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r W's?W'h'W

�
]�[ � U'[�d#]^g)[�c'[�U'w�tugCY�h W#]^[�]^g)c'[�W'g�b^kN�)]^g)_�[�|fh'c'j�`'U'w���g)b^q

kNbL]^h�[�`'[�_'tE`'[�y{_�kNb?U'W'b?| `'c'W'U'l'W'`'WNYAkN��U'[�U'[�_�w��#`'c'W'b?|~U'W'h�[�_ W's^kNj�e'b^q
U'W'y W#h�[�|~`'���8g)b?c'U'w�� |~b?g)[ � [�_3[�n�cNY�n�[�g)h'W#UNY�n�kN� � b?U'W'd � ] � c'j�X?[�du�H�e'b?U'��_)Y�z�U'wxdut�c'b?_�[�kN��l'W'[�U'U'wxd#]^h)Y�e'b?h�_�Y�]^g)c'[ r W's?W'e'bL]^h'W{��WN]?]ZkNb^q
� [�_)Y�U'W'y���`'c'[�W's?[(%5b^k�]xUNY�eNYAkN[�|\W's?j�e'b?U'W'y�[�n��ub?h'g)[�_�_5sLY5`'c'b � b^k!Y�|~W
[�`'g)W'e'bL]^h�[�X?[ � WNY�`NY�s?[�UNY5]^`'b?h'g)cNY{t�]^UNYLeNYAk!YH_�cNY � W'[�� h�[�U'b?l�
��Aq��FX?[ � [�_
��� _'�G�Zt'Y�sLY�g�b?|xt�j�zFb8]8`'[�|~[�o5��� h�[)]^|~W'e'bL]^h�[�d3g)b^�{U'W'h'W � ���

�
���Aq b�X?[�q

� w���� _'�G�Zt�_ � YAkNb?h�[�| W'U r cNY�h'cNY�]^U'[�|xt � YAkNb?h�[�|�� ��t�c'b?U'g)X?b?U'[�_)]^h�[�| W
XZY�|~|:YAq � WNY�`NY�s?[�UNYA�<�3I ��U'[�X?[�h'cNY�]^[�e'U'[)]^g)��M5��]^b^kNb?U'U'[�d3[�n�b?c'U'j�k!Y�]^��n�[�q
kNb?bHXZkNj�n�[�h'W'|}`'[�U'W'|:Y�U'W'b?|�`'c'W'c'[ � w � Y�_�U'[�W's?_�bL]^g)U'w���h�[)]^|~W'e'bL]^h'W{�
g)b^kJtuY�g�Y�h'z�bF[�g)h'c'wxg)W'b?|fU'[�_�w�� g)W'`'[�_�Y�]^g)c'[�U'[�|~W'e'bL]^h'W{� [�n��ub?h'g)[�_'t
`'c'W'c'[ � Y8U'b?h�[�g�[�c'w��HW'svh�[�g�[�c'w�� � [�]^W{�H`'[�c5[)]^gCY�b?g�]ZyH|:YAkN[�`'[�U'y{g)U'[�du�
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�V[�s � U'b?b8UNYLeNYAkN[)]^��cNY�s?_�W'g)W'b8W�U'b?d'g)c'W'U'U'[�d�Y�]^g)c'[�U'[�|~W'Wut�[)]^U'[�_)Y�U'U'[�d
UNY�c'b?X?WN]^g)cNY�l'W'W W#Y�UNYAkNW's?b�U'b?d'g)c'W'U'U'[�X?[3W's^kNj�e'b?U'W'y W's�h�[)]^|~[)]?Y{t,UNY
[�e'b?c'b � W3]^g)[�W'g�`'[�y{_�kNb?U'W'b�Y�]^g)c'[�U'[�|~W'W3X?cNY�_�W'g�Y�l'W'[�U'U'w���_�[LkNUu�

��Y�z�U'[�d}[)]^[�n�b?U'U'[)]^g���� Y�]^g)c'[ r W's?W'h'W%y{_�kNy{b?g�]�y}g)['t:e'g)[a[�UNY WN] q
]QkNb � j�b?g�`'c'[�l'bL]?]^w�t�h)Y�h�`'cNY�_�W{kN['t�U'bx_�[)]^`'c'[�W's?_�[ � W'|~wxbV_ r W's?W'e'bL]^h'W{�
k!Y�n�[�cNY�g)[�c'W'y������ `'c'W'|~b?c'j�t�g)b?c'|~[�y � b?c'U'wxbFc'bLY�h'l'W'W�_�`{k!Y�s?|~b�t�j � b?c{q
z�W'_)Y�b?|~[�d�[�g cNY�]&%�W'c'b?U'W'y}]^[�n)]^g)_�b?U'U'wx|�X?cNY�_�W'g�Y�l'W'[�U'U'wx|�`'[�kNb?|

��?g)[�U'b��?h's?[�g)W'e'bL]^h'W'dutvY�]?Y�|~wxd}cNY�]^`'c'[)]^g)cNY�U'b?U'U'wxd%WN]^g)[�e'U'W'h��?U'b?c{q
X?W'WaUNY�n�kN� � Y�b?|~w��\s?_�b?s � �!K�[LkN��h�[ _�Y�]^g)c'[ r W's?W'h�b�WN]?]ZkNb � j��8g�]Zy\]^c'b^q
� w ]��?h�]^g)c'b?|:YAkN��U'[aU'W's?h�[�d%`{kN[�g�U'[)]^g)��� |~b?U'b?b<#?� −27 �

#?� −29 X
	A]^| 3� cNY�s?c'b?zFb?U'U'wxd |~b?z�s?_�b?s � U'wxd�W�|~b?z�XZYAk!Y�h'g�W'e'bL]^h'W'd XZY�s��Zt�W's^kNj�e'b?U'W'b
h�[�g�[�c'w��<t�g)b?| U'b�|~b?U'b?b�t�|~[�zFb?gm`'c'W'U'W'|:Y�g)�)]Zyin�k!Y�X?[ � Y�c�yfn�[LkN�(%5W'|
[�n��ub?|:Y�|xtNsLY�U'W'|:Y�b?|~wx|�W'|~Wu�!�3[Cz�U'[�[�g)|~b?g)W'g��FgCY�h'z�bV�?h�]^g�c'b?|:YAkN��U'[
_�w ]^[�h'W'bx`{kN[�g)U'[)]^g)W�_�b?o�bL]^g)_)Y�� [�gVU'bL]^h�[LkN��h'W{��g�w ]Zy{e�X
	A]^| 3 _Vs?_�b?s � YA�W's8_�wxc'[�z � b?U'U'[�X?[�XZY�sLY � [ 1014 − 1015 X
	A]^| 3 _FU'b?d'g)c'[�U'U'w���s?_�b?s � YA�<�Ztg)b?|~`'b?cNY�g)j�c'wa_�|~W{k'kNWNY�c � wmX?cNY � j)]^[�_�� _�U'j�g�c'b?U'U'W'bv[�n�k!Y�]^g)WFY�h'h'c'b?l'W{q
[�U'U'w�� � WN]^h�[�_{�Zt�b � _)Y�[�n�UNY�c'j�z�W'|~wxb�WutCUNY�[�n�[�c'[�gAt�`'c'b � b^kN��U'[H]^W{kN��U'wxb
X?cNY�_�W'g�Y�l'W'[�U'U'wxb�`'[LkNy�tvUNY�n�kN� � Y�b?|~wxb j�kN��g)cNY�_�w ]^[�h'W'b �?U'b?c'X?W'W%��kNb^q
|~b?U'g�Y�c'U'w���eNY�]^g)W'lutNU'b � [)]^g)W'z�W'|~wxb � Y�zFb � kNy�]^g)c'[Cy{o5W{��]Zy�h�[�k'k!Y�d{q
� b?c'[�_'t�U'b�W's^kNj�eNY��8o5j�� ��kNb?h'g)c'[�|:Y�X?U'W'g)U'w���_�[�kNU�W `'[�g�[�|~j�U'b?_�W � W{q
|~j��>I g)b?|~U'j�� M�|:Y�g)b?c'W'���'��]^bV�?g)[ � b^k!Y�b?g�Y�]^g)c'[ r W's?W'e'bL]^h'W'bHWN]?]ZkNb � [�q
_)Y�U'W'yaU'b?[�l'b?U'W'|~wx|~W � kNy c'b %5b?U'W'y r j�U � Y�|~b?U'g�YAkN��U'w�� r W's?W'e'bL]^h'W{�
`'c'[�n�kNb?|x� �Vb5j � W'_�W'g)b^kN��U'['t<e'g)[�`'[�e'g�W�_)]^b r j�U � Y�|~b?U'g�YAkN��U'wxb r W's?W{q
e'bL]^h'W'b�g)b?[�c'W'W

�
[�gah{k!Y�]?]^W'e'bL]^h�[�di|~b^��Y�U'W'h'W}W�U'���8g)[�U'[�_)]^h�[�d}X?cNYAq

_�W'g�Y�l'W'W � [�g)b?[�c'W'W�[�g)U'[)]^W'g)b^kN��U'[)]^g�W W r W's?W'h'Wa�ZkNb?|~b?U'g�Y�c'U'w���eNY�] q
g)W'l

�
`'c'[(%HkNW�W{kNW�`'c'[L�)[ � y{g�Y�]^g)c'[�U'[�|~W'e'bL]^h'j�� ��Y�]^g�c'[ r W's?W'e'bL]^h'j����

`'c'[�_�b?c'h'Wu�
H�e'b?_�W � U'['t�e'g)[#Y�]^g)c'[ r W's?W'h)YaU'b�[�g � b^kNW'|:Ya[�g r W's?W'h'Wut g�Y�h�e'g)[

c'b?s?h�[�dmX?cNY�U'W'l'w�|~b?z � j U'W'|~W\U'b�]^j�o5bL]^g�_�j�b?gC��H � UNY�h�[ [�UNY�[�n�k!Y � YAq
b?g�_)Y�z�U'[�d}]^`'b?l'W r W'h�[�dutvsLY�h{kN��eNY��8o5b?dN]�y}U'b�]^g)[LkN��h�[#_ ]^`'b?l'W r W'e{q
U'[)]^g)W h�[)]^|~W'e'bL]^h'W{��[�n��ub?h'g)[�_�W{kNW�_�U'b?[�n�wxe'U'w�� `'c'[)]^g)cNY�UN]^g)_�b?U'U'w��
|:Y�]&%5gCY�n)YA��W's?j�eNY�b?|~w���y{_�kNb?U'W'dutN]^h�[�kN��h�[�_�WN]?]QkNb � [�_)Y�U'W'W r [�c'|~W'c'[�q
_)Y�U'W'y�W��?_�[LkN�8l'W'W�Y�]^g�c'[�U'[�|~W'e'bL]^h'W{��g�b^k�W�]^WN]^g)b?|x�!��[�_�[�c�y3]ZkN[�_)Y�|~W
h'c'j�`'U'b?d�%5b?X?[H[�g)b?e'bL]^g�_�b?U'U'[�X?[HY�]^g)c'[ r W's?W'h)Y O�� /���� h{kN[�_)]^h�[�X?['t I b � _)Y
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 #(#

kNW#U'b�[)]^U'[�_�U'wx| c'b?s?j�kN��g�Y�g�[�|�|~U'[�X?[LkNb?g)U'W{�#WN]?]ZkNb � [�_)Y�U'W'd�Y�]^g)c'[�U'[�q
|~W'e'bL]^h'W{��[�n��ub?h'g)[�_�y{_�kNy�b?g�]Zy3j�g)_�b?c�z � b?U'W'b5[�g)[�|xt!e'g)[�_)]^b5[�U'W �?_�[�q
kN��l'W'[�U'W'c'j��8g(MZ�

H8]^U'[�_�U'[�d�]^W{kN[�dut�[�`'c'b � b^kNy{�8o5b?dF��Y�cNY�h'g�b?cH�?_�[LkN�8l'W'WFY�]^g�c'[�U'[�|~W{q
e'bL]^h'W{� [�n��ub?h'g�[�_'t<y{_�kNy{b?g�]�y�X?cNY�_�W'g�Y�l'W'ym� e'g)[�]^_�y{sLY�U'[�]�W{��n�[LkN�(%5W{q
|~W�|:Y�]?]?Y�|~W��Zt�h�[�g)[�cNY�y�_ r W's?W'h�b I s?b?|~U'w��NMxy{_�kNb?U'W'dut�h)Y�h�`'cNY�_�W{kN['t�U'b
W'|~b?b?g�c'b %�Y��8o5b?X?[�s?UNYLe'b?U'W'y�W{kNW�_�[)]^`'c'W'U'W'|:Y�b?g�]�y�g)[LkN��h�[�h)Y�h�UNYAkNW{q
e'W'b�_�bL]?Y�j�g)b^kJ�0�V[��?g�[�|~j _�Y�]^g)c'[ r W's?W'h�b�[�e'b?U'��n�[LkN�(%�[�b�_�U'W'|:Y�U'W'b
j � b^kNy{b?g�]Zy W's?j�e'b?U'W'� X?cNY�_�W'g�Y�l'W'[�U'U'[�X?[�_�sLY�W'|~[ � b?dN]^g)_�W'yaW\]?Y�|~[�X?cNYAq
_�W'g�Y�l'W'W�h�[)]^|~W'e'bL]^h'W{��g)b^k�W�]^c'b � t'W�g)[�d�c'[LkNWut!h�[�g)[�c'j�� [�U'W�W'X?cNY��8g
_�W{� r [�c'|~W'c'[�_)Y�U'W'W3W�`'c'[�WN]Z�)[ � y{o5W{�3W's?|~b?U'b?U'W'y����

K�Y�h'W'| [�n�cNY�s?[�|xt r W's?W'e'bL]^h'W'ba]^_�[�dN]^g)_)Ymh�[)]^|~W'e'bL]^h'W{��[�n��ub?h'g)[�_'t
[�`'c'b � b^kNy{b?|~wxb�`'[ ��Y�cNY�h'g)b?c'jmW's^kNj�e'b?U'W'y<t�Y�g�Y�h'zFb�W{�\`'c'[�WN]Z�)[�z � b^q
U'W'b�W �?_�[�kN��l'W'y�tJ]^_�y{sLY�U'UNY�y `'c'b?z � b�_)]^b?X?[�]FX?cNY�_�W'g�Y�l'W'b?d � �?g)[ � _)Y[)]^U'[�_�U'w��\W\_�sLY�W'|~[)]^_�y{sLY�U'U'w��mY�]^`'b?h'gCY ]^[�_�c'b?|~b?U'U'[�d}Y�]^g�c'[ r W's?W'h'Wu�
OV|~b?U'U'[�UNY�W{��W's?j�e'b?U'W'bx_8`'b?c'_�j��%[�e'b?c'b � ��UNY�l'b^kNb?UFUNY�]^g�[�y{o5W'd�h'j�cN]��

"$#&%�#('*),+.-0/�),1324-0/�5.6�2,2,+
7�5�),698:6�2;2,<=6>8:1?-A@B/	1
C?<
5D1
-0/�),+FEHG;I�G,JK6

��� E�� E3�ML�"'&�&)('+�$A�0.�$
),Y�]?]^g)[�y{U'W'b � [#[�n��ub?h'g�Yay�_�kNy{b?g�]�y�[ � U'[�diW's�[)]^U'[�_�U'w�����Y�cNY�h'g)b^q

c'WN]^g)W'hutEh�[�g)[�c'wxb�[�`'c'b � b^kNy{�8g�]ZymW's�Y�]^g)c'[�U'[�|~W'e'bL]^h'W{�\UNY�n�kN� � b?U'W'du�
�HkNyaW's?|~b?c'b?U'W'y cNY�]?]^g)[�y{U'W'd\|~b?z � j r W's?W'e'bL]^h'W'|~Wm[�n��ub?h'g�Y�|~W _�sLYAq
_�WN]^W'|~[)]^g)W\[�g3cNY�]?]^|:Y�g)c'W'_)Y�b?|~[�d�]^W'g)j)Y�l'W'W W{kNWasLY � YLe'Wm_ ]^[�_�c'b?|~b?U{q
U'[�d�Y�]^g)c'[ r W's?W'h�b�WN]^`'[LkN��s?j�b?g�]Zy�c�y � _�U'bL]^WN]^g)b?|~U'w���b � W'U'W'lu� � g)[H]^_�y�q
sLY�U'[ ]�g)b?|xt�e'g�[�cNY�]?]^|:Y�g)c'W'_)Y�b?|~wxd � WNY�`NY�s?[�Um_�b^kNW'e'W'U cNY�s^kNW'eNY�b?g�]�y
UNY � bL]Zy{g)h'Wa`'[�c�y � h�[�_'�,�VcNY�g)h�[�`'b?c'b?e'WN]ZkNW'| [)]^U'[�_�U'wxb�b � W'U'W'l'w � kNy
W's?|~b?c'b?U'W'y�cNY�]?]^g)[Cy�U'W'du�

N:]^g)bL]^g�_�b?U'U'[�d |~b?c'[�dmcNY�]?]^g)[Cy�U'W'd\_</ [LkNU'b?e'U'[�d}]^WN]^g)b?|~b�]QkNj�z�W'g
;�=LK �<>AM'>�4 �%��
^=���;?! 
-,��NM�� O'; ��Y{� b��G�Z� H � UNY#Y�]^g�c'[�U'[�|~W'e'bL]^h)Y�y�b � W'U'W'lNY
= 1.5 · 1013 ]^| ≈ 500

]^_�b?g�[�_�w�� ]^b?h'j�U � � n�[�kN�(%�Y�ym`'[LkNj�[)]^��s?b?|~U'[�d[�c'n�W'g)w���� w�k!YaW's?|~b?c'b?UNY\`'[ ]^j�g)[�e'U'[�|~j�`NY�cNYAk'k!Y�h�]^j�`{k!Y�U'b?gR/ [�kNU{q
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lNY{�v��[�z�U'[a`'c'b � kN[�z�W'g)� � c'j�X?[�d�]^`'[)]^[�naW's?|~b?c'b?U'W'y%cNY�]?]^g�[�y{U'W'y � [/ [LkNU'lNY{t�[)]^U'[�_)Y�U'U'wxd�g)[�kN��h�[�UNY�Y�]^g)c'[�U'[�|~W'e'bL]^h'W{�3W's?|~b?c'b?U'W'y��
�
`'[

UNY�n�kN� � b?U'W'�fX?[ � W'e'U'[�d�Y�n�b?c'cNY�l'W'W�s?_�b?s ��� W's^q sLY�h�[�U'b?e'U'[)]^g)W�]^h�[�c'[)]^g)W
]^_�b?g�Y�`'[�kN[�zFb?U'W'b�kN��n�[�X?[�WN]^g)[�e'U'W'h)Y � s?_�b?s � wV�Zt�W's?|~b?c�y�b?|~[�X?[�UNY�n�kN��q
� Y�g)b^kNb?| � _�W'z�j�o�W'|:]Zy�]^[8]^h�[�c'[)]^g)��� v t�]^|~b?o�Y�b?g�]�y5UNY�j�X?[�k����

θ ' v/c_�UNY�`'cNY�_�kNb?U'W'W � _�W'z�b?U'W'y��~� � g)[�g�� r�r b?h'g�n�w�k [�g)h'c'wxg�Y�]^g)c'[�U'[�|~[�|
�5z�����c'� � kNW _ #�����
iX��G� /vkNb � [�_)Y�g�b^kN��U'['t�sLYf_�c'b?|~y [ � U'[�X?[�[�n�[�c'[�q
g�Ym�<b?|EkNWp_�[�h'c'j�X�/ [�kNU'lNY�� X?[ � ��kN�8n)Y�yfs?_�b?s � YmUNY\U'b?n�b [�`'WN]^wx_)Y�b?g
�Zk'kNW'`N]�t�n�[LkN�(%FY�y�`'[�kNj�[)]^� h�[�g)[�c'[�X?[a_�wxcNY�zFb?U'UNY�y%_ cNY � WNY�UNYA�}bL]^g)�
θ = v/c

� ��Y�n�kN� � b?U'W'y � Y���g θ = 20.5′′
� H�g�]^� � Y{t�s?UNY�y ]^h�[�c'[)]^g)��]^_�b^q

g�Y{tEUNYA�)[ � W'| v ≈ 30
h'| 	A]�Wut~`'[�k!Y�XZY�y}[�c'n�W'g)j\�<b?|EkNW%h'c'j�X?[�_�[�d � UNY

]?Y�|~[�| � b^kNb\b?ba�?h�]^l'b?U'g)c'WN]^W'g)b?g e ≈ 0.017
�Zt8[�`'c'b � b^kNy{b?| Y�]^g)c'[�U'[�q

|~W'e'bL]^h'j�� b � W'U'W'l'j��,��_�W � j�|:YAkN[)]^g)W v/c c'b^kNy�g�W'_�WN]^g�]^h'W'b�`'[�`'cNY�_�h'WU'bL]^j�o5bL]^g)_�b?U'U'w��:��bL]^��_�[�`'c'[)]�_�g�[�|xtE]�h)Y�h�[�d�g�[�e'U'[)]^g)��� |~w�W's?|~b^q
c�y{b?| Y�]^g�c'[�U'[�|~W'e'bL]^h'j�� b � W'U'W'l'j��6/ [�_�c'b?|~b?U'U'wxd\]^`'[)]^[�n�[�l'b?U'h'WaY{� b��
[)]^U'[�_)Y�U�UNYVcNY � W'[�kN[�h)Y�l'W'W�g)b^k�]^[�kNU'b?e'U'[�d�]^WN]^g)b?|~w}]�W's?_�bL]^g�U'wx|~W�[�c{q
n�W'g�Y�|~W

�
Y�]^g)b?c'[�W � [�_'t,n�kNW's?h�[�`'[ � �)[ � y{o5W'|~W}h / [LkNU'l'j�tEW{kNW\WN]^h'j)] q

]^g)_�b?U'U'w��Fh�[)]^|~W'e'bL]^h'W{��Y�`'`NY�cNY�g)[�_'t)] `'[)]QkNb � j���o�W'|aWN]^`'[LkN��s?[�_)Y�U'W'b?|
sLY�h�[�UNY�_)]^b?|~W'c'U'[�X?[�gAy{X?[�g)b?U'W'y�t!]^_�y{s?wx_)Y���o�b?X?[�j)]^h�[�c'b?U'W'b�g�b^k3]�cNY�] q
]^g)[Cy�U'W'y{|~W � [ / [�kNU'lNY{�

+VY�cNY�h'g)b?c'U'wxd�cNY�s?|~b?c�`{k!Y�U'b?g�U'[�d�]^WN]^g�b?|~w
�
-)��Y{� b���� g)[�cNY�]?]^g)[�q

y{U'W'b�`'c'W'|~b?c'U'[#]^[�[�g)_�b?g�]^g)_�j�b?g n�[LkN�(%�[�d}`'[LkNj�[)]^W�[�c'n�W'g)w �8kNj�g)[�UNY{�
K�Y�| z�b�cNY�]^`'[�k!Y�XZY�b?g�]Zy�gC� Uu�~`'[Cy{]3�V[�d'`'b?cNY

�
_�g)[�c'[�d�`'[Cy{]3Y�]^g)b?c'[�W{q

� [�_'�P/ [�_�c'b?|~b?U'UNY�y�`'c'[�U'W'lNY���oFY�y�]^`'[)]^[�n�U'[)]^g)��h'c'j�`'U'w���g)b^kNbL]^h�[�`'[�_
� UNY�`'c'W'|~b?cut:h�[)]^|~W'e'bL]^h'W'd%g)b^kNbL]^h�[�`�W'|x�D+8Y�n�n�k!Y�W{kNW #?�Aq | g)b^kNbL]^h�[�`
W'|x�!�x���Vb?h)Y���`'[�s?_�[LkNy{b?g�c'b?X?WN]^g)c'W'c'[�_)Y�g)��UNY�g�Y�h�[�|}cNY�]?]^g)[�y{U'W'W [�g)cNYAq
zFb?U'U'wxd�]^_�b?g / [�kNU'lNY�[�gFg�b^k�]�cNY�s?|~b?cNY�|~W�_FU'bL]^h�[LkN��h�[ � bL]�y�g�h�[�_�h'W{q
kN[�|~b?g)c'[�_'�

�Vb?c'b^�)[ � y5h5s?_�b?s � Y�|���YAk!Y�h'g)W'h'Wut�]^g�Y�U'[�_�W'g�]Zy�j � [�n�U'b?b�`'[LkN��s?[�_)Y�g���q
]Zy � c'j�X?[�d�b � W'U'W'l'b?d � `NY�cN]^b?h�[�|i� `'h��Z� IH;���=�
$���	�AKF>5KF;&��>�
���;A=?=LKF>�!�
M���
 B<= ��>�K�>1��>�:�>�>AK��+
1��>
��B���;�@�M��
� �A>$#%D��F>�� )'>$#%7A>A=��;��
14�MN>���>1�=���NK2�,B��;�=�)'>$#N> @ 
?MNM��
� )�
0� )�
?M ,�����7$#�!��<M'> #%7���7 �1� 
?M���!'B�@�� ,�
?M )'>
, 7�: #N>�4

1′′
�

OVs^q sLY8X?[ � W'e'U'[�X?[ � _�W'zFb?U'W'y��<b?|EkNWF_�[�h'c'j�X / [LkNU'lNYV`'[�kN[�zFb?U'W'b�]^_�b?g)W{q
k!Y�UNY�U'b?n�b�tNUNYA�)[ � y{o5b?X?[)]Zy�UNY�cNY�]?]^g)[Cy�U'W'W�#V`NY�cN]^b?hut!n�j � b?g�]^|~b?oFY�g)��q
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]Zy\UNY�#�j�XZkN[�_�j�� ]^b?h'j�U � ja[�g ]^c'b � U'b?X?[�`'[LkN[Cz�b?U'W'y����,��Y�]^g�c'[�U'[�|~W'W
�?g)[�y{_�kNb?U'W'b�UNY�s?wx_)Y��8g : >
,
����M�� 4 )';���;�#�#N;&��=?>�4 tu[�g�]^� � Y�W UNY�s?_)Y�U'W'b
b � W'U'W'l'w}cNY�]?]^g)[Cy�U'W'y � )';���=�
$� tAgA� b��A`NY�cNYAk'k!Y�h�] q _�q ]^b?h'j�U � j��{�V[)]^h�[�kN��h'j_3cNY � WNY�U'U'[�d\|~b?c'b 1′′ ≈ 1/206265

t~UNYA�)[ � W'|0#�`NY�cN]^b?h
= 206265

Y{� b��
' 3 · 1018 ]^|x���<UNY�y X?[ � W'e'U'wxd\`NY�cNYAk'k!Y�h�]�t�_�wxcNY�zFb?U'U'wxda_�]^b?h'j�U � YA�
� j�X?Wut!cNY�]?]^g)[�y{U'W'bH_�`NY�cN]^b?h)YA��[�`'c'b � b^kNy{b?g�]�y�`'[�[�e'b?_�W � U'[�d r [�c'|~j�kNb

d(
`'h

) =
1

π′′
.

� ���$#A�
)0Y�]?]^g�[�y{U'W'y � [�n�kNW'z5Y�d�%5W{��s?_�b?s � � U'bL]^h�[LkN��h�[�`NY�cN]^b?h�[�_�� UNY�`'c'W'|~b?cutX?[ � W'e'U'wxdi`NY�cNYAk'k!Y�h�] α �Vb?U'g�Y�_�cNY π = 0.745′′

t~gC� b��
r = 1/0.745 ≈

1.34
`'h��Z�0�Vc�y{|~[�b�[�`'c'b � b^kNb?U'W'b�cNY�]?]^g)[�y{U'W'd � [�s?_�b?s � t<[)]^U'[�_)Y�U'U'[�b�UNY

W's?|~b?c'b?U'W'W�W{��X?[ � W'e'U'[�X?[�`NY�cNYAk'k!Y�h�]?Y{t�[�X?cNY�U'W'e'W'_)Y�b?g�]Zy�Y�]^g�c'[�|~b?g)c'W{q
e'bL]^h�[�d g)[�e'U'[)]^g)��� [�`'c'b � b^kNb?U'W'y�`'[LkN[Cz�b?U'W'y�s?_�b?s � UNY�U'b?n�bL]^U'[�d ] r b^q
c'b��v� Y�h�]^W'|:YAkN��UNY�y%Y�n)]^[�kN��g)UNY�y�g�[�e'U'[)]^g)� [�`'c'b � b^kNb?U'W'y}`'[LkN[Cz�b?U'W'd
s?_�b?s � t � [)]^g�W'X?U'j�g�Y�y�_�h�[)]^|~W'e'bL]^h�[�| �?h�]^`'b?c'W'|~b?U'g)b�� ��)%)';��+��>A= tL]^[)]^g�Y�_�q
kNy{b?g

0.001′′ � kNy�s?_�b?s ��� [�
Cq d�s?_�b?s � U'[�d�_�b^kNW'e'W'U'w�t!W�gCY�h'W'|�[�n�cNY�s?[�||:Y�h�]^W'|:YAkN��U'[�b�cNY�]?]^g)[Cy�U'W'b�t<W's?|~b?c�y{b?|~[�bF`'[�`NY�cNYAk'k!Y�h�]?Y�|xt<U'b5`'c'b?_�w�q
%�Y�b?g #Vh'`'hu�

�HkNy�[�`'c'b � b^kNb?U'W'y�cNY�]?]^g)[Cy�U'W'd � [ n�[LkNb?b � YAkNb?h'W{��s?_�b?s � WN]^`'[�kN��q
s?j��8g�]�y�cNY�s^kNW'e'U'wxb�h�[)]^_�b?U'U'wxbH|~b?g)[ � w�t'`'[�kNj�e'W'_(%�W'b�]^[�_�[�h'j�`'U'[�b�UNYAq
s?_)Y�U'W'b�|~b?g�[ � [�_�j)]^g�Y�U'[�_�kNb?U'W'y �2��;�#=� ��;A=?=LKF>�!NM%��� _�[���]^b^kNb?U'U'[�du���
[)]^U'[�_�b�|~U'[�X?W{��|~b?g)[ � [�_HkNb?z�W'g�[�`'c'b � b^kNb?U'W'b r [�g�[�|~b?g)c'W'e'bL]^h�[�X?[FcNY�] q
]^g)[�y{U'W'y�[�g�]^_�b?gCy{o�b?X?[)]Zy�[�n��ub?h'g�Y�� UNY�`'c'W'|~b?cut�s?_�b?s � wV�:`'[�`'c'W'U'W'|:Y�b^q
|~[�|~j�`'[�g)[�h'j3W's^kNj�e'b?U'W'y

F
tJbL]QkNW ]^_�b?g)W'|~[)]^g)�#� h�[�kNW'e'bL]^g)_�[3�?U'b?c'X?W'Wut

W's^kNj�eNY�b?|~[�d sLY�]^b?h'j�U � j!��[�n��ub?h'gCY L W's?_�bL]^g)UNY�W's � c'j�X?W{� ]^[�[�n�cNY�z�b^q
U'W'du���Vc'b � `'[�k!Y�XZY�y�] r b?c'W'e'bL]^h'j�� ]^W'|~|~b?g)c'W'�p`'[�kNy�W's^kNj�e'b?U'W'y�t�`'[LkNj�q
eNY�b?|

d =

√
L

4πF
.
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�Vb _ � Y�_)Y�y{]^� _ � b?g�YAkNW ��]^|x� `'[ � c'[�n�U'b?b � � /�� ),Y�]^g)[�c'X?j�b?_'t
� ��� 
 � 	�	�������� ��� ������	�
 �?����
 � �G#?��� 	���� 	�� � � 	N#(#��N#L�G#L��W�]?]^w�kNh'W�g�Y�|��Zt�[�g)|~b^q
g)W'| [ � W'U�W's8_)Y�z�U'b?d�%5W{��|~b?g)[ � [�_ � `'[Fl'b r b?W � Y�|x� �Vb r b?W � w � `'b?c'b^q|~b?U'U'wxb�s?_�b?s � w�]^g�Y�c'[�X?[FUNY�]^b^kNb?U'W'y���YAk!Y�h'g�W'h'W�]�|:Y�]?]?Y�|~W

