHOE pELICHUE JaeTcs (opMyon
2 53+24)

6x 3

YO=55000 "

Ilpumep 6.3.  TlocTpouTs pe3onbBeHTy ypaBHeHust Openroaprma

y(x) = /I.T sin(x+s) y(s)ds+ f(x)

a) BBIUMCIIUB ompeaenuTenu Opearonbpma;

0) B BUJIC PA3JIOKEHUS 110 COOCTBEHHBIM (DYHKIIUSM OAHOPOJHOTO YPaBHEHS.

Pewenue.

a) Anpo wuccnemyemoro omeparopa K(x,s)=sin(x+s)=sinxcoss+cosxsins sBISETCA

BBIPOKAECHHBIM. O003HauUM ¢,(x) =sinx, a,(x)=cosx, b(s)=coss, b,(s)=sins u Hailnem
b
3JIeMeHTHI onpezenureneii Gpenronsma k; = .[ a;(x)b,(x)dx:

a

ky, = [ a,(x)b,(x)dx = [sinxcosxdx =0, klz:Iaz(x)bl(x)dx:Icosxcosxdx:%,
0

0

a,(x)b, (x)dx = sinxsinxdx:%, ky, :jaz(x)bz(x)dx:Icosxsinxdx:O.
0

0

SN oty

kZ

I
!

Beruncnum onpepenurenu @pearonsma: D, (A)=1, D,(1)=D, (1) = ﬂ%, D,,(1)=1,

1-Ak, -Aik, .. -4k, ju
1 -A— 2
Ak, 1-4k, .. =1k
D(A) = 21 2 | _ 2 =1—(l%) ‘
%
Ak, Ak, .. 1-1k, 2
Hckomast pe3oibBeHTa  R(x,s,A4) —% D,.(A) a,(x) b,(s) B cinyuae D(A)#0,
i=l k=1
2 1 2 2
T.e. A#+—, mpumer Bux R(x,s,4) = W ZZ D, (A) a(x) b, (s)=
T i=1 k=1

: T T : : T
1-s1nxc0ss+/15~s1nxs1ns+/15-cosxcoss+1-cosxs1ns s1n(x+s)+15cos(x—s)
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0) XapakTepuCTUUYECKUE YHCIa M COOCTBEHHbIE (DYHKIMH OIHOPOAHOTO YpaBHEHHS

[ 2
y(x) = /1J- sin(x+s) y(s)ds Obumn nomydeHs! B mpumepe 3.8: A =— U HOPMUPOBaHHas
/4
I . 2
coOcTBeHHass QyHKIUS Y, (x) = T(smx +cosx), A, =—— U HOpPMHUpPOBaHHas COOCTBEHHas
V4 T

1 .
byHkuus yz(x)=T(51nx—cosx). [MoncraBnsas ux B GopMyiay Al pe30JbBEHTHI B Cilydae
T

CUMMCTPHYECKOIO HEMPEPBIBHOT'O sapa R(x,s,1)= z % > HUMeeM
k=1 %
: P 3
1 (sm X +cos x)(sin s +cos s) 1 (sinx —cos x) (sin s —cos s) sin(x+5)+ 2 cos(x =)
R(x,s,A)= > > = 5
L) i —22 1_( 1 ”j
Vg Vg 2

3aMeTM, 4YTO 3TOT JKE€ PEe3yabTaT ObUI TOJYyYeH paHee METOJOM I0CIEJOBATEIbHBIX
npubmmxenuit uis "manoro" A (cm. mpumep 4.7).

| .
Ilpumep 6.4. Peumuts ypaBHenue y(x)=— .[ (sm xsins + s) y(s)ds +sin2x.
7Z- =T

Pewenue.  O603HAUUM .[ sins y(s)ds =C,, .[ sy(s)ds =C,, Torga pelieHue HOPUMET BUJ

- -

1 . . .
y(x) =—(C;sinx+C,) +sin 2x. [loctosiuubie C;, C, MOTyT OBITh HallIeHbI U3 CUCTEMBbI
Vg

C = J'sms (—sms+%+sm2s)ds—C

C, = J-S'(Qsins+£+sin2s)dsz2q —x
el V.4 T

Hrax, C,=C - ocraerca mnpousBoiapHeiM, C,=2C-r, U HMCKOMOE pEIICHUE

. C .
onpeensieTcss HeOAHO3HAYHO: Y(x) =sin2x—1+—(sinx+2).
T

1
3ameuanue. B paccmaTpuBaeMoM ciy4yae A =-— COBNAJaeT C XapaKTEPUCTHUYECKHUM YHCIOM
T

T
OJTHOPOJTHOTO YpaBHEHUS )(X) =/1j (sinxsins + s) y(s)ds . [loaToMy perieHue HEOTHOPOIHOTO
-
yYpaBHEHHUs OKa3ajoCh HE EIWHCTBEHHO, W OIPEIeIHIOCh C TOYHOCTBIO JI0 COOCTBEHHOM
(YHKIIMM COOTBETCTBYIOIIETO OJHOPOIHOTO YpPaBHEHHS, OTBEYAIOIIEH XapaKTEPUCTHUECKOMY
quciy A, =l.
V4
HeﬁCTBHTeHBHO, HCIIOJIb3Ysl BBCACHHBIC BBIIIC O603H3.‘-I€HI/I$I, peuieHuce OAHOPOJAHOIO
ypaBHeHus npenctaBuM B Buae y(x) = A(C, sinx+C,). [locrosaubie C,, C, HaiiieM U3 CUCTEMBbI
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C = [ sins-A(Csins +C,)ds = AnC,

-

C(1-A7)=0

x , C2Ar-C,=0
C, = [ s- MG sins+C,)ds = 27AC,

1
HeTpuBHalibHOE pemenue koropoit C, =C, C, =2C cymecTtByer npu A =—.
T

1 = .
Takum oOpazom, A, =— - XapakTepucruueckoe uHcio, a J,(x)=C(sinx+2) -
Vs

OTBEUAIOIINE eMy COOCTBEHHbBIE () YHKITUH.
PexomeHIyeM caMOCTOSITENIbHO HAWTH COOCTBEHHBIE (DYHKIIMHM OJXHOPOJHOTO COFO3HOTO

15, . .

ypaBHeHus1  z(x)=— J- (smxsm s+ x) z(s)ds w yOemuTbCs B  BBIIIOJIHEHUU  YCJIOBHUS
72- /2

pa3pemuMoCTH, T.€. OPTOTOHAJIBHOCTH HEOAHOPOAHOCTH f(x)=sin2x BCEM COOCTBEHHBIM

(GYHKLIHSAM OJHOPOJHOTO COIO3HOTO YpPaBHEHHS, OTBEYAIOIIMM XapaKTEPHUCTUYECKOMY YHUCIY

L
T

1
Ilpumep 6.5. Pemnute ypaBHeHue y(x)= ZI\/E y(s)ds+x.
0

1
Pewenue. O603HaunUM Czjﬁy(s)ds, TOT/Ia pEIIeHUE, €CIIM OHO CYIIECTBYET, MOXHO
0

3anucath B Buse y(x)=2C Jx + x. Hoxcrasmss oto BbIp@)XEHHUE B MpPebIAyIlyo GopMyily, Ui

1
2
onpezaeneHuss nocrosHHo C monyuuMm ypaBHeHue C = J-\/E . (2Cx/§ +5)ds =C+ 3 KOTOpOE
0

pewennii  He wumeeT. IloaTomMy wHccinegyemoe UHTerpaibHOe ypaBHeHHe Dpearosbma

1
y(x)= ZIM y(8)ds + x pemeHni Takke HE UMEET.
0

3ameuanue. JNEMEHTAPHO YCTAHABIUBACTCS, UTO A, =2 SBJISIETCS XapaKTEPUCTHUECKUM YHUCIIOM

1
OJTHOPOJHOTO ypaBHeHus @Dpearonbma y(x)=lj\/; y(s)ds ¢ coOCTBEHHOW (yHKIHEH
0

Vo (x)= C/x . Tak kax AP0 CUMMETPHUUYECKOE, TO A, =2 SBISAETCSA TaKKe XapaKTePUCTHUECKUM

YHCJIOM OJJHOPOJHOIO COIO3HOIO YpPaBHEHUS C TOH ke coOCTBeHHOM pyHkuuei z,(x)=C Jx.
B paccmarpuBaemom ciaydae umeeM A =2 =4, T.. A COBIAJACT C XapaKTEPUCTHUECKUM

YHUCJIOM OJHOPOJHOIO ypaBHeHus. IIpu 3TOM ycioBuE pa3pemiuMOCTH (OPTOrOHAIBHOCTh
HEOJHOPOAHOCTU f(X)=X BCeM COOCTBEHHBIM (DYHKIHSIM OJTHOPOJHOTO COIO3HOTO YpaBHEHMS)
HC BBIIIOJIHCHO.
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IIpumep 6.6. PaccMoTpuM HeoHOpoiHOE ypaBHEHHE Ppenroapma

y(x)=41 .[ K(x,s)y(s)ds+ f(x) ¢ cCUMMETpUYECKUM HEMPEPHIBHBIM (HEBBIPOKICHHBIM) SIPOM
0

x(I-s), 0<x<s
K(x,s)= , x,se[O;l] .
s(I-x), s<x<I1
1) Opu A=A, rne A =n'm" (neN) - coOCTBEHHbIE 3HAUEHHS HCCIIETYEMOTO

HWHTErpaJibHOTO omepatopa @Ppenrospma (cM. mpumep 7.7), TOCTPOUTH PE30JbBEHTY
MHTErPAJIbHOTO ONlepaTopa M 3alucarh perieHnue HEOTHOPOHOTO YPABHEHHUS.

2)  HccnenoBaTh pa3pelinMOCTbh YpaBHEHUS MPU PA3IMYHBIX 3HAYEHUSX A W HAWTH pelIeHue,
€CJIM OHO CYILIECTBYET, B CIICAYIOLIUX CIIydasiX:

a) f(x)=sin27zx;

0) f(x)=x.
Pewenue. 1) Ecmu A # 4, =n’z2" (neN), To HCHOJIB3ys MOCTPOEHHYIO B TIpuMepe 7.7

OPTOHOPMHMPOBAHHYIO CUCTEMY @, (X) = 2 sinznx , 3aIMILIEM COOTBETCTBYIOIIYIO (OPMYITY
JUIS PE30JIbBEHTHI MHTErPaJIbHOTO OIlepaTopa d)pe;[ronLMa C CUMMETPHYECKHUM $JIPOM

@, (x) @, (s) J2 sin znx -2 sin zs
R(x,s,A) = n n _
( ) ; A=A ,,Z‘ nt -4
Torna pemenue HCOI[HOpOI[HOFO YPaBHEHHS TPUMET BI/II[

y(x) = f(x)+/1jR(xs A) f(s)ds = f (x)mjzzw f(s)ds.

MeHsisl OpAI0K CYMMHMPOBAaHUS W WHTETPUPOBAHUS B MOCIEIHEH (opmyne, NOIyduM
pelIeHre B BHJE PA3JIOKEHUS B PsJl MO COOCTBEHHBIM (DYHKIMSM HMHTErPabHOIO OIepaTopa
®penrosabma ¢ CI/IMMeTpI/I‘-IeCKI/IM H,Z[pOM

Y(x) = f(x)+/12M j J2 sinzns - f(s)ds = f(x)+/12 Jo- ﬁsm ’; o
rje f, = 2jsin zns- f(s)ds - xo3pdumuentet  Dyppe MO  COOTBETCTBYIOIIEH
OPTOHOPMHMPOBAHHOM cUcTeMe @, (Xx) = V2 sinznx .
2) Ecu A#A4 =n7n" (neN), To HEOIHOPOAHOE ypaBHEHHE PAa3PElIMMO MpH JTH060i

HenpepeiBHOW (QyHKmuu  f(x). Mcnonmp3ys mOJNy4eHHbIE BbIEe (QOPMYIbl W BBIYHCISS
COOTBETCTBYIOLIME I/IHTeraHLI AMEEM:

. )
a) y(x)=sin27x+1 j g 3 SINTAX SINTAS o2 ms dis = sin 2 + AP _ 47 Sind7x
0 o rn =24 4 -1 47° -2
l o 1\l o
0) J/(x):x+/1j2 Slnﬂ'lz’lszlnﬂ'nS sds=x+2A (=D 2812n7mx.
0 n=l1 wn —/1 o 72'11(72'}1 —ﬂ,)

Ecnim ke 3neN Takoe, uto A=A, =n’z’, Te. A CcOBHANAET C OJHUM W3

XapaKTEepPUCTUYECKUX YHCEI, TO OTBET Ha BONPOC O PA3pEIIMMOCTH YPABHEHUS 3aBUCUT OT
KOHKpETHOTro Buja QyHKIMH f(X).

B ciydae 6) pemlenue He CyHecTBYeT HM npu kakux A=A =n'zm’ (neN), Tak Kak

f(x)=x mnpu moOoM #n HE OpPTOrOHaJIbHA COOTBETCTBYIOLIEH COOCTBEHHON (QYHKIUU
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@, (x) = V2 sinznx OJTHOPOJHOTO COIO3HOTO YypaBHEHUS (AP0 CHUMMETPUYHO, MOITOMY
OJIHOPOJIHOE COIO3HOE YPaBHEHHE COBMAIACT ¢ UccaeayeMbiM rmpu [ (x)=0).

B cnydae a) HE0OX0aMMO pacCMOTPETH JBa BapUaHTA.

[pu A =47° pelleHue He CYIIECTBYET, TaK KaK HEOJHOPOAHOCTh f(x)=sin2zx He
OpPTOrOHaJIbHa COOCTBEHHON (QYHKIUHU @,(X) = V2 sin27zx OJIHOPOJIHOTO COIO3HOTO ypaBHEHHS,
OTBEYAIOLIEH 3aJaHHOMY 3HAa4eHUI0 A = A, =477,

Ipu A=A =n’zn"#4x’ byukuus f(x)=sin27x OpTOroHaJIbHA COOCTBEHHOM (ByHKIUH
@, (x) = V2 sin znx (n#2)  OMHOPOJHOTO  COIO3HOTO  ypaBHEHWUS, OTBEYAOIICH

paccmarpuBaeMomy A =A =n’z’, n#2, T.e. PelEHUE CYIIECTBYET, HO HE EAMHCTBEHHO M

- 2 2
npeAcTaBuMoO B Bune y(x)=sin2zx+rx ln

) Z sin kx sin ks

272 22
k=Lkzn 7T k®—nm'n

A

C - npou3BOJbHAs MOCTOSHHAsA. MeHss MOpsIOK CYMMHUPOBAaHUSI U UHTETPUPOBAHUS, 3aMETUM,
1

YTO BCE CJIaraeMble B CyMMe MPHU k # 2 paBHBI HYJIIO, T.K. J-sin ks -sin2zsdx =0 (k#2).
0

-sin27zsds+ Csinzznx, e

© —y

1
[ToaTOMy, y4YuTBHIBasi dYTO jsin 72s-sin2xs dx =
0

(k=2), OKOHYATENbHO TMOJIYYHM

N | —

n? 4sin27zx

~——+Csinznx, TAe C - IPOU3BOIBHO.

y(x)=sin27zx +————sin2zx+Csin znx =

- —7n 4—n

3agaum AJ1sl CAMOCTOSITEILHOTO peleHust

6.1 IMoctpouts pe3onbBeHTy ypaBHeHUN Dpenronsma 2-ro poja ¢ CAMMETPUYECKUM BBIPOXKACHHBIM SIIPOM

TIpM 3HAYECHUAX A, He COBNANAIOIIMX HU C OJHUM MX XapaKTEPUCTUIECKUX YHCEI:
- uepe3 onpenenutenu dpenronsma;
- B BHJE Pa3JIOKEHHs M0 COOCTBEHHBIM (DYHKLUSIM S/Ipa:

) y<x>=zixs y(s)ds + /()

5 ()= jl(x”) y(s)ds + 1)

0 3= 2] s+ 1),

0 ()= 4] (L cos(r—s)y()ds-+ £ (0):

) y(x) = ,zzf (sin xsin s +sin 2xsin 25)y(s)ds + £ (x).

6.2 HccnenosaTh pa3peluMoCTh IPH PA3THUHBIX 3HAUEHHAX A U PElINTh HHTErpalbHEIE YPABHEHHUS
®penaronpma 2-ro poaa:

a) y(x)= ljx(lJrs) y(s)ds+x;
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6.1

6.2

1

6) v(x)= /ljxy(s)ds—ksin 27x;
? 3

B) y(x) :ﬂj(1+2x)sy(s)ds+l—5x;
0

r) y(x)=A|xsin2zs y(s)ds+x;

n) y(x)=A|arccoss- y(s)ds+ ! =;

1-x

[N Ot O

4
) y(x)z/lj tgs-y(s)ds+ctg x;

4

x) y(x)= /Ijsinxcossy(s)ds +cosx;
0
3) y(x)= /lj cos(x+s5) y(s)ds+1;
01
) y(x)= /lj (14 xs) y(s)ds+sin zx ;
-1
k) y(x)=41 j cos’(x —5) y(s)ds +sin 2x;
1
1 y(x)=4 j (2xs® +5x%s7) y(s)ds + Tx* +3;
-1

(x+1)s,

M) y(x):ﬂjK(x,s)y(s)ds+cos7rx, e K(x,s):{
0 (s+Dx,

OTBeTHI K 3212a4aM

a) R(x,s,A)= xi _ 3xs ;
1_72’ 3—1
3
6) R(x,s,4)= 2A(1+3xs) +23(x+s) ;
3-44
1
R x,S’ﬂ, =
o ) 1-Ax
T) R(X,S’/l) — 1 " COS()C—S) .
n  R(x,s,4)= sin xsin s +sin 2xsin 2s
1-Ax
) 1 /1¢6 (x) [P 7
a )58 — - CAMHCTBCHHOC PCIICHUC = -
p : i ' ¥ 2 6-54
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IN

S<Xx

mpu A = g - pellcHMIA HeT.



0)

1)

e)

3)

u)

K)

M)

[pu A # 2 - enuncreennoe pemenne  Y(X) =Sin 27X ;
mpu A =2 - p(x)=Cx+sin27X - pemenue He eIMHCTBEHHO.

Ipu A # g - enunctBenHoe pemenne  V(x) =1 —%x ;

pu A = g - y(x)=1 —%x +C(1+2Xx) - pelieHye He €AMHCTBEHHO.

27x
A+21°

npu A =—27 - pelucHMiA HeT.