3− 12M�
t

`'b?c'b?|~b?U'U'[)]^g)��n�kNbL]^h)Y�h�[�g)[�c'w��#]^_�y{sLY�UNY3]�W{� cNY � WNYAkN��U'wx|~W\`'j�kN�)]?YAq
l'W'y{|~Wut!_�[�s?U'W'h)Y��8o5W'|~W UNY�[�`'c'b � b^kNb?U'U'w����?g�Y�`NYA���?_�[�kN��l'W'W s?_�b?s � w��
�HkNy}l'b r b?W � �?|~`'W'c'W'e'bL]^h'Wfj)]^g�Y�U'[�_�kNb?UNYaW�g)b?[�c'b?g)W'e'bL]^h'W�[�n�[)]^U'[�_)YAq
UNY�sLY�_�WN]^W'|~[)]^g)��`'b?c'W'[ � � ]^_�b?g�W'|~[)]^g)�'tu`'[�h�[�g)[�c'[�d `'[�UNY�n�kN� � Y�b?|~[�|~j`'b?c'W'[ � jm`'b?c'b?|~b?U'U'[)]^g)W�n�kNbL]^h)Y |~[�z�U'[ [�`'c'b � b^kNW'g)�#W{��Y�n)]^[LkN�8g)U'j��
]^_�b?g)W'|~[)]^g)�'t�W�`'[HW's?|~b?c�y{b?|~[�|~j�`'[�g�[�h'j

�
cNY�]?]^g)[�y{U'W'b�_�]^[�[�g)_�b?g�]^g)_�W'W

] r [�c'|~j�kN[�d3� ���	���Z� �Vb r b?W � w � � [�_�[LkN��U'[�y�c'h'W'bxs?_�b?s � w�t�`'[��?g)[�|~jF]�W{�`'[�|~[�o5��� [�`'c'b � b^kNy{�8g�cNY�]?]^g)[Cy�U'W'b � [�n�kNW'z5Y�d�%�W{��XZYAk!Y�h'g�W'h�_�`{kN[�g)�
� [ #?�

�
#L��|~W{k'kNW'[�U'[�_�`NY�cN]^b?h\����`'h��Z���3b?g)[ � l'b r b?W � h)YAkNW'n�c'j�b?g�]Zy `'[

`NY�cNYAk'k!Y�h'g)W'e'bL]^h'W'|}W's?|~b?c'b?U'W'y{|�cNY�]?]^g)[Cy{U'W'd � [Fn�kNW'z�Y�d�%5W{��W's8U'W{���
),Y�]?]^g)[�y{U'W'b�[�g</ [LkNU'lNY � [�l'b?U'g)cNY ��YAk!Y�h'g�W'h'W�[�l'b?U'W'_)Y�b?g�]Zy\cNY�s^q

U'wx|~W%|~b?g�[ � Y�|~Wi_ 7.5 − 8
g)w ]�y�e�`NY�cN]^b?h � h'`'h��Z� )0Y�s?|~b?cig)W'`'W'e'U'[�d

XZYAk!Y�h'g)W'h'W3� g�[�e'U'b?b�t�g)[�d�[�n�k!Y�]^g)W�XZYAk!Y�h'g)W'h'Wut�_Hh�[�g)[�c'[�d�UNY�n�kN� � Y�b?g�]�y
]^_�b?gAy�o�b?bL]Zy�_�b?o�bL]^g)_�[

�
s?_�b?s � w�t!XZY�s�� #?� � ����h'`'hu�),Y�]?]^g)[�y{U'W'y � [�n�kNW'z�Y�d�%5W{��XZYAk!Y�h'g�W'h�[�`'c'b � b^kNy{b?g�]�y�W's�UNY�n�kN� � b^q

U'W'd�UNYA�)[ � y{o5W{��]�y�_VU'W{�5l'b r b?W � �)��b?g)[ � l'b r b?W � UNY � b?z�U'wxdut�U'[V[�X?cNYAq
U'W'e'b?U�cNY�]?]^g)[Cy�U'W'y{|~Wut�UNY�h�[�g)[�c'w���|~[�z�U'[�UNY�n�kN� � Y�g���l'b r b?W � w � #?�

�#L����`'h��Z� )0Y�]?]^g)[Cy{U'W'y � [�n�kNW'z5Y�d�%5W{��XZYAk!Y�h'g)W'h � ]^[�g�U'W�h'W{kN[�`NY�cN]^b?hW�|~b?XZY�`NY�cN]^b?h'W���]^`'j�g)U'W'h'W�UNY�%�b?d���YAk!Y�h'g)W'h'Wut{� [�kN�(%5[�bVW�� YAkN[�b�� YAq
X?b^k'k!Y�U'[�_�w H�n�k!Y�h)Y

�
����h'`'h��Jg)j�|:Y�U'U'[)]^g)� � U � c'[�|~b � w ����
G#A�

�
�Q-)�

h'`'h��Z� ),Y�]?]^g)[�y{U'W'b � [�l'b?U'g)cNY�]^h�[�`{kNb?U'W'yaXZYAk!Y�h'g)W'ha_��5b?_�b�t�UNY�h'cNY��
h�[�g�[�c'[�X?[}cNY�]^`'[Lk!Y�XZY�b?g�]�ypUNY�%�Y}��YAk!Y�h'g)W'h)Y{t�[�h�[LkN[�#L�m�3`'hu���5c'j�X?[�b
n�kNW's?h�[�b�]^h�[�`{kNb?U'W'b�XZYAk!Y�h'g)W'h�_�]^[�s?_�b?s � W'W�� [�kN[)]^w ��b?c'[�U'W'h'W cNY�]^`'[�q
kN[�zFb?U'[VUNY8cNY�]?]^g)[�y{U'W'W�������`'hu����Y�z�U'wxd�UNY�n�kN� � Y�g�b^kN��U'wxd r Y�h'gCtCkNb^q
z5Y�o�b?d�_�[)]^U'[�_�b5]^[�_�c'b?|~b?U'U'[�d3h�[)]^|~[LkN[�X?W'Wutu]^[)]^g)[�W'g�_ >
,AMN>3��>
,�M'>C=LK2�
��]^b^kNb?U'U'[�d UNY�n�[LkN�(%�W{� |:Y�]&%�g�Y�n)YA�<�E��]^b^kNb?U'UNY�y\]^gCY�U'[�_�W'g�]Zy#_ ]^c'b � q
U'b?|%[ � U'[�c'[ � U'[�d�W�W's?[�g)c'[�`'U'[�d UNY���Y�cNY�h'g)b?c'U'w���cNY�]?]^g)[Cy�U'W'y�� ∼ 100��`'hu�GH � U'[�c'[ � U'[)]^g���UNY5|:Y�]&%5g�Y�n)YA��`'[�c�y � h)Y ∆L

[�s?UNYLeNY�b?gAt�e'g)[�]^c'b � q
U'y{y�`{kN[�g�U'[)]^g)��_�b?o5bL]^g)_)Y�_�y{e'b?d'h)YA� ]FcNY�s?|~b?c'[�|

∆L
� W'UNYLe'b�t0_�[�n���q

b?|~b
∆L3 ��[ � W'UNY�h�[�_)Y���]xg)[�e'U'[)]^g)��� � [�]ZkNj�eNY�d'U'w�� r kN��h'g�j)Y�l'W'd�� � kNy
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kN��n�[�d�_�wxn�cNY�U'U'[�d�UNY�j�XZY � [�n�k!Y�]^g)Wu�GOVs?[�g)c'[�`'W'y�[�s?UNYLeNY�b?g�[�g�]^j�g�]^g)_�W'b
_�w � b^kNb?U'U'w���UNY�`'cNY�_�kNb?U'W'd�_�n�[�kN�(%5W{��|:Y�]&%�g�Y�n)YA�<�),Y�]?]^g)[�y{U'W'y

r � [ � YAkNb?h'W{�#XZYAk!Y�h'g�W'ha[�`'c'b � b^kNy{b?g�]Zya`'[�h'cNY�]^U'[�|~j]^|~b?o5b?U'W'�%]^`'b?h'g�cNYAkN��U'w���kNW'U'W'd
z = (λe−λo)/λe

_ W{�H]^`'b?h'g)c'b�� s � bL]^�
λe − � kNW'UNY _�[LkNU'w ]^_�b?g�Y{t WN]^`'j�o�b?U'U'[�X?[ � YAkNb?h'W'| h�[)]^|~W'e'bL]^h'W'| WN] q
g)[�e'U'W'h�[�|xt

λo − � kNW'UNY3_�[�kNU'w ]^_�b?g�Y{t�sLY�c'b?X?WN]^g)c'W'c'[�_)Y�U'U'[�X?[ s?b?|~U'wx|
UNY�n�kN� � Y�g)b^kNb?|���]VWN]^`'[�kN��s?[�_)Y�U'W'b?|fsLY�h�[�UNY +VY�n�n�k!Y

v = H0r,
� ���	
��

X � b H0 = 72 ± 5
h'| 	���] · ��`'h�� − ]^[�_�c'b?|~b?U'U'[�b�s?UNYLe'b?U'W'b�`'[)]^g�[�y{U'U'[�d

+8Y�n�n�k!Y{t
v(z)− ]^h�[�c'[)]^g)� j � YAkNb?U'W'yHXZYAk!Y�h'g)W'h'Wu�C��`'c'b � b^kNb:|:YAkNw��H]^h�[�q

c'[)]^g)b?d �
v � c

�
z ≈ v/c

�!�HkNy�n�kNW's?h'W{��XZYAk!Y�h'g)W'h3|~b?g�[ � h)YAkNW'n�c'j�b?g�]Zy
`'[�l'b r b?W � Y�|x�<�HkNy ∆λ/λ > 1

`'[�U'y{g)W'bFcNY�]?]^g)[�y{U'W'y g)b?c�y{b?g�]^_�[�� [ � q
U'[�s?UNYLe'U'[)]^g)�VWFsLY�_�WN]^W'gV[�g�`'c'b � `'[Lk!Y�XZY�b?|~[�d�h�[)]^|~[LkN[�X?W'e'bL]^h�[�d�|~[ � b^kNW
cNY�]&%5W'c'b?U'W'y ��]^b^kNb?U'U'[�du�

N:]ZkNW3_�wxcNY�z5Y�g)��cNY�]?]^g�[�y{U'W'b5e'b?c'b?sH`'c'[�|~b?z�j�g)[�h�_�c'b?|~b?U'Wut!`'[�g)c'b^q
n�[�_)Y�_(%5W'dN]�ya]^_�b?g)j � kNy b?X?[�`'c'b?[ � [LkNb?U'W'y�tJg�[�[�n��ub?h'g)w ]F|:Y�h�]^W'|:YAkN��q
U'wx|�W's?_�bL]^g�U'wx|�h'cNY�]^U'wx|p]^|~b?o5b?U'W'b?|��

∆λ/λ ≈ 5 − 10
��j � YAkNb?U'w UNY

cNY�]?]^g)[�y{U'W'b #L�
�
#L
�|~W{k'kNWNY�c � [�_�]^_�b?g)[�_�w���kNb?gC��/ g)b?`'b?U'��j � YAkNb?U'U'[)]^g�W

[�g�UNY�]�[�e'b?U'� � YAkNb?h'W{��[�n��ub?h'g)[�_�`'c'W'U'y{g)[���Y�cNY�h'g)b?c'W's?[�_)Y�g)��W{��h'cNY�] q
U'wx|~W�]^|~b?o5b?U'W'y{|~W�n�b?s�`'b?c'b?_�[ � Y�_�b � W'U'W'l'wpcNY�]?]^g)[�y{U'W'dut'`'[)]^h�[�kN��h'j
`'b?c'b?_�[ � _ `NY�cN]^b?h'W}W{kNW}]^_'�:X?[ � Y�sLY�_�WN]^W'g [�g `'c'W'U'W'|:Y�b?|~[�d%|~[ � b^kNW
cNY�]&%5W'c'b?U'W'ym��]^b^kNb?U'U'[�du� �V[ � [ � [)]^g�Y�g)[�e'U'[�n�[LkN�(%�W{� cNY�]?]^g)[Cy�U'W'd _


�
�F|~W{k'kNWNY�c � [�_�]^_'��kNb?g�[�g)U'[(%�b?U'W'b�|~[�z�U'[�]^e'W'g�Y�g���_�wx`'[�kNU'y��8o5W'|Eq

]Zy�j)]QkN[�_�W'b
z � 1

t{W�`'c'[�n�kNb?|}]�U'b?[ � U'[�s?UNYLe'U'[)]^g���� [�`'c'b � b^kNb?U'W'y r W{q
s?W'e'bL]^h�[�X?[�cNY�]?]^g)[Cy{U'W'y�U'bF_�[�s?U'W'h)Y�b?gC�u� cNY�]&%5W'c�y{�8o5b?dN]�ya��]^b^kNb?U'U'[�d
+8Y�n�n�kN[�_)]^h'W'd�cNY � W'j)]�� X?[�c'W's?[�U'gH]^[�n�wxg)W'd�UNY�n�kN� � Y�g)b^kNy<�J[�`'c'b � b^kNy{b?g�q
]Zy�h)Y�h�`'c'[�W's?_�b � b?U'W'b�]^[�_�c'b?|~b?U'U'[�X?[�_�[�s?cNY�]^g�Y���]^b^kNb?U'U'[�d�UNYV]^h�[�c'[)]^g��
]^_�b?g�Y�W�cNY�_�b?U ≈ 3500

��`'hu�
�%Y�]^g�c'[ r W's?W'h�b�`'c'W{�)[ � W'g�]Zy�W'|~b?g)� � b^kN[FW�]�_�bL]^��|:YF|:YAkNwx|~W�cNY�] q

]^g)[�y{U'W'y{|~Wu� � g)[V]^_�y{sLY�U'[5]�g)b?|xt�e'g)[V[)]^U'[�_�UNY�y�W'U r [�c'|:Y�l'W'y�[�n�Y�]^g)c'[�q
r W's?W'e'bL]^h'W{��WN]^g)[�e'U'W'h)YA��`'[�kNj�eNY�b?g�]Zy�W's�W's?|~b?c'b?U'W'y�`'[�g)[�h)YF�ZkNb?h'g�c'[�q
|:Y�X?U'W'g)U'[�X?[5W's^kNj�e'b?U'W'y�[�gHcNY�s^kNW'e'U'w���[�n��ub?h'g)[�_�� h'c'[�|~b��ZkNb?h'g�c'[�|:Y�X^q
U'W'g)U'[�X?[3W's^kNj�e'b?U'W'y�t0_ ]^[�_�c'b?|~b?U'U'[�d�Y�]^g)c'[ r W's?W'h�b�W's?j�eNY�b?g�]Zy#g�Y�h'zFb
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W's^kNj�e'b?U'W'b�U'b?d'g�c'W'U'[ WmX?cNY�_�W'g�Y�l'W'[�U'U'w��m_�[LkNU��Z� �vkNb?h'g�c'[�|:Y�X?U'W'g)U'[�b
W's^kNj�e'b?U'W'b c'[�z � Y�b?g�]Zy�UNYV|~W'h'c'[)]^h�[�`'W'e'bL]^h�[�|\j�c'[�_�U'bx`'c'W�h'_)Y�U'g)[�_�w��
`'b?c'b^�)[ � YA� _�Y�g�[�|:YA� ��]^_�y{sLY�U'U'[�q ]^_�y�sLY�U'U'wxb�`'b?c'b^�)[ � wV�Ztu`'c'W r [�g)[�� r q
r b?h'g)b���]^_�[�n�[ � U'[�q ]^_�y{sLY�U'U'wxb�`'b?c'b^�)[ � wV�Zt�`'c'W j)]^h�[�c'b?U'U'[�| � _�W'zFb?U'W'W
sLY�c�y{zFb?U'U'w���eNY�]^g)W'lF_8_)Y�h'j�j�|~b�� g)[�c'|~[�s?U'[�b�t�W{kNW�]^_�[�n�[ � U'[�q ]^_�[�n�[ � U'[�b
W's^kNj�e'b?U'W'b��,W{kNW�_5|:Y�X?U'W'g)U'[�| `'[LkNb�� l'W'h{kN[�g)c'[�U'U'[�bVW{kNWut�_�]ZkNj�eNY�b�c'b^q
kNy{g)W'_�WN]^g�]^h'W{�}eNY�]^g)W'lut�]^W'U{�{c'[�g)c'[�U'U'[�b�W's^kNj�e'b?U'W'b��Z� �Vb?h�[�g�[�c'wxb���YAq
cNY�h'g)b?c'U'wxb�cNY�s?|~b?c'w |~W'h'c'[�[�n��ub?h'g)[�_'t,W's?_�bL]^g)U'wxb�W's�h'j�cN]?Y�Y�g)[�|~U'[�d
r W's?W'h'Wut,hah�[�g�[�c'wx| |~w W'U'[�X � Y�n�j � b?| _ � YAkN��U'b?d�%5b?| [�n�cNY�o�Y�g)�)]�y�t
`'c'W'_�b � b?U'w _��Vc'W{kN[Cz�b?U'W'Wu�
��� E3� ������"'*,"'1,(���*!�A@ � �!*!� ? � �,"

�Vc'W'_�b � b?| `'c'W'|~b?c'w%U'b?h�[�g�[�c'w��F��Y�cNY�h'g)b?c'U'w���_�c'b?|~b?Uut�_�[�s?U'W'h)Y���q
o5W{��_�cNY�s^kNW'e'U'w��3Y�]^g)c'[ r W's?W'e'bL]^h'W{��sLY � Y�eNYA�<�

��c'b?|~y�z�W's?U'W�Y�g)[�|:Y�_�_�[�s?n�j�z � b?U'U'[�|�]^[)]^g)[�y{U'W'W ∼ 10−8 � �/ j�g)h'W#� `'b?c'W'[ � [�n�cNY�o5b?U'W'y��<b?|EkNW3_�[�h'c'j�XH[)]^W�� 24
e ∼ 105 � �

�Vb?c'W'[ � [�n�cNY�o5b?U'W'y �<b?|EkNW�_�[�h'c'j�X�/ [LkNU'lNY #HX?[ � ' π × 107 � �
�Vb?c'W'[ � [�n�cNY�o5b?U'W'y�/ [LkNU'lNY _�[�h'c'j�X:l'b?U'g)cNYx��YAk!Y�h'g)W'h'W ' 230

|EkNUu�
kNb?gA�

+VY�cNY�h'g)b?c'U'[�b:_�c'b?|~yHz�W's?U'W�s?_�b?s � wag)W'`NY / [�kNU'lNY ' η∆Mc2/L� ∼
1010 kNb?g}� s � bL]^� η ≈ 0.007

� r�r b?h'g)W'_�U'[)]^g)�#y � b?c'U'w���c'bLY�h'l'W'd}`'c'b^q
_�cNY�o5b?U'W'y _�[ � [�c'[ � Y _ X?b^kNW'd _ l'b?U'g�c'b / [LkNU'lNY{t

∆M ≈ 0.4M�

� � [LkNyp|:Y�]?]^w / [LkNU'lNY{t�`'b?c'b?cNY�n)Y�g)wx_)Y�b?|~[�X?[%W's#_�[ � [�c'[ � Y�_�X?b^kNW'dut
M� = 2 · 1033 XFW L� ≈ 4 · 1033 � �?c'X
	A]�� � |:Y�]?]?Y�W ]^_�b?g)W'|~[)]^g)��� h�[�kNW{qe'bL]^g)_�[�W's^kNj�eNY�b?|~[�d3�?U'b?c'X?W'W�� / [LkNU'lNY{�

/ [�_�c'b?|~b?U'U'wxd�_�[�s?cNY�]^g���]^b^kNb?U'U'[�d�� +8Y�n�n�kN[�_)]^h'W'd�_�[�s?cNY�]^g'�,`'[H`'[�q
c�y � h'jf_�b^kNW'e'W'U'w cNY�_�b?U�[�n�cNY�g�U'[�|~j�s?UNY�e'b?U'W'� `'[)]^g)[�y{U'U'[�d +VY�n�n�k!Y
tH ' 1/H0 ≈ 1.4 · 1010 kNb?g
��� E3� 	8����"'*,"'1,(���*!�A@ �3/ �0" 7 �9�0.�$ ?V"'&)&

� Y�]?]^w�t�]xh�[�g)[�c'wx|~W�W'|~b?�8g � b^kN[�_5Y�]^g)c'[ r W's?W'e'bL]^h'W{��`'c'[�n�kNb?|:YA��t
g�Y�h'zFb�cNY�s^kNW'eNY���g�]Zy�UNY�|~U'[�X?[�`'[�c�y � h�[�_'�

� Y�]?]^wm[)]^U'[�_�U'w�����kNb?|~b?U'g�Y�c'U'w���eNY�]^g)W'l � me ≈ 10−27 X ≈ 511
h'�L�

�
|:Y�]?]?Y��ZkNb?h'g�c'[�UNY{t

mp ≈ 5/3 × 10−24 X ≈ 1
�J�L�

�
|:Y�]?]?Y�`'c'[�g�[�UNY{�
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mP l =
√
c~/G ' 10−5 X ≈ 1019 �u�L�

�
`{k!Y�U'h�[�_)]^h)Y�yf|:Y�]?]?Y���|:Y�h{q

]^W'|:YAkN��U'[�_�[�s?|~[Cz�UNY�y�|:Y�]?]?Y��ZkNb?|~b?U'g�Y�c'U'[�d eNY�]^g)W'l'w�_�cNY�|~h)YA�3]^g�Y�U{q
� Y�c'g)U'[�d�g)b?[�c'W'W�eNY�]^g�W'lu�

+VY�cNY�h'g)b?c'UNY�y3|:Y�]?]?Y�s?_�b?s ��� M� ≈ 2 · 1033 X � |:Y�]?]?Y�/ [LkNU'lNY�� g)W{q
`'W'e'U'[�d#s?_�b?s � wV�Z�J� Y�]?]^w�]^g�Y�l'W'[�UNY�c'U'w�� s?_�b?s � kNb?z�Y�g�_�`'c'b � b^k!YA��[�g
∼ 0.1 � [ ∼ 100M�

�~��Y�]?]?Y ]?Y�|~w��mn�[LkN�(%�W{�m`{k!Y�U'b?g)q X?W'XZY�U'g)[�_ g)W'`NY
� `'W'g)b?cNY�U'b5`'c'b?_�w %�Y�b?g�U'bL]^h�[LkN��h�[�g�w ]Zy{e'U'w�� � [LkNb?d M�

�
� Y�]?]^w XZYAk!Y�h'g)W'h � MMW ≈ 1011M� �

]^[�_�[�h'j�`'UNY�ym|:Y�]?]?Y ]^_�b?gAy�q
o5W{��]�yas?_�b?s � �3kNb?e'U'[�X?[��Vj�g)W}� g)W'`'W'e'U'[�d#XZYAk!Y�h'g�W'h'W��Z����Y�]?]^w n)Y�c'W{q
[�U'U'[�X?[�_�b?o5bL]^g�_)Y�XZYAk!Y�h'g)W'h�� _�h{kN��eNY�y�s?_�b?s � w�tu`'w�kN��W XZY�s���kNb?z5Y�g�_%5W'c'[�h'W{��`'c'b � b^k!YA��[�g ∼ 106−107M�

� [ 1012M�
���Vc'[�|~b�n)Y�c'W'[�U'U'[�d

]^[)]^g�Y�_�kNy{��o�b?dutE_3`'[LkNU'j�� |:Y�]?]^j#XZYAk!Y�h'g�W'h _��)[ � W'g g�b?|~UNY�y#|:Y�g)b?c'W'y
U'b?W's?_�bL]^g)U'[�d\`'c'W'c'[ � w�t,|:Y�]?]?Y3h�[�g)[�c'[�da_�U'bL]^h�[LkN��h�[ cNY�s�`'c'b?_�w %�Y�b?g
|:Y�]?]^j�_�W � W'|~[�X?[�n)Y�c'W'[�U'U'[�X?[�_�b?o�bL]^g)_)Y{�

��Y�z�U'wx| Y�]^g�c'[ r W's?W'e'bL]^h'W'| |~b?g�[ � [�| [�l'b?U'h'W\|:Y�]?]^w X?cNY�_�W'g�Y�l'W{q
[�U'U'[�q ]^_�y{sLY�U'U'w�� ]^WN]^g)b?| y{_�kNy{b?g�]�y�WN]^`'[LkN��s?[�_)Y�U'W'bmg)b?[�c'b?|~w _�W'c'WNYAq
k!Y#��]^|x���Vc'W{kN[Cz�b?U'W'b��Zt0h�[�g)[�cNY�y j)]^g�Y�UNY�_�kNW'_)Y�b?g�sLY�_�WN]^W'|~[)]^g)��|~b?z � j
j)]^c'b � U'b?U'U'[�d�`'[H_�c'b?|~b?U'W�`'[LkNU'[�d�h'W'U'b?g�W'e'bL]^h�[�d��?U'b?c'X?W'b?d�W�`'[�g)b?U'l'W{q
YAkN��U'[�d��?U'b?c'X?W'b?d�]^WN]^g)b?|~w�� ��Y�`'c'W'|~b?cut~`'[�UNY�n�kN� � b?U'W'y{|�]^h�[�c'[)]^g�b?d
� _�W'z�b?U'W'd [�g � b^kN��U'w��3s?_�b?s � � W{kNW�XZYAk!Y�h'g)W'h���_�]^h�[�`{kNb?U'W'W�s?_�b?s � � XZYAq
k!Y�h'g)W'h�� W UNY�n�kN� � Y�b?|~wx| cNY�s?|~b?cNY�| ]^h�[�`{kNb?U'W'y#|~[Cz�U'[�] � b^k!Y�g���_�w�q
_�[ � [�`'[LkNU'[�d3|:Y�]?]^b�� _�h{kN��eNY�y�U'b?_�W � W'|~j�� |:Y�]?]^j!�v�?g�[�X?[�]^h�[�`{kNb?U'W'y��
� g)[�g�`'c'W'b?| %�W'c'[�h�[�WN]^`'[LkN��s?j�b?g�]�y<t0UNY�`'c'W'|~b?cutJ`'c'W [�l'b?U'h�b�|:Y�]?]

]^_�b?c)�{|:Y�]?]^W'_�U'w��3e'b?c'U'w�� � wxc�_�y � cNYA��Y�h'g�W'_�U'w���XZYAk!Y�h'g)W'h3W�h'_)Y�sLYAq
c'[�_'���V[ %5W'c'W'UNY�|a�?|~WN]?]^W'[�U'U'w���kNW'U'W'd�_H]^`'b?h'g)cNYA�FXZYAk!Y�h'g�W'h�[�`'c'b � b^q
kNy{��g���Y�cNY�h'g)b?c'U'wxb8]^h�[�c'[)]^g)W � _�W'z�b?U'W'y�W's^kNj�eNY��8o5b?X?[FXZY�sLY ∼ 1000−
2000

h'| 	A]�t�YVcNY�s?|~b?c�[�n�k!Y�]^g)Wut)_�h�[�g�[�c'[�d�`'c'[�WN]Q�)[ � W'g � _�W'zFb?U'W'b�t�[�l'b^q
U'W'_)Y���ga`'[ sLY�`NY�s � wx_)Y�U'W'� `'b?c'b?|~b?U'U'[)]^g)W}W's^kNj�e'b?U'W'y�_ U'b?g�b?`{kN[�_�[�|
h�[�U'g)W'U'j�j�|~b�� h�[�g)[�c'wxd�`'c'b � `'[LkN[Cz�W'g)b^kN��U'[8X?b?U'b?c'W'c'j�b?g�]ZyH_�n�kNW's?W�e'b?c{q
U'[�d � wxc'wV�,W�_��?|~WN]?]^W'[�U'U'w���kNW'U'W'y���_�[ � [�c'[ � Y�W � c'j�X?W{���ZkNb?|~b?U'g�[�_'t
h�[�g)[�c'wxb�_�[�s?U'W'h)Y���g `'c'W r [�g�[�W'[�U'W'sLY�l'W'W XZY�sLY�zFbL]^g)h'W'|~W h'_)Y�U'g�Y�|~W
l'b?U'g)cNYAkN��U'[�X?[�h�[�U'g)W'U'j�j�|:Y�� gC� Uu��|~b?g)[ � �Z�)[�q h)Y�c'g)W'c'[�_)Y�U'W'y<�Z�0�Vc'W ��YAq
cNY�h'g)b?c'U'w��#UNY�n�kN� � Y�b?|~w��a_�c'b?|~b?UNYA�#sLY�`NY�s � wx_)Y�U'W'y\_ � bL]Zy{g)h'W � U'b?d
cNY�]?]^g)[�y{U'W'b�[�g�l'b?U'g)cNYAkN��U'[�X?[�WN]^g�[�e'U'W'h)Y � [�`'b?c'b?W's^kNj�eNY��8o5W{� [�n�k!YAq
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h�[�_�[�h)Y�s?wx_)Y�b?g�]�ym`'[�c�y � h)Y 1016 − 1017 ]^|xtEW\g�Y�h'W'| [�n�cNY�s?[�| |:Y�]?]^w
l'b?U'g)cNYAkN��U'w���WN]^g)[�e'U'W'h�[�_

108 − 109M�
t�e'g)[Fg�Y�h'zFb�`'[ � g)_�b?c�z � Y�b?g�]Zy

� c'j�X?W'|~W3]^`'[)]^[�n)Y�|~W3W's?|~b?c'b?U'W'y�W{��|:Y�]?]��
��� E3� � � �5+ � �!� 7 �A@ � ���:.A�,. � @

H�n�wxe'U'[�`'c'W3W's?j�e'b?U'W'W3s?_�b?s � `'[�kN��s?j��8g�]Zy�]^[LkNU'b?e'U'wx|~W b � W'U'W'lNYAq
|~W�|:Y�]?]^w�t!cNY � W'j)]?Y�W3]^_�b?g)W'|~[)]^g)W �

|:Y�]?]?Y / [�kNU'lNY
M� ≈ 2 · 1033 X��_�W � W'|~wxd�cNY � W'j)] / [LkNU'lNY R� ≈ 7 · 1011 ]^|��n�[�kN[�|~b?g)c'W'e'bL]^h)Y�y ]^_�b?g)W'|~[)]^g�� / [LkNU'lNY\� |~[�o5U'[)]^g��3W's^kNj�e'b?U'W'ya_�[

_)]^b?| � WNY�`NY�s?[�U'b��ZkNb?h'g)c'[�|:Y�X?U'W'g)U'[�X?[�]^`'b?h'g)cNY�� L� ≈ 4 · 1033 � �?c'X
	A]�� �
� g)W�b � W'U'W'l'wpj � [�n�U'w�tN[ � UNY�h�['tNg�[LkN��h�[�h�[�X � Y�|~wicNY�]?]^|:Y�g�c'W'_)Y�b?|

U'[�c'|:YAkN��U'wxb�� U'b?_�wxc'[Cz � b?U'U'wxb��Vs?_�b?s � w�t�WN]^g)[�e'U'W'h�[�| �?U'b?c'X?W'Wah�[�g)[�q
c'w���y{_�kNy{�8g�]Zy y � b?c'U'wxb�c'bLY�h'l'W'Wa]^W'U'g)b?sLY�gCy{zFb^kNw�����kNb?|~b?U'g)[�_'�J�V[�q
X � Y3c'b?e'��sLYA�)[ � W'g [�h�[�|~`NY�h'g)U'w��#[)]^g�Y�g)h)YA��s?_�b?s � U'[�d �?_�[�kN��l'W'Wi� n�b^q
kNw��#h)Y�c)kNW'h)YA��t~U'b?d'g)c'[�U'U'w��as?_�b?s � YA� W{kNW [)]^[�n�b?U'U'[�e'b?c'U'w�� � wxcNYA�<�
� kNy#[�l'b?U'h'Wa��Y�cNY�h'g)b?c'U'w��#cNY�s?|~b?c'[�_ eNY�]^g)[�WN]^`'[LkN��s?j���g : ��;�@��NKF; O���

>�MNM��
� ��;�,���7A= g)b^k!Y{t�h�[�g)[�c'wxdasLY�_�WN]^W'g�g)[LkN��h�[�[�g�b?X?[�`'[LkNU'[�d |:Y�]?]^w
Rg = 2GM/c2

�
��Y�`'c'W'|~b?cut�g)W'`'W'e'U'wxd�cNY � W'j)]�U'b?d'g)c'[�U'U'[�d�s?_�b?s � w ∼ 10 − 20

h'|xt
e'g)[�]^[)]^g�Y�_�kNy{b?g�_�X?cNY�_�W'g�Y�l'W'[�U'U'w�� cNY � W'j)]?YA� RNS ' 3 − 4Rg

�<�5c'j�q
X?[�d�`'c'W'|~b?c � cNY � W'j)] `'[)]QkNb � U'b?d�j)]^g)[�d'e'W'_�[�d��xh'c'j�X?[�_�[�d�[�c'n�W'g�w}`'c'[�n�q
U'[�d�eNY�]^g)W'l'wi_�[�h'c'j�XVU'b?_�cNY�o�Y��8o5b?dN]�y#� %5_)Y�c'l�%�W{kN� � [�_)]^h�[�d��xe'b?c'U'[�d
� wxc'w�t�[�g�h�[�g)[�c'[�X?[�sLY�_�WN]^W'g�� r�r b?h'g�W'_�U'[)]^g)�3�?U'b?c'X?[�_�w � b^kNb?U'W'y\`'c'W
`NY � b?U'W'Wa��Y�h'h'c'b?l'W'W��vXZY�sLY�UNY�U'b?d'g)c'[�U'U'j�� s?_�b?s � j�W{kNW�e'b?c'U'j�� � wxc'j�t
cNY�_�b?U

3Rg
�

��� ���� C�
 3R �D	!���'�����J>#�
�
-'�#���������9 ���	����U�����
 3$��+�������U5!.M������*��!�V-�5!�
*!������I6�!��@
�
������R1�W���
.���$MI1*�R .�$HT



��� � ��� � �

� � ������	���
�	 
 ��� ���	��
 	���
�	

� �
	�
�������� � � ��
�� ��� � ��� �
�

� ����	�	 	

H8]^U'[�_�U'wx|}WN]^g)[�e'U'W'h�[�|mW'U r [�c'|:Y�l'W'W�[�U'b?n�bL]^U'w���g)b^k!YA��[)]^gCY�b?g�]Zy
�ZkNb?h'g)c'[�|:Y�X?U'W'g�U'[�b�W's^kNj�e'b?U'W'b��D/ � c'b?_�U'b?d�%5W{�a_�c'b?|~b?U\W � [ ]^b?c'b � W{q
U'w + + _�b?h)Y�Y�]^g)c'[�U'[�|~W'e'bL]^h'W'b�UNY�n�kN� � b?U'W'y `'c'[�_�[ � W{kNWN]^�3WN]^h{kN�8e'W{q
g)b^kN��U'[8_�[�`'g)W'e'bL]^h�[�| � WNY�`NY�s?[�U'b���kNb?h'g)c'[�|:Y�X?U'W'g)U'[�X?[H]^`'b?h'g)cNY�� � kNW'UNY
_�[LkNU'w�-)�����

�
������� � U'XL]^g�c'b?|��������Q�Z�D)0Y � W'[�UNY�n�kN� � b?U'W'y}h�[)]^|~W'e'bL]^h'W{�

WN]^g)[�e'U'W'h�[�_�UNYLeNYAkNWN]^��g�[LkN��h�[�`'[)]QkNbH_�g)[�c'[�d�|~W'c'[�_�[�d3_�[�d'U'w�_�[�|~U'[�q
X?[�|�n�k!Y�X?[ � Y�c�yacNY�s?_�W'g)W'��cNY � W'[�g)b^�{U'W'h'W � kNy l'b^kNb?d\]^_�y�s?WaW cNY � W'[�q
kN[�h)Y�l'W'Wu�<�<b?|~UNY�y�Y�g)|~[)] r b?cNY�U'b�`'c'[�`'j)]^h)Y�b?g�h�[�c'[�g�h�[�_�[LkNU'[�_�[�b�W's^kNj�q
e'b?U'W'b�t�`'[��?g�[�|~j�� ��t�c'b?U'g)X?b?U'[�_)]^h�[�bVW�XZY�|~|:YAq W's^kNj�e'b?U'W'b�[�g5U'b?n�bL]^U'w��
[�n��ub?h'g)[�_m]^g�YAkN[aW's?j�eNY�g)�)]Zy}kNW�%5�mUNYLe'W'UNY�yi] #L
����Aq��%X?X �Tt h�[�X � Ym]^g�YAq
kNWa_�[�s?|~[Cz�U'w sLY�`'j)]^h'W � b?g)b?h'g)[�c'[�_�zFbL]^g)h�[�X?[3W's^kNj�e'b?U'W'y#_3_�w ]^[�h'W'b
]QkN[�W�Y�g�|~[)] r b?c'w�� ���Vh'| WF_�w %�b

�
n)YAk'kN[�U'U'wxb��?h�]^`'b?c'W'|~b?U'g)wV��W�sLYVb?b

`'c'b � b^kNw�UNY�]^`'b?l'WNYAkNW's?W'c'[�_)Y�U'U'w���WN]^h'j)]?]^g)_�b?U'U'w���]^`'j�g)U'W'h)YA���<b?|EkNW
� I � +8� )~� MZtA#L
)�����Z�

��b?o5bL]^g)_�[F_HkN�8n�[�| r W's?W'e'bL]^h�[�|}]^[)]^g)[Cy�U'W'W�W's^kNj�eNY�b?g�W�`'[�XZkN[�o�YAq
b?g���kNb?h'g)c'[�|:Y�X?U'W'g)U'wxb�_�[�kNU'w��{��[�kNb?b�
�
���_�W � W'|~[�X?[�_�b?o5bL]^g)_)YF_F`'c'W{q
c'[ � bHW'|~b?b?g�g)b?|~`'b?cNY�g)j�c'j�]^_�w %5b #?����g�w ]Zy{e�X?cNY � j)]^[�_'��� g)[�_�b?o5bL]^g�_�[
s?_�b?s � W�X?[�c�y{e'b?X?[�cNY�s?c'b?zFb?U'U'[�X?[�|~b?z�s?_�b?s � U'[�X?[�W�|~b?z�XZYAk!Y�h'g)W'e'bL]^h�[�q
X?[�XZY�sLY{���Vc'W3g�Y�h�[�d3g)b?|~`'b?cNY�g�j�c'b�XZY�s5`'[LkNU'[)]^g���� W'[�U'W's?[�_)Y�Uut<g�[�bL]^g)�
`'c'b � ]^g�Y�_�kNy{b?g�]^[�n�[�d�`{k!Y�s?|~j�t�]^[)]^g�[�y{o5j�� W's�]^_�[�n�[ � U'w����ZkNb?h'g�c'[�U'[�_'t
W'[�U'[�_�W3y � b?cu��/ _�[�dN]^g)_)Y�gCY�h�[�X?[�_�b?o�bL]^g)_)Y�]^cNY�_�U'W'g)b^kN��U'[�`'c'[)]^g)wxb�t�W
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g)[�kN��h�[ `'c'Wmg)b?|~`'b?cNY�g)j�c'b
< 104 � tEh�[�X � Y ��kNb?h'g)c'[�U'w [�h)Y�s?wx_)Y���g�]Zy

]^_�y{sLY�U'U'wx|~W3]8y � cNY�|~Wut'`'c'[�l'bL]?]V_�sLY�W'|~[ � b?dN]^g)_�W'y�eNY�]^g)W'lut{h)Y�h�W�`'c'[�q
l'bL]?]�W's^kNj�e'b?U'W'yFW�`'[�X�kN[�o5b?U'W'y�]^_�b?gCY{t�]^gCY�U'[�_�W'g�]Zy�s?UNYLe'W'g�b^kN��U'[5]QkN[Cz�q
U'b?b��

� #&%.#��=-A2,+?5.2;<=6��,+�2��;/�G��
�Vb?h�[�g)[�c'wxb�eNY�]^g)[�_)]^g)c'b?eNY��8o5W'bL]�y �ZkNb?|~b?U'g�Y�c'U'wxb r W's?W'e'bL]^h'W'b

`'c'[�l'bL]?]^w�t<[�g)_�b?g�]^g)_�b?U'U'wxb�sLY�W's^kNj�e'b?U'W'bFW�`'[�XZkN[�o�b?U'W'b�]^_�b?gCY�Y�g)[�|:YAq
|~W�W�]^_�[�n�[ � U'wx|~W�eNY�]^g)W'lNY�|~Wut)[�`'WN]?Y�U'w}_H�Vc'W{kN[Cz�b?U'W'Wu�)�HkNy�h�[�kNW'e'b^q
]^g)_�b?U'U'[�X?[ `'[�U'W'|:Y�U'W'y�`'c'[�l'bL]?]^[�_'t�`'c'[�WN]Z�)[ � y{o5W{�F_�Y�]^g)c'[ r W's?W'e'bL]^h'W{�
WN]^g)[�e'U'W'h)YA��t�UNY�|f`'[�UNY � [�n�W'g�]�y�s?UNY�h�[�|:]^g)_�[�]�|:Y�h'c'[)]^h�[�`'W'e'bL]^h�[�d g)b^q
[�c'W'b?d\`'b?c'b?U'[)]?Y3��kNb?h'g)c'[�|:Y�X?U'W'g)U'[�X?[�W's^kNj�e'b?U'W'ya_�]^c'b � b�tE]^`'[)]^[�n�U'[�d
W's^kNj�eNY�g)��W�`'[�XZkN[�oFY�g)����kNb?h'g)c'[�|:Y�X?U'W'g)U'wxb5_�[�kNU'w��
��Y�`'[�|~U'W'| [)]^U'[�_�U'wxb�`'[�U'y{g)W'ya|:Y�h'c'[)]^h�[�`'W'e'bL]^h�[�d�g)b?[�c'W'W W's^kNj�q

e'b?U'W'y��
13� E3� E3����� � ? :A��*0"'( 5 *!�,"�$����#1�" � " = � ��10('*,+�?V"�;(�,.0(��!@�B���+ � �

� �ZkNb?h'g)c'[ � W'UNY�|~W'e'bL]^h�[�| � h{k!Y�]?]^W'e'bL]^h�[�|���[�`'WN]?Y�U'W'W�W's^kNj�e'b?U'W'b
`'c'b � ]^g�Y�_�kNy{b?g�]�y}`{kN[)]^h'W'|~Wf�ZkNb?h'g)c'[�|:Y�X?U'W'g)U'wx|~Wi_�[LkNUNY�|~Wut�h�[�g)[�c'wxb
cNY�]^`'c'[)]^g)cNY�U'y{�8g�]Zy _�`'j)]^g)[�g)b�]^[�]^h�[�c'[)]^g)��� ]^_�b?gCY

c ≈ 3 · 1010 ]^| 	A]��
	�Y�]^g)[�g�Y

ν
|~[�U'[L�{c'[�|:Y�g)W'e'bL]^h�[�d���kNb?h'g)c'[�|:Y�X?U'W'g)U'[�d�_�[�kNU'w ]^_�y{sLY�UNY�]

� kNW'U'[�d�_�[LkNU'w λ
]^[�[�g�U'[(%5b?U'W'b?|

λν = c
��� U'b?c'X?W'y�[�g � b^kN��U'[�X?[�h'_)Y�U'g�Y

]^_�b?g�Y
�
r [�g)[�UNY

�
|~[�zFb?g�n�wxg���_�wxcNY�zFb?UNY�e'b?c'b?sFeNY�]^g)[�g)j�W's^kNj�e'b?U'W'y

E = hν = ~ω
t:X � b h = 2π~ ' 6.625 · 10−27 � �?c'X · ]�� � `'[)]^g�[�y{U'UNY�y�8k!Y�U'h)Y{�

�HkNy�g)b?`{kN[�_�[�X?[�W's^kNj�e'b?U'W'y�]^c'b � wm]vg)b?|~`'b?cNY�g)j�c'[�d T � gC� b��A_V]QkNj�eNYAq
y��<t'h�[�X � Y�|~[�z�U'[�g)b?c'|~[ � W'UNY�|~W'e'bL]^h'W _�_�bL]^g)W�g�b?|~`'b?cNY�g)j�c'j�h)Y�h3|~b?c'j
�?U'b?c'X?W'W���Y�[�g)W'e'bL]^h�[�X?[ � _�W'zFb?U'W'y�eNY�]^g)W'l�����Y�cNY�h'g)b?c'UNY�y��?U'b?c'X?W'y W's^q
kNj�eNY�b?|~w�� r [�g)[�U'[�_�U'b�|~[�zFb?g�]^W{kN��U'[�[�gCkNW'eNY�g)�)]Zy�[�g�]^c'b � U'b?d �?U'b?c{q
X?W'W5eNY�]^g�W'l ∼ kT

tLX � b k ≈ 1.38·10−16 � �?c'X
	 � � � `'[)]^g)[�y{U'UNY�y5��[�kN��l'|:YAqUNY{���V[��?g)[�|~j�eNY�]^g)[�j � [�n�U'[Vn�wx_)Y�b?g8��Y�cNY�h'g)b?c'W's?[�_)Y�g)��W's^kNj�e'b?U'W'bx]^c'b � q
U'b?dH�?U'b?c'X?W'b?dHh'_)Y�U'g�[�_5� _�wxcNY�z�b?U'U'[�dutCUNY�`'c'W'|~b?cut�_ ��kNb?h'g)c'[�U{q _�[LkN�Cg�YA�<�
W{kNW I g)b?|~`'b?cNY�g)j�c'[�d�W's^kNj�e'b?U'W'y9M�� _�wxcNY�zFb?U'U'[�d�_��Vb^kN��_�W'UNYA�<�Z����Y�`'c'W{q
|~b?cut�[�`'g)W'e'bL]^h'W'b r [�g�[�U'w W'|~b?�8g �?U'b?c'X?W'� [�h�[LkN[>#��L�8t c'b?U'g)X?b?U'[�_�q
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lg λ (см) - длина волны

lg ν (Гц) - частота

lg E (эВ) - энергия

lg T (К) - температура

γ-лучи           рентген              УФ   видимые   ИК                            радио

-10 -9 -8 -7 -6 -5 -4 -3 -2 -1 0 1 2

20 19 18 17 16 15 14 13 12 11 10 9

6 5 4 3 2 1 0 -1 -2 -3 -4 -5 -6

10 9 8 7 6 5 4 3 2 1 0 -1

� �!��T��'T K�T���	!�
-���.��# ���&
���!����R AE��5��
-���.

]^h'W'b
�
`'[�c�y � h)Y #

�
#?��h'�L���{���?U'b?c'X?b?g)W'e'bL]^h'W{��b � W'U'W'lNYA��g)b?|~`'b?cNY�g)j�cNY

_�#��L� ]^[�[�g)_�b?g�]^g)_�j�b?g r W's?W'e'bL]^h�[�dmg)b?|~`'b?cNY�g)j�c'b ∼ 11600 �
� / � c'j�q

X?[�d�]^g)[�c'[�U'w�t�U'W's?h�[�eNY�]^g)[�g)U'[�bVW's^kNj�e'b?U'W'b�� UNY�`'c'W'|~b?cut'_FcNY � W'[ � WNY�`NYAq
s?[�U'b�� `'c'W'U'y{g)[���Y�cNY�h'g)b?c'W's?[�_)Y�g���eNY�]^g�[�g)[�d�W's^kNj�e'b?U'W'y�tu_�wxcNY�zFb?U'U'[�d
_ �Jl W{kNW � kNW'U'[�dm_�[LkNU'w � _�| W{kNWm]^|��Z� � h)YAk!Y ��kNb?h'g)c'[�|:Y�X?U'W'g)U'w��
_�[LkNU�`'c'b � ]^g�Y�_�kNb?UNY�UNY�c'WN]��<���$#��
13� E�� ��� 4��,(�� �,&).A�3�0+�&)( � .�/ �!587 � �,.J$�� :,+��3��* B8�,+!&)(��,"�$�$0*,1u+!&)( �
	

��Y�z�U'b?d�%5b?d ��Y�cNY�h'g)b?c'WN]^g)W'h�[�d W's^kNj�e'b?U'W'y y{_�kNy{b?g�]Zy �NM!K 
?MN=��N@�

M'>A=LK D � )0Y�]?]^|~[�g�c'W'|���kNb?|~b?U'g�Y�c'U'j��%`{kN[�o�Y � h'j5]~`{kN[�oFY � ��� dA _�`'c'[�q]^g)cNY�UN]^g)_�b�t�sLY�`'[LkNU'b?U'U'[�|�W's^kNj�e'b?U'W'b?|m[�g�cNY�s?U'w���WN]^g�[�e'U'W'h�[�_'�N��j � b?|
��Y�cNY�h'g�b?c'W's?[�_)Y�g)��[�c'W'b?U'g�Y�l'W'��`{kN[�o�Y � h'W\_�`'c'[)]^g)cNY�UN]^g)_�b�_�b?h'g)[�c'[�|
U'[�c'|:YAkNW h b?b\`'[�_�b?c)�{U'[)]^g)W � c'WN]��7���	���Z� OVU'g�b?UN]^W'_�U'[)]^g)�pW's^kNj�e'b?U'W'y _
� Y�U'U'[�| UNY�`'cNY�_�kNb?U'W'W

�
�?g)[�|~[�o�U'[)]^g)� ]^_�b?g)[�_�[�dm�?U'b?c'X?W'Wut~`'c'[L�)[ � y�q

o5b?d�e'b?c'b?s5`{kN[�o�Y � h'j3b � W'U'W'e'U'[�X?[�]^b?e'b?U'W'y�t!cNY�]^`'[�kN[�zFb?U'U'[�d�`'b?c'`'b?U{q
� W'h'j�kNy{c'U'[%_�wxn�cNY�U'U'[�|~jpUNY�`'cNY�_�kNb?U'W'�Ft�_�b � W'U'W'l'bag�b^kNbL]^U'[�X?[}j�X�k!Y
dΩ

_Hb � W'U'W'e'U'[�|mW'U'g)b?c'_)YAkNb�eNY�]^g)[�g�w dν W{kNW � kNW'U�_�[�kNU dλ ���}[�n�o5b?|]QkNj�eNY�b�t�bL]ZkNWaj�X?[Lk |~b?z � j�`{kN[�oFY � h�[�d\W#_�wxn�cNY�U'U'wx| UNY�`'cNY�_�kNb?U'W'b?|
cNY�_�b?U

θ
t'g)[

Iν =
dE

cos θdAdtdνdΩ
,

� ���$#A�
W{kNW

Iλ =
dE

cos θdAdtdλdΩ
,

� ���	���
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X � b dΩ = sin θdθdϕ− �ZkNb?|~b?U'g g)b^kNbL]^U'[�X?[�j�X�k!Y{�0�Vb?c'b^�)[ � [�g Iν h Iλ[)]^j�o5bL]^g)_�kNy{b?g�]�y3e'b?c'b?s�[�e'b?_�W � U'[�b�]^[�[�g)U'[(%5b?U'W'b Iνdν = Iλdλ
t<W's�h�[�q

g)[�c'[�X?[�]ZkNb � j�b?g
|Iν | =

∣∣∣∣Iλ
λ

ν

∣∣∣∣ .

dA

dΩ

θ

� �!��T �HT � T�� �#5�.��(*!��	!�����!I ���!�����������#�!�#�
���C�L5!��	����#&��85!�#����-H�=�!�(	�$'�!�����!P �!�
.��
�
5�	�� �V�
*!-�$

��Y�z�U'[�b�]^_�[�dN]^g)_�[ W'U'g�b?UN]^W'_�U'[)]^g)W � �?g�Y _�b^kNW'e'W'UNY���Y�cNY�h'g)b?c'W's?j�b?g
W's^kNj�eNY�g)b^kN��U'wxb�]^_�[�dN]^g)_)Y5WN]^g)[�e'U'W'h)Y{t)W�U'bxsLY�_�WN]^W'g�[�gHg)[�X?['t)UNYVh)Y�h�[�|
cNY�]?]^g)[Cy�U'W'W�[�g5U'b?X?[�`'[�|~bL]^g)W'g)���ZkNb?|~b?U'g�Y�c'U'j���`{kN[�o�Y � h'j�t{`'[)]^h�[LkN��h'j
]�c'[)]^g)[�|fcNY�]?]^g)[�y{U'W'y

d � [�WN]^g)[�e'U'W'h)Y�|~[�o�U'[)]^g)��W's^kNj�e'b?U'W'y�t�`'c'[L�)[�q� y{o5b?X?[He'b?c'b?s�`{kN[�o�Y � h'j�t�`NY � Y�b?g5h)Y�h d2 t�U'[�`'[�g�Y�h�[�|~j�zFbxsLY�h�[�U'jF`NYAq
� Y�b?gVW�g�b^kNbL]^U'wxdFj�X?[LkJt�`'[ � h�[�g)[�c'wx|�_�W � b?U�WN]^g)[�e'U'W'h�� W{kNWFkN��n)Y�y�b?X?[
eNY�]^g)�'tJUNY�n�kN� � Y�b?|:Y�y\`'[ � |:YAkNwx| g�b^kNbL]^U'wx| j�XZkN[�|��Z� �vkNb?|~b?U'gCY�c'U'j��
`{kN[�o�Y � h'j�|~[Cz�U'[#]^[�_�|~bL]^g)W'g)�#]�UNY�n�kN� � Y�g�b^kNb?|xt Y�|~[�z�U'[ `'c'b � ]^g�YAq
_�W'g)� UNYA�)[ � y{o5b?dN]Zy�UNY�`'[�_�b?c)�{U'[)]^g)W5WN]^g)[�e'U'W'h)Y{��OVU'g)b?UN]^W'_�U'[)]^g)��n�j � b?g
g)[�d#zFb�]?Y�|~[�du�6O�]^g)[�e'U'W'haUNY�s?wx_)Y��8g3W's?[�g�c'[�`'U'[3W's^kNj�eNY���o�W'|xt,bL]ZkNW
b?X?[�W'U'g)b?UN]^W'_�U'[)]^g���U'bHsLY�_�WN]^W'g�[�g�UNY�`'cNY�_�kNb?U'W'y�_�`'c'[)]^g�cNY�UN]^g)_�b��
13� E3� 	8����+!('+�1%.0/ �6587 �9�0.�$ � � �N$�/ � &�.A�,(�� �,&).!���,+!&)( ���

OVU'g)b?UN]^W'_�U'[)]^g��'t�`'c'[�W'U'g)b?X?c'W'c'[�_)Y�U'UNY�y�`'[ g)b^kNbL]^U'[�|~jVj�X�kNj�t�sLY�h{kN��q
eNY��8o5b?|~j�WN]^g)[�e'U'W'hut � Y�b?g�|~[�o5U'[)]^g)��W's^kNj�e'b?U'W'y3[�g�WN]^g)[�e'U'W'h)Y�_�l'b^q
kN[�|xtJ`'c'[��)[ � y{o5b?X?[ e'b?c'b?s�`{kN[�o�Y � h'j b � W'U'W'e'U'[�d\`{kN[�o�Y � W\_ � Y�U'U'[�|
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W'U'g)b?c'_)YAkNb5eNY�]^g�[�g�W{kNW � kNW'U�_�[LkNUu��� g�Y�_�b^kNW'e'W'UNY�UNY�s?wx_)Y�b?g�]Zy )N>AKF>�
��>�4 ���$#%78��
?M���! �
Fν,λ =

∫
Iν,λ cos θdΩ ,

� ���	
��

X � b�W'U'g)b?X?cNYAk�n�b?c'b?g�]Zy�`'[�g)b^kNbL]^U'[�|~j�j�XZkNj��
N:]ZkNW�W'U'g)b?UN]^W'_�U'[)]^g���`'c'W{�)[ � y{o5b?X?[�W's^kNj�e'b?U'W'y�U'bHsLY�_�WN]^W'g�[�g�UNYAq

`'cNY�_�kNb?U'W'y�� W's?[�g)c'[�`'U'[�b�`'[LkNb W's^kNj�e'b?U'W'b��ZtAg)[ W's r [�c'|~j�kNwi� ���	
���_�wxg)b^q
h)Y�b?gCt e'g)[ `'[LkNU'wxd `'[�g�[�h e'b?c'b?s `{kN[�oFY � h'j cNY�_�b?U U'j�kN� �
F = I

∫
4π

cos θdΩ = 0
� K�Y�h)Y�y�]^W'g)j)Y�l'W'y�c'bLYAkNW's?j�b?g�]�y�_�`'[�kNbHcNY�_�U'[�_�bL] q

U'[�X?[�W's^kNj�e'b?U'W'y#��]8n�[�kN�(%5[�d3g�[�e'U'[)]^g)���
�
_�U'j�g)c'W�s?_�b?s � wV�Z��O [�n�cNY�g�q

U'['t�e'b?|in�[LkNb?b�Y�U'W's?[�g)c'[�`'U'[�`'[LkNb�W's^kNj�e'b?U'W'y�t<g�b?| � YAkN�(%5b�[�g�cNY�_�U'[�q
_�bL]^U'[�X?[�]^[)]^g)[Cy{U'W'y�[�U'[HUNYA�)[ � W'g�]�y�� UNY�`'c'W'|~b?cut�`'[�kNb W's^kNj�e'b?U'W'y�_�n�kNW{q
s?W�X?cNY�U'W'l'w r [�g)[)] r b?c'w%s?_�b?s � w�W{kNW�W's^kNj�e'b?U'W'b�[�n�k!Y�h)Y�XZY�sLY{t�`'[ � ]^_�b^q
e'b?U'U'[�X?[�j � YAkNb?U'U'wx|�WN]^g)[�e'U'W'h�[�|��Z�

�HkNyiW's?[�g)c'[�`'U'[�W's^kNj�eNY��8o5b?dpn�bL]^h�[�U'b?e'U'[�d�`{kN[)]^h�[)]^g�WpW'U'g)b?X?c'W{q
c'[�_)Y�U'W'b�`'[�`'[LkNj)] r b?c'b � Y�b?g � Fν,λ = πIν,λ

�u�V[�g)[�h�[�g�WN]^g)[�e'U'W'h)Y�|~[�q
z�b?g�cNY�]?]^|:Y�g�c'W'_)Y�g)�)]Zy�h)Y�h [)]^_�b?o5b?U'U'[)]^g��'t0]^[�s � Y�_)Y�b?|:Y�y WN]^g)[�e'U'W'h�[�|
� _�W'U'g)b?c'_)YAkNb

dν
W{kNW

dλ)
_�|~bL]^g�b�UNY�n�kN� � b?U'W'y<�<�V[�g)[�h�`NY � Y�b?g�]VcNY�] q

]^g)[�y{U'W'b?|\[�g�WN]^g�[�e'U'W'h)Y5h)Y�h
d−2 � W's^q sLY5j�|~b?U'�(%5b?U'W'y�g)b^kNbL]^U'[�X?[Fj�X�k!Y{t`'[ � h�[�g)[�c'wx|}_�W � b?U3WN]^g)[�e'U'W'h��Z�

I �+��45
0� �)�V[�h)Y�z�b?|xt�e'g)[�[�g I g)[�e'b?e'U'[�X?[�MxWN]^g)[�e'U'W'h)Y�W's^kNj�e'b?U'W'y�g)b^q
kNbL]^h�[�`�|~[Cz�b?gVc'b?X?WN]^g)c'W'c'[�_)Y�g)�Vg)[�kN��h�[�`'[�g)[�hFW's^kNj�e'b?U'W'y���Y8U'b�W'U'g)b?U{q
]^W'_�U'[)]^g)�{�Z�0�HkNya`'c'[)]^g)[�g�w cNY�]?]^|~[�g)c'W'| ] r b?c'W'e'bL]^h'W{q ]^W'|~|~b?g)c'W'e'U'wxd
W's^kNj�eNY�g�b^kN��� s?_�b?s � j��E]�cNY � W'j)]^[�| r∗ UNYA�)[ � y{o�j��V]Zy�UNYHcNY�]?]^g)[Cy{U'W'W D �� ]^W{kNj3W's?[�g)c'[�`'W'W W's^kNj�e'b?U'W'y s?_�b?s � Y�n�j � b?g�_�W � UNY�h)Y�h [ � U'[�c'[ � U'wxd
`'[�y{c'h�[)]^g)W � WN]^hu� � �Vb?`'[)]^c'b � ]^g)_�b?U'U'[�W's?|~b?c�y{b?|~wxd `'[�g)[�h�W's^kNj�e'b?U'W'y
[�g �?g�[�d%s?_�b?s � w `'[a[�`'c'b � b^kNb?U'W'� n�j � b?g\cNY�_�b?U F (d) = I

(d)
ν ∆Ω

t:X � b
I
(d)
ν − W'U'g)b?UN]^W'_�U'[)]^g)� W's^kNj�e'b?U'W'yH_�g�[�e'h�b � b?g)b?h'g�[�cNY{t ∆Ω = πr2

∗/D
2 −g)b^kNbL]^U'wxd�j�X?[�kJt{`'[ � h�[�g�[�c'wx|\_�W � UNYFs?_�b?s � Y{� K0Y�h�h)Y�h�`'[�g)[�h�]�b � W'U'W{q

l'wm`'[�_�b?c)�{U'[)]^g)W�s?_�b?s � w � kNy�W's?[�g�c'[�`'U'[�d�W'U'g)b?UN]^W'_�U'[)]^g)W�bL]^g)�8`'c'[)]^g)[
� 0:�# ��
�#�! ���!���S*�	!PW.�����	�F���R��?�����
��*!��R��;�#�� ������U�
. ���
����.��#5��!P9���!���(�!�������!�#�
���

����	�$'�!�(���!P P'��	!PM�
����P85!�
.M��R  � �2�#���������
�(F� ���&�.�$M>#R  5!.M�!>#	��!)+�����!�
 T��U��.���<+�
�������
�������=B����U�
-��W5������� ���������P?-E-�.��#I6*!�!��-H�	� ��	����2�J�9�#5��������
�
-'�� �*!�!��5!�#�
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F (e) = πI
(e)
ν
tNg)[�`'c'b?U'b?n�c'b?XZY�y�`'[�XZkN[�o�b?U'W'b?| � gA� b��N`'[�k!Y�XZY�y

I
(d)
ν = I

(e)
ν
�

UNYA�)[ � W'| � kNy�W's?|~b?c�y{b?|~[�d�_�b^kNW'e'W'U'w

F (d)
ν = (r∗/D)2F (e)

ν ,
� ���.-{�

X � b � kNy�g)[�e'b?e'U'[�X?[�WN]^g)[�e'U'W'h)YF|~U'[�z�W'g�b^kN�F_�]^h�[�n�h)YA� � 1
W�Y�`'c'W'[�c'W

U'b?W's?_�bL]^g)b?Uu��� g)[�]^[�[�g)U'[(%5b?U'W'b�|~[�z�U'[�`'[�kNj�e'W'g)� � kNy�kN�8n�[�d�sLY�_�WN]^W{q
|~[)]^g)W\W'U'g)b?UN]^W'_�U'[)]^g)Wm[�g j�X�k!Y{�E�Vb?c'b^�)[ � [�g�U'b?`'[)]^c'b � ]^g)_�b?U'U'[ W's?|~b^q
c�y{b?|~[�d�_�b^kNW'e'W'U'w

F
(d)
ν

h�W'U'g)b?UN]^W'_�U'[)]^g)W
I
(e)
ν

_�[�s?|~[�zFb?U�g)[�kN��h�[�bL]ZkNW
W's?_�bL]^g)b?U j�XZkN[�_�[�d#cNY�s?|~b?c

r∗/D
WN]^g)[�e'U'W'h)Y{tJg)[�bL]^g)��bL]ZkNW#[�U�U'b�_�[)] q

`'c'W'U'W'|:Y�b?g�]�y�h)Y�h�g)[�e'b?e'U'wxdu�
13� E3� � ��� � +!(��,+!&)( � = �!��*!;�.,.%.0/ �!587 � �,.�$

/ `'b?h'g)cNYAkN��UNY�y `{kN[�g)U'[)]^g)���?U'b?c'X?W'W�W's^kNj�e'b?U'W'y
�
�?g)[��?U'b?c'X?W'y W's^q

kNj�e'b?U'W'y�_8b � W'U'W'e'U'[�| [�n��ub?|~bx`'c'[)]^g)cNY�UN]^g)_)Y8_8b � W'U'W'e'U'[�| W'U'g)b?c'_)YAkNb
eNY�]^g)[�gA�AH�UNY�W'|~b?b?g�cNY�s?|~b?c'U'[)]^g)� � �?c'X
	���]^| 3· �Jl�� � W `'[LkNj�eNY�b?g�]�y W'U'g)b^qX?c'W'c'[�_)Y�U'W'b?|%W'U'g�b?UN]^W'_�U'[)]^g)W�`'[�_)]^b?|}g�b^kNbL]^U'wx|�j�X�k!Y�| �

uν =
1

c

∫
IνdΩ.