Mpu A #—27 - enuncrsennoe pemenne  Y(Xx) =

2/1 .
_1)’

mpu A =1 - pemenuii ner.

Tpu A # 1 Px) = ey T
pu - €/IMHCTBEHHOE PElICHHE =
e 8
A
[pu scex A € R - equncreennoe pemenne  y(x) = ctg x + B

V7
Hpuscex A € R - equncrpennoe pemenue  y(x) = COS X + 7511’1 X.

2 4sin x
lpu A # +— - enunctsennoe pemenne y(x)=1————; npu A=—— - peuenuii ner;
V4 24+ Ax V4
2 2 .
mpu A=— - y(x)=Ccosx —— sinx+1 - pemenue He eAMHCTBEHHO.
T T
1 3 2 34
pu A #—, A#— - enuncreennoe pemenue Y(X)=sin7x+————X;
2 7 3-22
3 y
mpu A = 5 - pelIeHHif HET;
1 . 3x
mpu A =— - y(x)=C+sin7Xx+—— - pellleHue He eTUHCTBEHHO.
2 2r
1 2 2sin2x
Opu A #—, A#— - enuncrsennoe peuenne Y(X) =——;
z’ V4 2-Ar
2 5 1 )
npu A =— - pemenniiner; mnpu A=— - P(x)=2sin2x+ C - pemenue He eUHCTBEHHO.
T T
1 5 04
Mpu A #—, A#— - enuncreennoe pemenue Y(X) =3+ X+ Txt,
2’ 4 A
1 y
mpu A = 5 - pellcHMIA HeT;
5 50 , 4
npu A = il - y(x)=3+Cx— ?x +7Xx" - pelieHue He €AMHCTBEHHO.
Mpu A#1, A#-n°n" (neN) - emmnctBeHHOC pemenye
l+e e 7z(sinmx+mcoszx
y(x)=cosmx+A = _ > ) ;
l+7° A-1 2(A+77)
mpu A=1, A=-x" - pewenuii ter;
mpu A=-7'n" (n=2,3,4,..) - pelueHue He eAMHCTBEHHO

l+e e 7z(sinzmx+mcosmx)
y(x):coszrxJJ{ > —

> + C(sin 7x + nwcos zx).
l+7° A-1 204+ 77)
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TEMA 7

3aoaua llImypma-/luysunns.
Coocmeennvie 3nauenus u coocmeenHnvle YyHKyuu.
Ceeoenue 3a0auu llImypma-/luyeunia Kk unmezpaibHOMy YPAGHEHUI).

OcHoBHbIE OnpeeIeHUs] U TeopeMbl

Omnepatopom Iltypma-JInyBumis HaseBaeTcs audepeHIHANbHBIA  omepaTop 2-To
nopsiJika Ly:di(p(x)%J—q(x)y, rae kodddummenter p(x), q(x), p(x) yAOBIETBOPSIOT
X X
ycnoBusiM:  p(x) HempepblBHO nuddepenuupyemMas, a g(x) u p(x) HempepsiBHbIE Ha [a,b]
¢bysakuy, npuyeM  p(x) >0, p(x)>0, g(x)=0 (xela,b]).
[locraBum Bompoc: HalTH Takue yuciaa A, MPU KOTOPBIX CYIIECTBYET HETPUBHAIBHOE
pellienue creayromeii kpaesoit 3amaun (o) +a; 20, S+ #0):
{ Ly+Ap(x)y=0
ay(a@)+a,y'(a)=0,  Byb)+p,y(1)=0"
Ota 3a/7a4a Ha3bIBaeTCs KpaeBOW 3ajgauell Ha COOCTBEHHBIE 3HAUYEHUS U COOCTBEHHBIE

dbynkuum nis oneparopa Ltypma-JlnyBumis (cokpamieHHo - 3anada [typma-JInyBusis); ducna
A, TIpU KOTOPBIX CYIIECTBYIOT HETPUBHAIIbHBIE PELICHUS, - COOCTBEHHBIMHM 3HAYCHHUSMH, a

n o

COOTBCTCTBYIOIIHUEC HCTPHBUAJIbHBIC PCIICHUSA - COOCTBEHHBLIMU d)VHKI_II/ISIMI/I.

3ameuanue. BO3MOXHBI U JAPYru€ TUIBI JONOJHUTEIBHBIX YCIOBUH (cM. mpumep 7.5 u
3amaqy 7.3).

O6o3naunm G(x,s) ¢ynkuuio ['puHa kpaeBoit 3a1a4uu
{ Ly=f(x)
ay(@)+a,y'(@)=0,  Byb)+p,y'(b)=0
Oynkuust G(x,s) HeENpepblBHA IO COBOKYIHOCTH AapryMEHTOB M CHMMETPHMYHA, T.€.
G(x,s)=G(s,x); OHa CyIIECTBYET, €CIIM OJJHOPOHAS KpaeBas 3a7ada

{ Ly=0
ay(@)+a,y'(a)=0,  [yb)+p£,y(b)=0
MMeeT TOJIbKO TpuBHAJIbHOE peuieHue, T.e. A =0 He sBISeTCS COOCTBEHHBIM 3HAUYECHUEM
omneparopa L.

[Ipu stux ycnoBusx 3amada lltypma-JInyBusmins mMoxeT ObITh CBEJCHA K DKBUBAJICHTHOU
3aJjaue Ha XapaKTepUCTUUYECKHUE YHCia U COOCTBEHHBIE (DYHKIMH

y(0) =2 G(x.5) p(s) y(s)ds

JUTsl MHTETPAJIBHOTO OTepaTropa ¢ HempepbIBHBIM siapoM G(x,s)p(s). Ecmm p(s)#1, To sapo
WHTETPAIBHOTO ONepaTopa He SIBISETCS cCMMMeTpraecKkuM. OTHAKO PO

K(x,5) =[p(x) G(x,5) Jp(5)

YKC ABJISCTCA HCIIPCPBIBHBIM U CUMMCTPUUCCKUM.
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. . . Ly+Ap(x)y=0
B kypce nekmuii s mepBOM  KpaeBOMl 3amaud JIOKa3aHo
y(a)=0, y(b)=0

cyuiectBoBanue ¢yHkiuu ['puna mpu ycnousix p(x)>0, p(x)>0, ¢(x)=0 wu nomydeHsl

CJIeTYIOINE CBOMCTBA COOCTBEHHBIX 3HAYCHUH M COOCTBEHHBIX (DYHKITUH.
Teopema. 3amaua IlItypma-JInyBwiins SKBUBaJICHTHA 3a/lade Ha XapaKTEPUCTHUECKUE

b
gucia U coOCTBeHHBbIE PYHKIMU @(x) =1 I K(x,s)p(s)ds nas WHTErpaJlbHOTO OIepaTopa C

HEMPEPBIBHBIM CUMMETPUYECKUM 3aMKHYTBIM sfpoM K (x,s)=—./p(x) G(x,s) \/p(s), rIe

P(x) = y(X)/ p(x) -
Teopema. CoOctBeHHble 3HaueHuss A, 3agaun llITypma-JInyBuiuis BelIeCTBEHHBI U

00pa3yroT OECKOHEYHYIO IIOCIIEJ0BATENBHOCTD, IPUYEM A, —> 400 MPU 1 —> ©.

Teopema. Kaxxnoe coOctBenHoe 3HaueHue 3amaun [typma-JInyBusuisi uMeeT KpaTHOCTh
€JIMHUIIA.
Teopema. CoOctBeHHble pyHKIMM V,(X), V,(x) 3anaun LTypma-JInyBuiis, oTBeyaromue

pa3IMYHBIM COOCTBEHHBIM 3HA4Y€HUsIM A, A, , OpPTOrOHalbHBI Ha OTpe3ke [a,b] ¢ Becom p(x),

b
T.C. J- y(x)y,(x)p(x)dx=0 npu A #A4,, u MOryr OBITb HOPMUPOBAHbI C BecoM pP(x):

[yi) peydx=1.

Teopema. (Crekiosa). JlroOas nBaxbl HempepbBHO auddepeHuupyemas Ha OTpe3Ke
[a,b] W yIOOBIETBOPSIOMIAS OJHOPOIHBIM KpAaeBbIM YCIOBHSM Ha €ro KOHIAX (YHKIHA
f(x)mpenacraBuma B BHJEe aOCOJIOTHO M paBHOMEpPHO cxoxsmierocss psaga Dypse 10
OPTOHOPMHPOBAHHOW C BecoM p(x) cucreMe CcoOCTBeHHBIX QyHKmmid 3amaum LlTypma-

JmyBumns: f(x) = i f. v,(x), roe koappunuentsl Oypbe paBHbl f, = I f(x)y, (x)p(x)dx.

n=1
Teopema. CoOcTBeHHbIE 3HAueHUs TNepBOM KkpaeBoil 3amaunm Iltypma-JInyBumis
HIOJIOKUTENbHBI. VIMeeT MecTo cienyromias OLIGHKA CHU3Y JJIsl HaMMEHBIIEro COOCTBEHHOI'O
3HAYCHMUS:

h dy, Y q(x)
= 24 —1j dx > inf B2 >0
A4 I q¥ p( . R

3aMeTHM, YTO TMEPEUUCIICHHBIC PE3YJbTaThl OCTAIOTCS CIPABEJIUBBIMU M JIJISI BTOPOM
KpacBoW 3amauu (TpaHu4HbIC ycioBus umeroT Bua V'(a)=0, y'(b)=0), ecnmu g(x)#0, aus

TpeTbeil  KpaeBOM 3agauM  (rpaHuYHBle  ycnoBus —uMmeoT BHO  V'(a)—~y(a)=0,
V'(D)+h,y(b)=0), ecniu h,, h, — TONOXUTENbHBIC IOCTOSHHbIC, a TAKXKe I CMEIIaHHBIX
KpaeBbIX 33Ja4, KOT/1a JIEBOM KOHIIE 33/1a€TCs YCIOBHE OJJHOTO BUIA, a HA IIPABOM JPYTOTroO.

Heo6xoauMo MOMHUTB, YTO B CiIydae BTOpPOHM KpaeBoil 3agaun npu ¢(x) =0 cymiecTByer
HYJIeBO€ COOCTBEHHOE 3HAUEHUE, a OCTAJIbHbIE COOCTBEHHBIEC 3HAUCHUS T10JIOKUTEIIbHBI.

B HekoTOphIX citydasx 3ajada IOCTPOCHHS IOCIEIOBATEIbHOCTH XapaKTEPUCTUYECKUX
yucel W COOCTBEHHBIX (DYHKIMI HMHTerpajgbHOro omeparopa @dpearoibMa ¢ HENPEPHIBHBIM
HEBBIPOKACHHBIM SJPOM CIIELIUATILHOTO BHa MOXKET OBbITh cBeneHa K 3agade Lltypma-JInyBmis
(mpumepst 7.7 u 7.8)
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IIpumeps! pelieHus 3agay

Ilpumep 7.1. Jloka3aTb, 4TO oOIEpaTop Ly= di( p(x)%j , paccMarpuBaeMblii  Ha
X X

MOAMPOCTPAHCTBE  JBAXKIBl  HempephlBHO  auddepennupyembix  GyHknuii w3 hla,b],
YIOBJIETBOPSIIOIIUX  I'PAaHUYHBIM  YCJIOBHUAM y'(a)=2y(a), y'(b)=0, SIBJISIETCS
CUMMETPUYECKUM.

Pewenue. TpeOyercss nokaszaTh, s JIOOBIX JBYX GyHKumMA y(x), z(x) H3 YKa3aHHOTO
MOAMPOCTPAHCTBA HUMEET MecTOo paBeHCTBO (Ly,z)=(y,Lz), rae CKaJsipHOE MPOU3BEIACHHUE B

b
hla,b] BBeneHO OOBIYHBIM OOpazoM: (y,z) = j y(x)z(x)dx .

PaccMoTpuM mpou3BONIBHBIE JABAXKIBI HEMPEPHIBHO AuddepeHuupyembie Ha [a,b]
byukuun y(x), z(x) takme, uro y'(a)=2y(a), y'(b)=0 u z'(a)=2z(a), z'(b)=0. Torna,
WHTETPUPYS 110 YaCTSIM U yYUTHIBasi TPAHUYHBIC YCIIOBHUS, Oy/IeM UMETh:

(Ly,2) = [[(p(0)y' ()] 2(x)dx = [yl — [ p(x)y'(x) 2/ (x)dx = 2 p(a) y(@)z(a) - [ p(x)y'(x) 2/ (x)dx

b

"= [ ') p()Z' (x)dx = 2 p(a)y(@)z(a) - [ p(x)y'(x) 2 (x)dx

(3, L2) = [ YOU(p(0)' ()] dx = Y[ p=']

CpaBHHBasi TIOJIyYCHHBIC BBIPOKEHHS, 3aKJIIOYaeM, 4YTO Ui JIFOOBIX  JJIEMEHTOB
paccMaTpuBaeMoOro TOJANPOCTPAHCTBA BBIMIONHEHO cooTHomeHue (Ly,z)=(y,Lz), 4to u

TpeOOBAJIOCH JJOKA3aTh.

3ameuanue. W3 TONY4eHHOTO pe3yiabTaTa BBITEKAET, 4YTO BCE COOCTBEHHBIC 3HAYCHUS
cooTBeTcTBYIOIIEH 3anaun [lITypma-JInyBriis BEeeCTBEHHBI.

Ilpumep 7.2. ]Jloka3aThb, 4TO Bce COOCTBEHHbBIC 3HAYEHUs TpeThel KpaeBoil 3amaum IlTypma-
JInyBuist

Y(a)-y(a)=0, y'(b)+3y(b)=0

II0JIOKUTEIIBHBI, €CJM oneparop Ly = %( p(x) %) —q(x)y, npuuem p(x)>0, p(x)>0,

{ Ly+Ap(x)y =0

q(x)=20 x¢€la,b].

Pewenue.  3amerum, 4TO BCEe COOCTBEHHBIE 3HAUEHHUS - BEILECTBEHHBI. JTO CIEAyeT U3
CUMMETPUYHOCTH OIIEpaTopa IpH 3aJaHHBIX TPAHUYHBIX YCIOBHUSAX, KOTOpask MOXKET OBITh
YCTaHOBJICHA aHAJIOTUYHO npumepy 7.1.

ITycte A - coOCTBEeHHOE 3HAYEHHUE 3a4au, a y(x)#0 - COOTBETCTBYIOIIAs COOCTBEHHAS

byHkus, T.€. y(x) SBISETCAd pElIeHUEM ypaBHEHUs di( p(x) %) —q(x)y+p(x)y=0.
X X

YMHOXUM 3TO ypaBHEHHE Ha V(X) MW MPOMHTEIPUPYEM IO OTPE3Ky [a,b] (mepBoe ciaraemoe B
JIeBOM 4acTH (OPMYJIbl HHTETPUPYETCS IO YACTSIM):

[Py T =g(x)y) yx)dx = pGo)y'y], = [ Py () dx— [ q(x)y* (x) dx = =2 p(x)y* (x) dx.

a
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YuuteiBas rpaHuunsie yciaoBus  y'(a) = y(a), y'(b)=-3y(b), wu T0, uro y(x)#0,
MOJTyYHM

A[ p(x)y* (x)dx = p(B)3y’ (B)+ p(@)y” (@) + [ p(x)y” (x)dx+ [ g(x)y* (x) dx.

>0 =0
>0, m.x. p(x)>0 >0, ecau y(x)#const >0

=0, eciu y(x)=const
Ecmn y(x)# const , To mpaBasi 4acTh PaBEHCTBA IOJOKUTEIbHA, clieoBaTenbHO A >0

€CIIH JK€ CYUTaTh Y(X)= const , TO U3 TPAaHUYHBIX YCIOBHH cieayeT y(x) =0, 94To MPOTUBOPEUUT
CHIeJIaHHOMY BBIIIE Ipenonoxenuto. Mrak, 4 >0, 4ro u TpedoBanoCh.

Ilpumep 7.3.  Haiitu coOCTBeHHBIC 3HAUeHUS W COOCTBeHHBIC GyHKIMH 3amadu LlTypwma-
JInyBuiis

{ V'+Ay=0

y'(0)=0, y(N=0"

Pewenue. B paccmarpuBaemom ciydae umeeM p(x)=1>0, p(x)=1>0, ¢g(x)=0 xe[0,/],
MO3TOMY MOXHO, JCUCTBYs Kak B MpuMepe 7.2, YCTaHOBHTH, YTO BCE COOCTBCHHBIC 3HAYCHUS
JEHCTBUTEIBHBI, IPHYEM OHO U3 HUX A, =0, a OCTaIbHBIC - IOJOKUTEIHHBI.

B ciysae A=4,=0 umeem y(x)=Cx+C, u, yuyuTblBas TpPaHUYHbBIC YCIIOBMUS,
noayyaeM y,(x)=C.

[Tycth A>0, TorJa o01ee pelieHue ypaBHEHHS uMeeT BUJI
y(x)=C, sin Jax+ C, cos Jax.
JononHurenbHblie ycnosus nmaiot  )'(0)=0 = C, =0, y'(Hh)=0 = CZ\/Z sinv Al =0,

OTKYyIa oJjryqyacm sin Y, Al=0. CHGI[OB&TGHBHO, HCKOMBIC COOCTBEHHBIE 3HA4YCHUA

2
n n
A = (Tj , n=1,2,3..., a oTBeyaromye UM coocTBeHHbIe PyHKIMU Y, (x)=C cosTx.

n

Ilpumep 7.4. Haiit cOOCTBEHHBIE 3HaYEHUS U COOCTBEHHBIC PyHKIMH 3ana4uu [ITypma-
JInyBuiist

Y'+dy=0
{y'(O) -y(0)=0, y(1)=0
Pewenue. Taxk xak p(x)=1>0, p(x)=1>0, ¢g(x)=0 x€[0,/]], TO Bce cOOCTBEHHBIC
3HAYCHUS JCUCTBUTEILHBI U MOJIOKUTCIIBHBI.
OOwiee pemenue ypaBHeHHs umeeT BUI y(x) = C, sin Jax+ C, cos JAx , W W3 TPAaHUYHBIX
yCIIOBUI  BBITEKAET V'(0)—y(0)= 01\/7 -C, =0, y(H)=C sinv/4 + C, cos J2=0.