� ���	���

�HkNy � [�h)Y�sLY�g)b^kN�)]^g)_)Y ]QkNb � j�b?g _�s?y{g)� _�wxcNY�zFb?U'W'b � ���$#A�i� [�`'c'b � b^kNb^q
U'W'b�W'U'g�b?UN]^W'_�U'[)]^g)W��Zt0cNY�s � b^kNW'g��3UNY3]^h�[�c'[)]^g)��]^_�b?g�Y c W j�e'bL]^g)�'t�e'g)[
cdtdA = dV

bL]^g)����kNb?|~b?U'g�Y�c'U'wxd#[�n��ub?|p_�UNY�`'cNY�_�kNb?U'W'WutJ��Y�cNY�h'g)b?c'W{q
s?j�b?|~[�|}g)b^kNbL]^U'wx|%j�X�kN[�|

dΩ
�

13� E3� ������+���$0('.!��& :!��1,('*0"
/ `'b?h'g)c

�
�?g)[�cNY�]^`'c'b � b^kNb?U'W'b�W'U'g)b?UN]^W'_�U'[)]^g)W�W's^kNj�e'b?U'W'y3`'[ � kNW{q

UNY�|�_�[�kNU
Iλ
W{kNW#eNY�]^g�[�g�Y�|

Iν
�6H�e'b?U'��eNY�]^g)[�_�|~bL]^g)[�W'U'g�b?UN]^W'_�U'[)]^g)W

WN]^`'[LkN��s?j��8gH`'c'[�`'[�c'l'W'[�UNYAkN��U'wxb�b?d�� � kNy � Y�U'U'[�X?[HWN]^g�[�e'U'W'h)Y���b � W'U'W{q
l'w
�
]^_�b?g)[�_�wxb�`'[�g)[�h'W

Fν
W{kNW

Fλ
t�W{kNW zFb�_�wxcNY�z�Y���g�]^`'b?h'g)c�_�[�g�q

U'[)]^W'g)b^kN��U'w��f� n�b?s?cNY�s?|~b?c'U'w����Fb � W'U'W'lNYA�<�:�V[)]ZkNb � U'b?b�[�n�wxe'U'[ W'|~b?b?g
|~bL]^g)['tubL]ZkNW W'U'g)b?c'bL]^j�b?g r [�c'|:Y�]^`'b?h'g)cNY{tu`'c'[ r W{kN�3W{kNW [�g)U'[)]^W'g)b^kN��q
U'wxb�W'U'g)b?UN]^W'_�U'[)]^g)W�kNW'U'W'dut)Y8U'b��?U'b?c'X?b?g)W'e'bL]^h'W'b���Y�cNY�h'g)b?c'WN]^g)W'h'W�WN] q
g)[�e'U'W'h)Y{��OVU'[�X � Y�]^`'b?h'g)c'w ��Y�cNY�h'g)b?c'W's?j��8g8_�b^kNW'e'W'U'[�d νIν � W{kNW νFν

�Zt
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h�[�g)[�cNY�y�`'[�h)Y�s?wx_)Y�b?gCtu]^h�[LkN��h�[��?U'b?c'X?W'W _�w � b^kNy{b?g�]Zy _�kN[�XZY�c'W r |~W'e'b^q
]^h�[�| W'U'g)b?c'_)YAkNb:eNY�]^g)[�g �L|:Y�h�]^W'|~j�|3�?g)[�d5_�b^kNW'e'W'U'w\]^[�[�g)_�b?g�]^g)_�j�b?gxeNYAq
]^g)[�g�Y�|xt'UNY�h�[�g)[�c'w���`'c'[�WN]Q�)[ � W'g�[)]^U'[�_�U'[�b5�?U'b?c'X?[�_�w � b^kNb?U'W'b��

� #��$#��*I��
	��,6�2,G,6 1
C.-0+
�
�H/924+��,6�),2,+��0+ /�6��,1

13� � � E3��� �9: � +���+���.�/ �6587 � �,.A�

�V[ r W's?W'e'bL]^h�[�|~jm]^|~w ]QkNj g)b?`{kN[�_�[�b�W's^kNj�e'b?U'W'b
�
�?g�[3W's^kNj�e'b?U'W'b

]^c'b � w�t�_�h�[�g)[�c'[�d��?U'b?c'X?W'y���Y�[�g)W'e'bL]^h�[�X?[ � _�W'zFb?U'W'y�eNY�]^g)W'l3g�b?|}W{kNW
W'U'wx| ]^`'[)]^[�n�[�| `'b?c'b^�)[ � W'g\_#�?U'b?c'X?W'� r [�g)[�U'[�_'�v�Vc'W'|~b?c'[�| g)b?`{kN[�q
_�[�X?[%W's^kNj�e'b?U'W'y ]QkNj�z�W'gi]^_�[�n�[ � U'[�q ]^_�[�n�[ � U'[�b�� g�[�c'|~[�s?U'[�b���W's^kNj�e'b^q
U'W'b���kNb?h'g)c'[�U'[�_3_�`'[�kNb�`'[LkN[Cz�W'g)b^kN��U'w��#W'[�U'[�_'t0j � Y�c'U'[�b�_�[�s?n�j�z � b^q
U'W'b Y�g�[�|~U'w��%j�c'[�_�U'b?df]�`'[)]QkNb � j���o�W'| _�w ]^_�b?e'W'_)Y�U'W'b?| W�gA� � � +VYAq
cNY�h'g)b?c'UNY�y#[)]^[�n�b?U'U'[)]^g)��kN�8n�[�X?[3g)W'`NY3g)b?`{kN[�_�[�X?[3W's^kNj�e'b?U'W'yasLY�h{kN��q
eNY�b?g�]Zy _}g)[�|xt e'g)[%`'c'W j)]^c'b � U'b?U'W'W h�[�� r�r W'l'W'b?U'g�YiW's^kNj�e'b?U'W'y�`'[
g)b?`{kN[�_�[�|~j�� |:Y�h�]^_�b^k'kN[�_)]^h�[�|~j!�0cNY�]^`'c'b � b^kNb?U'W'�}eNY�]^g)W'l5`'[8]^h�[�c'[)]^gAy{|
� W'|~b?��o�b?|~j��?h�]^`'[�U'b?U'l'WNYAkN��U'[�b8[�n�c'b?sLY�U'W'b�_�[�n�k!Y�]^g)W�_�w ]^[�h'W{��]^h�[�c'[�q
]^g)b?d

f(v) ∝ v2 exp(−mv2/2kT )
�Zt0_3]^`'b?h'g)c'b�`'[�kNj�eNY��8o5b?X?[)]�yaU'b?`'c'b^q

c'wx_�U'[�X?[ W's^kNj�e'b?U'W'y}_�[�s?U'W'h)Y�b?g �?h�]^`'[�U'b?U'l'WNYAkN��U'wxdpsLY�_)YAkJtvUNY�e'W'UNY�y
]��?U'b?c'X?W'd

hν ∼ kT
� OVUNY�y}]^W'g)j)Y�l'W'y � kNy�U'b?g)b?`{kN[�_�[�X?[ W's^kNj�e'b?U'W'y �

b?X?[�]^`'b?h'g)c�|~[�zFb?g�`'c'[)]^g�W'cNY�g)�)]Zy _�[�n�k!Y�]^g���[�e'b?U'��_�w ]^[�h'W{� �?U'b?c'X?W'd
W�U'b�W'|~b?g)��U'W'h)Y�h�[�X?[ [�g)U'[(%5b?U'W'y�h�g�b?|~`'b?cNY�g)j�c'b�]^c'b � w�� �Vc'W'|~b?c'w
U'b?g)b?`{kN[�_�[�X?[�W's^kNj�e'b?U'W'y

�
c'b?h�[�|~n�W'UNY�l'W'[�U'U'[�b�W's^kNj�e'b?U'W'b���]^_�[�n�[ � U'[�q

]^_�y{sLY�U'U'wxb `'b?c'b^�)[ � wV�Zt h�[�g)[�c'[�b W � b?gmsLY\]^e'b?gm_�w � b^kNb?U'W'yf_�U'j�g)c'b?U{q
U'b?da�?U'b?c'X?W'Wm]^WN]^g)b?|~w���kNb?h'g)c'[�U{q W'[�Uut,]^W'U{�{c'[�g)c'[�U'U'[�b�W's^kNj�e'b?U'W'b�c'b^q
kNy{g)W'_�WN]^g�]^h'W{���ZkNb?h'g)c'[�U'[�_�_�|:Y�X?U'W'g)U'[�|�`'[LkNb�t![�n�cNY�g�U'[�b5h�[�|~`'g�[�U'[�_�q
]^h�[�b cNY�]?]^b?y{U'W'b�|~y{X?h'W{� r [�g)[�U'[�_ UNY�� X?[�c�y{e'W{��� �ZkNb?h'g)c'[�UNYA��t�|:Y�s?b?c{q
U'[�b�W's^kNj�e'b?U'W'b�t'e'b?c'b?U'h�[�_)]^h�[�bFW's^kNj�e'b?U'W'b�sLY�c�y{z�b?U'U'w���eNY�]^g)W'l�_�]^c'b^q
� b:WHgA� � � �Vb?h�[�g�[�c'wxbv_)Y�z�U'wxb:`'c'W'|~b?c'w U'b?g)b?`{kN[�_�[�X?[�W's^kNj�e'b?U'W'yHn�j � j�g
cNY�]?]^|~[�g)c'b?U'w U'W'zFb��



��� � ����� ��� ��� � ����� 

����
 ����� �
���
	 

����
���
(� ��� ��� � � � 
�� 


13� ��� ������+���$0('.!��(���*!?V+ �~.!�0"�?V. 7 ��&)1u+�;�+a*0"��3�0+3����&�.J$�.
� +�1!" ��� �,+�;�+#(���*A?V+ �:.A�,"�?V. 7 ��&)1u+3;�+ *0"��3�0+3����&).J$

K�b?c'|~[ � W'UNY�|~W'e'bL]^h�[�bFcNY�_�U'[�_�bL]^W'b�� K )�� � ]^[)]^g�[�y{U'W'b�t{`'c'W�h�[�g)[�c'[�|j)]^g�Y�UNY�_�kNW'_)Y�b?g�]�y � b?gCYAkN��U'wxd�n)YAk!Y�UN]�_)]^b^�H�ZkNb?|~b?U'gCY�c'U'w�� r W's?W'e'bL]^h'W{�
`'c'[�l'bL]?]^[�_ � W's^kNj�e'b?U'W'y�W�`'[�XZkN[�o�b?U'W'y<t!W'[�U'W'sLY�l'W'W�W�c'b?h�[�|~n�W'UNY�l'W'W�W
gA� � � � _)]^b�`'c�y{|~wxb3W�[�n�cNY�g�U'wxb�`'c'[�l'bL]?]^w W � j�g#]�[ � W'UNY�h�[�_�wx|~Wf]^h�[�q
c'[)]^gAy�|~W��Z�x�Vc'W K ) ]^j�o�bL]^g)_�j�b?gmg)[LkN��h�[m[ � U'[ms?UNYLe'b?U'W'b g)b?|~`'b?cNY�g�j�q
c'w�tEh�[�g)[�c'[�b�[�`'c'b � b^kNy{b?g r W's?W'e'bL]^h�[�b�]^[)]^g)[Cy{U'W'b�]^c'b � w��:� `'c'W'c'[ � bK )fU'W'X � b�U'bF_�wx`'[�kNU'y{b?g�]Zy#]^g)c'[�X?['� ��[�h)YAkN��U'[�b K ) � � K )x� [�s?UNYLeNY�b?gAt
e'g)[�_�h)Y�z � [�d�n�bL]^h�[�U'b?e'U'[�|:YAkN[�d�[�n�k!Y�]^g�W � b?g�YAkN��U'[�bHcNY�_�U'[�_�bL]^W'b�]^j�q
o5bL]^g�_�j�b?gFW�`'[ �'� b?c�z�W'_)Y�b?g K )0t'U'[�g)b?|~`'b?cNY�g)j�cNY5y{_�kNy{b?g�]�y r j�U'h'l'W'b?d
h�[�[�c � W'UNY�gaW�_�c'b?|~b?U'Wu�v�Vc'W K ) _�wx`'[LkNU'y{b?g�]�y%Y��HsLY�h�[�U%��[�kN��l'|:Y�UNY
cNY�]^`'c'b � b^kNb?U'W'y�Y�g)[�|~[�_F`'[��?U'b?c'X?W'y{|xt{n{�,sLY�h�[�U���Y�h�]^_�b^k'k!YFcNY�]^`'c'b � b^q
kNb?U'W'y�]^_�[�n�[ � U'w���eNY�]^g�W'l�`'[�]^h�[�c'[)]^gAy�| � �?U'b?c'X?W'y{|��Zt!_{�:sLY�h�[�U �8k!Y�U{q
h)Y�cNY�]^`'c'b � b^kNb?U'W'ya�?U'b?c'X?W'W r [�g)[�U'[�_�X�� sLY�h�[�U\�VW'c)�{X?[ r Ya��]^|x�JU'W'zFb
W��Vc'W{kN[�zFb?U'W'b��Z�

13� ��� 	8� � :A��10('*%"'�!&)+ � � (��,+ 7 ��*!�0+3;�+#(�� � "
��Y�z�U'b?d�%�W'd�`'c'W'|~b?c�g)b?`{kN[�_�[�X?[�W's^kNj�e'b?U'W'y\`'c'b � ]^g�Y�_�kNy{b?g#]^[�n�[�d

W's^kNj�e'b?U'W'b�Y�n)]^[LkN�8g)U'[�e'b?c'U'[�X?[�g�b^k!Y � � 	 K8�Z� OVs^kNj�e'b?U'W'b � 	 K UNYA�)[�q
� W'g�]�y�_ )N>-#�M'>�4 K2
0� 4V>
,
�!M';?4 ����
^=���>�4���;�@AMN>A@�
^=���� ]^[�]^c'b � [�d�W�`'[�g)[�q
|~j�UNY�s?wx_)Y�b?g�]Zy ��;�@�M'>�@�
^=LM�� 4 ���$#=7���
?M%��
14 �3/ `'b?h'g)c � 	 K�[�`'WN]^wx_)Y�b?g�q
]Zy r j�U'h'l'W'b?d��8k!Y�U'h)Y

Iν = Bν(T )
W�sLY�_�WN]^W'gFg)[LkN��h�[5[�g�g)b?|~`'b?cNY�g)j�c'w

T
���V[LkNb cNY�_�U'[�_�bL]^U'[�X?[HW's^kNj�e'b?U'W'y�]^g)c'[�X?[VW's?[�g)c'[�`'U'[�� gC� b���`'[�kNU'wxd�`'[�q

g)[�h#e'b?c'b?s�`'c'[�W's?_�[LkN��U'[ [�c'W'b?U'g�W'c'[�_)Y�U'U'j�� `{kN[�oFY � h'j ]^g)c'[�X?[�cNY�_�b?U
U'j�kN���Z��OVs^kNj�e'b?U'W'b � 	 KpU'b?`'[LkNy{c'W's?[�_)Y�U'['�
��Y�`'[�|~U'W'| [)]^U'[�_�U'wxb�]^_�[�dN]^g)_)Y r j�U'h'l'W'W �8k!Y�U'h)Y � kNy cNY�_�U'[�_�bL] q

U'[�X?[�W's^kNj�e'b?U'W'y<� � g�Y r j�U'h'l'W'y�|~[Cz�b?g�n�wxg��FsLY�`'WN]?Y�UNY�_�_�W � bHj � b^kN��q
U'[�d�W'U'g)b?UN]^W'_�U'[)]^g)W�_5b � W'U'W'e'U'[�|�W'U'g)b?c'_)YAkNb8eNY�]^g)[�g�]�cNY�s?|~b?c'U'[)]^g)���
� �?c'X
	���]^| 2· � · �ul · ]^g)b?c�� �

Bν(T ) =
2hν3

c2
(e

hν
kT − 1)−1 ,

� ���	���
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W{kNW � kNW'U�_�[�kNU � � �?c'X
	���]^| 3· � · ]^g)b?c�� ���

Bλ(T ) =
2hc2

λ5
(e

hc
λkT − 1)−1.

� ���7���

��j�U'h'l'W'yH�8k!Y�U'h)Y � kNyVcNY�s?U'w��Vg�b?|~`'b?cNY�g)j�c�W's?[�n�cNY�zFb?UNY UNY�c'WN]��8� ���	
��Z�)0Y�]?]^|~[�g�c'W'|%`'c'b � b^kN��U'wxb�]QkNj�eNY�W�W�]^_�[�dN]^g)_)Y r j�U'h'l'W'W3�8k!Y�U'h)Y{�

λ (см)

λ (см)

ν (Гц)

ν (Гц)

106      104       102         1        10-2                   10-8                 10-10       10-12       

106      108       1010      1012    1014     1016         1018      1020        1022

104         106      108       1010      1012    1014     1016         1018      1020        1022       

106      104       102         1      10-2        10-4     10-6      10-8     10-10      10-12

1012 

108 

104 

1 

10-4 

10-18 

10-12 

10-16 

10-20 

1045 

1040

1035

1030

1025

1020

1015

1010

105

1 

10-5 

10-10 

108 oK

107 oK

106 oK

105 oK

104 oK

103 oK

10 oK

1 oK

102 oK

B
ν
[э

р
г 

/
(с

·с
м

2
·Г

ц
·с

те
р

)]

B
λ
[э

р
г/

(с
·с

м
3
·с

те
р

)]

ν

� ����T �HT �MT ��5��
-���.������

E�� �v"'1u+�� L = � �)$�� 
 �\.A�,&)" t
hν � kT �

BRJ
ν (T ) =

2ν2

c2
kT.

� ���	���
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H�n�cNY�g)W'|�_�U'W'|:Y�U'W'b�t e'g)[ _#_�wxcNY�zFb?U'W'b � kNymW'U'g)b?UN]^W'_�U'[)]^g)W�_ �?g)[�|
]QkNj�eNY�bHU'b�_�[(%5k!Y�`'[)]^g)[Cy�U'UNY�y��8k!Y�U'h)Y{t!gC� b��'_��?g)[�|�`'c'b � b^kNb r [�c'|~j�k!Y
[�`'WN]^wx_)Y�b?g�e'WN]^g)[�h{k!Y�]?]^W'e'bL]^h�[�b�W's^kNj�e'b?U'W'b��N�V[�`'wxg�h)Y��?h�]^g)cNY�`'[LkNW'c'[�q
_)Y�g)��sLY�h�[�U )~��kNb?y

�
�5z�W'UN]?Y�_�[�n�k!Y�]^g)��n�[�kNb?b5_�w ]^[�h'W{��eNY�]^g)[�g�`'c'W'_�[�q

� W'g3h cNY�]Q�)[ � W'|~[)]^g)Wut ∫ IRJ
ν dν ∼

∫
ν2dν → ∞ � I j�kN�Cg)cNY r W'[LkNb?g)[�_)Y�y

h)Y�g�Y�]^g)c'[ r YQMQ�
��� �v"'1u+�� ��.A�," t

hν � kT �

BW
ν =

2hν3

c2
e−

hν
kT .

� ���	
��
	8� � +��,+!('+3�A�,+��a.�/ ? �9�A�9�0.!� .!�,(�� �,&).A�3�0+�&)('.�&#(��9? :A��*0"'( 5 �

*,+�� �
∂Bν
∂T > 0

UNY�_)]^b^�
ν
��� g)[5[�s?UNY�eNY�b?gCt{e'g)[Fh'c'W'_�wxb r j�U'h'l'W'W��8k!Y�U'h)Y � kNy

cNY�s?U'w���g�b?|~`'b?cNY�g)j�cFU'W'X � b�U'b�`'b?c'bL]^b?h)Y��8g�]Zy � c'j�Xx] � c'j�X?[�|xt�`{k!Y�U'h�[�_�q
]^h)Y�y�h'c'W'_)Y�y�]�g�b?|~`'b?cNY�g)j�c'[�d

T2 > T1
l'b^kNW'h�[�|}kNb?z�W'g�_�w %�bHh'c'W'_�[�d

]Vg)b?|~`'b?cNY�g)j�c'[�d
T1
�

� � �:"'1u+3� & ? �� <�9�0.�$ �F.!�," �6H�`'c'b � b^kNW'| |:Y�h�]^W'|~j�| _ ]^`'b?h'g)c'b
� 	 K:���HkNyiW'U'g)b?UN]^W'_�U'[)]^g)WfUNYmb � W'U'W'e'U'wxdpW'U'g)b?c'_)YAk�eNY�]^g�[�g

Bν(T )W'|~b?b?|
∂Bν

∂ν
= 0 → hνmax ≈ 2.82kT.

� Y�h�]^W'|~j�| r j�U'h'l'W'W
Bλ(T ) � kNy W'U'g)b?UN]^W'_�U'[)]^g)WaUNY�b � W'U'W'e'U'wxdaW'U{qg)b?c'_)YAk � kNW'U�_�[�kNU3n�j � b?g�W'U'wx| �

∂Bλ

∂λ
= 0 → λmax ≈ 0.29 (

]^|
)/T.

� ���$#?���
�V[ � e'b?c'h'U'b?|xt<e'g)[ λmaxνmax 6= c �
��� �:"'1u+3� �5(���-�"��0" ����+ ��� � ?V"��0" �H�V[�kNU'wxd�`'[�g)[�h �?U'b?c'X?W'W�]

`{kN[�o�Y � h'Wut8W's^kNj�eNY���o�b?d h)Y�h � 	 K:t8_}`'[LkNj)] r b?c'j�`'c'[�`'[�c'l'W'[�UNYAkNb?U
e'b?g)_�b?c'g)[�d�]^g�b?`'b?U'W�g)b?|~`'b?cNY�g)j�c'w��

F =

∫ ∫
Bν cos θdΩdν = π

∞∫

0

Bνdν = σBT
4,

� ���$#(#A�

X � b σB = 2π6k
15c5h3 ≈ 5.67 · 10−5 � �?c'X
	���]^| 2· � · X?cNY � � � � `'[)]^g�[�y{U'UNY�y

/ g)b r Y�UNY
�
��[LkN��l'|:Y�UNY{�
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��� � � +�(��0+�&)( � = �!��*!;�.,.\. �:"�� � � �,.A��*,"����,+�����& �,+�;�+ .�/ �6587 �	�
�0.�$ �N�8kN[�g)U'[)]^g����?U'b?c'X?W'W � 	 K

ubb =
1

c

∞∫

0

Bν(T )dνdΩ =
4π

c

∞∫

0

Bνdν ,
� ���$#L���

W{kNW�`'[LkN��s?j�y']^��c'b?s?j�kN��g�Y�g)[�| � ���$#(#A�

ubb =
4σB

c
T 4 = arT

4 ,
� ���$#L
��

X � b ar ≡ 4σB/c ≈ 7.565 · 10−15 � �?c'X
	���]^| 3· X?cNY � 4 � � � `'[)]^g)[Cy{U'UNY�y�W's^kNj�qe'b?U'W'y��{��Y�_�kNb?U'W'b5cNY�_�U'[�_�bL]^U'[�X?[�W's^kNj�e'b?U'W'y�`'c'W3�?g)[�|�cNY�_�U'[

pbb =
arT

4

3
,

� ���$#&-{�
X � bF|~U'[�z�W'g�b^kN� # 	�
�j�e'W'g)wx_)Y�b?g�cNY�_�U'[�cNY�]^`'c'b � b^kNb?U'W'b��?U'b?c'X?W'W r [�g)[�q
U'[�_�`'[�g)c'b?|�`'c'[)]^g�cNY�UN]^g)_�b?U'U'wx|}h�[�[�c � W'UNY�g�Y�|x�13� �5*!�����J$J$�= �!��*!;�.�$ � 7 ��*A�,+!(�� � � �0+3;�+ ��-�+�('+��," � �V[\[�`'c'b^q
� b^kNb?U'W'��t0�?g)[�_�b^kNW'e'W'UNY 〈εγ〉 = u/〈nγ〉

tJX � b u � `{kN[�g)U'[)]^g)���?U'b?c'X?W'Wut
〈nγ〉 �

]^c'b � U'y{yHh�[�U'l'b?U'g�cNY�l'W'y5h'_)Y�U'g)[�_'�^�HkNy � 	 K `{kN[�g)U'[)]^g)� �?U'b?c'X?W'W[�`'WN]^wx_)Y�b?g�]Zy3j�cNY�_�U'b?U'W'b?| � ���$#L���Zt!Y�]^c'b � U'y{y�h�[�U'l'b?U'g)cNY�l'W'y�h'_)Y�U'g�[�_

〈nγ〉 =
4π

c

∞∫

0

Bν(T )

hν
Bνdν ∝ T 3 .

� ���$#L���

�5b^k!Y�y�sLY�|~b?U'j�`'b?c'b?|~b?U'U'w��
x = hν

kT

_�W'U'g)b?X?cNYAk!YA��tN`'c'W{�)[ � W'|%h

〈εγ〉 = kT

∞∫
0

x3dx
ex−1

∞∫
0

x2dx
ex−1

' 2.7kT.
� ���$#L���

�V[LkNb?s?U'[�b `'c'W'n�kNW'zFb?U'W'b � kNy}`{kN[�g)U'[)]^g)W�e'WN]Qk!Y r [�g)[�U'[�_ e'b?c'U'[�q
g)b^kN��U'[�X?[fW's^kNj�e'b?U'W'y `'[LkNj�eNY�b?g�]Zy ] WN]^`'[LkN��s?[�_)Y�U'W'b?| `'c'W'n�kNW'zFb?U'W'y
��W'UNY � kNy�]^`'b?h'g)cNY � 	 KpW�sLY�h�[�UNY�]^|~b?o5b?U'W'y�� W'UNY � ���$#?��� �

nγ ' 1

2

1

λ3
max

,
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X � b λmax �
� kNW'UNY _�[LkNU'w�t:]^[�[�g)_�b?g�]^g�_�j��8o�Y�y |:Y�h�]^W'|~j�|~ja_ ]^`'b?h'g)c'b

� 	 K � ���$#?���Z� ��Y�`'c'W'|~b?cut � kNy5c'b^kNW'h'g)[�_�[�X?[VW's^kNj�e'b?U'W'y5_V]^[�_�c'b?|~b?U'U'j��
�?`'[L�{j\_�[a��]^b^kNb?U'U'[�d

T ≈ 2.7 � t λmax ' 0.1
]^|xtv`'[��?g)[�|~j\]^c'b � U'b?b

e'WN]QkN[�c'b^kNW'h'g)[�_�w�� r [�g)[�U'[�_�_�b � W'U'W'l'b5[�n��ub?|:Y nγ ∼ 500
]^| −3 �

� #��K# ' 6�),6�24+.-*G;I��
	��46�2;G � 5 -A)46���6 G E +?)48 G;)4+?5.132;G46
-��,6 J,/�),1

�Vb?c'b?d � b?| hH[�`'WN]?Y�U'W'��cNY�]^`'c'[)]^g)cNY�U'b?U'W'y�W's^kNj�e'b?U'W'yH_�]^c'b � b��C��sLYAq
W'|~[ � b?dN]^g�_�W'b�W's^kNj�e'b?U'W'y W�_�b?o�bL]^g)_)Y�|~[�z�U'[�cNY�]?]^|:Y�g)c'W'_)Y�g)��UNY�cNY�s^q
kNW'e'U'w�� r W's?W'e'bL]^h'W{� j�c'[�_�U'y����N�HkNy�UNY�%5W{�3l'b^kNb?d�n�j � b?g � [)]^g�Y�g)[�e'U'[
_�_�b � b?U'W'yf|:Y�h'c'[)]^h�[�`'W'e'bL]^h'W{��h�[�� r�r W'l'W'b?U'g)[�_}W's^kNj�e'b?U'W'yiWf`'[�X�kN[�q
o5b?U'W'y�]^_�b?g�Y{t'�)[�gAy�cNY�]^e'b?g�]?Y�|~W{��h�[�� r�r W'l'W'b?U'g)[�_�_�sLY�_�WN]^W'|~[)]^g�W3[�g
eNY�]^g)[�g)w r [�g)[�UNY�W r W's?W'e'bL]^h'W{����Y�cNY�h'g)b?c'WN]^g�W'h�]^c'b � wf`'c'b � ]^g�Y�_�kNy{b?g
]?Y�|~[)]^g)[Cy�g�b^kN��U'j�� sLY � YLe'j W `'c'[�_�[ � W'g�]Zy h{k!Y�]?]^W'e'bL]^h'W'|~Wa�ZkNb?h'g)c'[ � W{q
UNY�|~W'e'bL]^h'W'|~W}Wmh'_)Y�U'g)[�_�wx|~W�|~b?g)[ � Y�|~Wu� H�g)|~b?g)W'|xtEe'g)[ r [�g)[�U'w W's
`'j�e'h)Y{tNcNY�]^`'c'[)]^g)cNY�U'y{��o�b?X?[)]Zy _�[�`'c'b � b^kNb?U'U'[�|iUNY�`'cNY�_�kNb?U'W'Wut�|~[�X?j�g
_�wxn�wx_)Y�g)��U'b#g�[LkN��h�[%W's^q sLY�`'[�XZkN[�o�b?U'W'y<t�U'[}WpsLY�]^e'b?g}cNY�]?]^b?y{U'W'y��
��Y�`'c'W'|~b?cutEcNY�]?]^b?y{U'W'b�UNY ]^_�[�n�[ � U'w��\�ZkNb?h'g)c'[�UNYA�\[�e'b?U'��_)Y�z�U'[ � kNy
_�w ]^[�h�[�g�b?|~`'b?cNY�g)j�c'U'[�d�`{k!Y�s?|~w � X?[�c�y{e'W'b h�[�c'[�U'w%s?_�b?s � t)cNY�U'U'y{y���]^b^q
kNb?U'UNY�y � [�c'b?h�[�|~n�W'UNY�l'W'W��Z�!� � bL]^�5|~w�`'[ � c'[�n�U'[�cNY�]?]^|~[�g)c'W'|m]QkNj�eNY�dut
h�[�X � YHcNY�]?]^b?y{U'W'b�[�g�]^j�g�]^g�_�j�b?gC� �Vb?h�[�g�[�c'wxb�_�[�`'c'[)]^w%[5_�kNW'y�U'W'W�cNY�]?]^b^q
y{U'W'y�UNY�`'b?c'b?U'[)]�W's^kNj�e'b?U'W'y�[�`'WN]?Y�U'w�_��Vc'W{kN[Cz�b?U'W'Wu�
13� 	8� E3� ��+�=�-�-�. � .A�9�0( .0/ �6587 �9�0.�$

�V[�� r�r W'l'W'b?U'g)[�| W's^kNj�e'b?U'W'y UNY�s?wx_)Y�b?g�]�y �?U'b?c'X?W'y�tHW's^kNj�eNY�b?|:Y�y
b � W'U'W'l'b?d%[�n��ub?|:Y\]^c'b � w sLY#b � W'U'W'l'j�_�c'b?|~b?U'W%_#W'U'g)b?c'_)YAkNb�eNY�]^g)[�g
ν
t
ν + dν

_ UNY�`'cNY�_�kNb?U'W'Wut���Y�cNY�h'g)b?c'W's?j�b?|~[�|��ZkNb?|~b?U'g)[�| g)b^kNbL]^U'[�X?[
j�XZk!Y

dΩ �

dEν = jνdV dΩdt .
� ���$#����

),Y�s?|~b?c'U'[)]^g)�
jν − � �?c'X
	���]^| 3· � · ]^g)b?c�� � �N�HkNy�W's?[�g)c'[�`'U'w���W's^kNj�eNY�g�b^kNb?d

jν = Pν/4π
tNX � b Pν = dEν/dt−

W's^kNj�eNY�b?|:Y�y�b � W'U'W'l'b?d�[�n��ub?|:Y�|~[�oHq
U'[)]^g)�'�
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G#

�iW's^kNj�eNY��8o5b?d�]^c'b � b�n�b?s�`'[�X�kN[�o5b?U'W'y�sLYF_�c'b?|~y dt r [�g)[�U'wp_�sLYAq
� Y�U'U'[�| UNY�`'cNY�_�kNb?U'W'W�`'c'[L�)[ � y�g `'j�g)� ds = cdt

W � [�n)Y�_�h)Y�h\W'U'g)b?U{q
]^W'_�U'[)]^g)WmW's��ZkNb?|~b?U'g�Y�c'U'[�X?[#[�n��ub?|:Y

dV = cdtdA
� s � bL]^� dA− b � W{q

U'W'e'UNY�y�`{kN[�o�Y � ��]^b?e'b?U'W'y�`'j�e'h)Y��~n�j � b?g dIν = jνds
��K�Y�h'W'|�[�n�cNY�s?[�|xt

j�cNY�_�U'b?U'W'b�`'b?c'b?U'[)]?Y�`'c'W'[�n�c'b?g�Y�b?g�_�W �
dIν
ds

= jν .
� ���$#L���

/�|:Y�g)b?|:Y�g�W'e'bL]^h�[�dfg)[�e'h'W%s?c'b?U'W'y
dI/ds

bL]^g��a`'c'[)]^g)[ `'c'[�W's?_�[ � UNY�y
`'[LkNy

I
`'[HUNY�`'cNY�_�kNb?U'W'�Ft�_ � [�kN��h�[�g)[�c'[�X?[5[�g�]^e'W'g)wx_)Y�b?g�]Zy�Y r�r W'U'U'wxd

`NY�cNY�|~b?g)c
s
�

� _)Y�z�U'[�|feNY�]^g)U'[�|�]QkNj�eNY�b�g)b?`{kN[�_�[�X?[�W's^kNj�e'b?U'W'y�[�n��ub?|~U'wxd h�[�q
� r�r W'l'W'b?U'gmW's^kNj�e'b?U'W'yi`'c'[�`'[�c'l'W'[�UNYAkNb?Uph'_)Y � cNY�g)j�`{kN[�g)U'[)]^g)Wi]^c'b^q
� w�t{gC� hu��_)]^b���kNb?|~b?U'g�Y�c'U'wxb�`'c'[�l'bL]?]^wpW's^kNj�e'b?U'W'y�h)Y�h�_�U'b?`'c'b?c'wx_�U'[�|
]^`'b?h'g)c'b�t!gCY�h�W�_�kNW'U'W'y��a��]^_�[�n�[ � U'[�q ]^_�[�n�[ � U'[�b�t�]^_�[�n�[ � U'[�q ]^_�y{sLY�U'U'[�b�t
]^_�y{sLY�U'U'[�q ]^_�y�sLY�U'U'[�b��

�
n�W'UNY�c'U'wxb�t�gA� b��!g�c'b?n�j��8g�UNYAkNW'e'W'y � _�j���_�sLY�W{q

|~[ � b?dN]^g)_�j��8o5W{��eNY�]^g)W'la� ��kNb?h'g)c'[�U'[�_�W3W'[�U'[�_{� � dE/dt/dV ∝ neni ∝
ρ2 �'�V[�� r�r W'l'W'b?U'g�`'c'[�`'[�c'l'W'[�UNYAkN��U'[)]^g�W3y{_�kNy{b?g�]Zy r j�U'h'l'W'b?d�g)b?|~`'b^qcNY�g)j�c'w XZY�sLY�W�`'[ � c'[�n�U'b?b�n�j � b?g�[�n)]^j�z � Y�g)�)]Zy � YAkNb?b�_�XZk!Y�_�b�I ��b?z�q
s?_�b?s � UNY�y3]^c'b � YQMZ�
13� 	�� ��� ��+�=�-�-�. � .A�9�0(�:,+�; � +� <� �,.�$�.�+�:,('. 7 ��&�1!"�$%('+ �  a"

��+3=)-�-�. � .!� �,(�:0+3; � +! <�9�0.�$ ���Vc'W `'c'[L�)[Cz � b?U'W'W�`'j�g)W
ds

_
`'[�XZkN[�oFY���o�b?d�]^c'b � b%eNY�]^g)� r [�g)[�U'[�_p_�wxn�wx_)Y�b?g W's�`'j�e'h)Y�� `'[�X�kN[�q
o�Y�b?g�]�y<�Zt�W g�Y�h'W'| [�n�cNY�s?[�| r b?U'[�|~b?U'[LkN[�X?W'e'bL]^h'W |~[Cz�U'[ sLY�`'WN]?Y�g)�
dIν = −ανIνds

t0X � b [αν ] =
]^| −1 �

h�[�� r�r W'l'W'b?U'ga`'[�XZkN[�o�b?U'W'y�t:sLYAq
_�WN]Zy{o5W'da[�g r W's?W'e'bL]^h'W{��`NY�cNY�|~b?g)c'[�_�]^c'b � w��8OVU'g)b?UN]^W'_�U'[)]^g)��`'j�e'h)Y
j�|~b?U'�(%FY�b?g�]Zy�`'[)]ZkNb�`'c'[L�)[�z � b?U'W'y cNY�]?]^g)[�y{U'W'y x [�g�g)[�e'h'W x = 0 � [g)[�e'h'W

x
`'[��?h�]^`'[�U'b?U'l'WNYAkN��U'[�|~j3sLY�h�[�U'j

Iν = Iν(0) exp


−

x∫

0

ανdx


 . � ���$#L
��

OVU'[�X � Y _�_�[ � y{gah�[�� r�r W'l'W'b?U'gm`'[�XZkN[�o5b?U'W'y�UNY X?cNY�|~| `'c'[�d � b?U'U'[�X?[
_�b?o5bL]^g)_)Y{t

αν = ρκν
�x� �?g)[�| ]QkNj�eNY�b h�[�� r�r W'l'W'b?U'g

κν
] cNY�s?|~b?c{q
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U'[)]^g)��� � ]^| 2 	CX �xUNY�s?wx_)Y�b?g�]�y ��> ��� �(� O���
?M!K�>�4 M%
$)
��>��1��;&��MN>C=LK2� � ��W{q
s?W'e'bL]^h'W'd�]^|~w ]Qkmh�[�� r�r W'l'W'b?U'g�Y�`'[�X�kN[�o5b?U'W'ym`'c'[)]^gA�6H�g)U'bL]^b?U'U'wxdmh
[ � U'[�|~jiY�g)[�|~j�t��?g)[�g\h�[�� r�r W'l'W'b?U'g αν/n ≡ σν

sLY�_�WN]^W'gmg)[�kN��h�[�[�g
]^_�[�dN]^g)_�]?Y�|~[�X?[8Y�g)[�|:Y{��N~X?[�_�b^kNW'e'W'UNY�W'|~b?b?g�cNY�s?|~b?c'U'[)]^g)��]^| 2 WHU'[)]^W'gUNY�s?_)Y�U'W'b ��� �(
$�)K2�N@�M'>�:�>�=�
$��
?M%��! )'>�:<#!>��2
?M���! �,�V[�XZkN[�o5b?U'W'b�|~[Cz�U'[
`'c'b � ]^g�Y�_�W'g)� ]^b?n�b�g�Y�hut0n�j � g)[3h)Y�z � wxd Y�g)[�| sLY�|~b?U'b?U U'b?h'W'| |:YAkNwx|
U'b?`'c'[�s?cNYLe'U'wx| � WN]^h�[�|xtu`'b?c'`'b?U � W'h'j�kNy{c'U'wx|�h UNY�`'cNY�_�kNb?U'W'� `'j�e'h)Y{t
`'[�`NY � Y�y�_ h�[�g�[�c'wxd%h'_)Y�U'g I sLY�]^g)c'b?_)Y�b?g M � `'[�XZkN[�oFY�b?g�]Zy<�Z� N:]ZkNW}`{kN[�q
o�Y � �Fh)Y�z � [�X?[ � WN]^h)Y σν

t�YHW{��e'WN]QkN[F_�b � W'U'W'l'b8[�n��ub?|:Y n t�g)[5`'[�kNUNY�y`{kN[�o�Y � ��_)]^b^� � WN]^h�[�_�_�]ZkN[�b�XZY�sLY�]�`{kN[�oFY � ���2#8]^| 2 W�g)[LkNo�W'U'[�d dscNY�_�UNY
nσνds

�3H�g�]^� � Y�U'b?`'[)]^c'b � ]^g)_�b?U'U'[�`'[LkNj�eNY�b?| dIν = −nσνIνds
�

9<;?4 
$��;�M���
 �v�V[�� r�r W'l'W'b?U'g `'[�XZkN[�o�b?U'W'y%|~[�zFb?g n�wxg)� h)Y�h}`'[�kN[�q
z�W'g)b^kN��U'wx|\� WN]^g)W'U'U'[�b�`'[�XZkN[�o5b?U'W'b��Zt�g�Y�h5WF[�g)c'W'lNY�g)b^kN��U'wx|xtAgC� hu�A]^c'b^q
� W��ZkNb?|~b?U'g�Y�c'U'w���`'c'[�l'bL]?]^[�_HWN]^`'j)]^h)Y�U'W'y�W�`'[�XZkN[�o�b?U'W'y�]^_�b?g�YVY�g)[�|:YAq
|~Wf_)]^b?X � Ym`'c'WN]^j�g�]^g)_�j�b?g\_�wxU'j�z � b?U'U'[�bm� W'U � j�l'W'c'[�_)Y�U'U'[�b���W's^kNj�e'b^q
U'W'b�t{`'c'[�`'[�c'l'W'[�UNYAkN��U'[�b�tNh)Y�h�W�`'[�XZkN[�o5b?U'W'b�t!`NY � Y���o�b?d�W'U'g)b?UN]^W'_�U'[�q
]^g)Wu� +8[�c'[(%5[�W's?_�bL]^g)U'wxd3`'c'W'|~b?c W'sH[�`'g)W'h'W

�
h'_)Y�U'g)[�_�wxd�X?b?U'b?cNY�g)[�c

W's^kNj�e'b?U'W'y�� k!Y�s?b?c��Z�~� h�[)]^|~W'e'bL]^h'W{�mj)]QkN[�_�W'y��agCY�h'z�b�_�[�s?|~[�z�U'[ [�n�q
cNY�s?[�_)Y�U'W'b�W'U'_�b?cN]^U'[�d�sLY�]^b^kNb?U'U'[)]^g)W�j�c'[�_�U'b?d � h�[)]^|~W'e'bL]^h'W'b8|:Y�s?b?c'wV�Z�
��w [�n)]^j � W'| �?g)[�g�_�[�`'c'[)]�`'[ � c'[�n�U'b?b _�XZk!Y�_�b�t `'[)]^_�y{o5b?U'U'[�d |~b?z�q
s?_�b?s � U'[�d�]^c'b � b��

� :0('. 7 ��&)1�"�$a('+ �  #" � � g)[�n�b?s?cNY�s?|~b?c'UNY�y���Y�cNY�h'g)b?c'WN]^g�W'h)Y{t)[�`'c'b^q
� b^kNy{��oFY�y�`'[�XZkN[�o�b?U'W'bF_ � [�kN��kNj�eNY�cNY�]^`'c'[)]^g)cNY�U'b?U'W'y3]^_�b?g�Y �

dτν = ανds,
� ���	�����

W{kNW�_�`'c'b � b^k!YA��[�g s0 � [ s

τν =

s∫

s0

α(s′)ds′
� ���	�G#A�

� W'U'[�X � YF[�g�]^e'b?g�cNY�]?]^g)[�y{U'W'y�_�b � b?g�]Zy�_�[�n�cNY�g)U'[�|\UNY�`'cNY�_�kNb?U'W'W�[�g�UNYAq
n�kN� � Y�g)b^kNy}h�WN]^g)[�e'U'W'h'j�tvg�[�X � Y#_ [�`'c'b � b^kNb?U'W'Wf[�`'g)W'e'bL]^h�[�dig)[LkNo�W
`'[�y{_�kNy{b?g�]�y5s?UNY�h�|~W'U'j)]A�Z�(/#j�e'b?g)[�| � ���	������W's?|~b?U'b?U'W'b

Iν
_V]^c'b � b�]v`'[�q

XZkN[�o�b?U'W'b?|a_�wxcNY�s?W'g�]�y�`'c'[)]^g)wx|#]^[�[�g)U'[(%5b?U'W'b?|
Iν = Iν(0) exp{−τν}

�
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N:]QkNW
τν � 1

txg)[\c'bLYAkNW's?j�b?g�]Zyp[�`'g�W'e'bL]^h'Wpg)[Lk!]^g)wxd�]ZkNj�eNY�d���]^c'b � Y
U'b?`'c'[�s?cNYLe'UNY � kNy�W's^kNj�e'b?U'W'y<� �{bL]QkNW τν � 1 �

[�`'g)W'e'bL]^h'W�g)[�U'h'W'd�]QkNj�q
eNY�da��]^c'b � Y�`'c'[�s?cNY�e'UNY � kNy�W's^kNj�e'b?U'W'y��Z�

��Y�z�U'[)]^g)� `'[�U'y{g)W'y\[�`'g)W'e'bL]^h�[�d%g)[LkNo�W}_�wxg)b?h)Y�b?g W's�b?b�]^_�y{s?W}]
� kNW'U'[�d�]^_�[�n�[ � U'[�X?[�`'c'[�n�b?XZY r [�g)[�UNY{��)0Y�]?]^|~[�g)c'W'|�[ � U'[�c'[ � U'j��i]^c'b � j
n�b?s�W's^kNj�e'b?U'W'y<�>/ c'b � U'y{y � kNW'UNY�]^_�[�n�[ � U'[�X?[ `'c'[�n�b?XZY r [�g�[�UNY�[�`'c'b^q
� b^kNy{b?g�]Zy�W'sHj)]ZkN[�_�W'y 〈τν〉 = αν〈lν〉 = 1

t

〈lν〉 =
1

αν
=

1

nσν
,

� ���	�����
gC� b�� r Y�h'g)W'e'bL]^h'Wi�?g)[a[�n�cNY�g�U'wxd�h�[�� r�r W'l'W'b?U'g�`'[�XZkN[�o5b?U'W'y � K0Y�h'W'|[�n�cNY�s?[�|xtJ|~[�z�U'[�]^h)Y�sLY�g��'tue'g)[�bL]ZkNW [�`'g)W'e'bL]^h)Y�y�g)[LkNoFY�[�g�UNY�n�kN� � YAq
g)b^kNy � [HWN]^g)[�e'U'W'h)Y�|~b?U'�(%�b�b � W'U'W'l'w�t�g)[�`'c'W'U'W'|:Y�b?|~wxb r [�g�[�U'w}bL]^g)�
WN]Q�)[ � U'wxb r [�g)[�U'w�t�WN]^`'j�o�b?U'U'wxb�WN]^g)[�e'U'W'h�[�|x��N:]ZkNW�[�`'g)W'e'bL]^h)Y�y�g)[�k'q
o�Y\]^g�Y�U'[�_�W'g�]�y}cNY�_�U'[�d�b � W'U'W'l'b�t�g)[a`'[a`'j�g)W%[�g WN]^g)[�e'U'W'h)Y � [ UNYAq
n�kN� � Y�g)b^kNy r [�g)[�U��)[�gCy�n�w}cNY�s�WN]^`'wxg�Y�b?g5_�sLY�W'|~[ � b?dN]^g)_�W'b8]^[�]^c'b � [�du�
N:]QkNWi_ ]^c'b � b�h'c'[�|~b3`'[�X�kN[�o5b?U'W'yibL]^g)�#cNY�]?]^b?y{U'W'b�t g�[a]^|~w ]Qkf[�`'g)W{q
e'bL]^h�[�dig)[LkNo�W�`'[ cNY�]?]^b?y{U'W'� ]^_�y�sLY�Ui]�e'WN]ZkN[�| cNY�]?]^b?y{U'W'd r [�g)[�UNY{t
h�[�g)[�c'wxb�[�U `'c'b?g)b?c'`'W'g�`'c'b?z � b�e'b?|p`'[�h'W'U'b?g�cNY�]?]^|:Y�g)c'W'_)Y�b?|~j���[�n�q
k!Y�]^g)��� `'[ � c'[�n�U'b?bV]^|x��_5�Vc'W{kN[�zFb?U'W'W��Z����Y�`'c'W'|~b?cut r [�g)[�U'w%c'b^kNW'h'g)[�q
_�[�X?[�W's^kNj�e'b?U'W'y\_�[ ��]^b^kNb?U'U'[�dm`'c'[��)[ � y{g#n�b?s�_�sLY�W'|~[ � b?dN]^g)_�W'y�]�_�b^q
o5bL]^g)_�[�| cNY�]?]^g)[�y{U'W'b�n�[�kNb?b #?��|EkNc � �0]^_�b?g)[�_�w�� kNb?gA� K�Y�h#h)Y�ha[)]^U'[�_�q
U'wx| _�sLY�W'|~[ � b?dN]^g)_�W'b?| W's^kNj�e'b?U'W'y%W%_�b?o�bL]^g)_)Y UNYacNY�U'U'W{��]^gCY � W'y��
cNY�]&%5W'c'b?U'W'y3��]^b^kNb?U'U'[�d�n�w�kN[�W'|~b?U'U'[�cNY�]?]^b?y�U'W'b5UNY���kNb?h'g)c'[�UNYA��tNX?[�q
_�[�c�y{g�[�I `'[�_�b?c)�{U'[)]^g)W `'[)]QkNb � U'b?X?[�cNY�]?]^b?y{U'W'y9MHc'b^kNW'h'g�[�_�w�� r [�g)[�U'[�_
rls
tE[�`'c'b � b^kNy�b?|~[�| W's�]^[�[�g�U'[(%5b?U'W'y

τ(rls) = 1
� � gCY3_�[�[�n�cNY�z5Y�b?|:Y�y

I `'[�_�b?c)�{U'[)]^g)��MHUNYA�)[ � W'g�]Zy3UNY�h'cNY�]^U'w��3]^|~b?o5b?U'W'y�� zr ' 1100
W�]^[�[�g�q

_�b?g�]^g)_�j�b?g I �?`'[L�)bVc'b?h�[�|~n�W'UNY�l'W'WGM�W's^kNj�e'b?U'W'y�W�_�b?o5bL]^g)_)YF_FcNY�]&%5W'c�y�q
��o�b?dN]Zy%��]^b^kNb?U'U'[�du����[LkNb?b3`'[ � c'[�n�U'[ac'b^kNW'h'g)[�_�[�b�W's^kNj�e'b?U'W'b�n�j � b?g
[�n)]^j�z � Y�g)�)]Zy�_�X�k!Y�_)YA�<tN`'[)]^_�y{o�b?U'U'w��3h�[)]^|~[�kN[�X?W'Wu�
13� 	�� 	8����*,"����!� �,.!� :!��*!� �,+!&)"�:,*0. �0" � . 7 .,. :,+�; � +! � �,.J$}.

.�/ �!587 � �,.J$
N:]ZkNW�]^c'b � Y8]^`'[)]^[�n�UNY8h)Y�h5W's^kNj�eNY�g)�'t�gCY�h5W5`'[�X�kN[�o�Y�g)��]^_�b?gAt�g)['tC`'[�q

k!Y�XZY�y#h�[�� r�r W'l'W'b?U'g�w W's^kNj�e'b?U'W'y
jν
Wa`'[�XZkN[�o5b?U'W'y

αν
W's?_�bL]^g�U'wx|~W
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r j�U'h'l'W'y�|~W�h�[�[�c � W'UNY�g�W�_�c'b?|~b?U'Wut'sLY�_�WN]Zy{o5W'|~W3[�g r W's?W'e'bL]^h�[�X?[�]^[�q
]^g)[Cy�U'W'y�_�b?o�bL]^g)_)Y#� g)b?|~`'b?cNY�g)j�c'w�tu`{kN[�g)U'[)]^g)Wut��{W'|~W'e'bL]^h�[�X?[ ]^[)]^g�Y�_)Y
W�gA� � �G�Zt'_�]^g�Y�l'W'[�UNY�c'U'[�|�]ZkNj�eNY�bH|~[Cz�b?|%sLY�`'WN]?Y�g)��j�cNY�_�U'b?U'W'b�`'b?c'b?U'[�q
]?Y � �

dIν
ds

= −ανIν + jν .
� ���	��
��

9<;?4 
$��;�M���
 �!��Y�h3[�g)|~b?eNYAkN[)]^��_�w %5b�t r [�g)[�U'w�W'sH`'j�e'h)Y�|~[�X?j�g�WN] q
e'b?sLY�g)��U'b�g)[LkN��h�[3W's^q sLY�WN]^g�W'U'U'[�X?[�`'[�XZkN[�o�b?U'W'y<tEU'[�WaW's^q sLY�cNY�]?]^b?y�q
U'W'y�� _�[�|~U'[�X?W{��c'bLYAkN��U'w���j)]QkN[�_�W'y���t�UNY�`'c'W'|~b?cut)_�]^[LkNU'b?e'U'[�d�h�[�c'[�U'b�t
`'c'b?[�n�k!Y � Y�b?g�cNY�]?]^b?y{U'W'bVUNY�]^_�[�n�[ � U'w�����kNb?h'g)c'[�UNYA���Z��K�[�X � Y�]^W'g)j)Y�l'W'y
s?UNYLe'W'g�b^kN��U'[}j)]QkN[Cz�U'y{b?g�]Zy�t `'[)]^h�[LkN��h'jfcNY�]?]^b?y{U'W'b#W's?|~b?U'y{b?g}g)cNY�b?h{q
g)[�c'W'W r [�g)[�U'[�_'t�W j�cNY�_�U'b?U'W'bm`'b?c'b?U'[)]?Y�`'c'b?_�cNY�o�Y�b?g�]�y _�W'U'g)b?X?c'[�q
� W r�r b?c'b?U'l'WNYAkN��U'[�b j�cNY�_�U'b?U'W'b�t�h�[�g)[�c'[�bpc'b %�Y�b?g�]�y�t�h)Y�h�`'cNY�_�W{kN['t
e'WN]QkNb?U'U'wx|~W |~b?g)[ � Y�|~Wu�
��*,+!&�(�� � �#.A� 7 "'&)(��!@ �3& �!587 "'. 5 *,"����!� �,.�$C:A��*A�9�0+�&)" �

#��3/ c'b � Y�g�[LkN��h�[�W's^kNj�eNY�b?gAt αν = 0
t
dIν/ds = jν

t

Iν(s) = Iν(so) +

s∫

s0

jν(s
′)ds′.

� ���	�Q-{�

���3/ c'b � Y�g�[LkN��h�[�`'[�XZkN[�o�Y�b?gAt jν = 0
t
dIν/ds = −ανIν

t

Iν(s) = Iν(s0) exp


−

s∫

s0

αν(s′)ds′


 = Iν(s0) exp(−τν) .

� ���	�����

� 5 �01 � .�$}.0&�('+ 7 �0.,1!" ��/ij�e'b?g)[�|�g)[�X?['t'e'g)[
dτν = ανds

j�cNY�_�U'b^q
U'W'bH`'b?c'b?U'[)]?Y � ���	��
���|~[�z�U'[�`'b?c'b?`'WN]?Y�g���_�_�W � b �

dIν
dτν

= −Iν + Sν ,
� ���	�����

��� �(5!.��(���
��A�*2�(����R AE5!�?P��(�!��������� � ���������
�
-'�#A=&�	�$M>����!� �#R ���
*%$�.����#�!�����!P 5���@
.��(�!���
�G� ��>#��$M)V*2�(���!�,��&
�"�H�#)V�!��A�<S� � �(���#A��
���6 ��
)J���6�!��A���� �6 ��#���#&�.�� � ���
� T � T 0:�(	�F#*!�#�#���2�?��� T �WT � ��A��
�
.!���
	V�!����-H�W$�*:��.���R��E����	��%� ��R �
�#-'�����
 35��
.!����$M.�@
��R��?&
�M*2.���*����!�# 3�����
�
-�� �;P'��	!�(����A�����
%T � � �
$�-��M�:K������M��&(	XT����(T
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X � b Sν ≡ jν/αν �
�(7�M���O���! �'=LKF>
��M�����; ���Vb^kNbL]^[�[�n�cNY�s?U'[)]^g)��_�_�b � b?U'W'y

�?g)[�d r j�U'h'l'W'W�]^_�y{sLY�UNY�]Hg)b?|xtNe'g)[�eNY�]^g�[�[�UNY�UNYA�)[ � W'g�]Zy3W{kNW3_�wxe'WN] q
kNy{b?g�]Zy�`'c'[�o5b�t0e'b?|�h�[�� r�r W'l'W'b?U'g�w W's^kNj�e'b?U'W'y W{kNW `'[�XZkN[�o5b?U'W'y `'[
[�g � b^kN��U'[)]^g�Wu�!�HkNy�g)b?`{kN[�_�[�X?[�W's^kNj�e'b?U'W'y r j�U'h'l'W'y�WN]^g)[�e'U'W'h)Y�`'c'b � q
]^g�Y�_�kNy{b?g�]^[�n�[�d r j�U'h'l'W'� �8k!Y�U'h)Y � kNy�cNY�_�U'[�_�bL]^U'[�X?[�W's^kNj�e'b?U'W'y��
�v"'1u+�� ��.,* B8;�+!-�" �u��Y�h�[�U �VW'c���X?[ r Y{tu_�wx`'[�kNU'y��8o5W'dN]�y�_�j)]ZkN[�q

_�W'y�� � K )�t�j)]^g�Y�UNY�_�kNW'_)Y�b?g�]^_�y�s?��|~b?z � j�h�[�� r�r W'l'W'b?U'g�[�| W's^kNj�e'b?U'W'y
W�`'[�XZkN[�o�b?U'W'y3W�]^`'cNY�_�b � kNW'_ � kNy�kN��n�[�X?[ K2
$)8#!>�@C>�: > W's^kNj�e'b?U'W'y��

Sν = Bν(T ), jν = ανBν(T ).
� ���	�)���

9<;?4 
$��;�M%��
L4 �V[ � e'b?c'h'U'b?|�cNY�s?U'W'l'ja|~b?z � jaW's^kNj�e'b?U'W'b?| � 	 K Wmg)b?`{q
kN[�_�wx|�W's^kNj�e'b?U'W'b?| �<� kNy � 	 K �NMNK2
?M'=��N@�M'>A=LK2D cNY�_�UNY�`{k!Y�U'h�[�_)]^h�[�dut
Iν = Bν(T )

t{Y � kNy�g�b?`{kN[�_�[�X?[FW's^kNj�e'b?U'W'y ��7)M���O���! �'=LKF>���M%����; cNY�_�UNY
r j�U'h'l'W'W}�8k!Y�U'h)Y

Sν = Bν(T )
tEU'[ ]?Y�| ]^`'b?h'g)c |~[Cz�b?g W'|~b?g�� W'U'j��

r [�c'|~j � H�g�|~b?g)W'|xt�e'g�[ � kNy�U'b?g)b?`{kN[�_�[�X?[�W's^kNj�e'b?U'W'y r j�U'h'l'W'y�WN]^g)[�e{qU'W'h)Y�[�gCkNW'eNY�b?g�]Zy�[�g r j�U'h'l'W'W3�8k!Y�U'h)Y{�
13� 	�� � �ML � �<� �,.!� 5 *0"��3�A�9�0.�$ :!��*!� �,+!&)" � � $C:0*,+!&)(�� � �a. B

& �6587 "�� �
�8|~U'[�z�W'_�j�cNY�_�U'b?U'W'b � ���	�����~UNY5W'U'g�b?X?c'W'c'j��8o5W'd�|~U'[Cz�W'g)b^kN�

eτν
t

`'[LkNj�eNY�b?|%c'b %�b?U'W'b

Iν(τν) = Iν(0)e
−τν +

τν∫

0

e−(τν−τ ′
ν)Sν(τ

′
ν)dτ

′
ν .

� ���	�����

� � bL]^� τν � `'[�kNUNY�y}[�`'g)W'e'bL]^h)Y�ymg)[�kNo�Y _ � [�kN� kNj�eNY�s?c'b?U'W'y�t τ ′ν � b?bg)b?h'j�o5b?b\s?UNYLe'b?U'W'b�� ��W's?W'e'bL]^h'W'd ]^|~w ]Qk �?g)[�X?[�c'b %5b?U'W'y `'c'[)]^gC��# q b
]Qk!Y�XZY�b?|~[�b � UNY�eNYAkN��UNY�y�W'U'g)b?UN]^W'_�U'[)]^g���W's^kNj�e'b?U'W'y�j�|~b?U'�(%5b?UNY�_ e−τνcNY�sxW's^q sLY8`'[�XZkN[�o5b?U'W'y �{�Cq b�]Zk!Y�XZY�b?|~[�b � W'U'g)b?UN]^W'_�U'[)]^g��8W's^kNj�e'b?U'W'y�t�c'[�q
z � b?U'UNY�y3_�]^c'b � bFW�`'c'[�W'U'g�b?X?c'W'c'[�_)Y�U'UNY�y _ � [LkN��kNj�eNY�s?c'b?U'W'y�]5j�e'b^q
g)[�|i`'[�XZkN[�o5b?U'W'y�� � g�[�c'b %�b?U'W'b�`'[�h)Y�s?wx_)Y�b?g�_)Y�z�U'[)]^g)��[�`'c'b � b^kNb?U'W'y
r j�U'h'l'W'W�WN]^g�[�e'U'W'h)Y�h)Y�h r j�U'h'l'W'W�[�`'g)W'e'bL]^h�[�d�g�[LkNo5Wu� Nv]QkNW�[�UNYFW's^q
_�bL]^g)UNY{t'g)[Fc'b %5b?U'W'bHW'|~b?b?g�_�W � � ���	�����Z�3H � UNY�h�[�_�[�|~U'[�X?W{��c'bLYAkN��U'w��
]^W'g)j)Y�l'W'y�� r j�U'h'l'W'y�WN]^g)[�e'U'W'h)Y�sLY�cNY�U'b?bHU'b?W's?_�bL]^g)UNY{t!`'[��?g)[�|~j�c'b %�b^q
U'W'bHj�cNY�_�U'b?U'W'y�`'b?c'b?U'[)]?Y�y{_�kNy{b?g�]Zy�]ZkN[�z�U'[�d�sLY � Y�e'b?du�
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),Y�]?]^|~[�g)c'W'| _)Y�z�U'wxd%eNY�]^g)U'wxd%]ZkNj�eNY�du���Vj)]^g)� r j�U'h'l'W'y}WN]^g)[�e{q
U'W'h)Y `'[)]^g)[�y{U'UNY�_ ]^c'b � b�t~gA� b��,U'b�sLY�_�WN]^W'g [�g�[�`'g)W'e'bL]^h�[�d�g)[LkNo�W'U'w�t
Sν = const(τν)

� � g)[�c'bLYAkNW's?j�b?g�]Zy�tuUNY�`'c'W'|~b?cutuh�[�X � Y�W's^kNj�e'b?U'W'b�`'c'[�q
�)[ � W'g�]^h'_�[�s?��]^c'b � j�t�UNYA�)[ � y{o5j��8]�y�_ � K ) ��]QkN[�d ]5`'[)]^g)[�y{U'U'[�d�g)b?|Eq
`'b?cNY�g)j�c'[�d��Z��KJ[�X � Y

Iν(τν) = Iν(0)e
−τν + Sν(1 − e−τν ) = Sν + e−τν (Iν(0) − Sν).