HerpuBuanbHoe pelieHne 3Toil CUCTEMBI, T.€. Cf + C22 # (), cymecTByeT, eciu

A -1
V2 _ (TcosyT+sindI—0. 450,
sin\/z cos\/z

HOBTOMy A OIPCACIIACTCA U3 TPAHCHUCHACHTHOTO YPABHCHHA tg VA = —\/ﬂ, , IOJIOXHUTCIBbHBIC
peuICHUd KOTOPOIro u 6yIIYT HCKOMBIMHU COOCTBECHHBIMU 3HAYCHHSIMHU.
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Hanee, paccmorpeB mro0oe M3  ypaBHeHud cucrembl i C), C,, umeem
C,=C{4, =—C tg\/A, , OTKyaa moIydnm

v, (x)= Cl(sin\/Zx+\/i_ncos\/l_nx) = Cl(sin\/Zx—tg\/ﬂ,_ncos\/Zx) :
Wrak, cobctBeHHble 3HaueHus A, (n=1,2,3..) paccmarpuBaemoil 3amaum Illtypma-

.HI/Iy'BI/IJ'IJ'Iﬂ CCTh IOJIOKUTCIIBHBIC PCHICHUSA YPaBHCHUSA tg VA = —\lﬂ, , a COOTBCTCTBYIOIINC UM
COOCTBEHHBIE (I)YHKI_II/II/I MOTYT OBITh IIOCIIE HECIOKHBIX HpeO6pa3OBaHHf/'I 3allMCaHbl B BHIC

yn(x):Csin\/Z(x—l)_

Ilpumep 7.5. HaiiTu coOcTBEeHHbBIE 3HaUCHHSI U COOCTBEHHBIE PyHKIMU 3aaa4n LLTypma-
JInyBuist
y'+Ay=0
¥(0)=y(2m), y'(0)=)'(2r)
Pewenue.  ]JlelicTBys Kak B puMepe 7.2, HETPYAHO MOKa3aTh, YTO B paCCMaTPUBAEMOM CIIydae

BCE€ COOCTBEHHBIE 3HAUEHHS] HEOTPHULIATEIbHBI.
Iycte A=0, torna y(x)=Cx+C, ¥, yunTblBas JONOJHUTEIbHbIE YCIIOBUS, HUMEEM

y(x)=C. Ilostomy A,=0 - coOCTBEHHOE 3HaueHHE 3aJaud C COOCTBEHHOM (QyHKIMEN
Yo(x)=1.
Ecmu A >0, To obuiee peenue ypaBHeHus: umeeT Bua y(x) = C, sin Jax+ C, cos Jax , U
U3 TPAaHUYHBIX YCJIOBHUU BBITEKACT
y(0)— y(27) = C, — C, cos~[A27 — C,sin\ 427 =0,
V' (0)— y'(27) =~ A(C, = C, cos/ A2+ C, sinA27) =0 .
HerpuBnanbHoe pelieHne 3Toil CUCTEMBI, T.€. Cf + C22 # (), cymecTByeT, eciiu

—sin\/z27z l—COS\/ZZﬂ'

—2cosJA27-2=0.
l—cos\/z27z sin\/z27z

[Mostomy A4, = n’, n=12,3,.., u P HAMICHHBIX 3HAUYEHUSAX A CYIIECTBYIOT IO JBa JTUHEIHO
o @
C 1 C 0
HE3aBUCHUMBIX  PEIICHHS = H = , KOTOpBIE TIPH  KaXIOM
C, 0 C, 1
A, =n’, n=1,2,3,... OTIPECTSAIOT JBE JIMHEWHO HE3aBUCHUMBIX COOCTBEHHBIE (YHKIIMU

yP(x)=sinnx u y'¥(x)=cosnx.

Hrak, cobctBeHHOe 3HaueHue A, =0 wumeer kpaTHOCTb 1, MU €My COOTBETCTBYET
coOcTBeHHass QyHKuua y,(x)=1; coOCTBeHHbIe 3HaueHus A =n", n=1,2,3,... HUMeOT
KpaTHOCTh 2, M MM OTBeYaeT Mo 2 JuHeHHO He3aBucumble ¢yHkuuu " (x)=sinnx u
y® (x) = cosnx.

3ameuanue.  JOTIONHUTENBHBIE YCJOBUS, MOCTABICHHBIE B 3TOM TIpUMEpE, BO3HHUKAIOT TPHU
PacCMOTPEHHUH TIEPUOIUIECKUX 3a1a4, T.e. Y(x) = y(x+2x).
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Ilpumep 7.6. TIpoBepHUTh BOZMOXXHOCTb CBEJCHUS K MHTCTPAIbHOMY YPAaBHEHHIO U CBECTH
3agauy Lltypma-JlunyBumis YV'+A-1+x)y=0, p0)=0, y(1)=0 x
HHTETPAITLHOMY ypaBHEHHIO PpeArosbMa ¢ CAMMETPUIECKIM SIIPOM.

Pewenue. B mnamem ciydae Ly=y", p(x)=1>0, g(x)=0, p(x)=1+x*>0, xe[0,1].

Jlokaxem, uto A =0 He sBIsSETCS COOCTBEHHBIM 3HAUYEHHWEM paccMaTpPHBAEMOM 3aaadu
Itypma-JInyBrsuis, T.e. omHOpoaHoe ypaBHeHue Ly =y"=0 c ycnoBusmu »(0)=0, y(1)=0
UMeeT TOJbKO TpHUBHalbHOE pemieHue. JlelictBurensHo, y(x)=Cx+C,, OTKy#a ¢ y4eToM
JIOTIOTHUTENBHBIX YCIOBUHM TonydaeM y(x)=0. D10 o3HauaeT, uto Ppynkuus ['puna omepatopa
Ly=y" npu ycmoBusix y(0)=0, y(1)=0 cymectByer u, ciaemoBareibHo, 3agada Llltypma-
JInyBusIst MOXKeET OBITH CBEJIEHA K HHTETPAJIbHOMY YPaBHEHHUIO.

x(s—1), 0<x<s

[Toctpous ¢ynknuo ['puHa G(x,s)= U paccMaTpuBas
s(x-1), s<x<1

BBIpQXKCHHE ~A(1+x%)y KaKk HEOJHOPOJHOCTh, TIPUBEIEM ypaBHEHHE K BHUIY

y(x)= /lj —G(x,8)(1+5*)y(s)ds .

YTo6BI CHMMETPH30BATh AP0, YMHOKHM IOCIEHEE COOTHOMIEHNE HA 1+ X U BBEJIEM B
1

paccmotpenne dynknmo  @(x) = y(x)V1+x>. Torga momyumm ¢(x)= /IJ-K (x,8)p(s)ds -
0

UHTETrpanbHOE  ypaBHeHHe @DpenroabMa ¢  HENPEPHIBHBIM  CHUMMETPHUYECKHM  SIAPOM

K(x,8)=—=\1+x-G(x,s)-\1+s* nna Gyskimu o(x).

1
Ipumep 7.7. Paccmotpum onHopoaHoe ypaBHeHune Openronbma  y(x) = A J-K (x,8)y(s)ds ¢
0

CUMMETPUYECKUM HETPEPHIBHBIM (HEBBIPOKIEHHBIM) SAPOM

K(x.s) = {x(l—s), 0<x<s

, x,s€[0;1] .
s(I-x), s<x<1

Haiitu xapakTepucTUyecKre Yrucia U OPTOHOPMHUPOBAHHBIC COOCTBEHHBIC (DYHKIIUH 3TOTO
saapa.

Pewenue. YToObI ONPCACIINTD XaPAKTCPUCTUICCKUC YHCJIa, HYKHO HAWTH T€ 3HAYCHHUS A , [IpA

1
KOTOPBIX YpaBHEHUE y(x)— /IJ- K(x,s)y(s)ds=0  wumeer HETpUBHANBHBIC  PCUICHHUS;
0

COOTBETCTBYIOIIUE penieHusT y(x) # 0 U eCTh HCKOMBIE COOCTBEHHBIE (DYHKITHH.
3ametuM, uto sapo K(x,s) B paccMaTpuBaeMOM Clydae HMEET CHeHupUIECKyIO

CTPYKTYpY, HamoMuHaromyo (yHKnuio ['puHa HEKOTOpOoW KpaeBoil 3amaun. [loaTomy ciemyeT
OKUJaTh, YTO MPOIEAypa MOCTPOSHUS XapaKTEPUCTHUECKUX YUCENl U COOCTBEHHBIX (DYHKIUI
MOXeET OBITh CBeJieHa K perieHuto 3aaaun Llrypma-JinyBuss.

X 1
3anumem ypaBHeHue B Buae pY(x)=A(1- x)j sy(s)ds+Ax I (I-s)y(s)ds, otkyna
0 X

cnenyet, utro y(0)=y(1)=0. Ilocne nBykpatHoro nuddepeHpoBaHus 00€nX YacTel ITOTO
COOTHOIIICHUS 10 X IPUXOJUM K quddepeHnraIbHoMy ypaBHeHuoo )"+ 1y =0.
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Wtak, XapakTepuCTHYECKUE YNCIIa U COOCTBEHHbIE (DYHKIIUU SBISIIOTCS PEIICHUSIMU 3aa4n
rypma-JlnyBuuis i ypaBHeHus "+ Ay=0 c rpannunsiMu ycnoBusimu y(0)=y(1)=0.

Herpynno nokasats, uro eciiu A <0, TO ©UMEETCs TOJIBKO HyseBoe pemenne y(x)=0.
IIpu A>0 nomyuum y(x)=c, sinvAx+c,cosvAx, CIENOBAaTEIbHO, HETPUBHAIbHBIE
pEIlIeHHsl CYIIECTBYIOT TOTIa M TOJBKO Toraa, eciu A=A =n’z’ (n € N). Ilpu 3ToM panr

KKIOT0 XapaKTepUCTUUYECKOTO YHUCIIAa paBeH €JMHUIE, TaK KaK UM OTBEYAIOT OJHOMEpPHBIC
COOCTBEHHBIE OANPOCTpaHCTBa BUAa y, (x)=Csinznx.

Tak kak sSApo omeparopa CUMMETPUYECKOE, TO COOCTBEHHbIE (PYHKIIMH, OTBEYaIOILIUe
pPa3IUYHBIM  XapaKTePUCTUYECKHM 4YHUCJIaM, OpTOrOHalmbHBL. HopMmMupys uX, MNOIy4uM

OPTOHOPMHUPOBAHHYIO CUCTEMY COOCTBEHHBIX PYHKIMHA @, (X) = V2 sinznx.

3ameuanue. [IpuBeneHHBIN 371€Ch aNTOPUTM HAXOXKIEHHUS XapaKTEPUCTHUECKUX YHCENl U
COOCTBEHHBIX (DYHKIUH YUUTBIBAET CrIeU(UKY CTPYKTYpHI siapa K(x,s), KOTOpPOE MpeICTaBIIseT

coboif ¢Qynkuuto ['puna HexoTOpod KpaeBod 3amaun. Jlpyrue cmocoObl TMOCTPOCHHS
XapaKTePUCTHUUECKUX YHCeT U COOCTBEHHBIX (YHKIUI ObUIM PAacCMOTPEHBI B MpUMEpax U
3amayax K TeMam 3 u 6.

Ilpumep 7.8. Haiitn xapakTepucTHYeCKHe Yucia MU COOCTBEHHBIE (YHKIIMH OIlepaTopa

1
O®penromema  y(x) = ﬂjK (x,8) ¥(s)ds ¢ cUMMETPHUYECKHUM HEMPEPHIBHBIM (HEBBIPOKICHHBIM )
0

SIIPOM

, x,s€[0;1] .

Pewenue. JlelcTBys Kak B MPEAbIAYIIEM ITPUMEPE, CBEAEM HHTETPAIBHOE YPABHEHUE K KPACBOM
3anaue ltypma-JInysums.

3anuriem ypaBHEHUE B BHJIC y(x)=41 xjf (s+D)y(s)ds+A(x+ l)j sy(s)ds.
Juddepenumpys 3T0 COOTHOIIEHUE, HAAEM 0 x
y'(x)=4 jﬁ (s+Dy(s)ds+x(x+1)y(x)+ lj- sy(s)ds—(x+1Dxy(x).
3aMeTHM, 4TO 0 )
¥(0) = ﬂjsy(S)ds, y(1) =/1j (s+Dy(s)ds.  y'(0)= /lj sy(s)ds, y'(1) =/1j (s+Dy(s)ds.
0 0 0 0

Huddepernupys ypaBHenue emie pas, moxyaum y"(x) =A(x+1)p(x) — Axp(x) = Ay(x).

Wtak, XapakTepUCTHUYECKHE 4YHCIAa U COOCTBEHHbIE (YHKIMU SBISIFOTCA PELICHUAMU
cnenyromen 3anauu Lrypma-JInysuss:

{ yn _ ﬂy — 0
2(0)=y'(0), y(M=y'1)

Tak kak sIpo CUMMETPUYECKOE, TO BCE XapaKTEPUCTUYECKHUE YHCIIA - BELIECTBEHHBIE.
OnHako B JaHHOM Cllyyae 3HaK XapaKTepUCTUYECKUX YMCENl 3apaHee HEU3BECTEH, MO3TOMY IS
peleHust 3aJa4l HeoOXOAUMO paccMOTpeTh 00e Bo3MOKHOCTH: A >0 u A <0 (coywait 41 =0,
KaK cJeLyeT U3 OIpeesIeH s XapaKTepUCTHUECKOro YKcia, HEBO3MOXKEH).

1. Ilyctrb A>0. Torma oOmee  pemeHHWe  ypaBHEHHs  MMEET  BUJ

y(x)= Cle"ﬁ + Cze*"ﬁ . 'paHWYHBIC YCIIOBUS MIPUBOJIAT K CHCTEME
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{ C +C,=\A(C-C,)

Cel +Ce =\a(Ce -Cle)’

KOTOpasi UMEET HETPUBHUAIBHBIC PEIICHHS TPH YCIOBUU (1—/1)-sh\/z =0. Takum o06pazom,
A, =1 - XapakTepHCTHYECKOE YHCIIO; PAaHr €ro paBeH |, W eMy OTBE4aeT COOCTBEHHOE

HOJIPOCTPAHCTBO BUAa y,(x) =Ce" .

2. IMyctb A=-w’<0. Torma obmee pemieHHMe ypaBHEHHS HMEET BHJ
¥(x) = C, cos wx + C, sin wx . 'paHn4HBIE YCIOBUS NPUBOAAT K CUCTEME
C =wC,
C,cosw+C, sinw = (~C, sinw+C, cos®)’

yCIIOBUEM HETPUBMANBHOH COBMECTHOCTH KoTopoil sBusercs (l+w’)-sinw=0, T.e.
®, =7mn, nel.
WUrak, xapakTepuctuueckue uucia A =-7'n°<0, neN. Paur  kaxjaoro

XapaKTEPUCTHUYCCKOTO YHCIa PaBEeH CAWHUIIC, U MM OTBEYAIOT COOCTBCHHBIC (DYHKIIMH BHA
v, (x)=C(zncos rnx +sinznx), neN.

3agaum 11l CAMOCTOSITEILHOTO peleHust

7.1 Jloka3zaTh, 9TO Bce COOCTBEHHBIC 3HaUeHUsT A 3amadu llItypma-JInyBumns

(P()y) —g@)y+Ap(x)y=0, xe(ab), p(x)>0, g(x)20, p(x)>0
NOJIOKUTCIIbHEL ITPU CIICAYIONIUX I'PAaHUYHBIX YCJIOBUAX!

a) Y'(a)=0, y(b)=0;

6) ¥(a)=0, y'(b)=0;

B) y(@)=2y'(a)=0,  y(b)+y'(b)=0;

r) y(@)—-y'(a)=0, y(b)+2y'(b)=0.

7.2 Haiiti coOcTBeHHBIC 3HaYeHMSI ¥ cOOCTBeHHbIE PyHKIMK 3anaqn [Itypma-JInyBuist:
2) V'+2y=0, V'(0)=0, y(1)=0;
6) y'+ay=0, y(0)=0, y'(/)=0;
B) y'+ay=0, y(0)=0, y'M)+hy(1)=0 (~h>0);
r) V'+2y=0, V'(0)=0, y'(D+hy()=0 (h>0);
1) y'+ay=0, V'(0)—hy(0)=0, y'()=0 (h>0);
©) y'+ay=0, V() =hy(0)=0, y')+hy()=0 (h,h,>0)
© (@Y +AT=0. y()=0, ¥2)=0.
7.3 TIpoBepuTh BO3MOKHOCTH CBEJICHHS K MHTETPAIbHOMY ypaBHEHHIO U cBecTH 3anauy Lltypma-JInyBumisa k
MHTETrpaJbHOMY ypaBHEHHIO DpearojgbMa ¢ CAMMETPHIECKUM SIPOM:
a) V'+A-(+xh)y =0, V'(0)=0, y()=0;
6  V'+A-ey=0, »0)=0,  y1)=0;
B V' +Aey=0, »0)=0,  y'(1)=0;
r) V'+4-y=0, y(0)=0, y()+hy'(1)=0;
) (+x")y"+2xy"+ 1y =0, y(0)=0, Yy (1)=0;
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7.4

7.2

B) A, n=123,.. TIONOKHUTENbHbIE PEIICHHsS  ypaBHEHHS
y,(x)=Csinx\[2, ;

r) A, n=1273,.. - HOJOKHUTENbHEIE PEIICHHS  yPaBHEHHU
v,(x)=Ccos x\//i_n ;

) A, n=123,.. - MIOJOKUTENBHEIE  PEIICHAS  ypaBHEHHA

e) X’y +2xy +Ax°y=0, y(2)=0;
) () +Axy=0, y(1)=0;
2

3) (xy')'+(/1x—n7)-y=0 (neN), |y(O)|<eo, y1)=0.

y'()=0,
| ¥(0)[< o0,

Haiitn xapakTepucTHYeCKHEe YHCIa M COOCTBEHHBIC (YHKIMH OXHOPOJHOTO ypaBHeHHS Dpenroiapma c

HECTIPEPBIBHBIM CUMMECTPHUYCCKUM HEBBIPOKJIACHHBIM AIPOM, B CICAYIOMIUX CITydasaX:

) 9(x) le(x §) y(s)ds Kosy=1" 0s¥ss
a = R , rue ,8) = 5
' 7 d ! s, s<x<l1

- cosxsins, O<x<s
0 y(x)=A[K(x.5)y(s)ds.  me K(x.s)= . :
0 cosssinx, S<x<rx
i’ sinxcoss, O0<x<s
B) y(x)= /IIK(x,S) y(s)ds, rtne K(x,5)=9 . .
7 sinscosx, S<x<rx

Vxazanue. Cectu unTerpansHoe ypaBHeHue k 3aaade llltypma-JInyBuis.

OTBeTHI K 3212a4aM

2
a) ﬂn:[%(n+%)}, n=0,1,2,..; yn(x):Ccos§(n+%)x;

2
0) lnz{%(nJr%)}, n=0,1,2,...; yn(x)=CSin%(n+%)x;

Y,(x) = Ceos[2,(I-x);

h +h, .

- KOpHHM ypaBHeHHs tg \/ZI = \/Z A—hh, ;

e) A,

n

n=1,2,3,..

tg\/_=—%;

ctg\/zlzg;

ctgﬁl:%;

Y, (x)=C(h Sin\/ZX+\/l_ncos\/i_nx);

2
n n
A=l—1, n=12,3,.; (x)=Csin—Inx.
" [ln2} Ya(¥) In2

K(x,5)=—1+x* -G(x,5)1+5" ;

s—1, 0<x<s
a)  G(x,s)= ,
x—1, s<x<1
x(s—1), 0<x<s
0) G(X, ): > K(X,S):—QX'G(X,S)'QS;
s(x-1), s<x<1

63



B)

1)

G(x,s)=

A, :7z2(n+%)2,
A, =1—=(n+ %),
A, =+ 1) -1,

—X, 0<x<s

-, s<x<1

s—(h+1) ’ 0<r<s
h+1

x—(ht1) , s<x<I
h+1

—arctg Xx, 0<x<s

—arctg s, s<x<1’

l—l, 1<x<s

s 2

l—l, s<x<2

x 2

Ins, 0< S

In x, <x<I’

0<x<s

n
Ll:(xs)"—(ij }, s<x<1
2n X

vy, =Csinz(n+ ))x,

v, =Ccos(n+ ))x,
v, =Csin(n+ }%)x,
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K(x,s)=—€"-G(x,5)-¢€’;

K(x,s)=—-G(x,s);

K(x,s)=—-G(x,s);

K(x,s)=—x-G(x,5)-5;

K(x,s):—x/;-G(x,s)-\/;;

K(x,s):—x/;-G(x,s)-\/E.

n=0,1,2,...;
n=0,1,2,...;
n=0,1,2,....



TEMA 8

OcHoeHble noHAMUA 6apUAUUOHHO20 UCHUCIIEHUA.
3aoaua c 3AKPEenieHHbIMU KORUAMU.

OcHoBHbIE onpeae/ieHis U TeOpeMbl

Ecin Ha HexkoTOpoM MHOXecTBe (YHKUMH yKa3aHO TMpPaBUIIO, KOTOpPOE CTAaBUT B
COOTBETCTBHE KaX/10H (PyHKIIMH HEKOTOpOE YHCIIO, TO Ha 3TOM MHOKECTBE 3aJaH (DYHKIIMOHAJI.
bynem paccmarpuBaTh (yHKIIMOHANBI, ACHCTBYIOIIME U3 JIMHEMHOTO HOPMHPOBAHHOTO
npocTpancTBa E B IPOCTPaHCTBO BellecTBeHHBIX uucen R': E — R'. Hrak, GpyHKIHOHAT — 3TO
OnepaTrop, MHOXKECTBO 3HAYEHUN KOTOPOTO COCTOUT U3 YHCEIL.

bynem paccmaTpuBatrh ClenyrOIIME JUHEHHBIE NPOCTPAaHCTBA £ (MU MX MOAMHOXECTBA
E"):

1) Cla,b] — mpocTpaHCTBO HEMPEPHIBHBIX HA [a,b] PyHKIMI, B KOTOPOM OmpeiesieHa HopMa

|y ||C[a,b]: max | y(x)|.
x€la,b]

2) C%[a,b] — mnpocTpaHCTBO (YHKIMi, HEIPEpPHIBHBIX BMECTE CO CBOMMH IIEPBBIMU
MPOM3BOAHBIMK Ha [a,b]. Hopma B 3TOM MpOCTpaHCTBE ONPEALISICTCS KaKk

15 llng, = max | ¥06) | +max | ¥'(0)].
’ x€la,b]

x€la,b]

Onpenenenne. OynkunoHan V|[y] HasplBaeTCs HENPEPBIBHBIM B TOUKE V, € £, ecnu i

Ve>0 3J06>0 Takoe, uyro mnpu VyeLE:|y—y,||<O BbIIOIHACTCI HEPABEHCTBO
ViyvI=Viyllse.
AHaIOTMYHO MOXHO JaTh ONpEJENICHHE HENpPEepPhIBHOCTU (PYHKIMOHANA B TOUke ), € E',

eciy (YHKLIMOHAJI paccMaTpUBAeTCs TOJBKO Ha MHOecTBe E'. (DyHKIMOHAJI Ha3bIBAETCS
HETPEephIBHBIM Ha BCEM MpocTpaHcTBE £ (MHOXecTBe E'), €ClIM OH HENPEPhIBEH B KAKION TOUKE
E(E").

Onpenenenne. Touka y, sBIseTCs TOYKOM JIOKAJbHOTO MUHMMyMa (MaKCHMyMa)

dbynknuonana V[y], eciu Haiinercsa uucino r >0 Takoe, 4To s M000oro ye E || y—y, |[;Sr
BbINOJNIHEHO HepaBeHCTBO V[y]=2V[y,] (V[y]1<V[y,])-

ITycts y, € E - npousBosbHast QUKCUPOBAHHAS TOUKA, /1 € E - IPOU3BOJIBHBIN JIEMEHT E.
Paccmotpum (yHkuuio BeumiecTBeHHON nepemeHHoit ¢ D(¢) =V[y, +th], t— BelleCTBEHHOE

YHUCJIIO0.

Omnpenenenne. Eciu s moboro s e E cymectByer ®'(¢),_, :%V[y0+th],=0, TO 9Ta

IIPOM3BOJIHAs Ha3bIBaeTcsl Bapuauueil (cimaboil Bapuanueil) QyHkuuoHana V' B Touke Y, U

obo3nauaercs 6V (y,,h). OueBuaHo, uro V[y,+th|-V[y,]=toV(y,,h)+o(|t]).
Onpenenenne. Oynknuonan V[y] HasbiBaeTcd OUpQepeHIUpyeMbIM B TOUKE V,, €CIIU

s moboro heE  Viy,+hl-V[y,]=dV(y,,h)+o(|h|]), tae dV(y,,h) - nUHEHHBIA U

HENpepbIBHBIN 10 /1 GYHKIMOHAJ, KOTOPbIM MHOIIa HAa3bIBAIOT CHJILHOW Bapualueld B TOUKE Y,

B TO BpeMs Kak (yHkiuoHaiu (ot 4) oV (y,,h) - cnaboil Bapuanueil B TOUke .

Ecnu cymectByeT cuiibHas BapHalus, TO CYIIECTBYeT M Bapuaius (ciabas Bapuamus).
Oo6patHoe, BOOOIIIe TOBOPS, HEBEPHO.
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Teopema (Heobxoaumoe ycjaoBue 3kcrpemyma). Ilycts y, € E - Touka 3KCTpeMyMa

V[y] u cymectByer 6V (y,,h) mus Beskoro h € E . Torna oV (y,,h) =0.
Konkperusupyem Buj (QyHKIIMOHAIA U MHOXECTBO JOMYCTHMbIX (QyHKIMiA. PaccmoTpum

b
dbyHKIIHOHAT V[y]zj F(x,y,y")dx na mHoxectBe ¢yHkumii E' ' E=C'[a,b] TakoMm, uTO

E'={yeC%[a,b], y(a)=A, y(b)=B}. TlpocTeiimas 3agaua BAPUALHOHHOTO HCUUCICHUS
(3amava ¢ 3aKpeIUICHHBIMHM KOHIIAMM): Cpeau BceX (DYHKIME M3 MHOKeCTBa E' ompenenuts Ty,

b
KOTOpas peajn3yeT 3KcTpeMyM pyHKImoHana V| y]:J- F(x,y,y")dx.

Onpenenenne. OyHKINOHAN JOCTHTaeT CHIBHOIO MUHHUMYyMa (MakcMMyMa) Ha (QYHKIUH
¥,(x), ecnu Haligercst uucno r >0 Takoe, 4yTO I 000N (YHKIMM U3 CUIBHOM OKPECTHOCTH

Yo(¥), Te.  yeE": [y=yyllerasn= m[a>b<] | ¥(x)=y,(x)[£7r, BBIIOIHEHO  HEPABEHCTBO
Vivi2Viye] (VIyI<VIyD.

Onpenenenne. OyHKIMOHAN JIOCTUTAET CIa0Oro MUHMMyMa (MakcuMyMma) Ha (YHKLIHU
¥,(x), ecnn Haiinercs ducno r >0 Takoe, 4To JuId JI0OOH (QyHKIUHM U3 ciaaboil OKpEeCTHOCTH

yo(x), Te. yeE": |ly—-y, ||C“)[a)b]= fﬁ%‘] | y(x)—y,(x) | +f2;a>b(] | V'(x)— yy(x)|€ 7, BBIIOTHEHO
HepaBeHCTBO V[y]2V[y,] (V[y1<V[y,]).

SlcHo, uTO eciu Ha QYHKIUHU ),(X) pEalnn3yeTcsl CUIbHBIN SKCTPEMYM, TO UMEET MECTO U

cia0blii B TOM ke Touke. OOpaTHOE, BOOOIIIE TOBOPS, HEBEPHO.
Teopema (HeoOX0oaUMOE YCJIOBHE IKCTPEMyMa B 3a/1aYe ¢ 3aKperieHHbIMA KOHIAMH).
1) IIycte  y(x) peanmmsyer dKkcTpeMyMm (CHIBHBIM WM cinalbii)  QyHKIMOHANIA

b
Viyl= I F(x,y,y)dx ¢ ycnoBusmu y(a)=A, y(b)=B u sABAsSeTCA  JIBaKIbI

HENpephIBHO AU(HEPEHIUPYEMOIA.

2) [Mycte ¢ynknus F(x,y,y’) WMeeT HeNpepbIBHBIC MPOU3BOJIHBIC 0 BTOPOIO IMOPSAKA
BKIIIOUHMTEIBHO TIPH X € [a,b] ¥ B HEKOTOPOU 00JaCTH M3MEHEHUST VU ), COAeprKaIie
y(x).
Torma y(x) siBIsieTcs penieHueM KpaeBou 3a/1auu Uil ypaBHEHUs Ditiepa
d
F'}y—a]:y,:o, y(a):A7 y(b):B

b
Pemenus 3To# 3amaun Ha3bIBAIOTCS DKCTpeMasIMU hyHKIIMOHAa V| y]:j F(x,y,y)dx.

a
Tak kak ypaBHeHme Jiinepa, BooOie roops, nuddepeHInaITbsHOe ypaBHEHUE BTOPOTO
MOPS/IKA, TO PEHICHUE €r0 MOXKET ObITh KaK €IMHCTBEHHBIM, TaK M HE CIUHCTBEHHBIM, M MOXET
HE CYIIIECTBOBATh BOBCE.
[IpueMbl MHTETPUPOBAHUS YpaBHEHHs ODiyiepa 3aBHCAT OT KOHKPETHOTO BHIA (YHKIIUU
F(x,y,y"). IlpuBenem HEKOTOpBIE MPUMEPHI JJIs1 HEKOTOPBIX, YaCTO BCTPEUAOIIUXCS CITy4YaeB.

1.  F mesaBucuror y': F(x,y,y)=F(x,»).
YpaBHenue Oinepa B 9ToM ciydae umeer Bux F(x,y)=0, T.e. sBIieTcs He

muddepeHMaIbHbIM, a anreOpandyeckuM, MOITOMY €ro pemieHue (ecad OHO CYILIECTBYET)
NpeACTaBIsieT COO0OW OJHY WM HECKOIBKO KPHBBIX, KOTOpBIC, BOOOIIE TOBOpS, HE
YAOBJICTBOPSIIOT TPaHUYHBIM ycinoBusM y(a)= A4, y(b)=8B.

Urak, permienne kpaeBou 3a1a4u JJisl ypaBHEHUs DiJiepa B pacCMaTpPUBAEMOM Cilydae,
BOOOIIIe TOBOPSI, HE CYIIIECTBYET.
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2. F 3aBucurt ot y' nuHewHo: F(x,y,y)=M(x,y)+y"-N(x,y).
d
YpasHenue Diniepa umeer Bug M +y'Ny —aN(x,y) =M, + y' N,-N,-N, y'=0,

T.C.

M _ON _y.

oy Ox
[Tony4yenHoe ypaBHeHHe He siBiseTcs AuddepeHInalbHbIM, TIOATOMY KpaeBas 3ajada Jis
ypaBHEHUs Diliepa Takke, BOOOIE TOBOPS, HE UMEET PEIICHUS.

B yactHoMm ciryuae aaﬂ = Z—N BeIpaxkeHne M (x,y)dx+ N(x,y)dy sBISeTCS MOIHBIM
)y X
muddepennmraniom, u 3HAYCHUE dbyHKIIMOHATA

b (b,B)
Viyl= I F(x,y,y)dx= j M(x,y)dx+ N(x,y)dy He 3aBucHT OT BBIOOpa  KpPHUBOH,
a (a,4)
coenuHstoniei Touku (a, A) u (b, B).
3.  F 3aBucut ToNbKO OT V'@ F(x,y,y")=F ().
v " " _ .
Ypasuenue Dinepa umeet Bu y - F,.(y") = 0. Jlasiee BO3MOXKHBI JIBa BapUaHTa:
a) V'=0, Torma obmee pemenne ectb y(x)=Cx+C,, tne C,, C, - npOU3BOJbHBIC
MOCTOSHHBIE, OPE/ICIsIeMbIe U3 IPAHUYHBIX YCIIOBUI;
6) F,(»)=0, torna y'=k, rme k, - xopuu anreOpauyeckoro ypasueuus F'(t)=0, un

COOTBETCTBYIOLIME pemeHust ,(x) = k,x + C, ABISIOTCA YaCTHBIMU CIy4asiMH I1. ).

[TosTOoMy, pemieHusiMu ypaBHEeHHsI Dijiepa B 000HX Ciydasix a) U 0) sSBISIOTCS MPsSMbIC.
4,  F me3sasucuror y: F(x,y,y)=F(x,)").

v d ’ 1)
VYpaBHeHue OJijiepa NPUHUMAET BUJ EF),(x, y)=0 wu wuMeer mNEpBBIA HHTETpal

F,(x,y")=C, rne C - npousBosibHas noctosiHHas. JlanbHeiiniee HHTErpPUPOBAHUE TIPOU3BOIUTCS
IyTeM pa3pelieHusi OTHOCUTEIBHO MPOU3BOAHOM, THO0 IyTeM BBEACHUS MapaMmeTpa.
5. F me3saBucut ot x: F(x,y,y)=F(y,)").
v ' " _
YpaBHeHue Diiepa B 3TOM ciydae umeer Bux  F,—y'-F, , —y"-F,, =0.

d . .
VYMHOXUB Ha ', TOIy4uM d_(F —-y'F,)=0 wu mHaiitem nepsbiii HHTErpanN
X

F—-y'"-F,=C. JlanpHeiiliece HHTETPUPOBAHUE TAKIKE MMPOU3BOAUTCS METOIAMH, Pa3BUTHIMH IS

nuddepeHInaIbHbIX YpaBHEHUH TEpBOro MOpsAKa, HE Pa3pelIeHHbIX OTHOCUTEIBHO
IIPOU3BOJHOM.

Wtak, ecnu skcTpemallb CyHIECTBYET, TO OHA, KaK MPaBUJIO, MOXET OBbITh BKIIIOUEHA B
OJTHOTIapaMETPUUECKOE CEMEMCTBO pelieHni ypaBHeHus Diniepa y = y(x,C).

Onpenenenne. Ecian yepe3 kaxayo Touky oOnactu G Ha miockoctd xOy MPOXOAMT
€IMHCTBEHHas KpuBas cemeiictBa ) = y(x,C), TO 3TO CEMEHUCTBO Ha3bIBAIOT COOCMBEHHbIM
noznem B odnactu G.

Omnpenenenne. Ecmm Bce kpuBbie cemeiictBa ) = y(x,C) MpoOXoasiT depe3 HEKOTOPYIO
TOUKY (X,,),) € G (UEHTp mydka), a yepe3 KaKIyl TOYKY 00JacTH, OTIUYHYIO OT (X,,),),
IPOXOAUT OFHA M TOJIKO OJHA KpHBas ceMmencTBa, TO ) = y(x,C)Ha3bIBAIOT YeHMPATbHbIM

nosem B oonactu G.
Br16op mr060i Touku obmact G (KpoMme LEHTpa Iydyka BO BTOPOM CiIydae) OINpeaeiseT
€IMHCTBEHHYIO JKCTpeMaJb, MPOXOAAIIYIO Yepe3 3Ty TOUKY, U 3a/1aeT B o0nactd G HEKOTOPYIO
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byHkuo p(x,y) - HaKIOH MO JKCTpeManeil: p(x,y) B Kaxaol Touke (x,y)e G paBHA
TAHI€HCY YIJIa HAKJIOHA TOM 3KCTpeMalu, KOTOpasi IPOXOAUT YePe3 ATY TOUKY.

Chopmynupyem 10CTaTOUHbIE YCIOBUS SKCTPEMYyMa B 3aJjaue ¢ 3aKPEIICHHBIMU KOHIIAMH.

JlocTtatounblie ycaoBus Beiiepmrpacca. Ilycts ¢Qynxnus y=y,(x) ynoBieTBopseT
HEO0OXOIMMOMY YCJIOBHIO SKCTpEMyMa, T.€. SIBJISIETCA SKCTPEMAIbIO B 3ajlaue € 3aKpEIICHHBIMU
KOHLaMH. byzneM cuurars, 4To 3KCTpeMainb y=),(x) Ha cerMeHTe [a,b] MOXKET ObITh BKIIOUCHA
B T0JIE IKCTpeMael (COOCTBEHHOE WU IICHTPAIBHOE).

Paccmotpum kpuBble y=y(x), yIOBIETBOPSIOIINE TEM K€ IPAHUYHBIM YCIOBHSIM, YTO U

skeTpeMaib y=y,(x), y(x) e C"

Oyuxuus E(x,y, p,y)=F(x,y,y)=F(x,y,p)— (V"= p)F,(x,y, p) HazbIBaeTcs hynxyuei
Betiepwumpacca. B aprymentax ¢ynkiuu E(x,y,p,y") depe3 y' o0o03HA4YaeTCs MPOU3BOHAS

[a,b] (kpuBBIC CpaBHEHUS).