� ���	��
��
� g)[�c'b %�b?U'W'b5W'|~b?b?g�`'c'[)]^g)[�d r W's?W'e'bL]^h'W'd�]^|~w ]Qk �#A�V� `'c'b � b^kNb�n�[LkN�(%5W{�\[�`'g)W'e'bL]^h'W{�#g)[�kNo5W'U τν → ∞ W'U'g�b?UN]^W'_�q
U'[)]^g)��W's^kNj�e'b?U'W'y ]^g�Y�U'[�_�W'g�]Zy cNY�_�U'[�d r j�U'h'l'W'W WN]^g)[�e'U'W'h)Y

Iν → Sν
�

�HkNyFg)b?`{kN[�_�[�X?[VW's^kNj�e'b?U'W'y�� W�g)[LkN��h�[{�u]^`'b?h'g�cFy{_�kNy{b?g�]�y5`{k!Y�U'h�[�_)]^h'W'|
Wp]^[�[�g)_�b?g�]^g)_�j�b?gmg)b?|~`'b?cNY�g�j�c'b ]^c'b � w��5� H8]^g)[�c'[Cz�U'b?b � N:]ZkNW�_}]^c'b � b
bL]^g)��cNY�]?]^b?y{U'W'b�t�g)[�W'U'g�b?UN]^W'_�U'[)]^g)��]?Y�|:Y � Y�b?g�_�h{k!Y � _ r j�U'h'l'W'� WN] q
g)[�e'U'W'h)Y{tNW�h)Y�c'g�W'UNY�]^W{kN��U'[�j)]QkN[Cz�U'y{b?g�]Zy<�Z�

���?N:]QkNW
Iν > Sν

tCg�[
dI/dτ < 0

t
I
j�|~b?U'�(%�Y�b?g�]ZyF_ � [LkN�8kNj�eNYF��]^c'b � Y

`'[�XZkN[�oFY�b?g�n�[�kN�(%5b�t�e'b?|}W's^kNj�eNY�b?g�]?Y�|:Y��Z�

�� N:]QkNW

Iν < Sν
t!g)[

dI/dτ > 0
t
I
_�[�s?cNY�]^g�Y�b?g�_ � [LkN��kNj�eNY3��]^c'b � Y

n�[LkN�(%�b5W's^kNj�eNY�b?gCt!e'b?|}`'[�XZkN[�oFY�b?g'�Z�
��W � U'['tve'g�[ W'U'g)b?UN]^W'_�U'[)]^g)�#_�w��)[ � y�o�b?X?[ W's^kNj�e'b?U'W'b�]�c'[)]^g)[�| τ_)]^b?X � Y3]^g)c'b?|~W'g�]Zy h r j�U'h'l'W'W WN]^g)[�e'U'W'h)Y{�!H�g�]^� � Y�]QkNb � j�b?g�_)Y�z�U'wxd

_�wx_�[ ��� #%. �A>

�K2
$)8#N>�@A>

 ���$#=7���
?M���
�)��+
?@1��; ��;&
?KF=�!�@;���$#=7���
?M%��
�2����
@ )��+
-,

3#=
;�C>$#%D � � �3>
)!K �%��
^=���� ��KF>-# �2�NM

Iν → Bν(T )
`'c'W

τν → ∞ �
H � UNY�h�[�U'b?`'c'b?c'wx_�U'wxd�]^`'b?h'g)c�W's^kNj�e'b?U'W'y<t{n�kNW's?h'W'd�h�`{k!Y�U'h�[�_)]^h�[�|~j�t
|~[�zFb?ga`'[�kNj�eNY�g��)]Zy}W}[�ga[�`'g)W'e'bL]^h'W}g)[�U'h'W{�}]^c'b � tvbL]ZkNW%h�[�� r�r W'l'W{q
b?U'g3`'[�X�kN[�o5b?U'W'y

αν
]Zk!Y�n�[�sLY�_�WN]^W'g�[�g3eNY�]^g)[�g)w ��]^|x�0sLY�h�[�Um�VW'c)�{X?[�q

r Yi� ���	�)���Q�Z� � eNY�]^g)U'[)]^g)Wut�g�Y�h)Y�yi]^W'g)j)Y�l'W'y%c'bLYAkNW's?j�b?g�]�yfUNY / [�kNU'l'b
_�_�W � W'|~[�d\W�O��8q [�n�k!Y�]^g)Wut0X � b�[)]^U'[�_�U'[�d _�h{k!Y � _3`'[�X�kN[�o5b?U'W'b � Y�b?g
[�g)c'W'lNY�g)b^kN��U'wxd�W'[�U%_�[ � [�c'[ � Y�� − tEh�[�� r�r W'l'W'b?U'g\`'[�XZkN[�o�b?U'W'y � kNyh�[�g�[�c'[�X?[�]Qk!Y�n�[�sLY�_�WN]^W'g�[�g�eNY�]^g)[�g)w��
13� 	8� ��������*0"{/�+��!"��,.!�3& :!��1,('*0" ��� �!@�B � .!�0. � � 5 & � +3�!.�$ B�� ��L

/ `'b?h'g)cNYAkN��U'wxb8kNW'U'W'W�� W's^kNj�e'b?U'W'y�W{kNW�`'[�XZkN[�o5b?U'W'y<�v[�n�cNY�s?j��8g�]Zy
g)[�X � Y{t�h�[�X � Y5bL]^g��H_�w � b^kNb?U'U'wxb�eNY�]^g�[�g)w�t)UNYHh�[�g)[�c'w���|~W'h'c'[)]^h�[�`'W'e'b^q
]^h'W'b�h�[�� r�r W'l'W'b?U'g�w�W's^kNj�e'b?U'W'y

jν
W `'[�X�kN[�o5b?U'W'y

αν
h)Y�h r j�U'h'l'W'W
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eNY�]^g)[�g)w W'|~b?�8g �?h�]^g)c'b?|~j�|~w��v�Vj)]^g)�'t~UNY�`'c'W'|~b?cut h�[�� r�r W'l'W'b?U'g\`'[�q
XZkN[�o�b?U'W'y W'|~b?b?g�[)]^g�c'wxd |:Y�h�]^W'|~j�|pUNY�eNY�]^g)[�g�b

ν0
��� j � b?| � kNy `'c'[�q

]^g)[�g)w ]^e'W'g�Y�g��'t~e'g)[ r j�U'h'l'W'y�WN]^g�[�e'U'W'h)Y U'b�|~b?U'y{b?g�]Zy}]�XZkNj�n�W'U'[�du�
��[�s?|~[�z�U'wpU'bL]^h�[LkN��h�[�_)Y�c'WNY�U'g)[�_�c'b %�b?U'W'y�j�cNY�_�U'b?U'W'y�`'b?c'b?U'[)]?Y � kNy
W'U'g)b?UN]^W'_�U'[)]^g)W�UNY�n�kN� � Y�b?|~[�X?[�W's^kNj�e'b?U'W'y#��]^|x�Nc'WN]��<���.-{�Z�

� � 4�/ �6587 �9�0.!� +�:,('. 7 ��&�10. ('+��,1u+�� &)*!����@ � � �?g�[�| ]QkNj�eNY�b
τν � 1

UNY�_)]^b^�FeNY�]^g�[�g�YA�<t�W�bL]ZkNW r [�U'[�_�[�d�`'[ � ]^_�b?g)h'W�U'b?g�� Iν(0) = 0
�Zt

g)[8c'b?s?j�kN��g)W'c'j���oFY�y�W'U'g)b?UN]^W'_�U'[)]^g)�
Iν = Sντν

� `'[)]^h�[�kN��h'j
1−e−τν ≈

τν
�Z�6OVs � ���	��
��V]ZkNb � j�b?gCt,e'g)[�UNY�n�kN� � Y�b?g�]ZyakNW'U'W'y ���$#=7���
?M���! UNY3eNYAq

]^g)[�g)b
ν0
t�`'c'W'e'b?| b?bx|:Y�h�]^W'|:YAkN��UNY�y�W'U'g)b?UN]^W'_�U'[)]^g��8|~b?U'�(%�b r j�U'h'l'W'W

WN]^g)[�e'U'W'h)Y
Iν0

< Sν0

� �VW'e'b?X?[�h)Y�e'bL]^g)_�b?U'U'[�U'b�W's?|~b?U'y{b?g�]Zy�_�]QkNj�eNY�b�t
bL]QkNW}bL]^g�� r [�U'[�_)Y�ym`'[ � ]^_�b?g�h)Y Iν(0) < Sν

tEgA� b��~bL]QkNW�n�[�kNb?b�X?[�c�y{eNY�y
[�n�k!Y�]^g)��cNY�]^`'[Lk!Y�XZY�b?g�]ZypUNY � �)[LkN[ � U'[�du����w��)[ � y{o�Y�ypW'U'g�b?UN]^W'_�U'[)]^g)�
g)b?`{kN[�_�[�X?[3W's^kNj�e'b?U'W'ya[�`'g�W'e'bL]^h'Wag)[�U'h�[�d#`{k!Y�s?|~w � h)Y�h _�h�[�U'g�W'U'j�j�q
|~b�t�gCY�h�W�_5kNW'U'W'y��<�0`'c'[�`'[�c'l'W'[�UNYAkN��UNY

neni
t�g)[HbL]^g)��h'_)Y � cNY�g)j�`{kN[�g�q

U'[)]^g)W�]^c'b � w��
� � 4�/ �6587 �9�0.!�i+�:,('. 7 ��&)1,.�('+ � &)('+�� � �A�9:0*,+N/�*," 7 �,+�� 	 &)*!�	�

�D@ � �V[�h)Y�XZY�sH`'c'[�s?cNY�e'b?Uut<[�U�W's^kNj�eNY�b?g�_�[)]^U'[�_�U'[�|i_�kNW'U'W'y��a� _�U'W{�
τ
_)]^b?X � Y5_�w %�b��Zt{Y�U'b?`'c'b?c'wx_�U'wxd�]^`'b?h'g)c�]Qk!Y�n'�{�V[�|~b?c'b8c'[)]^g�YHU'b?`'c'[�q

s?cNYLe'U'[)]^g)W�c'[)]^g�kNW'U'W'd�sLY�|~b � kNy�b?g�]Zy�t�W U'b?`'c'b?c'wx_�U'wxd#]^`'b?h'g)c�`'[)]^g)b^q
`'b?U'U'[ I sLY�|~wx_)Y�b?g M�W{�<t�g�Y�h�e'g�[�]^`'b?h'g)c�Y�n)]^[LkN�8g)U'[�U'b?`'c'[�s?cNY�e'U'[�d�]^c'b^q
� w�t)UNY�X?c'b?g)[�d � [5[�`'c'b � b^kNb?U'U'[�d�g)b?|~`'b?cNY�g�j�c'w�t)]^g)c'b?|~W'g�]Zy�h�`{k!Y�U'h�[�_�q
]^h�[�d r j�U'h'l'W'W�`'c'W

τ → ∞ � �VW'h)Y�h'W{� ]^`'b?h'g)cNYAkN��U'w��3kNW'U'W'd�_�g�Y�h�[�d
]^c'b � b U'b n�j � b?gC� ��W'U'W'W�_�[�s?U'W'h)Y��8gmkNW�%5��`'c'WpUNYAkNW'e'W'W X?cNY � W'b?U'g�Y
g)b?|~`'b?cNY�g)j�c'wpW{kNW�c'b?s?h�[�X?[�[�g�kNW'e'W'y�[�g � K )0�

� �m���!*,"{/�+���"��0.!� � .!�0. � :0+3; � +! <�9�0.�$ :0*,. &)+!� ��� ��� �,.,.
� ��L kNb?X?h�[8[�n��uy']^U'W'g)�'t�bL]ZkNWF]^e'W'gCY�g)�'t?e'g)[�]^_�b?g8]:U'b?`'c'b?c'wx_�U'wx| ]^`'b?h{q
g)c'[�|xt�W's^kNj�eNY�b?|~wxd�s?_�b?s � [�d�]�W'U'g�b?UN]^W'_�U'[)]^g)��� Iν(0)

t�`'c'[L�)[ � W'g�e'b?c'b?s
n�[LkNb?b��)[�kN[ � U'wxd ]QkN[�d3Y�g)|~[)] r b?c'w � [�`'g�W'e'bL]^h�[�d�g)[�kNo5W'U'[�d τν UNY�eNYAq]^g)[�g)b

ν
�3OVU'wx|~W ]ZkN[�_)Y�|~Wut r [�U'[�_)Y�y�`'[ � ]^_�b?g)h)Y�n�[LkN�(%�b r j�U'h'l'W'W WN] q

g)[�e'U'W'h)Ym�
Iν(0) > Sν

�Z��H�e'b?_�W � U'['t~e'g�[ Iν g)b?| U'W'z�b�tEe'b?| _�w %5b
τν
�

�V[)]QkNb � U'y{y#_�b^kNW'e'W'UNY�|:Y�h�]^W'|:YAkN��UNY3UNY�eNY�]^g)[�g)b�`'b?c'b^�)[ � Y{t�g)[�bL]^g)��_
l'b?U'g)c'b�kNW'U'W'W

ν0
�J�V[��?g)[�|~j UNY�eNY�]^g)[�gCYA�<tu]^[�[�g)_�b?g�]^g�_�j��8o5W{� `'b?c'b^�)[�q

� Y�|�|~b?z � jHj�c'[�_�U'y�|~W�Y�g)[�|~[�_'t�W's^kNj�e'b?U'W'b�[�h)Y�s?wx_)Y�b?g�]Zy�|:Y�h�]^W'|:YAkN��U'[
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[)]Qk!Y�n�kNb?U'U'wx|x� � g)[�W�y�_�kNy{b?g�]�y�`'c'W'e'W'U'[�da`'[�y{_�kNb?U'W'y g)b?|~U'[�d kNW'U'W'W)'>�:<#!> � 
?M%��! UNY r [�U'b�U'b?`'c'b?c'wx_�U'[�X?[#]^`'b?h'g)cNY{�~�3b^��Y�U'W's?| [�n�cNY�s?[�_)YAq
U'W'y\kNW'U'W'd�_#]^`'b?h'g)c'b�s?_�b?s � w _ j)]QkN[�_�W'W�� K )�|~[�z�U'[ W'U'g)b?c'`'c'b?g)W{q
c'[�_)Y�g)��`'c'[�o�b � W's^q sLY�n�[�kNb?b�_�w ]^[�h�[�X?[ h�[�� r�r W'l'W'b?U'g�Y3`'[�XZkN[�o�b?U'W'ya_
kNW'U'W'W�_�W � U'w�n�[LkNb?b�`'[�_�b?c)�{U'[)]^g)U'wxb�t�Y5]QkNb � [�_)Y�g)b^kN��U'[FW�n�[LkNb?b��)[LkN[ � q
U'wxb5]ZkN[�Wu�

� � � �6587 "��\�!+ ��� �#+�� +3:0('. 7 ��&)1u+��a('+ �  a. � � �9�0('*!� � .A�,.,. t
τν0

� 1
����Y�c'g)W'UNY�h)YLe'bL]^g�_�b?U'U'[�gCY�zFb�t�e'g)[�W�_�]QkNj�eNY�b /�t�sLY�WN]^h{kN��q

e'b?U'W'b?|pg)[�X?['t�e'g)[�_�|:Y�h�]^W'|~j�|~b�kNW'U'W'W W'U'g)b?UN]^W'_�U'[)]^g)��cNY�_�UNY�s?UNY�e'b^q
U'W'� r j�U'h'l'W'W�WN]^g)[�e'U'W'h)Y�� gC� b���`{k!Y�U'h�[�_)]^h�[�d�W'U'g)b?UN]^W'_�U'[)]^g)W��0UNY5�?g)[�d
eNY�]^g)[�g)b��

L8+ � � *0"'&�& ��$A�,.�$ :,*0.\-�+!*!?V.0*,+���"��0.,.m&). � � �A@�B � .A�,. ��:,+��
; � +! � �,.J$ ��& :A��10('*!� �5+ � � � " � OVU'g�b?c'bL]^U'[�`'[)]^|~[�g)c'b?g)��]�W's^kN[�zFb?U{q
U'w��f`'[�s?W'l'W'd UNYm[�n�cNY�s?[�_)Y�U'W'bm]^W{kN��U'w��ikNW'U'W'd `'[�XZkN[�o5b?U'W'y _ r [�q
g)[)] r b?c'b / [LkNU'lNY � gA� Uu� r cNYLj�U'X?[ r b?c'[�_)]^h'W'b�kNW'U'W'W��Z� ��W'U'W'W�`'[�XZkN[�o5b^q
U'W'y#_�[�s?U'W'h)Y��8g�W's^q sLY�j�|~b?U'�(%5b?U'W'y\g)b?|~`'b?cNY�g)j�c'w ]^[LkNU'b?e'U'[�X?[ _�b?o�b^q
]^g)_)Y�_ � [LkN��cNY � W'j)]?Y{�)��W � W'|:Y�y r [�g)[)] r b?cNYV[�`'c'b � b^kNy{b?g�]Zy�h)Y�h�`'[�_�b?c)��q
U'[)]^g)�'t � [Vh�[�g)[�c'[�d�[�`'g)W'e'bL]^h)Y�y�g)[�kNo5W'UNYV_VU'b?`'c'b?c'wx_�U'[�|a]^`'b?h'g)c'b � kNy
_�U'b %5U'b?X?[aUNY�n�kN� � Y�g)b^kNy�]^[)]^g�Y�_�kNy{b?g τ ' 1

�DOVU'wx|~W}]QkN[�_)Y�|~Wut:h'_)Y�U{q
g)w ]^_�b?gCY#W's r [�g�[)] r b?c'w ]^cNY�_�U'W'g)b^kN��U'[m]^_�[�n�[ � U'[m`'[�h'W � Y��8g / [�kNU{q
l'b���KJb?|~`'b?cNY�g)j�cNY r [�g)[)] r b?c'wp[�h�[LkN[�������� � t'Y�UNY � U'b?d�cNY�]^`'[Lk!Y�XZY�b?g)q]Zym]QkN[�dmn�[�kNb?b��)[LkN[ � U'[�d%`{k!Y�s?|~w ��Y s?UNY�e'W'gCt~]�|~b?U'�(%5W'|�s?UNY�e'b?U'W'b?|
r j�U'h'l'W'WaWN]^g)[�e'U'W'h)Y��Zt,_�h�[�g�[�c'[�| W#`'c'[�WN]Z�)[ � W'g r [�c'|~W'c'[�_)Y�U'W'b�kNW{q
U'W'da`'[�X�kN[�o5b?U'W'y��:�Vc'Wa�?g�[�|�_)Y�z�U'['t�e'g�[�`'[�XZkN[�o�b?U'U'wxd�h)Y�h'W'|Eq�kNW'n�[
Y�g)[�|~[�|�h'_)Y�U'g�U'b?`'c'b?c'wx_�U'[�X?[ ]^`'b?h'g)cNY r [�g)[)] r b?c'w ��]^h)Y�z�b?|xt,] � kNW{q
U'[�d\_�[LkNU'w kNW'U'W'W �

α
������
 � ����_�U'[�_�� WN]^`'j)]^h)Y�b?g�]�yae'b?c'b?s�h�[�c'[�g)h�[�b

_�c'b?|~y � � kNy�cNY�s?c'b %5b?U'U'w��i`'b?c'b^�)[ � [�_ � sLY _�c'b?|~y%`'[�c�y � h)Y 10−8 � �
_ `'c'[�W's?_�[LkN��U'[�| UNY�`'cNY�_�kNb?U'W'Wu��� � bL]^� ]^j�o�bL]^g)_�b?U'U'['t:e'g)[ U'W'zFb��?g)[�q
X?[�]QkN[�y�cNY�]^`'[Lk!Y�XZY�b?g�]Zy�[�`'g)W'e'bL]^h'W�`{kN[�g)UNY�y�[�n�k!Y�]^g)� r [�g)[)] r b?c'w�t�g�Y�h
e'g)[ ]�_�b?c'[Cy�g�U'[)]^g)��� n�kNW's?h�[�d�h # 	���h'_)Y�U'g�`'b?c'b?WN]^`'j)]^h)Y�b?g�]�y\_�U'W's�W
`'[�XZkN[�oFY�b?g�]Zy�_ r [�g)[)] r b?c'b�t<X � b�b?X?[��?U'b?c'X?W'y g)b?c'|:YAkNW's?j�b?g�]�y�]^U'[�_)Y�_
h'_)Y�U'g)w U'b?`'c'b?c'wx_�U'[�X?[�]^`'b?h'g�cNY{t�Y�]F_�b?c'[Cy�g�U'[)]^g)��� ∼ 1/2

h'_)Y�U'g�WN] q
`'j)]^h)Y�b?g�]�y}_#UNY�`'cNY�_�kNb?U'W'Wf[�g r [�g)[)] r b?c'w�� K�Y�h'W'| [�n�cNY�s?[�|xtv|~[Cz�U'[
[�z�W � Y�g)�'t�e'g�[�W'U'g)b?UN]^W'_�U'[)]^g)��_�l'b?U'g)c'b�]^W{kN��U'[�d kNW'U'W'W�`'[�XZkN[�o�b?U'W'y
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n�j � b?g8]^j�o5bL]^g�_�b?U'U'[�|~b?U'�(%5b�tAe'b?|3_8]^[)]^b � U'b?| ]~kNW'U'W'b?d�j�eNY�]^g)h�bvU'b?`'c'b^q
c'wx_�U'[�X?[3]^`'b?h'g)cNY{�J� kNW's?h)Y�y�h��?g)[�d�h)Y�c'g)W'UNY�c'bLYAkN��U'[�W'|~b?b?g�|~bL]^g)[�_
]^[LkNU'b?e'U'[�d r [�g)[)] r b?c'b�� )0Y�s?[�n�cNY�U'U'wxd `'c'W'|~b?c�W{k'kN�V]^g)c'W'c'j�b?g�_)Y�z�q
U'[)]^g)� � r�r b?h'g�Y3cNY�]?]^b?y{U'W'y r [�g)[�UNY�UNY�eNY�]^g�[�g)b�kNW'U'W'Wm_�Y�g)|~[)] r b?c'b
s?_�b?s � w � kNy�[�n�cNY�s?[�_)Y�U'W'y3]^W{kN��U'[�d3kNW'U'W'W�`'[�XZkN[�o�b?U'W'y<�
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��+3�J$,('.A� �~+3: � ��*,+���&)1u+�;�+ :0*,+!-�. � $ � .A�,.,. ��Nv]QkNW�XZY�s�[�`'g)W'e'b^q
]^h'W g)[�U'h'W'd\� _�kNW'U'W'W��Zt�g)[�`'c'W�[�g�]^j�g�]^g)_�W'W3U'b?g)b?`{kN[�_�w��3|~b^��Y�U'W's?|~[�_
cNY�]&%5W'c'b?U'W'yp`'c'[ r W{kN�}kNW'U'W'Wp[�g)cNY�z5Y�b?gm|:Y�h�]^_�b^k'kN[�_)]^h'W'd `'c'[ r W{kN�
]^h�[�c'[)]^g�b?dpeNY�]^g)W'lfW's^kNj�eNY��8o5b?X?[}XZY�sLY{� ��W'c'W'UNYmkNW'U'W'WpsLY�_�WN]^W'g}[�g
g)b?|~`'b?cNY�g)j�c'w XZY�sLY�W�g)j�c'n�j�kNb?U'g)U'w��3]^h�[�c'[)]^g�b?du�8/ [�n)]^g�_�b?U'UNY�y %�W'c'W{q
UNYVkNW'U'W'Wut�h)Y�h�`'cNY�_�W{kN['t�`'c'b?U'b?n�c'b?z�W'|~[�|:YAk!Y{� �V[5_5]^W{kN��U'w���kNW'U'W'y��
`'c'[�y{_�kNy{b?g�]^b?n�y5]^g)[�kNh'U'[�_�W'g)b^kN��U'wxd�|~b^��Y�U'W's?| j9%�W'c'b?U'W'y��A�V[8h{k!Y�]?]^W{q
e'bL]^h�[�d g�b?[�c'W'W�W's^kNj�e'b?U'W'y��?g�[�jN%5W'c'b?U'W'b�]^_�y{sLY�U'[�]�_�kNW'y�U'W'b?|p��kNb?h{q
g)c'W'e'bL]^h'W{��`'[LkNb?d3]^[)]^b � U'W{��Y�g)[�|~[�_�� W'[�U'[�_{�:UNY�`'[LkN[Cz�b?U'W'b5�?U'b?c'X?b?g)W{q
e'bL]^h'W{�3j�c'[�_�U'b?d�W's^kNj�eNY��8o5b?X?[�Y�g)[�|:Y{��� g)[�g�|~b^��Y�U'W's?|f[�g)_�b?g�]^g)_�b?U'b?U
sLY�%5W'c'[�h'W'bFh'c'w�kN��y�]^W{kN��U'w���kNW'U'W'd�_�]^`'b?h'g)c'b / [�kNU'lNY{�
�v"��!.,&).!?8+�&)( � (�� ? :A��*0"'( 5 *!@ +�:,('. 7 ��&)10. ('+��,1u+�;�+,;^"{/�" +!(

1u+�� � � �,('*0" � .0. 7 "'&)('. � � �HkNy�[�`'g)W'e'bL]^h'W�g)[�U'h�[�d ]^c'b � w�]^j�o5bL]^g)_�j�q
b?g#[�n�o�b?b3`'cNY�_�W{kN[ � e'b?|�U'W'z�b3`{kN[�g)U'[)]^g)�#XZY�sLY{t:g�b?|�_�w %5b�b?X?[#g)b?|Eq
`'b?cNY�g)j�cNY{�~�5b?dN]^g)_�W'g�b^kN��U'['t bL]ZkNW�bL]^g)�a[�`'c'b � b^kNb?U'U'wxdpUNY�X?c'b?_)Y���o�W'd
`'[�g)[�hutNg�[��?U'b?c'X?W'y<t�`'b?c'b � Y�_)Y�b?|:Y�y3_�b � W'U'W'l'j�_�c'b?|~b?U'W�XZY�s?j�_�b � W'U'W{q
l'b�[�n��ub?|:Ya`'c'[�`'[�c'l'W'[�UNYAkN��UNYah�[�U'l'b?U'g)cNY�l'W'W�eNY�]^g�W'l

n
t:Y g)b?`{kN[�_)Y�y

�?U'b?c'X?W'y�t�W's^kNj�eNY�b?|:Y�y�_�b � W'U'W'l'b�[�n��ub?|:Y{t<`'c'[�`'[�c'l'W'[�UNYAkN��UNY�eNY�]^g)[�g)b
]^g)[�kNh'U'[�_�b?U'W'y}eNY�]^g)W'lut~gA� b��~`'c'[�W's?_�b � b?U'W'� [�g)U'[)]^W'g)b^kN��U'[�d%]^h�[�c'[)]^g)W
UNY�h'_)Y � cNY�g�h�[�U'l'b?U'g)cNY�l'W'W dE/dt/dV ∝

√
Tn2 ���V[�� r�r W'l'W'b?U'g�`'c'[�q`'[�c'l'W'[�UNYAkN��U'[)]^g)Wi|~b?z � j\g)b?|~`'[�|�`'[�g)b?c'W}�?U'b?c'X?W'W�UNY W's^kNj�e'b?U'W'b3W

_�b^kNW'e'W'U'[�d √
Tn2 sLY�_�WN]^W'g�[�g�g�b?|~`'b?cNY�g)j�c'w�tuW�[�`'WN]^wx_)Y�b?g�]�y g�Y�h�UNYAqs?wx_)Y�b?|~[�d r j�U'h'l'W'b?d�[L��k!Y�z � b?U'W'y�����b^kNW'e'W'UNY √

Tn2 cNY�]^g)b?g�_ %�W'c'[�q
h�[�| W'U'g)b?c'_)YAkNb�g)b?|~`'b?cNY�g�j�cut:`'[��?g�[�|~j n)YAk!Y�UN]3|~b?z � jm`'[�XZkN[�o�Y�b?|~[�d
�?U'b?c'X?W'b?dm� ∼ n

�vW3W's^kNj�eNY�b?|~[�d3�?U'b?c'X?W'b?dm� ∼ n2
√
T
� j)]^g�Y�UNY�_�kNW'_)Y�b?g�]�y

`'c'W n�[LkNb?b�_�w ]^[�h�[�d#g)b?|~`'b?cNY�g)j�c'b�]Fj�|~b?U'�(%�b?U'W'b?| `{kN[�g)U'[)]^g)W
n
���V[�q

� c'[�n�U'b?b��?g�[�gH_�[�`'c'[)] n�j � b?g�cNY�]?]^|~[�g)c'b?U�U'W'zFb�_HX�k!Y�_�b I ��b?z�s?_�b?s � UNY�y
]^c'b � YQMZ�
13� 	8� �8� � �9? :A��*0"'( 5 *,"#"'&)('*,+!-�.0/�. 7 ��&)10.ABm.0&)('+ 7 �,.,1u+����

+�:,*A�(�D� � $!� ?V"�$ :,+#.AB}.�/ �6587 � �,. �
� ]ZkNj�eNY�b � 	 K g)b?|~`'b?cNY�g�j�cNY g�b^k!Y y{_�kNy�b?g�]Zy}b � W'UN]^g)_�b?U'U'wx| `NYAq

cNY�|~b?g)c'[�|xtu[�`'c'b � b^kNy{�8o5W'| ]^`'b?h'g�c W's^kNj�e'b?U'W'y���� Y�]^g)c'[ r W's?W'h�b�tJh)Y�h
`'cNY�_�W{kN['t�|~w%W'|~b?b?| � b^kN[5]xUNY�n�kN� � b?U'W'y{|~W�WN]^g)[�e'U'W'h�[�_H_5[�X?cNY�U'W'e'b?U{q
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U'[�| � WNY�`NY�s?[�U'bVeNY�]^g)[�g�� � kNW'U�_�[�kNU��Z��H�l'b?U'h)Y5g)b?|~`'b?cNY�g�j�c'w�W's^kNj�eNY���q
o5b?X?[�g)b^k!Y�|~[�zFb?g�n�wxg���] � b^k!Y�UNY�cNY�s^kNW'e'U'wx|~W ]^`'[)]^[�n)Y�|~Wu�J�Vc'W �?g)[�|
`'[LkNj�eNY�b?|~[�b�s?UNYLe'b?U'W'b�g)b?|~`'b?cNY�g)j�c'w � YAkNb?h�[ U'b�_)]^b?X � Y�]^[�[�g)_�b?g�]^g�_�j�q
b?g r W's?W'e'bL]^h�[�d�g)b?|~`'b?cNY�g)j�c'b3W's^kNj�eNY��8o5b?dp]^c'b � w ��]3g)[�e'h'Wis?c'b?U'W'y
g)b?[�c'W'W�`'b?c'b?U'[)]?YFW's^kNj�e'b?U'W'y�t�g)b?|~`'b?cNY�g�j�cNY

�
_)]^b?X?[5kNW�%���[ � W'U�W's�`NYAq

cNY�|~b?g)c'[�_'t�[�`'c'b � b^kNy{��o�W{� r j�U'h'l'W'� WN]^g)[�e'U'W'h)Y � �Z� ��Y�W'n�[�kNb?b#eNY�]^g)[_)]^g)c'b?eNY��8g�]Zy�]QkNb � j��8o5W'bF[�`'c'b � b^kNb?U'W'y�g)b?|~`'b?cNY�g)j�c'w��
� *,1u+!&)(��,"�$ (�� ? :!��*,"'( 5 *0"

Tb �
g�b?|~`'b?cNY�g)j�cNY�g�Y�h�[�X?[ � 	 K:tuh�[�qg)[�c'[�b�W'|~b?b?gFW'U'g)b?UN]^W'_�U'[)]^g)�'t�cNY�_�U'j��pW'U'g)b?UN]^W'_�U'[)]^g)W�W's?j�eNY�b?|~[�X?[FWN] q

g)[�e'U'W'h)Y�UNY � Y�U'U'[�d3eNY�]^g)[�g)b�t Iν = Bν(Tb)
�!�ieNY�]^g)U'[�|%]ZkNj�eNY�bHcNY � W'[�q

_�[LkNU\� `'c'W'n�kNW'z�b?U'W'b )~�ZkNb?y
�
�5z�W'UN]?Y��

Tb =
c2

2ν2k
Iν , hν � kT.