KpUBOM cpaBHEHHS )(X) B Touke (x,)), adepe3 p=p(x,y) - HAKJIOH MOJIs SKCTpEeMajel B 3TOH
TOUKE.
[Tpupamenue ¢ynkuuonana V[y] Bblpaxkaercs uyepe3 QpyHkuuio Beliepmrpacca (y,(x) -

uccaeayeMast SKCTpeMalib, a y(x) - KpuBasi CpaBHEHU):
b
AV =V [y(0)]=V[3,(0)]= [ ECx, y(x), p(x, 3(x)), »'(x))dx

[TosToMy [OCTaTOYHBIM YCJIOBHEM JAOCTIKEHMs (GyHKIMOHaIoM FV[y] »skcTpemyma Ha

IKCTpeMaIn  y,(x) SBISETCS 3HAKOOIPEACICHHOCTh (QyHKuuH E(x,y,p,»") B OKpecTHOCTH

IKCTpeMalu Y, (x) . OkcTpeMyM OyaeT cilabbIM WIN CUIBHBIM B 3aBUCUMOCTU OT TOTO, B CJIA00H

WA CWIIBHOW OKPECTHOCTH IKCTpeMaliu Y, (x) coxpaHser 3Hak (pyHkuus Beliepmrpacca.
Jlocmamounvie ycnosus cnabozo Ikcmpemyma:

b
KpuBast y=y,(x) nocraiser cinabblii s5kcTpeMyM (pyHKUMoHany V[y]= I F(x,y,y)dx B

3a/1aue C 3aKpeIieHHbIMU KoHIlaMu V(a) = A, y(b) =B, ecnu:

1) xpuBasg y=y,(x) ABIsSeTCA SKCTPEMabiO (GYHKIIMOHAJA, T.€. SIBJIAETCS PELIEHUEM KpaeBoi
3ajauu 718 ypaBHeHUs Ditnepa ¢ ycnosusamu y(a)= A, y(b)=B;

2)  skcTpeManb y=y,(Xx) MOXeT ObITh BKJIIOUYEHA B IIOJIE€ IKCTpeMalleil Ha oTpeske [a,b];

3) ¢yskuus Beliepmitpacca coxpaHsSeT 3HAaK BO BCEX TOYKax CJIa00i OKPECTHOCTH
JKCTpeMalll y=y,(x), T.e. B Toukax (x,y), ONM3KUX K JKCTpeManu y=y,(x), U s

3HaueHWi y', OMM3KMX K 3HadeHusM p(x,y) (p(x,y) - 3amaHHas QyHKIHSA, TaK Kak
OIIPEJICJICHO TOJIE dKCTpEeMaei ).
Ecim £ >0, to ¢pynkunonan V[y] umeer Ha y,(x) ciaabbiii MmuHuMyM, eciu £ <0, To

¢bynkunonan V[y| umeer Ha y,(x) cnaOblii MAKCUMYM.
Jlocmamounsle ycnosusn cunbHo20 IKCmpemyma.

b
KpuBast y=y,(x) nocrapiser cUIbHbII 3KCTpeMyM (yHKIMOHATY V[y]= I F(x,y,y)dx B

3a/1aue C 3aKpervieHHbIMU KoHIlaMu V(a) = A, y(b) = B, ecnu:

1) xpuBasg y=y,(x) sABIIETCS dKCTpeMalbio (PYHKIMOHAJIA T.€. ABJISIETCS pEIIEHUEM KpaeBOi
3ajauu J1s ypaBHeHUs Diinepa ¢ ycnosusamu y(a)= A, y(b)=B;

2)  skcTpeManb y=y,(X) MOXeT ObITh BKJIIOUYEHA B IOJI€ IKCTpeMalleil Ha oTpeske [a,b];
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3) ¢yskuus Beiiepmrpacca coxpaHseT 3HAK BO BCEX TOYKAX CHIBHOW OKPECTHOCTH
JKCTpeMallu y=y,(x), T.e. B Toukax (x,)), ONM3KUX K JKCTpeManu y=y,(x), U s

MPOM3BOJIbHBIX 3HAYCHHH ).

Ecim E 20, to dynknuonan V[y] umeer Ha y,(x) cuiabHBIM MUHUMYM, ecnmid E <0, To

¢bynkunonan V[y| umeer Ha y,(x) CHUIbHBIM MaKCHUMYyM.

Hocmamounoe ycnogue omcymcmeusn IKCmpemyma.
Ecim B Toukax skcTpeManu y=y,(X) IpU HEKOTOpHIX 3HauYeHMsX )  ¢yHkuus E mmeer

HPOTUBOIOJIOXKHBIE 3HAKH, TO CUJIbHBINA 3KCTPEMYM Ha Y, (X) HE JOCTUIaeTCs.

Ecnu B Toukax skcTpeManu y=y,(x) mpu 3Ha4eHUIX )’ CKOJb YrOAHO ONM3KHX K p(X, V),
¢ynkus E nmeer npoTUBONOIOXKHBIE 3HAKU, TO HA Y, (X) HE JOCTUTraeTCs U cIa0blil SKCTpEMyM.

Hocrarounsle ycjaoBus Jlexxkanapa.

[ycte Qynkuus F(x,y,y") UMeET HENPEPHIBHYIO BTOPYIO MPOM3BOAHYIO F..(x,y,)") H
9KCTpeMallb y=),(x) BKJIIOUEHA B IIOJI€ IKCTpEMaJIeH.

Hocmamounsie ycnosus cnavozo sxempemyma (F,, uccienyercs Ha caMoil SKCTpeMaln
y=3,(x)).

Ecnn Ha skerpemann y=y,(x)F,

>0, To Qynkumonan V[y] mmeer Ha y,(x) cnalbiit

MHHHMYM; €CJIM Ha dKcrpemamu y=y,(x)F,, <0, to dynkunonan V[y] umeer Ha y,(x)

Cl1a0blii MAKCUMYM.

Hocmamounvie ycnosusa cunvnozo xcmpemyma ((F,, uccienyercs B CHIBHON
OKPECTHOCTH 3KCTpEMAIH ) =Y, (xX)).

Ecim F,, >0 B TOYKax (x,y), ONM3KHMX K SKCTpeManu y=y,(x), U JUisl IPOU3BOJILHBIX

3HaueHuil y', T0 V[y] umeeT Ha SKCTpeMaIH Y, (X) CHIBHBI MHHUMYM.

Ecmu F,, <0 B TOukax (x,y), OAM3KMX K dKCTpeManu y=y,(X), ¥ 1 IPOU3BOJIBHBIX

3HaueHui y', 1o V[y] umeeT Ha s3kcTpeManu y,(x) CUIbHBIA MAKCUMYM.

IIpumepsl pemenust 3aaa4

1
Ipumep 8.1.  Bpruuciuts Bapuamuio Gynkiuonana V[y]=y’(0)+ J- (xy+y'*)dx B TOUKE Y.
-1

Pewenue. Haiinem cnauvana Bapuanuio (yHKIMOHana J[y], BOCIOJIB30BaBIIMCH MEPBBIM
orpenesneHueM (cnadyro Bapualyio):

=%{(J’(0)Hh(0))2 + j [x(y(x) + th(x)) + (/' (x) + th'(x))* ]dx} _

t=0

d
oV(y,hy=—V[y+th
(y,h) 7 [y +th]

=2y(0)h(0)+ j [x-h(x)+2y"-h'(x)]dx.

Tenepb BOCIIOJIB3yeMCsl BTOPBIM OIIPEACIICHUEM U HAalJIEM BApUALIMIO KaK JIMHEHHYIO 4acThb
npupaiieHus: GyHKIIMOHAIA B TOUYKE Y (CHJIbHYIO BapHallMio). 3aJaiuM IpHUpalleHue apryMeHTa
¢byHKUIHOHATA - IIPOU3BOJIBHYIO HENPEPBIBHO Qg depeHpyeMyro GyHKIHIO
h(x): h(-1) = h(l) =0, 1 BRIYUCIUM TIPUPAIICHHE AV =V[y+h]-V[y]=
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1

=[1(0) +A(0)I" - y*(0) + j [x(p(x) + Ax)) + (V' (x) + A'(x))* Jdx ~ j [ov(x) + »" (0)]dx =

=2y(0)h(0)+ j [x-h(x)+2y'(x)-1'(x))dx + h*(0) + j W' (x)dx.

JluHeliHas OTHOCUTENBHO / 4YacTh NPUPALICHUS - MEPBbIE BA CllaraeMble MOCIEIHETO
PaBEHCTBA - U €CTh UCKOMasl (CUJIbHAS ) BapUaIlUs

dVy,h]= 2y(0)h(0)+_[ [x-h(x)+2y"-h'(x)]dx,

KOTOpas B JAHHOM CJIy4ae COBIIAJIaeT C MOJy4YeHHOH paHee (cinaboil) Bapuanueit oV |y, h].

1
Ilpumep 8.2. Haiitu skctpemans ¢yHkimonana V{[y]= I (> +)")dx ¢ DONOTHUTENEHBIMH
0

ycnousimu (0)=0, y(1)=0.

Jlokasark, 4TO Ha MOJIYYSHHOH SKCTPEMallH JOCTHTAeTCs SIKCTPEMYM (yHKIIMOHATIA
a)  IyTeM HEMOCPEACTBEHHOTO BHIUMCIICHUS MPUPALIEHUS PYHKIIMOHANA;
0) mnpuUMEHHUB JOCTaTOYHBIC yciIoBUs B popme Beltepmrpacca u Jlexxanpa.

Pewenue. YpaBHenune Ditepa i (GyHKIMOHAIa B HcCleayemoi 3amade )" —y=0 wnmeer
obmee pemenne y=C e" +C,e . I'paHUYHBIM YCIOBUSAM YJOBJIETBOPAET OSKCTpPEMaib
Yo (x)=0.

a) HemocpencTBeHHOE BBIYMCICHHME NMpPUpAILEHUs (YHKIMOHANAa Ha KpuBOH ),(x)=0 nmaer

1
AV =V[y]-V[y,(x) = 0]=J-( Y +y?)dx>0. Tlostomy Ha Hell peanusyercs CHIBHEIH (a,
0

CJIEIOBATEILHO, W CJIA0BI ) MUHHUMYM.
0) 3amerum, uro 3kcrpemManb ),(x)=0 npu x €[0,1] MoxkeT ObITH BKJIIOYEHA B COOCTBEHHOE

noJie akcrpemaneid y=Ce".
1. ®ysxumsa Beiiepmrpacca E(x,y,p,y)=y>+y"—y —p’ —(y'—p)Zp:(y'—p)2 >0 mpu
AO0BIX  y, V', T.e. COXpaHSeT 3HAK B CHJIBHOM OKPECTHOCTH KpUBOH ,(x)=0.

CrienoBatenbHO, BBIIIOJIHEHO JOCTATOYHOE YclioBHE Beilepuirpacca, W 3KCTpeMmalb
¥,(x) =0 peanusyer cunbHbIN (1 c1a0blil) MUHUMYM.

2. F,,=2>0 npu moOex y, y’, HO3TOMy BBIIOJHEHO JOCTATOYHOE yciosue Jlexanmpa.

@OyHKIMOHAN Ha 3KcTpeMant ), (x) =0 mocturaer CUIbHOrO (M €1adoro) MUHUMyMa.

0

Ilpumep 8.3.  Haiitu skctpemans pyHkumonana V[y]= .[ (12xy — ") dx ¢ JOTIONTHUTENLHBIMU
-1

ycinoBusimu y(—1)=1, y(0)=0.

Jlokazark, 4TO Ha MOJIyYEHHOH 3KCTpEMaIH JOCTUTaeTCs SIKCTpEeMyM (yHKIIMOHATIA

a)  IyTeM HEMOCPEJCTBEHHOI'O BBIUMCIIEHUS NMPUPALICHUs PYHKINOHANA;

0) mpUMEHUB JOCTaTOYHBIE yciaoBuUs B popme Beliepmrpacca u Jlexanapa.

Pewenue. Ypauenue Diinepa i GyHKIMOHANIA B paccMaTpuBaeMoi 3agade )" +6x =0 umeer

obmee pemenne y=—x +Cx+C,. ['paHUYHBIM YCIOBUSM YIOBJETBOPSET 3KCTPEMAb

Yo(x) = —x.
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a) 3amanuM MpUpalieHue apryMeHTa (yHKIMOHAjla - TPOM3BOJIBHYIO HEMPEPHIBHO
muddepennmpyemyro pyHkuioo A(x), ynosiaerBopsitonryro ycioBusm  A(—1)=h(0)=0, - u

BBIYMCIIMM NpHpalienre QYHKIHOHAIA Ha SKCTpeManu Y, (x) = —x’:

AV =V[-x* +h]-V[-x']= j [12x(=x" + h(x)) = (=3x> + ' (x))* 1dx — j [12x(=x")— (=3x%)*]dx =

= j [12x h(x) + 67 H' (x) = b (x)]dx = j [12x A(x) — 1" (x)]dx + j 6x°h'(x)dx =

-1
[N —

UHmM. nO H4acmsim

=6x2h(x)|f1 - j 12x h(x)dx + j [12x A(x) — ' (x)]dx = —j B (x)dx <0.

Urak, AV <0 He3aBucuMo 0T )’ (B CHJIBHOH OKPECTHOCTH), IMO3TOMY Ha JKCTPEMAaH
Yy(x) =—x" peanusyercs CUIBHBIH (a, CIEI0BATENHHO, U C1a0bIH) MAKCUMYyM.
6) 3amerum, 4TO SKcTpeMaldb y,(x)=-x" npu xe[-1,0] Moxer ObITh BKIIOYEHA B
COOCTBEHHOE TI0JIe PKCTpeMariel (perenuii ypapHeHus Ditnepa) y=—-x" +C.
1.  ®ynkuusa Beiiepmrpacca

4 12 2 i ! 2
E(x,y,p,y)=12xy=y" ~(12xy = p*) = (¥' = p)(-2p) == (¥' = p) <0

npu JMOOBIX Yy, ', T.e. COXpaHseT 3HAK B CHJIBHOM OKPECTHOCTH KPUBOH y,(X)=—x".
CrieloBaTeNnbHO, BBINOJHEHO JOCTATOYHOE yCloBHe Beifepiurpacca, U skcTpeManb y,(x) = —x°

pealn3yeT CHIbHBIN (U CIIa0blil) MAKCUMYM.

2. F

_ !
vy =—2<0 mpu mo0ObIX y, ', IO3TOMY BBIIOJIHEHO JOCTATOYHOE yciaoBue Jlexanpa.

DyHKIMOHAN HA SKCTPEMAH ), (X) = —X’ JIOCTMTaeT CHIILHOTO (M C1aboro) MakcuMyMa.

b
Ilpumep 8.4. [lycts V([y]= I[p(x)y’z +q(x)y* +2yp(x)]dx, rne dyskmms p(x)>0 -

HernpepbiBHO quddepennupyema, a g(x) >0 u ¢(x) HenpepbiBHBIC HA [a,b] QyHKIUN.

a) 3anucath ypaBHEHHE [UIsl OKCTpemaliell B 3alade ¢ 3aKpeIUICHHBIMU KOHIIAMH
wa)=4, y(b)=B.

0) Iloxasate, uto ecimu y,(x) sBIgeTca SKCTpeManblo (yHKuuoHana V[y], To Ha Hei
pealn3yeTcss MUHIMYM 3TOro (pyHKIIMOHAIA.

Pewenue.  YpaBHeHue Oiisiepa aia dKCTpeMalied H3ydaeMoro (yHKIIMOHAlla WMEET BH/]I

di( p(x) y’) —-qg(x)y=¢(x). HerpymHo  mnoka3atb, 4TO0 1pu  CcHOPMYIUPOBAHHBIX
X

OpeanoiaokeHussx Ha ¢GyHkoun — p(x), g(x), @(x), 3TO ypaBHEHHE C JOMOJHUTEIBLHBIMU
ycnoBusiMu  y(a)=A, y(b)=B uMeeT eIWHCTBEHHOE peuleHue y =),(Xx), KOTOpoe H
OIIpEAEIAET SKCTPEMalb B pacCMaTpUBAaEMOM 3a1aue.

Zamamum  A(x): h(a)=h(b)=0 wu omnpenenuMm 3HAK MpHUpanieHus QyHKIMOHATA Ha
HCCIIEAYEMOM DKCTpEMAJIN:
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AV =V [y, () + h)]=VLyo(0)]= [ [P + 1) = 36+ a0 (g + 1) = 3,") + 20(x)hldx =

= [[2(0)yih' +24(x) yoh+2(x)hkdx + [ p()h” (x)dx + [ qGo)R (x)dx > 0,

>0 >0
TaK KakK IMEepBOE ClIaraéMoe B 3TOW cymMMe oOpamiaeTcsi B HOJb. J|eHCTBUTENBHO, HHTETPUPYSI TIO
4acCTAM IEPBOC CllaracmMoce, nNoJIryuumM

2[Lp(x) ¥’ +q(x) yoh+ @)k = 2 p(x) v, ()h(x)

=0, m.x.h(a)=h(b)=0

L+ 2[[=(p(0)y;) +4(x) vy + 9] h(x)dx = 0

a

=0 6 cuny yp—s Dinepa

Hrak, AV =V[y,(x)+h(x)]-V[y,(x)]> 0, mosTomy Ha 3kcTpemManu y = y,(x) AOCTUTaeTcs
MUHUMYM HccenyemMoro (pyHKIMOHANA, 9TO U TPeOOBaIOCh JOKa3aTh.

Ilpumep 8.5. UccnenoBath Ha SkcTpemMyM QyHKIMOHan V| y]:J- Y dx ¢ TpaHMUHBIME
0

ycnoBusimu - y(0)=0, y(a)=b (a>0, b>0).

Pewenue. YpaBuenue Diinepa mns maHHoro ¢yHknuonaaa umeer Bug V" =0. CemelicTBO
skcTpemaneil onpezaensiercs ¢opmynoir y=Cx+C,. 'paHUUHBIM YCIOBUSM YAOBJIETBOPSET

b
CANMHCTBCHHAA OKCTpEMAJIb Yy =—X.
a

. b
Hailinennast skcTpemalib MOXET OBITh BKJIIOUYEHA B cOOCTBEHHOE Tosie ¥y =—x+ C , HaKIIOH
a

. b
0JIs DKCTpEMaliell p = —.
a

Oyukuua Berepirpacca uMeeT BUL
’ ’ ! ’ 2 ’
E(x,y,p,y)=y" = p'=(y'=p)3p’=(¥'~p) (+/+2p)
! ! b ’
Y 3HAK €€ OMpeJesIeTCsl 3HaKOM BbIpakeHust )y +2p =y +2—. CaenoBarensHo, E(x,y,p,)")
a

MOJET MEHSTh 3HaK B 3aBHCUMOCTH OT )'. [103TOMy CHIIBHOTO SKCTpeMyMa Ha HCCIEAyeMOM
AKCTPEMAJH HET.

N b
BwMmecte ¢ Tem, ¢yukums BeliepmiTpacca coxpaHseT 3HaK, eciad )’ Oau3ko Kk p=—>0
a

. b
(HaKJIOHY TOJNS 3KCTpemaniei), T.e. V' +2p=y'+2—>0 wu HepaBernctBo E(x,y,p,y)>0
a
BBITIOJIHEHO JIJII BCEX KPHBBIX CpaBHEHHS ) =)(X) U3 HEKOTOPOH CJ1aboil OKPEeCTHOCTH
KcTpeManu y=—x. Takum o00pa3oM, Ha OKCTpeMalldi y=—X, COMIACHO JOCTaTOYHOMY
a a

ycnosuio BeiepmTpacca, 1oCcTUTaeTCs ClIadblii MUHUMYM.
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Ilpumep 8.6.  Tloka3aTh, UTO B 33J1a4€ C 3aKPEIJICHHBIMU KOHLIAMU

Vivl=] (' =y")dx, 3(0)=0, y(a)=0

T .
a) B Cly4ae a:3<7z Ha HJKcTpemanu ),(x)=0 peanusyercs CHIbHBIH MaKCUMYyM
¢dbyHKUIMOHANA;
Sr .
0) B cimydae a:T>7z ¢byHkuusa y,(x)=0 Takke SABISETCS €IUHCTBEHHOW SKCTPEMANbiO B

paccMaTpuBaeMol 3amade, mpudeMm (GyHkius Belepmrpacca coxpaHseT 3HAaK Ha 3TOW KPHUBOM,
OJIHAKO 3KCTPEMYM Ha HEW HE JOCTUTaeTCs;

B) B cCllydyae a=7 3KCTpeMallb ONPEIENIeTCs HE €IMHCTBEHHBIM 00pa3oM.

Pewenue. VYpasuenwe Diinepa wumeer Bux y'+y=0. Ero o0mee pemieHre ecTb
y=C, sinx +C, cosx . I'pannunsiM ycnoBusiM y(0)=0, y(a)=0, kak B ciaydae a), Tak 1 B ClIydae

0) ynoBieTBopsieT eAuHCTBEeHHAs QyHKIM Y, (x) =0.
V4
a) Ecmu x € [O’E]’ TO 3KcTpeManb y,(x) =0 MoxeT ObITh BKJIIOUEHA, HAIIPUMED, B LIEHTPAJIbHOE

noJie skcTpeManeit y=Csinx.
Oyukuusa Beiteprpacca
2 2 2 2 2
ECx,y,p,))=y" =y" =" =p)+ (' - p2p=—(y'-p) <0
npy mo0BIX  y, ¥', T.e. COXpaHSeT 3HAaK B CWJIBHOH OKpPECTHOCTH KpHBOH y,(x)=0.
CnenoBatenbHO, BBIIOJIHEHO JOCTaTouHoe ycioBue Beitepimirpacca, u skcrpemans y,(x)=0

pealn3yeT CHIbHBIN (U CIIa0blil) MAKCUMYM.
0) Ecn  x €[0, 577[] , 10 (yHkums Beitepmrpacca  E(x,y,p,y)=—()'— p)2 <0 TaKxe

COXpaHSeT 3HAaK B CWJIBHOM OKpecTHOCTH KpuBoil ),(x)=0. 3amerum, uto V[y=0] =0 u
JOKaxeM, 4To Ha (yHKuMH y,(x)=0 He gocturaercs ciaalblii (ClI€OBAaTENbHO, U CUJIbHBIN)
KCTPEMYM.

1. 4
PaccmoTpuM nocienoBarenbHOCTh @, (X) = —smgx . SIcHO, UTO MpM AOCTATOYHO OONIBIIMX
n

1 . 4x 4 X
n BBIIONHEHO [[@, — Y, |l ,, = max |—sin—|+ max |—cos—|<r, T.. BCE YKa3aHHbIE
S xe[o,%”] n 5 xe[o,%”] Sn
GyHKIMM, HauMHas C HEKOTOPOro HOMepa, NpHHaAIekaT ciaaboit okpecTHocTH ,(x)=0.
OnHako

Sr Sz

4 4
1 . ,4x 16 , 4x 9

V =| —sin"—dx—
7] ! n’ 5 ! 25n° 5 25n°

CIIEIOBATENBHO, HAa PYHKIUU Y, (Xx) =0 ciaalblil (1 CUIBHBIN) MAKCUMYM HE JOCTUTAETCA.

cos’ %dx >0=V[0],

(@)

[}

7]

S

Il
o'—.—p‘é‘"

1 . 4n
PaccmoTrpum mocnenoBaTenbHOCTD Wn(x):—zsm?x. SIcHO, 4YTO mpU AOCTATOYHO
n

1 . 4nx
— sin—
n

<r

- 2

4 dnx
— COS——
S5n

+ max
xe[O,%r]

T.C. BCC

OonmbUIMX 7 BBIIONHEHO |w, — Y, |, ,, = max
c'ro X

Ly 4
’ xe[0,—
5 [ S ]

yKaszaHHble (DYHKIMH, HAUMHAs C HEKOTOPOrO HOMEpa, NPHHANJIEKAT CIa00W OKPECTHOCTH
Vo(x)=0.
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O[[HaKO, HpI/I JOCTATOYHO 6OHBIHI/IX n
Sz 57z

dnx dnx Sz 1 16
V/n] .[—Slnz 5 —dx— I 25 SZT x:?(?_25n2j<O:V[0]'

CrnenoparenbHO, Ha QyHKIUHU Y, (x) =0 MUHUMYM TakXe HE JIOCTUTAETCs.

[IpyunHa yKa3aHHOTO SIBIEHHS COCTOMT B TOM, 4YTO OJKCTpeMalb ),(x)=0 Henb3s
Sr
BKJIIOUUTH B TOJI€ 3KCcTpemasie npu x €[0,—], Tak Kak Bce pELICHHUS ypaBHEHHS OJilnepa
y=C;sinx +C, cosx, YyIOBICTBOPSIOIIME OJHOMY U3 TrpaHW4HbIX yciaoBuid p(0)=0 wnm
Sz . Sr
y(T):O, oOpamiaTcs B HOJIb OJJHOBPEMEHHO €lle B OJHOW TOYKE X, e[O,T]. Hampuwmep,
ecnu norpedoBats )(0)=0, To Bce kpuBble cemeiictBa y=Csinx oO0paiiaiTCs B HOMb NPHU
Sz
x, =me[0,—].
4

B) B cimyuae a=7x ypaBHenume Diinepa )"+ y=0 umeer cemeiictBo pemenuid y=Csinx,
YAOBJIETBOPSIOMNX TpaHuuHbIMH ycinoBusM  y(0)=0, y(7)=0, cremoBaTeabHO, SKCTpeMalb
OTIpPEIeNISIETCSl HE €AMHCTBEHHBIM 00pa3oM. JIerko mpoBepuTh, YTO B ITOM cCllydae Ha JHOOOH

dyHKIMK cemelictBa y=Csinx BbIMOIHEHO V| y]:j (v’ —y?)dx=

Ilpumep 8.7.  IlycTh Tenmo mepemeniaeTcs Mo KpuBoi y = y(Xx) CO CKOPOCTBIO V TaKOH, 4TO
|V|=v(x,y)=y. KakoBa nomxHa OBITh TPACKTOPUS €0 JIBHKEHHUS, YTOOBI TEJIO IOMAJIO U3
Touku y(a)= A B TOUKy y(b)=B 3a MUHMMaJIbHOE Bpems?

Pewenue. Bpewms, HeoOXoaumoe sl TIepeMeNIeHus U3 Touku (a, y(a)) B Tquy (b y(b)) 1o

V(x 5 j dx=V[y].

Taxkum 00pa3oM, perieHre MoCTaBICHHOM 3a/1aui JaeTCsl SKCTPEMAIISIMU q)yHKuHOHana V{y] npu

3aJJaHHON KpuBOHl y = y(x), ompenensercs (QyHKIUOHATIOM ! = .[

ycnoBusix y(a)=A, y(b)=8B.

d
YpaBHenue ODinepa B paccMaTpuBaeMoM ciydae [ _d_Fy' =F,-F,y'-F,y' =0.
x

VYMHOXkas Ha Y, TOIy4uM di(F - y’Fy, ) =0, wu HalljgeM TepBBII  HHTErpai
x
NIESE ' 1 ,
Y _y’ 4 = :Cl' ITonoxum y’:tgt, TOTIIa y:ﬂ,
y y\/l+y'2 y\/ler'2 C
dx = d_): =ctgtdy = %tdt , OTKyJa x= ﬂ +C,. HckarounB mapaMerp ¢, HOIYy4YHM

1 1

1
(x-C) +y’ = — > T.€. DKCTpEeMaIsIMK 3a/1a4H SBISIFOTCS OKPYXKHOCTH C IIEHTPAMH Ha OCH X.
1
Wtak, nckoMas TpaeKTOpus ABIKEHHUS Tela - Jyra OKPYXKHOCTH C IIEHTPOM Ha OCH X,
coenunstonmas Touku (a,A) u (b,B). Jlerko BUAETh, YTO TaKas OKPYXHOCTHb OINPEICISICTCS

€IMHCTBEHHBIM 00pa30M U 33aHHBIX JIOTIOJIHUTENbHBIX yclnoBuiax y(a)=A, y(b)=B.
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8.1

8.2

8.3

8.4

8.5

8.6

8.7

8.8

8.9

8.10

8.11

8.12

8.13

8.14

8.15

8.16

3agaum 11l CAMOCTOSITEILHOTO peleHust

Haiiti Bapuanuio QyHKIMOHAIA

Viyl=[dx
Viyl= J-(x+y)dx .
VI=[ (7 =y?)dx.

V[y]zjy'sinydx.
0

I/ICCHCZ[OBaTI) Ha 3KCTpEMYM (byHKI_lI/IOHaJ'H)I B 3a/1a4€ € 3aKpCIVICHHBIMH KOHIIaAMU (HaﬁTH SKCTpEMaAJIN U

l'IpOBCpI/ITL JIOCTaTOYHBIE YCIIOBHSI KaKHM JINOO CIIOCOOOM):

y0)=1, y(d)=e.

Viyl= J-e (y +—y' jdx

Vivl= je) " dx
Viyl= f’“—dx
Viyl= !7

1

VIyl= [+ x)y"dx

Vbd=§09—fﬁdx
VDJ=iMG+X50dx
VD&=iU”+M5&f
VD&=EUW”—2ﬂﬁﬁh

Viyl=[1-e")dx

Haiitu cemeiicTBo skcTpemaneii pynkumonana V| y]= J-

Cpenu Bcex KpuBbIX, coeaunstomux touku (—1, ch 1) u

Bpamiennu Bokpyr ocu  (OX 006pasyeT MOBEPXHOCTh HAUMEHBIIEH TUTOIIA/IH.

»(0)=0,

y(1)=In4.

y(H=1, y(2)=4.

y(0)=0, y(a)=b (a>0,b>0).

»(0)=0,

y(1)=1.

_ .
»(0)=1, ﬂ2)1-

y(=D=1,

y(=1)=-1

y(2)=4.

y(1)=3.

y(H)=0, y2)=1.
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y(0)=0, y(a)=b (a>0).

\/1+y

—£<a<b<£.
2 2

(1, chl), onpenenuts Ty, kKoTopas mHpu



8.1

8.2

8.3

8.4

8.5
8.6

8.7

8.8

8.9

8.10
8.11
8.12

8.13

8.14

8.15
8.16

OTBeTHI K 3a1auaM
5V = i(y'h +yh)dx  (Sy=h(x)).
5V = ih(x)dx Sy =h(x)).
5V = 2? (yh—y'H)dx  (Sy=h(x)).

SV = j(y'cosy-msiny-h')dx (Sy = h(x)).
0

Dkerpemans  Y(X) =€ peanusyer CWIbHBIN (M cabbIi) MUHAMYM.

Dkerpemans  Y(x) =2In(x+1) peanusyer cunbrbiii (1 cabblit) MUHUMYM.

Dkerpemans V(X)) = x’ peanuzyet ciabblii MUHHMYM.
Dkcrpemans  V(X) =—X peanusyer cnabblii MUHUMYM.
a

In(x+1) . .
Dkerpemans  Y(x) = T peaNn3yeT CHIIbHBIN (M CIIa0bli) MUHIMYM.
Dkcrpemanb  Y(X) =SIN X+ COSX peanusyer cuibHbIi (1 clabblil) MAKCUMYM.
Ha HenpepsIBHBIX KPUBBIX SKCTPEMYM HE TOCTHUTACTCH.
Dkerpemans  Y(X) =2x+1 peanusyer cnabblit MUHEMYM.

Dkcrpemans  Y(x) =x—1 peanusyer cnabriii MUHHMYM.
a
Ha skctpemamu  Y(X) =—x: npu | b |< —= pmocturaercs cnabbiit MUHUMYM;
V2
a a
npu | b [> —= - cnabelii Makcumym™; npu | b |= —= - sxcTpemyma Her.
V2 2
OxkpyXHOCTH X+ (y— Cl)2 = sz .
yv(x)=chx.
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TEMA 9

3aoauu c noosurcnoi cpanuyeii. Ycnoeusa mpanceepcanbHOCHmu.

OcHOBHbBIE ONMPEACTCHUA U TEOPEMbBI

Paccmotpum dysKImonan V[y]= I F(x,y,y")dx, 3anannslii Ha kpusblx y(x) € C"[a,b],

Xo

IpaHUYHbIE TOUKU KOTOpBIX A(X,),) U B(X,y,) B CBOI0O oyepenab JiekKaT Ha (PUKCHUPOBAHHBIX

IIIAJKUX KPUBBIX V= @(X), ¥y =y (x), Tak 4T0 Y, = @(X,), ¥, =¥ (x,).
3adaua c nodsudcHLIMU 2panuyamu CTAaBUTCS Tak: cpean Beex Gynkuuii y(x) € CV[a,b],

rpaduKu KOTOPBIX COEAMHSIOT TOYKH JIBYX JAaHHBIX KPUBBIX y=@(X) U y=(x), HAUTU TY,
KOTOpasi 10CTaBIsAEeT IKCTpeMyM (pyHkuuonany V[y] . OTMeTuM, 4To abCIUCCHl X, U X, Touek 4

1 B 3apaHee He U3BECTHBI, M TAKXKE MOJIEKAT OMPEICIICHUIO.
Heooxo0umsie ycnosusn sxcmpemyma. J{ns toro, ytoObl PyHKIHsS Y= P(Xx) AOCTaBIsIIA

SKCTpeMyM (yHKIHOHany V[y]= Jl F(x,y,y")dx cpemn Bcex kpuBeix y(x) € C"[a,b],
COCIMHSIONINX TOYKH JIBYX 3aJaHHBIX IUHUH y=@(Xx), y=(x), HEOOXOIUMO, YTOOHI:
1) xpuBas y= y(x) Obula pemieHreM ypaBHeHUs Diniepa aisa GyHkiuonana V[y] (saBisiack
IKCTPEMAJIBIO),
2) B Toukax A(x,,),), B(x,,y,) nepeceueHus sKCTpeManu )= y(x) ¢ KPUBBIMH )= @(X) U
y=1/(X) BBINOJHSIUCH YCIOBUS TPAHCBEPCATHLHOCTH
[F+(¢'~7)F,],., =0,

[F+(y'=-y)F,],., =0.

VYcnoBusl TpPaHCBEPCATLHOCTH YCTaHABIMBAIOT CBS3b MEXIY YIJIOBBIMH K03 dunmenTamMu
KpUBBIX ¥ U @',aTakke )’ U ' B rpaHUYHBIX TOYKax A u B.

Jns onpenenenus yetbipex napameTpos - C,, C, u3 o0I1ero pemeHus ypaBHeHus Diniepa u
3Ha4eHUH X,,X, (KOOpPAMHAT KOHIIOB 3KCTPEMAJM) - [Ba YCJIOBUS TPAHCBEPCAIBHOCTU HYXKHO
JOTIOJIHUTh JIBYMsI €CTECTBEHHBIMHU YCIOBHSMH IEpecedeHMs] 3aJaHHBbIX KPUBBIX W HCKOMOM
skeTpemamn  y(x,) = @(x,), y(x) = w(x).

3ameuanue 1. Ecnu rpaHnyHas Touka (IyCTh TOYKA A) MOXET MEpPeMeniaThCs TOJIBKO IO
TOPU30HTANBHON mpsMoil y =x, (T.e.¢'=0), TO yclIOBHE TPAHCBEPCAILHOCTH B TOUYKE
A(xy,y,) npunumaer Bun [F— y'F,] _ =0,

3ameuanue 2. Ecnu rpanuuHas Touka (Hampumep, Touka B) MOXKET IepeMenaTbcsi TOIbKO
[0 BEPTUKAJIBHOH MNpsAMOH x =X, (T.e.y’' =o0), TO Takas 3ajada Ha3bIBaeTCA 3adayell co

Cc680000HbIM KOHYoM, W yCIOBHUC TPAHCBECPCAJIBHOCTH IIPU X = X; B 3TOM CIIy4a€ IIPUHUMACT BUJ
F =0.

V| x=x
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IIpumeps! pelieHus 3agay

Ilpumep 9.1. TlokazaTp, 4TO €CIU B 3a/1a4€ 00 dKCTpeMyMe (PyHKIIMOHANA
xp=B[y]
V= [ Ay

C JIeBbIM 3aKpEIUIEHHbBIM M TpaBbiM MOABMXHBIM KOHIAMH  ¢QyHkuus  A(x,y)#0
muddepeHnrpyeMa, TO YCIOBHE TPAHCBEPCATbHOCTH NEPEXOIUT B YCIOBUE OPTOTOHAILHOCTH.

Pewenue.  Ycnosue TpanceepcanbHocTH F+(¢'—)y")F,=0 npu x=x,=B[y] B nauHoO#

3aJaue UMEET BH/T A(x,y)«/1+y’2+((p’—y')-M:O 170071 A(x,y)(1+(py):0. Tak

e Jier

1
e, =0 mma y'(x))=——-——, 4TO M TpeOOBANOCH.
?'(x,)

I/ITaK, YCJIOBHUC TPAaHCBCPCAJIBHOCTU COBIIAAACT C YCJIOBHUEM OPTOTOHAJIbBHOCTH.

kak A(x,y)#0, o 1+)'¢’

Vivl= j“+y dx

410 JIeBbIi KoHel 3akpemieH y(0)=0, a npaBblil (X, ;) MOXKET IepeMelaTbcs BIOJIb 3aJaHHON

Ilpumep 9.2. WccnenoBath Ha SKCTPEMYM (DYHKITHOHAIT MIpU YCJIOBUH,

npsAMon y=x-35.

12

+
Pewenue. Oyuxnus F(x,y,y")= Y HE 3aBUCUT ABHO OT Xx. [loaToMy ypaBHeHuUe Jiisiepa
N , NS
uMeeT mnepBbii uHTErpan F-y'F,=C, T.C. -y =C, WU
y yyf1+ 3"

Cy 1+ =1.

[Tonmoxum y'=tgt. Torma y=C, cost, a dx:d—)j: _Clil—nttdt:—cl costdt, oTKyna

y g
—C,sint+C,.

Vckmiouas mapaMeTp ¢, ojlydaeM ypaBHEHHe ceMelicTBa okpyxkHocTell (x—C,)> +)° :Cl2
¢ eHTpaMu Ha och x . M3 ycnosus y(0)=0 maiinem C,=C,=C u (x—C) +y*=C".

Koncranta CwMoxkeT OBITH ONpeneieHa W3 YCIOBHS TPAaHCBEPCATBHOCTH, KOTOPOE ISt
JaHHOTO (PYHKIIMOHAJIA COBMAAET C YCIOBHEM OpTOroHanbHOCTHU (mipumMep 9.1) kpuBoit y= y(x)

cemeiictBa (x—C)*+)°=C> u mnpsamoii y=x—5 B Touke MX Tepecedenus (x,,),). B Hamem
ciydae @(x)=x-5, ¢'=1, Ny =—1
JuddepeHnmpys ceMeicTBO pelIcHu ypaBHeHH Diiepa, monyuum yy' = C—x. B Touke

nepeceyeHust KpUBbIX (X, ;) umeeM y(x,)-)V'(x)=C—x,, mostomy —y, =C—x, u y,=x,-5,
—_—

=y =—1
otkyna C =35 U uckoMas SKCTpeMainb gaetcs Gopmyinoii  y==4/10x—x’
3ameuanue. DTOT Pe3yabTaT MOXKHO HOIYYHUTh M M3 TEOMETPUUECKHUX COOOpakeHHMit. Yciosue
OpPTOTOHANBHOCTH MPSIMOH  y=x—35 U okpykHocTH (x—C)>+y*=C’ B TOuKe UX MepecedyeHus

O3HayaeT, 4Tto HeHTp okpyxHocTH (C,0) nexutr Ha 3T0oM mpsiMoi. CrenoBarenbHO, LIEHTP
OKPY>KHOCTH €CTh TOUKa NepecedyeHus npsiMon y=x—5 cocbto x, T.e. C=35.
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Ilpumep 9.3. Cpenu KpUBBIX, COSAUHSIOMUX TOUKH MpsMoid 2y +2x+3 =0 u mapabois

x> =2y, HaliTH Ty, KOTOpas UMeET HAUMEHBIIYIO JUTHHY.

1 3
Pewenue. Baenem o6o3HadueHus: y = @(x) = Exz - ypaBHEHHE Tapaloibl, y =W (X)=—x BN

ypaBHeHue mnpsaMoil. Ilycte Touka ¢ koopauHatamu (X,,),) HaxoguTcs Ha mnapaboie, T.e.
2 . 3 .

Vi :Exl , a Touka (x,,y,) - Ha OpPAMOH, T.e. ), =—X, 3 JlnnHa nyru kpuBoil y = y(x),

coeAMHAOLEH Touku (x,,y,) U (x,,),), ONpeaenaTcs GyHKIUOHAIOM

X3
V[y]zJ. 1+ dx. Takum o00pa3oM, pemieHHe MOCTaBICHHOW 3adaydl  Jaercs

X

Ro)
AKCTpEMaJIbI0 3aJaddl C TOJBWIKHOM TpaHHIed s (GyHKIHOHAIA V[y]zj 1+y%dx ¢

Rl
yenoBusMu y(x;) = y; = @(x,), ¥(x,) =y, =y(x,).

VYpaBuenue Ditnepa )" =0 wumeer odmiee pemeHue y(x)=ax+ . Jua onpenencHus
NOCTOSIHHBIX @ W [}, a TaKkke KOOPAWHAT KOHIIOB IYI'M SKCTPEMald MOJIYYHUM CIICAYIOIIUE
yCIIOBHS B TOUKax (X;,),) U (X,,),):

1

»=ax +p, ylzlez

S ) g ) - Y=o

S ALY ()

3
Y, =ax,+f, y2=—x2—5

S0 (0) 410 (xy) - v ()] -2 g

=a \/1+y'2(x2)

Bo Bropoii ®W 4YeTBEepTOM  CTPOKAX  3alMCaHbl  YCJIOBHS  TPAHCBEPCAIbHOCTH

F+(p'-y"YF,=0,rtme F(x,y, y)=4/1+3"?, B Toukax (x,,y,) u (x,,y,). JIerko BUAETH, 4TO
OHM COBMAJAIOT C YCJOBUAMU OPTOTOHATBHOCTH (X, ,)- @'(x,,)+1=0.

. 3 1
Pemas cucremy, Haiinem x, =-1, x,= 5 V= > y,=0, u >3KcTpemaib

3
X)=x+—.
y(x) >

X, -1
. 1
3ameuanue. JlnvMHa AYrW TONXYYEHHOW OHKCTpemanu [ = J- 1+ dx = J- l+1dx=— naer
3

2

MUHHMAaJIbHOE PACCTOSHUE OT MPSMON 10 mapaloiyibl. DTOT pe3ynbTaT JIETKO MOJYYUTh U U3
T€OMETPUUYECKUX COOOpaKEHUH.

X

79



Ipumep 9.4.  Haiitn sxctpemamn dyakumonana  V[y]=|(3"* —y*)dx ¢ ycnoBuem y(0)=1

O e [N

T
(3amaya co CBOOOAHBIM MPABBIM KOHIIOM MIPH X = Z).

T . '
Pewenue.  I'paHndHOE yCIOBUE IIPU X = 2 CJIelyeT MOCTAaBUTh TaK: F, ~ =2y L:% =0.
V'+y=0 (p—e Diinepa)

y(0) =1, y'(zj =0~

DKCTpeMaJld B IaHHOM 3a/1a4€ HaXOJATCS U3 YCIOBUM

OTKY/la IOJTy4aeM €IMHCTBEHHOE pelieHne y(x) =sinx+cosx .

33)13‘11/1 JIAA CAMOCTOATECJIBHOI'0 pelIeHUs

Haiitn skcTpemany u 3Hauenne & B CIEAyIONNX 3a1a49ax ¢ TOBHKHON rpaHUIIei:

¢
0.0 VIyl=])dx ¥(0)=0, yp(&)=-¢-1.

0

[ 2
92 Vyl=|y’dx HO=0, y&)=175.

0

[ 1
93 VIyl=[1+y7 dx YO=0, y&)=7.

0

¢

2 2

94 Vyl=[("+x")dx ¥0)=0, p&=1 (£>0).

0

¢ 2

Vi+y

9.5 Vlyl=[*——dx Y0)=1, y(&=¢-1.

o Y
9.6 Haiiti MuHMMalbHOE paccrosiHue ot Toukn M, (—1,5) no mapaGonsr x = y2 .
9.7 Haiiti MuHEMalbHOE paccrosiHue ot Toukn M, (1,0) mo snnumnca 4x* + 9y2 =36.
9.8 HailiTy MUHUMaNbHOE PacCTOSHUE MEXY TOUKaMU Mapaboibl Y = x> u npsimoit X —y =35.
9.9 HaiiT MUHHMAILHOE PAcCTOAHUE OT NpsAMOil X + ) =4 110 OKpyKHOCTH X+ y2 =1.

Haiiti sxcTpeManu B 3a1a4ax o CBOOOIHBIMH KOHIIAMHU:

9.10 V[y]= I(ny+y'2 )dx y(0)=0.
9.11 V[y]:j(2y+6y'+y'2)dx 1(0)=0.

1
9.12 V[y]:j(2yy'+y'2)dx.
0
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9.13

9.14

9.15

9.1

9.2

9.3

9.4

9.5
9.6

9.7

9.8

9.9

9.10

9.11

9.12

9.13

9.14

9.15

v

2
Viy]= I(4y2 +3" +2ycosx)dx.
0
2
VIvl=[@y+yy'+x"y")dx.
1

2
Vivl=[@y—yy'+ 0" )dx
1

OTBeTHI K 3a1a4aM

y(x)=-2x
y(x) =9x,

y(x>=%,
y(x)=1x,
y(x) =V1+2x—x7, E=2.
25,

4
—_, skerpeMans  P(x) =2x—2.
NG

192

_, sketpemans (X)) =—x+ 1

8

232 -1.

3

X
x)=—-2x.

y(x) 5

2

y(x)zx?—4x.
y(x)=0.

( ch2x J
y(x)= —— +cosx |.

2shrx
4+In4

y(x)=2+In(4x)+

2+Inx
In2

y(x)=x+1+
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TEMA 10

Yenoenwiit skempemym.
3aoaua Jlazpansca. Hzonepumempuueckue 3aoauu.

OcHoBHbIE onpeae/ieHis U TeOpeMbl

B BapuanuoHHBIX 3ajjauax Ha YCJIOBHBIA AKCTPEMYM MHOKECTBO (DYHKIIMI, HA KOTOPBIX
uccienyercs QyHKIIMOHAI, TOYHHSIETCS JOTIOJTHUTEIHHBIM YCIOBHSIM CBSI3U.

b
PaccMorpum yHKIIOHAT Viy, z]:.[F(x, v,z,y',z")dx (1)
y(a@) =y, y(b) =y,
C TPAHUYHBIMU YCIOBUSAMU (2)
z(a) =z,, z(b)=z.
Y JIOTIOJTHUTEIBHBIM YCIIOBHEM CBSI3M BUJA d(x,y,2,,2)=0. 3)

Cpenu Bcex kpuBbiX p(x), z(x) € C"[a,b], ynOBIETBOPSIOMUX TPAHUYHBIM YCIOBHSIM
(2), a Takke ycnoBuio cBs3u (3), TpeOyeTcst onpeenuTh Te, Ha KOTOPBIX PeaTu3yeTcsi S3KCTPEMYM
¢ynkunonana V[y,z]. ChopmynupoBaHHyIO IpobiaeMy HHOTIa Ha3bIBAIOT 3adauetl Jlacpamica.

Cesizu Tuna ®(x, y,z) = 0 (T.e. He 3aBUCSIINE OT MPOU3BOIHBIX) B MEXaHUKE HA3BIBAOTCS
2on0HoMHbIMU, A CBsi3u Buga D(x,y,z,y’,z") =0 (3aBHCALIME OT MPOM3BOIHBIX) HA3BIBAIOTCS
HE20JI0HOMHBIMU.

Heo0xoaumpble yc1oBus IKCTpeMyMma (3agaua Jlarpan:ka).
Ilycts

1) ¢ynkuun y(x), z(x) peanu3yroT SKCTpeMyM (yHKuMOHana V[y,z] Ha MHOXXECTBE map
(GyHKUIMH, YIOBIETBOPSIONUINI IPaHUYHBIM YCIOBUAM (2) U ycioBHIO cBsi3H (3);

2)  odyakuun F, ® tpuxasl qnuddepeHnnpyemsr;

12 12
3)  y(x)u z(x) nBaxabl uddepenunpyemsr u O + O = 0.

Torna cymectByet auddepennupyemas byHakuus A(x) Takas, uro GpyHkuuu y(x), z(x), a
Takxke A(X) YHAOBJIETBOPSAIOT CHCTEME YpaBHEHUH Diliepa, 3alMCaHHON I BCIIOMOTaTEeIbHOTO

b
Qymawonana  [H(x,,z,,2)dy, e H=F(x,,2),2)+A0)0(x,y,7,),7)

(koHCTpyKIMS, aHamoruyHas GyHkiuu Jlarpanxka B 3a1ade 00 YCIOBHOM 3KCTpeMyMe (pyHKIui
HECKOJIbKUX MEPEMEHHBIX ):
d d
H-—H,=0, H —-——H_,=0.
y y z z
dx dx
3ameuanue 1. B cimydae rolOHOMHBIX CBsI3ei (HE 3aBHUCSIINX OT MPOU3BOIHBIX ) ycao8ue 3)

meopembl omcymcemeyem.

3ameuanue 2. EcTeCTBEHHO, YTO MPUBEACHHOE B UCCIEAYEMOM (YHKIIMOHAIE KOJTUYECTBO
GbyHKIMIA - ABE, ABISIETCS MUHMMAJIBbHO HEOOXOIMMBIM ISl ITOCTAHOBKH 3a7addl 00 YCIOBHOM
sKcTpeMyMe. B ob1iem citydae, KOJTMUECTBO CBA3EH JOIKHO OBITh MeHbuie KOTUUECTBa (PYHKITUI
B (pyHKIIMOHANE V.

H3onepumempuueckas 3a0aua. Y CIOBUS CBSI3H MOTYT OBITh 33/1aHBI HE B BUAE (YHKIHUIL, a
BUJIE JIOTIOJIHUTENbHBIX (PYHKIMOHAIOB. BakHeHIIMM NpuUMEpOM TakMX 3aAay SIBIAETCS Tak
Ha3bIBaeMasi M30MEPUMETPUUECKas 3aaua, KOTopasi CTaBUTCS CIETYIOIIUM 00pa3oM:
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cpern  Bcex Gymkumii  y(x) € C"[a,b] HaiiTHu Ty, KOTOpas JOCTaBIAET DKCTPEMYM

b
¢bynkuunonany V| y]:J-F (x,y,¥")dx, c rpanudHbIME ycnoBusiMu  y(a) = y,, y(b) =y, npu

b
Hanu4uu cBs3u J[y|= .[ G(x,y,y)dx =1, rne [-3amaHHas IOCTOSHHAS.

W3onepumerprueckas 3ajada CBOAWUTCS K 3amgade Jlarpamka BBeACHHWEM (QYHKIHU
z(x):jG(x, v,y )dx. Torma o4YeBHIHO, YTO z(a) =0, z(b) =1, Z'=G(x,y,)Y), u
paCCM;TpI/IBaeMaH u3onepuMeTpuueckas 3ajada npuseneHa ko Buay  (1)-(3), rae
V[y]:iF(x,y,y’)dx, rpaHuuHele ycinosus y(a) =y,, y(b)=y, z(a)=0, z(b)=1, a
COOTHO(;_HCHI/IG ®d(x,y,2,y',2") = G(x,y,y")—z =0 urpaer pojb HErOJIOHOMHOM cBs3u THMA (3)

(B manHOM ciy4yae QyHKIHS z(X) BXOIUT TOJBKO B YCIIOBUE CBSI3H).

Heo0xonnmble ycjI0BHsI 9KCTpeMyMa (M30nepuMeTpudeckas 3agaqa). Ilycts
1) nHa Qynkuuu y(x) mocturaercs sKCTpeMyM (yHKimoHana V[y] npu chopMyIupOBaHHBIX
T'PAaHUYHBIX YCIIOBHSI U YCIOBUSAX CBS3H;

2)  odyaxkums F tpwkasl nuddepeHupyema;
3)  y(x) mBaxnael guddepeHnupyemMa 1 He SBISICTCS IKCTpeManbio GpyHkuonana J[y].

Torma cymectByer mocrosiHHags A Takasg, 49ro (QyHKousS  y(x)  YAOBIETBOpPSET

b
ypaBHEHHUIO Dujepa I BCIIOMOTATEIbLHOTO (DYHKIIMOHAA I H(x,y,y")dx, tane 0603Ha4eHO

a

F(x,y,y") + AG(x,y,y" )= H(x,»,)").

d
3ameuanue. Ecma  y(x) - skcrpemans Qynkuuonana J[y], to G, —d— G,=0, re.
X

b
ypaBHeHHe Oitnepa s (yHKIMOHAIA I H(x,y,y")dx coBmagaer ¢ OOBIYHBIM YpaBHEHHEM

a

Oiinepa F, _di F, =0 nns dynkuuonana V{y] .
X

IIpumepsbl pemenust 3aaa4

Ilpumep 10.1. HailTu 3KCcTpeMay B H30IEPUMETPHUECKOM 3aaue sl (pyHKIIMOHANA

VIvl=] [p(0)y" +q(x)y"] d

b
C JIOTIOJTHUTEIIbHBIMUA YCIOBUsAMH ~ J[ V] =j p(x)y*dx=1, y(a)=0, y(b)=0,

rae p(x)HenpepsiBHO auddepeniupyemas, g(x)u p(x) HempepbiBHbIE Ha [a,b] QyHKIUH,
npuueM p(x) >0, p(x)>0, g(x)=0.

Pewenue. B IPUHSTHIX BBIILIE 0003HAYCHUSAX F(x,p,9) = p(x)y” +q(x)y*,

G(x,y,y)=p(x)y*, H(x,y,y)=p(x)y”+q(x)y*+Ap(x)y*, 103TOMY BCIOMOraTeIbHbIH
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(yHKIHOHAI HUMEET BUJT Viyl+ AJy]= .[ [p(x)y" +q(x)y* + Ap(x)y*] dx .

VYpaBHueHnue Diinepa di[ p(x)y'T-q(x)y—Ap(x)y =0 ¢ xpaeBbimMu ycmoBusmu y(a)=0,
X
y(b)=0, oueBumHO, uMeeT pemeHne y(x)=0, KOTOpoe, OJHAKO, HE YIOBIECTBOPSET

b
HU30IIEPUMETPUUECKOMY YCIOBUIO J- p(x)y*dx=1. TlodToMy dKCTpEMalli CeAyeT ONpEaeInuTh

Kak pemeHus 3amgaud llTypma-JlnyBuiis, T.e. SKCTpeMalsiMH B JaHHOM CIly4dae SIBIISIFOTCS
coOCTBEHHBIE QYHKIMU Y, (X), OTBEUArOIIUe COOCTBEHHBIM 3HauUeHUsM A, , npuuem A <0.
VMHOXUB ypaBHeHHE Dilliepa Ha (QYHKIUIO V, (X) U IPOMHTETPUPOBAB IO OTPE3KY [a,b],

C Y4CTOM OOIMOJTHUTCIIbHBIX YCJ'IOBI/If/'I MoJIy4Ynm

POV, (), (), = [ p)ydx=[a(x)yidx = 4, [ p(x)yids,

=0 —_—
=1

T.€. 3HaYeHue pyHKUMOHana V[y] Ha HalieHHBIX 3kcTpeMasaix V([y, (x)]=-4,.

Urak, »sKcTpeMaisiMu  pacCMaTpUBacMOM  M30MEPUMETPUUYECKON  3a7adyM  SIBISIOTCSA
OPTOHOPMHUPOBAHHBIE C BECOM p(x) coOcTBeHHbIe pyHKuuu y, (x) 3amaun Ltypma-JlnyBusmis;

OpU 3TOM COOTBETCTBYIOIIME MM COOCTBEHHBIE 3HAueHMs A, MPEACTaBISAIOT COOOM

JKCTpeMalbHbIe 3HaueHus Gpyaknuonana —V[y].

Ilpumep 10.2. Haiitu Teno BpaiieHus HAUMEHBIIETO 00beMa C 3aIaHHON TIJIOMIABI0 OCEBOTO
CEUECHHS.

Pewenue. Tlyctb ocb Ox BBIOpaHHON CHCTEMBI KOOPAMHAT COBIAIAET C OChIO BPAILCHUS, TOT/IA

b
JUIsl OTBETa Ha BOMPOC 3a7a4y¥ HY)KHO HAaWTH MHUHHMYM (DyHKIIMOHaIa V[y]:ﬂj y* dx npn

a

b
YCIOBHSX 2 j vdx=S, y(a)=A4, y(b)=B. YpaBHenue Diepa s GyHkuronana Jlarpanka

b
Viyl= j (y* +Ay)dx B paccMaTpmBaeMoM ciiydae He muddepeHIHanbpHoe, a anredpandeckoe

2y+ A =0, u ero pemenue y(x)= —% CYIIIECTBYET JIMIIb, €ci A= B = —% u-Ab-a)=S5,

T.C. UCKOMBIM TCJIOM SBJIACTCA TUJIUHADP.

IIpumep 10.3. Ha moBepXHOCTH IMIMHApPA X° + )’ =a’ HAlTH KPUBYIO HAMMEHBIIEH JIMHEL
coenunsitontyro Touku (a,0,0) u (0,a,h), u paccTossHEEe MEXKIy STUMU TOYKAMHU, U3MEPEHHOE
0 TIOBEPXHOCTH IUJIMH/IPA.

Pewenue. 3agagum HUCKOMYIO KPHUBYIO B MapaMeTpU4eCKOu dhopme
L:{x=x(t), y=y(t), z=2z(t)}, Torma yHMHA NOyrd OSTOH KpPUBOH Haercs (YHKIIMOHATIOM

s
[=V[x,y,z]= I \JX* + 7%+ 2°dt . KoHKpeTHBII crioco® BEIOOpa mapamerpa ¢ OyaeT ykaszaH

HHMXKC.
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s pelieHus 3a/1a4u Tpedyercs HalTH AKCTpEMAIIN ¢byHKLIHOHATA

s
Vx, y,z]:j X+ +2dt B 3amade JlarpaHa C  TOJNIOHOMHOH  CBSI3BIO
[24

o(x,y,z)=x"+y*—a’ =0 ¥ rpaHUYHBIMU YCIOBUAMH

{Ma)zm Wa)=0, z(a)=0
x(B)=0, y(B=a, z2(p)=h

B
CocTaBUM BCIIOMOTATENbHBIN (YHKITMOHAT J.[\/)'cz 2 AU+ - az)} dt , Torna
a

d X
2A4(t) x —————==0
dt % + 37 + 2
.. d y
CUCTEMa ypaBHEHUH Diiyiepa BRITJISAUT TaK: 2A(t) y——————=0.
dt 3% + 37 + 2*
A R
dt \[x* + 37 + 2*

BriGepem B kadyecTBEe ¢ €CTECTBEHHBIN MapameTp - JJIMHY AyTd KPUBOM, OTCUUTAHHYIO OT
touku (a,0,0), Torma x°+ > +2° =1 u ypasHeHus Diinepa npuMyT Gosiee IPOCTOil BUJ

X=2A(1)-x
V=2401)y.
5=0

Otcrona cpa3y Haiinem z=C,rae |C<1.
Janee, muddepeHIUpys ABAKILI YpaBHEHHE IIOBEPXHOCTH X + )’ =a’, MHOIy4HM
XX+ yP+x°+3° =0, orkyma xi+ yy =2z —1=C>—1. IToacTaBnss 3TO COOTHOIICHUE B IIEPBHIE
—
=l-z

Cc*-1

2
a

JIBa ypaBHEHHs MocneaHei cucteMsl, Hainem C> —1=24(t)(x* +y*) = 2A(t) =
%/_/

=a2

Teneps ypaBHeHus Diinepa Ierko MHTErpupyroTes u, Tak kak |C <1, T.e. C* —1<0, To ux
peuienue ectb x(¢) = A sinyt+ A, cosyt, y(t)=B sinyt+B,cosyt, z(t)=Ct+C, - BUHTOBas

1-C?
TUHUSA (3/1€Ch BBEJIEHO 0003HAUEHUE ¥ = — )
a
JlomoTHUTEIbHBIE YCTIOBHUS TIPU BBIOPAHHOM CIIOCOOE MapaMeTpU3alli KPUBOM CIEAYyeT

IIOCTaBUTb TaK:

x(0)=a, y(0)=0, z(0)=0
x()=0, y(h=a, z()=h

Vcnopus  npu t=0 c  yderom X’ +y’=a’ 0T

. . h
x(t)=acosyt, y(t)=asinyt, z(t)=Ct; nupu t=[/ wumeem cosyl=0, sinyl=1, C= 7’
OTKYyIa (1 (13N Y= 211 . u YpaBHCHUA 9KCTpeMalin IMPUHUMAKOT BHUJ

V4 . h
f)= —t, y(t)y=asin—t, z(t)="t.
x(t)=acos 5] y(t)=asin 5] z(t) ;
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OJICTaBUB MOJIYUEHHEIE (DOPMYIIBI B COOTHOIIIEHUE X - +z° =1, onpenenasiiee BLIOO
I1 yu y. 1y + 2 =1, 0

2
. a
napaMeTpu3aluy, Haijaem (Z_IJ +(7

paccrostaue Mexay toukamu (a,0,0) m  (0,a,h), u3MepeHHOE Ha TMOBEPXHOCTH ITWJIMHApA

j . Urak, kparyaiiiiee

2
x*+y* =a’, paBHO [= h2+(%j

3ameuanue. Ity HopMyny MOKHO BBIBECTH M U3 IPOCTHIX FEOMETPHUUECKUX COOOPAXKEHUI: eClin
"pa3pe3aTh" MOBEPXHOCTh WMIMHIpa MO oOpasyromiel, mpoxonsimeld uepe3 Touky (a,0) wu

. ma
"pa3BepHyTh" €€, TO MOJYy4YUM MPSAMOYTOJIBHUK CO CTOPOHAMH JJIMHOMN EY U h, TuaroHaib

KOTOpOro paBHa [=

2
wa
h2+(7j U Ja€T HCKOMOE MHHUMAJIBbHOC PACCTOAHUC MEKIAY

3aJaHHbIMHU TOYKaMH.

Ilpumep 10.4. Ha mnosepxHoctu 15x—7y+z=22 HaWTU KpUBYIO HAUMEHbIIEH MJIUHBI,

coenunsitonyro Touku  A(1,—-1,0) m  B(2,1,-1), m paccTosHHE MEXAy 3TUMH TOYKAMH,
W3MEPEHHOE 10 JJAHHOU MOBEPXHOCTH.

Pewenue. 3amganum HUCKOMYIO KPHUBYIO B napaMeTpUICCKOM bopme
L:{x=x(t), y=y(t), z=2z()}, 0<t <, rae 3HaueHue « OyneT ompeaencHo mo3aHee. Torma

B a
JUTHHA JyTH KpHBO# naercs QyHKupoHanoM [ =V[x,y,z]= jdl = I X+ 9P+ 27dt .
A 0
Jns pelenus 3a7a4u HYXHO HaWUTU JKCTpEeMaIu ¢byHKIHOHATA

a
Vix,y,z]= J‘\/)'cz +y + 2 dt B 3amaue  Jlarpamka ¢ TOJNIOHOMHOH  CBS3BIO
0

o(x,y,z)=15x—-Ty+2z—-22=0 u rpaHUYHBIMU YCIIOBUSIMH
x(0)=1 y0)=-1, z0)=0
xa)=2, ya)=1, z@)=-1

CoctaBuM BCIIOMOTaTENbHbIN (DYHKIIOHAI J-[\/)'cz +7+ 2+ AUDA5x—Ty+z - 22)} dt,

0

d R
15A(t) ———F—===0
dt |3 +5* +2°
. d y
cucTeMa ypaBHEHH Diiniepa 17151 KOTOPOTro BITJIAIUT TaK: —TA(t) ———F——==0.

dt \[3* + % +2*

d z

At)————==0
dt |3 +y° + 2

Kak u B mpenpiaymieM npuMepe BbIOEpEM B KauecTBE ! €CTECTBEHHBIN Mapamerp - JUIMHY
JIyTM KPUBOii, OTCUMTAHHYIO OT TOukH A, Torma x° +)°+z° =1 u a =/, a ypaBuenus Diinepa
npuMyT Bua: X =15A(¢), y=-TA(), Z=A(t).
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[IpomuddepennrpoBaB aBaxAbl ypaBHEHUE TMOBEPXHOCTH 15x—7y+z =22, momy4yum
15%x-7y+2Z=0, oTkyna, yudTbiBasg ypaBHeHHs Oiinepa, Hainem A(f)=0. Iloatomy
X=y=2z=0, 1 3KcTpeMasiIMU 3aJjaul SIBJISIOTCS IPSIMBIE.

JononuutensHoe ycinoBue B Touke A(1,—1,0) m cmocob6 BwIOOpa mapameTpa, T.c.

COOTHOMIEHHE X° + J° +2° =1, OmpenensioT MCKOMYIO KPHBYIO B IlapaMeTpUyecKoil (opme

1 2 1
x()=1+—t, ty=—1+—t, z(t)=——=t, a ycnoBue B Touke B(2,1,—1) (T.e. pu t =
(1) (1) NG (1) 76 y ( ) ( p )

NG

JIaeT pacCcTOsSIHUE MEX]y TOUuKaMHu: [=a = J6.

3ameuanue. Pesynprar, moixy4eHHBI HAMU CPEJCTBAMM BapUAIIMOHHOTO MCUYUCICHHS, ObLI
OUYEBUJCH 3apaHee M3 TEOMETPUYECKUX COOOpa)KeHHM, Tak Kak 3aJaHHas IOBEPXHOCTb
15x—7y+z=22 - NIOCKOCTh, CJIEAOBATEIHbHO, MHHUMAIHHOE PACCTOSHHE MEXKIY JIFOOBIMH

ABYMA TOYKaMH Ha HEH eCcTh JJIhHa OTpE3Ka, COCAUHAIOMIECTO 3T TOYKH.

Ilpumep 10.5. (3a0aua Yanavieuna). OnpenenuTs TPAGKTOPUIO, IO KOTOPOH JOJKEH JIBUTaThCS
CaMOJIET C TIOCTOSHHOM OTHOCHUTEIBHO BO3JyXa CKOPOCTBIO i : |i |=u =const, 4TOOBI 3a

¢ukcupoBanHoe BpeMsi 1 00JEeTeTh TEPPUTOPUIO MAKCUMATIHHOW IUIOIIAIN, €CIIU CKOPOCTh
BeTpa V MOCTOSIHHA U |V |=v<u.

Pewenue. Bpibepem cucTeMy KOOPAWHAT TaK, 4TO OCh Ox HarpaBiieHa BIOJIb CKOPOCTH BETpA.
[Iycte wckomasi TpaekTopws 3ajaHa B mapaMmeTrpuyeckod dopme x =x(¢), y=y(¢f), Torma

CKOPOCTb CaMolieTa B 9TOil cucreMe KoopauHar V ={x(¢), ()} =i#i+V ©u HMeeT MecTo
cootHomenne (X —v)* + 3> =u’.
3ajaua COCTOUT B HaXOXKJICHUH KPUBOMW, pealTu3yromed MUHUMYM (YHKIIMOHAJA TUIOIIaIN
T
S[x,y]= % .[ (xyp— yX)dt TpM HAJIMYUU HETONOHOMHOMN cBs3M (X —v)° + )" —u’ =0. paHuunble
0
yeaosust:  x(0)=x(T)=x,, y(0)=y(T)=y,, T.e. caMOJIET BbUIETAET U3 HEKOTOPOW TOUYKHU U B

Hee e Bo3BparniaeTcs (BbIOOp HauaIbHON TOUKH Oy/IET yKa3aH HUXKE).

T
®ynxuronan Jlarpanka Lx,y]= j {% (xp — yx) + A(2) (()'c V) +3—u’ )} dt
0

%j}—%(—%y+2l(t)(ic—v)j =0
MOPOKIAET CUCTEMY YpaBHEHHI Diliepa ,
—lx _ 4 lx+2/1(z‘) y |=0
2" T a2 Y

y=2A(1)(x-v)=C
x+2A()y=C,
CnenaeM cABHI HCXOJHOH CHCTEMBl KOOPIMHAT, T.e. BBIOEpPEM HAYabHYI0 TOUYKY
TpaekTopuu (x,,y,) Tak, yro C, = C, =0, Toraa B HOBbIX KOOPJHUHATaX UMEEM

UHTErpUpPYys KOTOPYIO MOIYyYUM {

y =240 ~v)
x==2A(t)y
(x=v)+y—u’=0
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X—-v=-—
BUTTY X

()'c—v)2+j/2—u2 =0

Janee, uckitouast pyHKIU0 A(f) U3 MEPBOro ¥ BTOPOTO YPABHEHHMSI, IPUBEIEM CUCTEMY K
u’y’ X dx

» 2
, OTKyza J’ =—, (x—v)’ =———. YuuTblBag, 4T0 —=—,
X"+ X +y y dy

. dx v
noiayauM  guddepeHraabHoe  ypaBHEHHE HCKOMON TPAeKTOPHH x5+ y= i;«/xz +y°,

KOTOPOE JIETKO UHTETPUPYETCS, TAK KAK ——=—==—1/X + )" .

. v
Crien0BaTeNbHO, PEllleHHe 3a1a4u JaeTcs popMynoi A/x” +y° =+—yp+C U npeacTaBiseT
u

. . v
COOOH CeMeMCTBO DIUIMIICOB C JKCIEHTPHUCUTETOM & =—<1, Oonpmas oCh KOTOPBIX
u

neprneHuKyisapHa ocu Ox , T.€. HalIpaBJIEHUIO BETPA.

33)13‘11/1 JIAA CAMOCTOATEC/IBHOI'0 pelIeHUs
b

10.1  Haiitu sKcTpeMalu U30TIEpPUMETPUYECKOIT 3a1auu 1ist Gynkunonana V[ y]= J-F (x,y,y)dx B

a

CIEYIOUINX CIyJasx:

y(0)=1, y(1)=6;

1
2 VIyl=[y"dr,
0

j[ydxz?a,
0

6) VIyl=[("+x")dx, [yaxe=1, 7(0)=0, y(x)=0;
0 0
1 1 1 1

_ "2 1,02 _ — —_ .

B) V[y]—!y dx, !(y Y de=— (0)=0, y()==
1 1 1

r) V[y]zjy’zdx, jydle, Ixydsz, y(0)=0, y(1)=0.
0 0 0

b
10.2  HaiiTu 3KcTpeMau 3a/1auu Ha YCJIOBHBIH SKcTpeMyM s pyHkuuonana V{y, z] = IF (x,v,z,y",2")dx
a

C TOJIOHOMHBIMHU CBA3AMHU B CIICAYIOIUX CIIydasaX:

0 Vinzl= [+ s,
y(0)=1, y(1;=0, z(0)=0, z()=1;
6) V[y,z]zj(y’2+z’2+x3)dx, y=2z+3x=0,
y(0)=2, y((i)=1, z(0)=1, z()=2;:

1
B) V[y,z]:j(y'2+z'2+1)dx, y+z=2x",
0

y2+22=1,

y(O):O, y(l)zza Z(O):Oa Z(l):0§
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3
n Vly,z]= I(y2 +2°—y”? =z +cosx)dx,
0

y—z=2sinx,

1(0) =1, y(%]:l, 2(0) =1, z(%j:—l.

10.3  Haiitu sKcTpeMainu 3a/1aum Ha YCIOBHBIH SKcTpeMyM s pynkuuonana V{y, z] = .[F (x,v,z,y',2")dx

C HCTOJIOHOMHBIMU CBA3SIMU B CICAYIOMIUX CIIydasX:

1
a) V[y,z]zJ-(y'2+2z'2+22)dx, y—z'=0,
0

W(0)=-2, y(l)=—é, 20)=1, z(1)=0;

1
6) Vlyzl=[ (" +27)dx, VY -z=0,
0
y(0)=0, y)=1, z(0)=1, z(1)=0;
W Vp.z]= [ =2, y'=sinx-z,
0

¥(0)=0, y(x)=0, z(0)=0, z(z)= g;

3
) Viy,z]= .[ , z'=2y—4xz, z(0)=0, Z(ﬁjzl.

OTBeTHhI K 3a24aM
10.1 a) p(x)=3x"+2x+1;

6) yk(x)zi\/zsinkx, keN;

5) y(x)—g—%

r) y(x)=60x’ —96x> +36x.
102 a) y(x):cos%, Z(x)=sin%;
6) y(x)=2-x, z(x)=1+x;

B) ¥(x)=x"+x, z(x)=x"—x
r) y(x)=cosx+sinux, z(x)=cosx—sinx.

103 a) y(x)=(x—-2)e ", z(x)=(1-x)e™;
0) pelieHHH HET;

B) p(x) = %sin x,  z(x)= %(sin X—XCOSX):

r) y(x)=sin2x, z(x)=cos2x+2x-sin2x.
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