� ���	
����
�}�?g)[�|\]QkNj�eNY�b�j�cNY�_�U'b?U'W'bV`'b?c'b?U'[)]?Y � kNy�g)b?`{kN[�_�[�X?[FW's^kNj�e'b?U'W'y � Sν =

Bν �
�v`'b?c'b?`'WN]^wx_)Y�b?g�]Zy�e'b?c'b?sHy{c'h�[)]^g)U'j�� g)b?|~`'b?cNY�g)j�c'j

dTb

dτν
= −Tb + T,

X � b T − g)b?|~`'b?cNY�g)j�cNY�W's^kNj�eNY��8o5b?d#[�n�k!Y�]^g�Wu�
Nv]QkNW
T = const

_ � [�kN�
kNj�eNY�s?c'b?U'W'y<t!g)[

Tb = Tb(0)e
−τν + T (1 − e−τν ),

g)[�bL]^g)��`'c'W
τ → ∞ t

Tb → T
���HkNy�[�`'g)W'e'bL]^h'W�g�[�U'h�[�X?[�XZY�sLY

τν � 1
W

� bL]QkNW�U'b?g�`'[ � ]^_�b?g)h'Wut!gC� b�� Iν(0) = 0
�
Tb ≈ Tτν � T

�
� g)W�`'c'[)]^g)wxb5_�wxh{k!Y � h'W3`'[�h)Y�s?wx_)Y��8gCtNe'g�[ �#��{y{c'h�[)]^g)UNY�y�g)b?|~`'b?cNY�g)j�cNY

Tb
_F[�n�o�b?|}]QkNj�eNY�b�bL]^g)� r j�U'h'l'W'y�eNYAq

]^g)[�g)w�� bL]ZkNW3]^`'b?h'g)c�U'bHe'b?c'U'[�g)b^kN��U'wxd�� �
����W'sxY�]^g)c'[�U'[�|~W'e'bL]^h'W{��UNY�n�kN� � b?U'W'd�[�`'c'b � b^kNW'g)��y{c'h�[)]^g�U'j��ig)b?|Eq

`'b?cNY�g)j�c'j3|~[�z�U'[�g)[LkN��h�[�[�g�WN]^g�[�e'U'W'h�[�_'tJj�h�[�g)[�c'w�� W's?_�bL]^g)b?U j�X�kN[�q
_�[�d�cNY�s?|~b?c

dΩ
� _V`'c'[�g)W'_�U'[�| ]QkNj�eNY�bx|~[�z�U'[�W's?|~b?c'W'g��8g�[LkN��h�[�`'[�g�[�hut

Y�U'b�W'U'g)b?UN]^W'_�U'[)]^g)�{� �

��NW'U'g)b?UN]^W'_�U'[)]^g�� � 	 K�]8g)b?|~`'b?cNY�g)j�c'[�d Kfy�_�kNy{b?g�]�y 4V;&��=���4�;$#=D�


M'> ,A>C=LK2� @ ��4�>�� W'U'g)b?UN]^W'_�U'[)]^g)��� � kNy�g)b?`{kN[�_�[�X?[VW's^kNj�e'b?U'W'y�kN�8n�[�X?[
g)b^k!Y�]�g)b?|~`'b?cNY�g�j�c'[�d

T
�
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��Y�`'[�|~U'W'|xt�e'g)[ � kNy %�W'c'[�h�[�X?[�h{k!Y�]?]?Y�U'b?g)b?`{kN[�_�w���]^`'b?h'g)c'[�_�y{c{q
h�[)]^g�UNY�y g)b?|~`'b?cNY�g)j�cNY�U'b W'|~b?b?gfU'W'h)Y�h�[�X?[p[�g�U'[(%5b?U'W'y h g)b?c'|~[ � W{q
UNY�|~W'e'bL]^h'W'|p��Y�cNY�h'g)b?c'WN]^g)W'h)Y�|�]^c'b � w � UNY�`'c'W'|~b?cutJ_�]ZkNj�eNY�b�]^W'U{�{c'[�q
g)c'[�U'U'[�X?[ W's^kNj�e'b?U'W'y ]^[ ]^g)b?`'b?U'U'wx| ]^`'b?h'g)c'[�|��Z� ��b?U'[�|~b?U'[LkN[�X?W'e'b^q
]^h'W�[�e'b?U'��_�w ]^[�h)Y�y�y{c'h�[)]^g)UNY�y�g�b?|~`'b?cNY�g)j�cNYFy{_�kNy{b?g�]Zy�j�h)Y�sLY�U'W'b?|}UNY
U'b?g)b?`{kN[�_�[�d%��Y�cNY�h'g)b?c%W's^kNj�e'b?U'W'y � UNY�`'c'W'|~b?cut � kNy}cNY � W'[�W's^kNj�e'b?U'W'y
`'j�kN�)]?Y�c'[�_

Tb > 1020 � �Z�
�5-�-���10('.!���,"�$}(�� ? :A��*0"'( 5 *,"

Teff �
g)b?|~`'b?cNY�g)j�cNY � 	 Kvt�W's^kNj�qeNY��8o5b?X?[V_�b � W'U'W'l'j�_�c'b?|~b?U'W�]vb � W'U'W'l'wm`{kN[�o�Y � W�_�[8_)]^b?| � WNY�`NY�s?[�U'b

eNY�]^g)[�g�g)j�z�b��?U'b?c'X?W'�Ft!e'g�[FW � Y�U'U'[�bHg)b^kN['t'g)[�bL]^g)�

F =

∫ ∫
Iν cos θdΩdν ≡ σBT

4
eff

� ���	
G#A�
`'c'W'|~b?U'y{b?g�]Zy � kNyf��Y�cNY�h'g)b?c'WN]^g)W'h'W W's^kNj�e'b?U'W'yp[�`'g)W'e'bL]^h'W g)[Lk!]^g�w��
]^c'b � � gA� b���]^c'b � tu_�h�[�g)[�c'w�� |~[Cz�U'[�[�`'c'b � b^kNW'g)� I `'[�_�b?c���U'[)]^g)��MZt0]�h�[�q
g)[�c'[�dfj��)[ � y{g � [)]^g)W'XZY��8o5W'b UNY�n�kN� � Y�g)b^kNy r [�g)[�U'w

�
r [�g)[)] r b?c'j��Zt

UNY�`'c'W'|~b?c3s?_�b?s � �
I �+��45
0� � ��Y�d � b?|�]^_�y�s?�

Teff
]^[�]^_�b?g�W'|~[)]^g)���

L
� `'[LkNU'wx| �?U'b?c{q

X?[�_�w � b^kNb?U'W'b?| sLY b � W'U'W'l'j�_�c'b?|~b?U'W��Z�,N:]ZkNW�W'|~b?b?g�]ZyR%�Y�c'[�[�n�cNY�s?U'[�b
g)b^kN[�� UNY�`'c'W'|~b?cut's?_�b?s � Y�W{kNW�`{k!Y�U'b?g�Y��~]�cNY � W'j)]^[�| R t�W's^kNj�eNY��8o�Y�y�_b � W'U'W'l'j�_�c'b?|~b?U'W3�?U'b?c'X?W'� L

t'g)[

L = 4πR2σBT
4
eff .

� ���	
����
� r�r b?h'g)W'_�UNY�ymg)b?|~`'b?cNY�g)j�cNY</ [LkNU'lNY

Teff,� ≈ 5780 � � � r�r b?h'g)W'_�qU'wxb�g�b?|~`'b?cNY�g)j�c'w s?_�b?s � kNb?z5Y�g�_�`'c'b � b^k!YA�a[�g ������� � � [ ��������� � ���[�c�y{e'W'b�n�b^kNwxb�h)Y�c)kNW'h'W |~[�X?j�g�W'|~b?g)�
Teff ∼ 100000 �

��� r�r b?h'g)W'_�q
U'wxbHg)b?|~`'b?cNY�g�j�c'wpU'b?d'g)c'[�U'U'w���s?_�b?s � b?o�b5_�w %5b � 105 ÷ 106 � �

� #��;#��H-0/�),+.E G;I�G
�469-AJ;G46 �;),G,8:6�),< -��46�J,/�),+�5
� � : � +3��@ ��& :A��10('*!@ � / `'b?h'g)c'w�t�UNY�W'n�[LkNb?b n�kNW's?h'W'b�h�e'b?c'U'[�g)b^kN��q

U'wx|xtN�?g)[ �
� �P/ `'b?h'g)c'wa]^[�n)]^g)_�b?U'U'[�X?[�W's^kNj�e'b?U'W'y�[ � U'[�c'[ � U'[8UNY�X?c'b?g)w��8U'b?`'c'[�qs?cNYLe'U'w���g)b^k�� `{k!Y�U'b?g)w�t�|~b?z�s?_�b?s � U'wxbx`'w�kNW'U'h'Wut�U'b?d'g)c'[�U'U'wxbxs?_�b?s � w

_�|~y{X?h�[�|�c'b?U'g)X?b?U'[�_)]^h�[�| � WNY�`NY�s?[�U'b��Z�
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��� / `'b?h'g)c'wps?_�b?s � g)W'`NY / [LkNU'lNY�W{kNW�n�[LkNb?b��)[�kN[ � U'w�� � g)[LkN��h�[�__�W � W'|~[�d3[�n�k!Y�]^g)Wu�
��� / `'b?h'g)c r [�U'[�_�[�X?[#� c'b^kNW'h'g)[�_�[�X?[{�xW's^kNj�e'b?U'W'y ��]^b^kNb?U'U'[�du����[�q

U'[�_�[�b3W's^kNj�e'b?U'W'b�]^[�[�g)_�b?g�]^g)_�j�b?g
T ' 2.73

� W}W'|~b?b?g h�[)]^|~[�kN[�X?W'e'b^q
]^h�[�b�`'c'[�WN]Z�)[�z � b?U'W'b�� � g)[�h'_)Y�U'g)w�tuc'[ � W'_(%5W'bL]Zy `'c'W c'b?h�[�|~n�W'UNY�l'W'W
`'b?c'_�W'e'U'[�d `{k!Y�s?|~w�t�[)]^g)wx_)Y���o�b?d�_)]QkNb � ]^g)_�W'b�cNY�]&%5W'c'b?U'W'y��AH�U'W `'b^q
c'bL]^g�YAkNWi`'[�XZkN[�o�Y�g��)]ZyfW I `'b?c'b?cNY�n)Y�g�wx_)Y�g)�)]ZyNM�]^c'b � [�dut�h�[�X � Y\n�k!Y�X?[�q
� Y�c�ypj�|~b?U'�(%5W'_(%�b?dN]Zy `{kN[�g�U'[)]^g)WfWp`'c'[�W's?[(%5b � %5b?d c'b?h�[�|~n�W'UNY�l'W'W
�ZkNb?h'g)c'[�U'[�_�W�W'[�U'[�_5_HY�g�[�|~w}`'c'[)]^g)cNY�UN]^g)_�[5]^gCYAkN[�`'c'[�s?cNYLe'U'wx|p� U'b?d{q
g)cNYAkN��U'wxb�Y�g)[�|~w `'cNY�h'g)W'e'bL]^h'W�U'b�sLY � b?c�z�W'_)Y��8g�U'b^q W'[�U'W's?j��8o5b?b�W{�
W's^kNj�e'b?U'W'b��Z�!�5[��?g�[�d3c'b?h�[�|~n�W'UNY�l'W'W�h'_)Y�U'g)w�t�U'b?`'c'b?c'wx_�U'[�`'[�XZkN[�o�YAq
y']^� W�`'b?c'b?W's^kNj�eNY�y']^�'tvUNYA�)[ � W{kNWN]^�a_ g)b?`{kN[�_�[�| cNY�_�U'[�_�bL]^W'Wi]�`{k!Y�s^q
|~[�du�!�V_)Y�U'g)wp`'b?c'bL]^g�YAkNW3n�wxg)��]^_�y�sLY�U'U'wx|~W ]^[�]^c'b � [�d�W�UNYLeNYAkNW�cNY�] q
`'c'[)]^g)cNY�U'y{g)�)]ZyFU'b?sLY�_�WN]^W'|~['� �VW's?h)Y�yF�?U'b?c'X?W'y�h'_)Y�U'g�[�_8UNY�n�kN� � Y�b?|~[�X?[
W's^kNj�e'b?U'W'y�]^_�y{sLY�UNY�]�n�[�kN�(%5W'|}h'cNY�]^U'wx|�]^|~b?o�b?U'W'b?| � [�U'W�j�|~b?U'�(%�W{q
kNW�]^_�[��p�?U'b?c'X?W'�p`'[�e'g)W�_ #?�����HcNY�s��Zt�U'[�]^`'b?h'g)c�W's^kNj�e'b?U'W'y�t�h)Y�h�n�w�kJt
g�Y�haW\[)]^g�YAk!]�ya`{k!Y�U'h�[�_)]^h'W'|xt~g�[LkN��h�[ ]^g�YAkm]^[�[�g)_�b?g�]^g)_�[�_)Y�g��3_3g�w ]Zy�q
e'j�cNY�sxn�[�kNb?b U'W's?h�[�d�g)b?|~`'b?cNY�g)j�c'b��C� �Vb?n�[�kN�(%5W'b8[�g)h{kN[�U'b?U'W'y�]^`'b?h'g)cNY
r [�U'[�_�[�X?[�W's^kNj�e'b?U'W'y�[�g8`{k!Y�U'h�[�_)]^h�[�d r j�U'h'l'W'WF_�[�s?U'W'h)Y��8g�`'[V]QkNb � j�q
��o�W'|a`'c'W'e'W'UNY�| � #A�0cNY�]?]^b?y{U'W'b8UNY�`{k!Y�s?|~b�t�sLY�`'[�kNU'y{��o�b?d�]^h�[�`{kNb?U'W'y
XZYAk!Y�h'g)W'h��<��� � _�W'zFb?U'W'b5UNY�n�kN� � Y�g�b^kNy�[�g)U'[)]^W'g)b^kN��U'[�]^WN]^g)b?|~w [�g�]^e'b^q
g�Y{t�_�h�[�g)[�c'[�dF`'[�g)[�h�c'b^kNW'h'g)[�_�[�X?[�W's^kNj�e'b?U'W'y5cNY�_�b?UFU'j�kN� ��
��<UNYAkNW'e'W'b
U'b?n�[LkN�(%�W{�3�

∆T/T ' 10−5÷10−6 �JU'b?[ � U'[�c'[ � U'[)]^g)b?d�W'U'g�b?UN]^W'_�U'[)]^g)Wut]^_�y{sLY�U'U'w���] r kNj�h'g)j)Y�l'W'y{|~Wi`{kN[�g)U'[)]^g)W}U'b?h�[�X � Y\W's^kNj�e'W'_(%5b?dp]^_�b?g
]^c'b � w��DOVs��?g)W{� `'b?c'_�W'e'U'w�� U'b?[ � U'[�c'[ � U'[)]^g)b?d�_�`'[)]ZkNb � ]^g)_�W'W\cNY�s?_�W{q
kNWN]^� UNY�n�kN� � Y�b?|~wxb�h'c'j�`'U'[�|:Y�]&%5g�Y�n�U'wxb�U'b?[ � U'[�c'[ � U'[)]^g)W�_�cNY�]^`'c'b^q
� b^kNb?U'W'W3XZYAk!Y�h'g)W'hu�

� ��(�� : � +3��@ ��& :!��1,('*A@ � ��Y�W'n�[LkNb?b�W's?_�bL]^g)U'wxb�`'c'W'|~b?c'w�U'b?g)b?`{q
kN[�_�w�� ]^`'b?h'g)c'[�_

�
]^`'b?h'g)c'w cNY � W'[�`'j�kN�)]?Y�c'[�_ � _�cNY�o�Y��8o5W{��]�y�U'b?d{q

g)c'[�U'U'w�� s?_�b?s � ]\]^W{kN��U'wx| |:Y�X?U'W'g�U'wx| `'[�kNb?|��Zt�cNY � W'[�XZYAk!Y�h'g)W'h W
� ���D	��?� �U�#.� 3$�	�� � 	2�
�!-H� � �'T � �����# ������!��F

ν
�!�

xν
�H&D*2�
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���!�D	!�(����R A�-'��B�� @

� ���������!���:���E���2�����
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xT
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x
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энергия фотона

частота [Гц]

П
о

то
к

 F
ν

 [
Я

н
]

ν
F

ν
 [

эр
г/

(с
м

2
. с

)]

а

б

1 мкэВ    1 мэВ         1 эВ        1 кэВ        1 МэВ     1 ГэВ

109 1012  1015 1018 1021 1024

� �!��T �'T �'T ��5!��-���.W-M�H�����#.�� ��� � � �V�#�V.��
*��!� *!�
γ
@ *!�2�
52���
�#�!�MT �����
. �'$��+5!�#����-

Fν

�
P'�!�
-M� � � ��*!����� �!�U�!�
 ��
.�������P7�!K � �

= 10−26
� ���
�  

2· � � � ��T ��������$��J����	��������2� νFν

�
 ��#-'���� �$M �-'�#����.��#A;$M-H�#�(R �H�#���V�!�+�!�#�
���#��R4�U ��#-'���� ��
	�F#��R  �B����
.�&
�#��R *!��	!�(���!�� T

h'_)Y�sLY�c'[�_'t)zFbL]^g)h'W{��c'b?U'g�X?b?U'[�_)]^h'W{�FWN]^g)[�e'U'W'h�[�_'t)U'b?h�[�g�[�c'w��F[)]^g�Y�g�h�[�_
]^_�b?c)�{U'[�_�w���s?_�b?s � ��� g)W�]^`'b?h'g�c'w�]^_�y{sLY�U'wi]�]^W'U{��c'[�g�c'[�U'U'wx| W's^kNj�e'b^q
U'W'b?|�c'b^kNy{g)W'_�WN]^g�]^h'W{����kNb?h'g)c'[�U'[�_�_8|:Y�X?U'W'g)U'[�| `'[LkNbxW�]�`'c'[�l'bL]?]?Y�|~W
[�n�cNY�g)U'[�X?[Fh�[�|~`'g)[�U'[�_)]^h�[�X?[�cNY�]?]^b?y{U'W'y�|~y{X?h'W{��� h)Y�h�`'cNY�_�W{kN['t{g)b?`{kN[�q
_�w��<� r [�g)[�U'[�_�UNY�c'b^kNy{g)W'_�WN]^g�]^h'W{�a��kNb?h'g)c'[�UNYA�i��]^|x�EU'W'zFb��Z�A+VY�cNY�h{q
g)b?c'U'[�d�[)]^[�n�b?U'U'[)]^g���� g�Y�h'W{��]^`'b?h'g�c'[�_�y{_�kNy{b?g�]Zy�UNYAkNW'e'W'bF]^g)b?`'b?U'U'[�d
sLY�_�WN]^W'|~[)]^g)W `'[�g)[�h)Y�[�g�eNY�]^g)[�g)w

Fν ∝ ν−α t!X � b5`'[�h)Y�sLY�g)b^kN��]^g)b?`'b?U'W
α
[�n�wxe'U'[�W'|~b?b?g�s?UNYLe'b?U'W'ya[�g��{�	� � [<#���]^|x�Jc'WN]��7���	���Z�6H�g�|~b?g)W'|xt�e'g)[

]^g)b?`'b?U'U'wxb�sLY�_�WN]^W'|~[)]^g)W `'[�g�[�h)Y�_�[�X?cNY�U'W'e'b?U'U'[�| � WNY�`NY�s?[�U'b�eNY�]^g)[�g
|~[�z�U'[�`'[LkNj�e'W'g)��W � kNyig�b?`{kN[�_�[�X?[�W's^kNj�e'b?U'W'yp_mc'bLYAkN��U'w���Y�]^g)c'[�q
r W's?W'e'bL]^h'W{��WN]^g)[�e'U'W'h)YA�i� UNY�`'c'W'|~b?cut ]^j�|~|~W'c'[�_)Y�U'W'b?| `{k!Y�U'h�[�_)]^h'W{�
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h'c'W'_�w��}[�ga]QkN[�b?_m]�W's?|~b?U'y{�8o5b?dN]Zy�g)b?|~`'b?cNY�g)j�c'[�dut:h)Y�h%_ Y�h'h'c'b?l'W{q
[�U'U'w�� � WN]^h)YA�<�Z�J��g�Y�h'W{� ]QkNj�eNY�y�� j�h)Y�sLY�U'W'b?|pUNY�_�[�s?|~[�z�U'j�� U'b?g)b?`{q
kN[�_�j���`'c'W'c'[ � ja]^`'b?h'g)cNY�[�n�wxe'U'[�y�_�kNy{b?g�]�y [�g�]^j�g�]^g)_�W'b��?h�]^`'[�U'b?U'l'W{q
YAkN��U'[�X?[�I sLY�_)YAk!YQM

Fν ∼ exp(−hν/kT )
UNY�_�w ]^[�h'W{�}eNY�]^g)[�g�YA��tEh�[�g)[�q

c'wxd�_)]^b?X � Y�W'|~b?b?g�|~bL]^g)[ � kNy�g)b?`{kN[�_�[�X?[�W's^kNj�e'b?U'W'y ]Hg)b?|~`'b?cNY�g)j�c'[�d
T
�)�5c'j�X?W'|~W�`'c'W's?UNY�h)Y�|~W�U'b?g)b?`{kN[�_�[�X?[�W's^kNj�e'b?U'W'y�y{_�kNy{b?g�]Zy�_�w ]^[�h)Y�y

]^g)b?`'b?U'�F`'[LkNy{c'W'sLY�l'W'W#� [)]^[�n�b?U'U'[ � kNy�]^W'U{�{c'[�g)c'[�U'U'[�X?[�W's^kNj�e'b?U'W'y<�Zt'Y
g�Y�h'zFb r W's?W'e'bL]^h'WmU'b?`'c'W'b?|EkNb?|:Y�ym_�w ]^[�h)Y�y y{c'h�[)]^g�UNY�yag)b?|~`'b?cNY�g)j�cNY
W's^kNj�e'b?U'W'y�����Y�`'c'W'|~b?cut � kNy�`'j�kN�)]?Y�c'[�_�W{kNW�h�[)]^|~W'e'bL]^h'W{��|:Y�s?b?c'[�_ Tb|~[�zFb?g � [)]^g)W'XZY�g��Fs?UNY�e'b?U'W'y > 1020 � �

� #��$#�� 1 � 1��;G J � �,135.6 �

#��8/ r b?c'W'e'bL]^h'W{q ]^W'|~|~b?g)c'W'e'U'[�b�[�n�k!Y�h�[�[�`'g�W'e'bL]^h'W g�[�U'h�[�d g)b?`{kN[�q
_�[�d `{k!Y�s?|~w ]Zz�W'|:Y�b?g�]Zy�Y � WNY�n)Y�g)W'e'bL]^h'Wu��� `'c'W'n�kNW'zFb?U'W'W0)~��kNb?y

��5z�W'UN]?Y�UNY�d'g�WasLY�_�WN]^W'|~[)]^g)� y{c'h�[)]^g)U'[�d g)b?|~`'b?cNY�g)j�c'w W's^kNj�e'b?U'W'y#W
`'c'W'U'W'|:Y�b?|~[�X?[5`'[�g)[�h)YVW's^kNj�e'b?U'W'y�[�g�cNY � W'j)]?Y�[�n�k!Y�h)Y{���V[�� r�r W'l'W'b?U'g
`'[�XZkN[�o�b?U'W'y3W�|:Y�]?]^j�[�n�k!Y�h)Y�]^e'W'g�Y�g��F`'[)]^g�[�y{U'U'wx|~Wu�

�8k!Y�s?|~j�]^e'W'g�Y�g)��W � bLYAkN��U'wx|�[ � U'[)Y�g)[�|~U'wx|�XZY�s?[�|x�
L � �<�9�0.!�
Y��
Iν = τνSν

t
Sν = Bν(T ) ∝ T

� `'c'W'n�kNW'zFb?U'W'b )~��kNb?y
�
�5z�W'UN]?Y��Zt

n{�
τ = n(r)σr ∝ 1/r3r = 1/r2 t

_{�
pV γ = const, pV ∼ T → T ∝ V −2/3 ∝ 1/r2 � kNy γ = 5/3

t
X��
Tb ∼ I ∝ τT ∝ 1/r21/r2 = 1/r4 t

_{�
F ∼ r2I ∝ 1/r2 t

��(�����( � Tb ∼ 1/r4, F ∼ 1/r2 �

��� ��Y8kNj�e'bxs?c'b?U'W'y�[ � U'[HsLY � c'j�X?W'|#cNY�]^`'[�k!Y�XZY�b?g�]Zy N [ � W'UNY�h�[�_�w��
[�n�k!Y�h�[�_�g)b?`{kN[�_�[�d `{k!Y�s?|~w ]�[�`'g�W'e'bL]^h�[�dmg)[LkNo�W'U'[�d

τ
� 	Vb?|~j cNY�_�UNY

W'U'g)b?UN]^W'_�U'[)]^g)�V_�w��)[ � y{o�b?X?[HW's^kNj�e'b?U'W'y�_ � [�kN��kNj�eNY8s?c'b?U'W'y��x��Y�h�[�UNY
[�g)U'[)]^W'g�]�y�h�W'U'g)b?UN]^W'_�U'[)]^g)W�W's^kNj�e'b?U'W'y�[�gV[ � U'[�X?[H[�n�k!Y�h)Y	����Y�g)�Ve'WN] q
kNb?U'U'wxd3[�g)_�b?g � kNy τ = 1

W
N = 10

�
L � �<�9�0.!�
#�� ��[�c'|:YAkN��U'wxd ]^`'[)]^[�n

�
W'sHj�cNY�_�U'b?U'W'y�`'b?c'b?U'[)]?Y �
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Y��
I1 = S(1 − e−τ )

t
I2 = I1e

−τ + S(1 − e−τ ) = S(1 − e−2τ )
t �T�T�Tt

IN = IN−1e
−τ + S(1 − e−τ = S(1 − e−Nτ )

�

n{�
IN/I1 = (1 − e−Nτ )/(1 − e−τ )

�
�����V[V[�`'c'b � b^kNb?U'W'� τ

t�[�`'g)W'e'bL]^h)Y�yFg)[LkNoFY8UNY�[�g � b^kN��U'w���j�eNY�]^g)h)YA�
`'j�g)W�_ � [LkN��kNj�eNY�s?c'b?U'W'y�]^j�|~|~W'c'j�b?g�]Zy��!�V[)]^h�[LkN��h'j�[�n�k!Y�h)Y�[ � W'UNY�h�[�q
_�w�tJW{��|~[�z�U'[�sLY�|~b?U'W'g���[ � U'W'| [�n�k!Y�h�[�| ]

τN = Nτ
tu[�g)h'j � Y�]^cNY�s?j

`'[LkNj�eNY�b?|%[�g�_�b?g���]^|x�N`u�8#^n{�Z�
��(�����( � I10/I1 ≈ e/(e− 1) ≈ 1.58

�


�� ��Y�n�kN� � Y�b?|:Y�yi]^_�b?g)W'|~[)]^g��a|:Y�s?b?c'U'[�X?[\WN]^g)[�e'U'W'h)YaUNYa|~[LkNb?h'j�q
kNb�X?W � c'[�h�]^W{k!Y�H � ] � kNW'U'[�d�_�[LkNU'w λ = 18

]^| � [)]^g)W'XZY�b?g�]^_�b?g)W'|~[)]^g�W/ [LkNU'lNY{t)Y�y{c'h�[)]^g)UNY�y�g)b?|~`'b?cNY�g)j�cNY�W's^kNj�e'b?U'W'y
Tb = 1020 � �QK�b?|~`'b?cNYAqg)j�cNY�_HWN]^g)[�e'U'W'h�bV
���� � �G/ e'W'g�Y�y�t�e'g)[HjN%5W'c'b?U'W'b�kNW'U'W'W�[�n�j)]QkN[�_�kNb?U'[g)[�kN��h�[5g�b?`{kN[�_�wx|~W � _�W'zFb?U'W'y�|~W�|~[LkNb?h'j�kJt�[�l'b?U'W'g)�HcNY�s?|~b?c�WN]^g)[�e'U'W{q

h)Y
rs
t'`'c'b � `'[Lk!Y�XZY�y3b?X?[�] r b?c'W'e'bL]^h'j�� ]^W'|~|~b?g)c'W'�F�

L � �<�9�0.!�
Y��
Iν = dE/dt/dS/dν/dΩ = (L/4π)1/(4πr2

s )1/∆ν
t

n{�
∆ν/ν ≈ vt/c =

√
3kT/m

t'X � b m = 17mp
� kNy�|~[LkNb?h'j�kNw H ���

_{�
kTb = 2c2/ν2Iν = 2λ2Iν = 2λ3(L/4π)1/(4πr2

s )1/vt
t

X��
r2s = 2λ3/(16π2vt)(L/kTb)

�
��(�����( � rs ' 1

Y{� b��
�
gC� b��'��Y�cNY�h'g)b?c'U'wxd�cNY�s?|~b?c3`{k!Y�U'b?g)U'[�d ]^WN]^g)b^q

|~w��
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$#&%�# �=-A2,+?5.2;<=6 I 1 ��1��,G 2,1
C�� � ��1
/36�����24+�
 1?-0/�),+?24+�8 G;G
��k!Y�_�UNY�y%[�gCkNW'e'W'g)b^kN��UNY�y�[)]^[�n�b?U'U'[)]^g)� Y�]^g�c'[�U'[�|~W'W

�
U'b?_�[�s?|~[�z�q

U'[)]^g)�3`'[)]^gCY�_�W'g)��I �?h�]^`'b?c'W'|~b?U'g(M�_3`'c'W'_�wxe'U'[�| � kNy r W's?W'h'W\]^|~w ]ZkNb
�?g)[�X?[�]ZkN[�_)Y{� �Vb?_�[�s?|~[Cz�U'[�]^`'b?l'WNYAkN��U'wx|i[�n�cNY�s?[�|CI `'[ � X?[�g�[�_�W'g)��MHWN] q
]QkNb � j�b?|~wxdp[�n��ub?h'gmW{kNWi_�[�[�n�o5b�h)Y�h{q g)[a`'[�_�kNW'y{g)�\UNY#U'b?X?['�x��g)[�cNY�y
[)]^[�n�b?U'U'[)]^g)��sLY�h{kN��eNY�b?g�]Zy\_3g)[�|xt,e'g)[3`'[ `'c'W'e'W'U'b�h�[�U'b?e'U'[)]^g)W�]^h�[�q
c'[)]^g)W ]^_�b?g�Y{t�`'c'W'U'W'|:Y�y ]^W'X?UNYAk#[�g�h)Y�h�[�X?[�q�kNW'n�[�WN]^g)[�e'U'W'h)Y{tu|~w W's?j�q
eNY�b?| r W's?W'e'bL]^h'W'b `'c'[�l'bL]?]^w�t `'c'[�WN]Z�)[ � W'_(%�W'b _#U'b?| |~U'[�X?W'b ]^[�g)U'Wut
g)w ]Zy{e'W�W � Y�z�b8|~W{k'kNWNY�c � wfkNb?gFUNY�sLY � �'�Vc'W'U'y�g�[�X?[�_�[�c'W'g)�F[�n�Y�]^g)c'[�q
U'[�|~W'e'bL]^h'W{� MN;
�$#=. ,

?M���! � t�gA� b���[�`NY�]?]^W'_�U'[�|m`'c'W'b?|~bVW'U r [�c'|:Y�l'W'W�[�g
WN]^g)[�e'U'W'h)Y{�

)0b?X?WN]^g)cNY�l'W'y�WmW's?j�e'b?U'W'b�_�c'b?|~b?U'U'w��mWm]^`'b?h'g�cNYAkN��U'w��a��Y�cNY�h'g)b^q
c'WN]^g)W'h�]^W'X?UNYAk!Y�[�g�Y�]^g)c'[�U'[�|~W'e'bL]^h'W{��WN]^g)[�e'U'W'h�[�_�y{_�kNy{b?g�]ZyFXZk!Y�_�U'wx|
]^`'[)]^[�n�[�|3WN]?]ZkNb � [�_)Y�U'W'y�W{� r W's?W'e'bL]^h�[�X?[V]^[)]^g)[�y{U'W'yHW5�?_�[LkN�8l'W'Wu�?�HkNy
`'[LkNj�e'b?U'W'y�y']^U'[�d r W's?W'e'bL]^h�[�d�h)Y�c'g)W'U'w%[�n�WN]?]QkNb � j�b?|~[�|�h{k!Y�]?]^b8[�n���q
b?h'g)[�_%� UNY�`'c'W'|~b?cut�s?_�b?s � YA��W{kNW}XZYAk!Y�h'g)W'h)YA�<��U'j�z�U'[ `'c'[�_�[ � W'g)� UNYAq
n�kN� � b?U'W'y `'[�_�[�s?|~[�z�U'[)]^g�W n�[LkN�(%5b?X?[�W{��e'WN]Zk!Y�UNY�cNY�s?U'w���]^gCY � W'y��
W{���?_�[�kN��l'W'Wu�
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H8]^U'[�_�U'[�d W'U r [�c'|:Y�l'W'[�U'U'wxd h)Y�UNYAk _iY�]^g)c'[�U'[�|~W'W � [�]^W{�p`'[�c
]^_�y{sLY�U�]�Y�UNYAkNW's?[�| ��kNb?h'g)c'[�|:Y�X?U'W'g)U'[�X?[\W's^kNj�e'b?U'W'y�����]^b3`'c'[)]^g)cNY�U{q
]^g)_�[�`'c'[�U'W'sLY�U'[8W's^kNj�e'b?U'W'b?|�]^_�b?g�Y s?_�b?s � tA|~b?z�s?_�b?s � U'[�X?[VXZY�sLY�W�`'w�kNWut
|~b?z�XZYAk!Y�h'g)W'e'bL]^h�[�X?[�X?[�c�y�e'b?X?[8XZY�sLY{tLc'b^kNW'h'g)[�_�wx|�|~W'h'c'[�_�[LkNU'[�_�wx| W's^q
kNj�e'b?U'W'b?|x�<�Vc'W'b?|�W�Y�UNYAkNW'sFW's^kNj�e'b?U'W'y�[)]^j�o5bL]^g�_�kNy�b?g�]Zy�]H`'[�|~[�o5���
g)b^kNbL]^h�[�`'W'e'bL]^h�[�d�g)b^��U'W'h'Wu���Vc'W�UNY�n�kN� � b?U'W'W�]Zk!Y�n�w���WN]^g)[�e'U'W'h�[�_�g)b^q
kNbL]^h�[�`�c'b %�Y�b?g�]QkNb � j���o�W'b5sLY � YLe'W �
� ��]^[�n�cNY�g�� WHUNY�`'cNY�_�W'g)��UNYx`'c'W'b?|~U'W'h�W's^kNj�e'b?U'W'yHh)Y�hH|~[Cz�U'[�n�[�kN��q

%�b?bHh�[�kNW'e'bL]^g)_�[�]^_�b?g)[�_�[�d��?U'b?c'X?W'W��
n{��[�g � b^kNW'g)� `'[�kN[�zFb?U'W'y�W's?[�n�cNY�z�b?U'W'd}WN]^g�[�e'U'W'h�[�_%� W{kNW�[�g � b^kN��q

U'w�� � b?g�YAkNb?d�� � c'j�XH[�g � c'j�XZY��
_{��_�w � b^kNW'g�� =���: MN;$# [�g [�g � b^kN��U'[�X?[ WN]^g�[�e'U'W'h)Y ]^c'b � W�bL]^g)bL]^g)_�b?U{q

U'[�X?[ � 7
4V; �
� g)W�sLY � Y�e'Wac'b %�Y��8g�]�y `'j�g)b?|fWN]^`'[�kN��s?[�_)Y�U'W'yag)b^kNbL]^h�[�`'[�_�_�cNY�s^q

kNW'e'U'w�� � WNY�`NY�s?[�UNYA�}�ZkNb?h'g�c'[�|:Y�X?U'W'g)U'[�X?[\]^`'b?h'g�cNY{� H � UNY�h�[\`'c'b?z � b
e'b?| `'[�`NY�]^g���UNY�g)b^kNbL]^h�[�`ut0]^_�b?g�[�g3h�[)]^|~W'e'bL]^h�[�X?[�WN]^g)[�e'U'W'h)Y�`'c'[��)[�q
� W'g�e'b?c'b?sH|~b?z�s?_�b?s � U'j�� ]^c'b � j�W�s?b?|~U'j�� Y�g)|~[)] r b?c'j�tNeNY�]^g�W'e'U'[�W{kNW
`'[LkNU'[)]^g���� `'[�X�kN[�o�Y�y']^��_�sLY�_�WN]^W'|~[)]^g)W3[�g � kNW'U'w�_�[�kNU'w��
"�� E3� E3����*,+�: 5 &)1�"��0.!�3& �3��(�"�/ �9? �,+��i"'(�?V+!&)-���*0+��

��sLY�W'|~[ � b?dN]^g�_�W'b ��kNb?h'g)c'[�|:Y�X?U'W'g)U'[�X?[iW's^kNj�e'b?U'W'y ]aY�g)|~[)] r b?c'[�d
�<b?|EkNW `'c'W'_�[ � W'g�h3g)[�|~j�t�e'g)[�UNY�s?b?|~U'wxb�Y�]^g)c'[�U'[�|~W'e'bL]^h'W'bFUNY�n�kN� � b^q
U'W'y�_�[�s?|~[Cz�U'w kNW�%���_�j�s?h'W{� I [�h'UNYA�3`'c'[�s?cNYLe'U'[)]^g)WGM�_�[�`'g)W'e'bL]^h�[�|xt
O���WHcNY � W'[ � WNY�`NY�s?[�UNYA����]^|x��c'WN]��C���$#A�Z�A�V[�XZkN[�o�b?U'W'b O��8q r [�g�[�U'[�_ `'c'[�q
WN]Q�)[ � W'g�XZk!Y�_�U'wx|m[�n�cNY�s?[�|m|~[LkNb?h'j�k!Y�|~W�_�[ � w�t�h'WN]ZkN[�c'[ � Y�W�j�X�kNb?h'WN] q
kN[�X?[HXZY�sLYV_�g)c'[�`'[)] r b?c'b���� � W�n�[LkNb?b zFbL]^g)h�[�b W's^kNj�e'b?U'W'b�`'[�XZkN[�o�Y�b?g)q
]Zy |~[LkNb?h'j�kNy{c'U'wx|�W Y�g)[�|:Y�c'U'wx|fh'WN]ZkN[�c'[ � [�| W�Y�s?[�g)[�|xtuY�`'[�XZkN[�o5b^q
U'W'bV_�n�kNW'z�U'b?|m� ��[)]^j�o5bL]^g�_�kNy�b?g�]Zy�_F[)]^U'[�_�U'[�|�[�s?[�U'[�|�UNYF_�w ]^[�g�YA�
���
�

���h'|#UNY � `'[�_�b?c)�{U'[)]^g)�����<b?|EkNW�� [�s?[�U'[�_�wxd�]ZkN[�d��Z� ��Y�e'W'UNY�y�]�_�w�q

]^[�g����
�

���h'|pY�g)|~[)] r b?cNY�]^g�Y�U'[�_�W'g�]�y�`'cNY�h'g)W'e'bL]^h'W `'c'[�s?cNY�e'U'[�d � kNy

r [�g)[�U'[�_�]F�?U'b?c'X?W'b?d#_�w %5b�����h'�L� � z�bL]^g�h'W'd c'b?U'g�X?b?U'[�_)]^h'W'd � WNY�`NYAq
s?[�U��Z� �Vb?`'c'[�s?cNYLe'U'[)]^g���Y�g)|~[)] r b?c'wf_ � b?h)Y�|~b?g)c'[�_�[�|}cNY � W'[ � WNY�`NY�s?[�U'b
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� �!��T��MT K#T � R �
�#�
�M�
*2� -M�#����.��#AJ5!.�������-H�#�
� �!��	�$'�!�����!�3*:�����!��AJ*!	�����R�����	���R,� *!�!��@
5!�#�
���!�U�#�V*�	�������R��9.!�
*��!������	��?*2�S&��# � ���@ ����	�$'�!�(���!P:T �S.M������*2����R"-�.M���#R � ��R �����#�

*!�W-'�����#.�R��;*2���H�
*!��� ���M�7K��9� K�� 52��*:�#I �+��&��W�!�(	�$'�!�����!P:T

[�n�j)]QkN[�_�kNb?UNY [�g)cNY�zFb?U'W'b?|�cNY � W'[�_�[LkNU\[�g�W'[�U'[)] r b?c'w UNY�_�w ]^[�g�YA��[�g

���h'|�W�_�w %5b���OVsVc'WN]^j�U'h)Y�_�W � U'['t'e'g)[�`'[�e'g)W�_)]�y O��8q [�n�k!Y�]^g���]^`'b?h{q
g)cNY�W�zFbL]^g)h�[�b c'b?U'g)X?b?U'[�_)]^h�[�b8W�XZY�|~|:YAq W's^kNj�e'b?U'W'b8|~[�X?j�gHUNY�n�kN� � Y�g���q
]Zy�]�Y�`'`NY�cNY�g)j�c'[�dut�`'[ � U'y{g)[�d�UNY5Y��?c'[)]^g�Y�g�YA��W�]?Y�|~[�kNb?g�YA��_�w %5b���� � 
��h'|x� ��Y�n�kN� � b?U'W'y�� � W�c'b?U'g)X?b?U'[�_)]^h'W{��h'_)Y�U'g)[�_�_�[�s?|~[�z�U'w�g)[LkN��h�[�]
[�e'b?U'��n�[LkN�(%�W{�3_�w ]^[�g�W{kNW�W's�n�kNW'z�U'b?X?[�h�[)]^|~[)]?Y{�
"�� E�� ��� ��*,+�: 5 &)1�"��0.!��& �3��(�"�? �	�a/ �3�)/����,+��f&)*!���:+��

��b?z�s?_�b?s � UNY�y\]^c'b � Y�sLY�`'[LkNU'b?UNY�cNY�s?c'b?zFb?U'U'wx| W'[�U'W's?[�_)Y�U'U'wx| W
U'b?d'g)cNYAkN��U'wx|%XZY�s?[�|%W�`'w�kNb?_�[�d3]^c'b � [�du� �vkNb?h'g�c'[�|:Y�X?U'W'g)U'[�b5W's^kNj�e'b^q
U'W'bV`'c'W�cNY�]^`'c'[)]^g�cNY�U'b?U'W'W�_�gCY�h�[�d�]^c'b � bVWN]^`'wxg)wx_)Y�b?g�`'[�XZkN[�o�b?U'W'bHW
cNY�]?]^b?y{U'W'b�t�e'g)[�_�s?UNYLe'W'g�b^kN��U'[�d ]^g)b?`'b?U'W ]^h)Y�s?wx_)Y�b?g�]Zy3UNY�_�[�s?|~[�z�U'[�q
]^gCy���UNY�n�kN� � b?U'W'd3j � YAkNb?U'U'w��3Y�]^g)c'[�U'[�|~W'e'bL]^h'W{��WN]^g�[�e'U'W'h�[�_'�

�m[�n�k!Y�]^g)W�cNY � W'[�_�[�kNU�`'[�XZkN[�o5b?U'W'b8`'cNY�h'g)W'e'bL]^h'W�[�g�]^j�g�]^g)_�j�b?gCt�[ � q
UNY�h�[ W'[�U'W's?[�_)Y�U'UNY�ymh�[�|~`'[�U'b?U'gCY�|~b?z�s?_�b?s � U'[�d�]^c'b � w [�g�_�b?g�]^g)_�b?U'UNY
sLY � WN]^`'b?cN]^W'� cNY � W'[)]^W'X?UNYAk!Yf��]^|x� � YAkNb?b�X�k!Y�_�j I �3b?z�s?_�b?s � UNY�yi]^c'b^q
� YQMQ�Z� H8]^U'[�_�U'[�b}`'[�XZkN[�o�b?U'W'b%_>O���t�[�`'g)W'e'bL]^h�[�| W � � � WNY�`NY�s?[�U'b
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1/λ [мкм-1]

A
λ
/A

V
1.5

1.0

0.5

0.5         1.0         1.5        2.0         2.5

BD+56 524
HD 48099
Herschel 36

L
K

H
J

I

R

V

B

U

� �!��T �MT � T 0:���#�!���� ��#�
��F8�#��	!�#>#	�������P������
�
� � �8����TO����	��������2� ��� ���=��>#.!�����!��A *!	���@
��R ����	���R *�	!P�.��#��	�������R�� �!��5!.����#	!������A
� �2�=��.M�C.!����	�������R � �����
�(*�R ��T �S.����#R �

����.� ���.����H����R6�2�J����	���������$?���D	2��>#	!�(���!P
A = 1

�J*!�2�
52���
�#��� � T

���{�$#
�
���V|~h'|��J[�n�j)]QkN[�_�kNb?U'[�|~b?z�s?_�b?s � U'[�d�`'w�kN���F�)�Vw�kNW'U'h'W�`'[�XZkN[�o�YAq

�8g�� � W#_�W � W'|~[�b�W's^kNj�e'b?U'W'b�s?_�b?s � t,`'b?c'b?cNY�n)Y�g)wx_)Y�y#b?X?[3_ r [�g)[�U'w
|~b?U'�(%5W{���?U'b?c'X?W'd � � YAkNb?h)Y�y O��8q [�n�k!Y�]^g)��]^`'b?h'g)cNY #?�

�
#?�����F|~h'|��Z�N+VYAq

cNY�h'g)b?c'U'[�d�[)]^[�n�b?U'U'[)]^g)���i|~b?z�s?_�b?s � U'[�X?[�`'[�XZkN[�o�b?U'W'y�_V�?g)[�d�[�n�k!Y�]^g)W
y{_�kNy{b?g�]Zy =�
3#=
$�)K2�N@�M'>A=LK2D tNgA� b���]^W{kN��UNY�y3sLY�_�WN]^W'|~[)]^g���[�g � kNW'U'w _�[�k'q
U'w���]^|x�<c'WN]��	���	���Z� � g�Y�sLY�_�WN]^W'|~[)]^g)��U'b?|~[�U'[�g)[�U'UNY{t�W'|~b?b?g�kN[�h)YAkN��U'wxd
|:Y�h�]^W'|~j�|�_�[�n�k!Y�]^g)W#������� � � t<U'[�`'[�X�kN[�o5b?U'W'b�_�]^W'U'b?d#eNY�]^g)W ]^`'b?h{q
g)cNY�]^W{kN��U'b?b�t:e'b?| _�h'cNY�]^U'[�dut:W's^q sLY�e'b?X?[ |~b?z�s?_�b?s � U'[�b3`'[�XZkN[�o5b?U'W'b
`'c'W'_�[ � W'g3h )N>
�9��;A=LM%
?M���. WN]^g�[�e'U'W'h�[�_3]^_�b?g�Y{��� _�W � W'|~[�| � WNY�`NY�s?[�U'b
�
λ = 4000 − 8000

���3�Fh�[�� r�r W'l'W'b?U'gm`'[�XZkN[�o�b?U'W'y�`'c'W'n�kNW's?W'g�b^kN��U'[
]QkNb � j�b?g�sLY�h�[�U'j 1/λ

�<��b^kNW'e'W'UNY�|~b?z�s?_�b?s � U'[�X?[�`'[�XZkN[�o�b?U'W'y<tucNY�]?]^e'W{q
g�Y�U'UNY�yiUNY\b � W'U'W'l'j%`'j�g)Wut�W's?|~b?U'y�b?g�]Zyi_ %�W'c'[�h'W{�p`'c'b � b^k!YA�iWisLYAq
_�WN]^W'g [�g UNY�`'cNY�_�kNb?U'W'y}UNY�WN]^g)[�e'U'W'hu� ��Y�W'n�[�kN�(%5b?b `'[�XZkN[�o�b?U'W'b

�
_

XZYAk!Y�h'g)W'e'bL]^h�[�d `{kN[)]^h�[)]^g)Wut�X � b�]^[)]^c'b � [�g)[�e'b?UNY�n��[�kN�(%�Y�y#eNY�]^g���XZY�s?[�q
`'w�kNb?_�w���h�[�|~`{kNb?h�]^[�_'�0� [�h'c'bL]^g)U'[)]^gAy���/ [�kNU'lNY�_�`{kN[)]^h�[)]^g)W#��YAk!Y�h{q
g)W'h'W#[�`'g�W'e'bL]^h)Y�yag)[�kNo5W'UNY

τ ' 1.5 − 2
UNY #�h'`'hacNY�]?]^g)[Cy{U'W'y<t,`'c'W{q

e'b?|mUNY�W'n�[LkN�(%�W'd�_�h{k!Y � _�`'[�XZkN[�o�b?U'W'b � Y��8g�U'b?n�[LkN�(%5W'b�[�n�k!Y�h)Y�XZY�sLY
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� �
�
#?��[�n�k!Y�h�[�_�UNY #5h'`'h��Z����UNY�`'cNY�_�kNb?U'W'y���UNY�n�[�kNb?bF`{kN[�g�U'wxb�|~[�kNb^q

h'j�kNy{c'U'wxb�[�n�k!Y�h)Y�[�`'g)W'e'bL]^h)Y�y#g)[�kNo�Y�|~[�zFb?g � [)]^g�W'XZY�g)��U'bL]^h�[�kN��h'W{�
� bL]Zy{g)h�[�_�� gA� Uu�(I j�X?[LkN��U'wxb8|~b %5h'WGMQ�Z�{�V[�XZkN[�o�b?U'W'b8j�|~b?U'�(%�Y�b?g�]Zy�]�j � YAq
kNb?U'W'b?| [�g `{kN[)]^h�[)]^g)W%��YAk!Y�h'g)W'h'W%`'[ sLY�h�[�U'j\h�[)]^b?h)Y�UN]?Y{t _�w��)[ � y�UNY
`'c'W'|~b?c'U'[m`'[)]^g)[�y{U'U'wxdij�c'[�_�b?U'�i� U'bL]^h�[LkN��h�[ � bL]Zy{g)w�� � [�kNb?dis?_'� _�b^q
kNW'e'W'U'w�_�`'[�kN[)]?YA� R W{kNW��5� � kNyaXZYAk!Y�h'g)W'e'bL]^h'W{��%5W'c'[�g |b| > 50◦

�
�:]^g�Y�U'[�_�kNb?UNY#]^_�y{s?�#|~b?z � j [�`'g)W'e'bL]^h�[�d%g)[LkNo�[�d � kNym`'[�XZkN[�o�b?U'W'y}_
[�`'g)W'e'bL]^h�[�| � WNY�`NY�s?[�U'b�� `'[�kN[)]?Y�����W#e'WN]ZkN[�| Y�g)[�|~[�_�U'b?d'g�cNYAkN��U'[�X?[
_�[ � [�c'[ � Y NH

UNYFkNj�e'bHs?c'b?U'W'y�_�]^g)[�kNn�b5]^b?e'b?U'W'b?|'#H]^| 2 �

τV ≈ 5.2 · 10−22NH .
� ���$#A�

� g�YF]^_�y�s?�F[�g)cNY�z5Y�b?g��)[�c'[(%5j�� `'b?c'b?|~b %FY�U'U'[)]^g)��`'w�kNW�W�XZY�sLYF_F|~b?z�q
s?_�b?s � U'[�d�]^c'b � b����Vc'W%]^c'b � U'b?d}h�[�U'l'b?U'g�cNY�l'W'WiY�g)[�|~[�_ |~b?z�s?_�b?s � U'[�d
]^c'b � w ∼ 1

]^| −3 `'[�XZkN[�o�b?U'W'bF_�[�`'g)W'h�b5]^gCY�U'[�_�W'g�]Zy�sLY�|~b?g)U'wx|xt�h�[�X � YUNY�kNj�e'b�s?c'b?U'W'y#UNY�n�W'cNY�b?g�]�y ∼ 2 · 1021 Y�g�[�|~[�_ 	A]^| 2 tJgA� b��J`'c'Wa`'c'[��)[�qz � b?U'W'WicNY�]?]^g)[�y{U'W'y%[�h�[LkN[>#�h'`'hu� OVs^q sLY h'cNY�d'U'b?diU'b?[ � U'[�c'[ � U'[)]^g)W
|~b?z�s?_�b?s � U'[�d�]^c'b � w�t�[ � UNY�h�['t�W'|~b?�8g�]Zy I [�h'UNY�`'c'[�s?cNYLe'U'[)]^g)WGMZt�`'[�s?_�[�q
kNy{��o�W'b I sLY�XZkNy � wx_)Y�g)��M�UNY�X?[�cNY�s � [�n�[LkN�(%5W'bFcNY�]?]^g)[Cy�U'W'y��

��n�[�kNb?b�h�[�c'[�g)h�[�_�[�kNU'[�_�[�d � YAkNb?h�[�d�� � W�c'b?U'g�X?b?U'[�_)]^h�[�d�[�n�k!Y�]^g)W
]^`'b?h'g)cNY#[)]^U'[�_�U'[�b�`'[�XZkN[�o�b?U'W'b�]^_�y{sLY�U'[\]�U'b?d'g)cNYAkN��U'wx| XZY�s?[�| � _�[�q
� [�c'[ � [�|}W � c'j�X?W'|~W���W'|~W'e'bL]^h'W'|~W���kNb?|~b?U'g�Y�|~W��Z�3H8]^U'[�_�UNY�y�`'c'W'e'W'UNY
`'[�XZkN[�o�b?U'W'y�zFbL]^g)h'W{� r [�g)[�U'[�_

�
r [�g�[�� r�r b?h'g�� _�wxn�W'_)Y�U'W'b r [�g)[�UNYAq

|~W��ZkNb?h'g)c'[�U'[�_'tusLY�`'[�kNU'y��8o5W{��cNY�s^kNW'e'U'wxb�[�n�[LkN[�e'h'W _�Y�g)[�|:YA�<�Z�
N:] q
kNW��?U'b?c'X?W'y�j�`NY�_(%5b?X?[ r [�g�[�UNY5cNY�_�UNY

hν
t{[�U�|~[�zFb?g�_�wxn�W'g)��W's8Y�g�[�|:Y

�ZkNb?h'g)c'[�U�]��?U'b?c'X?W'b?d ]^_�y�s?W
EI < hν

t�Y�[)]^g�Y�_(%�Y�y']�y3�?U'b?c'X?W'y�`'b?c'b^�)[�q
� W'g�_�h'W'U'b?g)W'e'bL]^h'j�� �?U'b?c'X?W'� _�wxn�W'g)[�X?[���kNb?h'g)c'[�UNY{���<UNY�e'b?U'W'y��?U'b?c{q
X?W'Wut `'c'W�h�[�g)[�c'w��

EI = hν
tvUNY�s?wx_)Y��8g�]Zy )
�+
-,�
3#N;?4 � )'>�: #N> �2
?M���! t

gC� hu�E_�wxn�c'[)]���kNb?h'g)c'[�U'[�_#]��?g)W{�aj�c'[�_�U'b?d r [�g)[�UNY�|~Wm|~b?U'�(%5W{���?U'b?c{q
X?W'd�U'b?_�[�s?|~[�zFb?Uu���Vc'W3n�[LkNb?b5_�w ]^[�h'W{���?U'b?c'X?W'y���]^b?e'b?U'W'b r [�g)[�`'[�X�kN[�q
o5b?U'W'y�] � Y�U'U'[�X?[Hj�c'[�_�U'y�n�w ]^g)c'[�j�|~b?U'�(%�Y�b?g�]�y � σ ∝ 1/(hν)3

� ��Y�`'c'W{q
|~b?cut)`'[�c'[�X�W'[�U'W'sLY�l'W'W�_�[ � [�c'[ � Y #L
��	�V�L��]^[�[�g�_�b?g�]^g)_�j�b?g � kNW'U'b _�[�kNU'w
r [�g)[�UNY�
G#L� � � t{`'[��?g)[�|~j�W's^kNj�e'b?U'W'bH] � kNW'U'[�d�_�[LkNU'w�h�[�c'[�e'b5
G#L� � �
[�e'b?U'��]^W{kN��U'[�`'[�XZkN[�o�Y�b?g�]Zy�_F|~b?z�s?_�b?s � U'[�d�]^c'b � b�� � r�r b?h'g)W'_�U'[�bH]^b^q
e'b?U'W'b�`'[�X�kN[�o5b?U'W'y�Y�g)[�|:Y�|~W�|~b?z�s?_�b?s � U'[�d�]^c'b � wiW's^q sLY r [�g�[�W'[�U'W'sLYAq
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1 пк

10
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1 кпк

10
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1 Мпк
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10-17
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10-23

10-24

10            102          103          104
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�
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�H�#P4<+-H��	!� ��*!	����!�%������>��
*��!�#&
��5!.��#>���&��%-��H�
��@
����� �S*:�
�����#A B��!��.�&
����A=�� ���)9�����
�(*!���#A �
.��(*!� *!	!PE-M��� �����!��.�� �����= ��
)J�����
��*!�!��&��
&��#�
�

nH = 0.1
�2���
�����%�8�
 

3
5!.M� �!�#.� ���	�F����� ��>#��	�����&���	��!P8�C>���	!������PM)V�(	�R��

BD	!�
 ��������#��T � $M��-�����.��# 5!�#-H�#�
���!� ���# ����#�!�����
-'�#�=�
���!�(���!��.!���
�
�
P'����P��2�8�����#>��
*!@
��R��8BD	!��-���.��#�2� �:�2-'�����#.����+*!	�P �U�������!�����

hν � mec
2 ≈ 511

-�B � ���9���
�������!� ���
B(�!�
.M&
���XT

l'W'W5`'[�h)Y�sLY�U'[�UNY c'WN]������	
��?�HkNy�U'b?_�[�s?n�j�z � b?U'U'w��5Y�g)[�|~[�_�� W'[�U'[�_{� � Y�U{q
U'[�X?[���kNb?|~b?U'g�Y8]^b?e'b?U'W'bv`'[�XZkN[�o�b?U'W'y�cNY�_�U'[�U'j�kN� � kNyH�?U'b?c'X?W'W r [�g)[�UNY
U'W'zFb `'[�c'[�XZYVW'[�U'W'sLY�l'W'W���kNb?h'g)c'[�UNYV] ]?Y�|~[�X?[�_�U'j�g)c'b?U'U'b?X?[

K
q j�c'[�_�U'y��

��Y�X?cNY r W'h�b�_�W � U'w�]^h)YLe'h'W\`'[�XZkN[�o�b?U'W'ymUNY
K
q j�c'[�_�U'y��#cNY�s^kNW'e'U'w��

�ZkNb?|~b?U'g�[�_#_�`{kN[�g)� � [ z�b^kNb?sLY{�:�Vc'W�UNY�n�kN� � b?U'W'y���_ c'b?U'g)X?b?U'[�_)]^h�[�|
� WNY�`NY�s?[�U'b����{�$# � #?����h'�L����]�U'W's?h'W'|%]^`'b?h'g�cNYAkN��U'wx|�cNY�s?c'b %�b?U'W'b?| K

q
]^h)YLe'h'W�U'bH`'[ �'� Y��8g�]�y�cNY�s?c'b %5b?U'W'�Ft�`'[��?g�[�|~j�]^_�y{s?��[�`'g�W'e'bL]^h�[�d3g�[Lk'q
o5W'U'w _F�?g�[�| � WNY�`NY�s?[�U'bF]8e'WN]QkN[�|%Y�g)[�|~[�_�_�[ � [�c'[ � Y�UNY5kNj�e'b�s?c'b?U'W'y
|~[�zFb?g�n�wxg)��[�`'WN]?Y�UNY�`'c'W'n�kNW'z�b?U'U'wx|i]^[�[�g)U'[(%5b?U'W'b?|

τX ≈ 2 × 10−22

(
hν

13.6
�L�
)−8/3 ∫

nHdl .
� ���	���

OVs^q sLY�]^W{kN��U'[�X?[Vj�|~b?U'�(%5b?U'W'yF]^b?e'b?U'W'y r [�g)[�`'[�X�kN[�o5b?U'W'y�]:j�_�b^kNW'e'b?U'W{q
b?|��?U'b?c'X?W'W3h'_)Y�U'gCY�`'c'W

hν ≥ 1 � �L�i[�U'[�U'b�W'X?cNY�b?g�sLY�|~b?g�U'[�d�c'[LkNWu�
�Vc'W�UNYAkNW'e'W'W�]^_�[�n�[ � U'w����ZkNb?h'g�c'[�U'[�_�_F]^c'b � b � kNy�zFbL]^g)h'W{��c'b?U'g�q

X?b?U'[�_)]^h'W{� r [�g)[�U'[�_m]��?U'b?c'X?W'b?df_�w %�b #?� h'�L� W%XZY�|~|:YAq�kNj�e'b?df`'c'b^q
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[�n�k!Y � Y���o�W'| ]^g�Y�U'[�_�W'g�]�yfh�[�|~`'g)[�U'[�_)]^h�[�b#cNY�]?]^b?y{U'W'b UNY�]^_�[�n�[ � U'w��
�ZkNb?h'g)c'[�UNYA����]^|x�Cc'WN]��A���	
��Z�Q/ b?e'b?U'W'b�h�[�|~`'g�[�U'[�_)]^h�[�X?[8cNY�]?]^b?y�U'W'y�`'cNY�h{q
g)W'e'bL]^h'WiU'b3sLY�_�WN]^W'g\[�g �?U'b?c'X?W'W r [�g)[�UNY#_�`{kN[�g�� � [a�?U'b?c'X?W'd hν ∼
mec

2 ∼ 511
h'�L�8tuX � b me �

|:Y�]?]?Y�`'[�h�[Cy �ZkNb?h'g)c'[�UNY{t�W cNY�_�U'[�g)[�|:]^[�q
U'[�_)]^h�[�|~ja]^b?e'b?U'W'� cNY�]?]^b?y{U'W'y UNY�]^_�[�n�[ � U'[�| �ZkNb?h'g�c'[�U'b

σT = 6.64 ·
10−25 ]^| 2 �!�HkNy�n�[�kNb?bF�?U'b?c'X?W'e'U'w�� r [�g)[�U'[�_�]^b?e'b?U'W'bFh�[�|~`'g)[�U'[�_)]^h�[�qX?[pcNY�]?]^b?y{U'W'y j�|~b?U'�(%FY�b?g�]Zy

σKN ∼ σT /(hν)
� r [�c'|~j�k!Y��8kNy{d'UNY

�
�VW�%5W'U'wV�Z����[�g)[�U'w _�w ]^[�h'W{�a�?U'b?c'X?W'dm_�sLY�W'|~[ � b?dN]^g�_�j��8g ]��ZkNb?h'g�c'[�q
UNY�|~W _�Y�g)[�|:YA�#W{kNW\W'[�UNYA�ag�Y�h#zFb�t,h)Y�h\]^[ ]^_�[�n�[ � U'wx|~W��ZkNb?h'g�c'[�UNYAq
|~Wutv`'[��?g)[�|~j�bL]ZkNW�_ W'[�U'b3W'|~b?b?g�]�y

Z
�ZkNb?h'g)c'[�U'[�_'t�g)[#`'[�kNU'[�b ]^b?e'b^q

U'W'b�cNY�]?]^b?y{U'W'y � kNy�U'b?X?[�cNY�_�U'[ ZσKN
�G),Y�]?]^b?y{U'W'b5UNYFy � cNYA��_)]^b?X � Y�_

(me/mN )2
|~b?U'�(%�b8W�U'b�W'X?cNY�b?gFsLY�|~b?g)U'[�d�c'[LkNW�_�cNY�s?c'b?zFb?U'U'[�d�|~b?z�q

s?_�b?s � U'[�d�]^c'b � b��
�HkNy5XZY�|~|:YAq h'_)Y�U'g�[�_V]v�?U'b?c'X?W'b?d

hν > 2mec
2 ≈ 1

���L� [�`'c'b � b^kNy{��q
o5W'|m`'c'[�l'bL]?]^[�|m|~[�zFb?g�[�h)Y�sLY�g)�)]Zy�c'[�z � b?U'W'b8�ZkNb?h'g�c'[�U{q `'[�s?W'g)c'[�U'U'w��
`NY�cu� H � UNY�h�[�c'[�z � b?U'W'bx`NY�c'w\W's^q sLYV]^[���cNY�U'b?U'W'y�W'|~`'j�kN�)]?YVU'b?_�[�s?|~[�z�q
U'[�_ _)Y�h'j�j�|~b�t,[�U'[�`'c'[�WN]Q�)[ � W'g W{kNWm_�`'[LkNb�y � cNY3W{kNWm_ |:Y�X?U'W'g)U'[�|
`'[LkNb��

�Vc'[L�)[Cz � b?U'W'b�z�bL]^g�h'W{��h'_)Y�U'g)[�_�W3�?U'b?c'X?W'e'U'w���eNY�]^g)W'l�e'b?c'b?s�_�b^q
o5bL]^g)_�[�eNY�]^g)[���Y�cNY�h'g�b?c'W's?j��8g�_�b^kNW'e'W'U'[�d�`'c'[�U'W'lNY�b?|~[)]^g)Wut�[�n�cNY�g)U'[�d
U'b?`'c'[�s?cNYLe'U'[)]^g)W

1/κ � X
	A]^| 2 � � r Y�h'g)W'e'bL]^h'W �?g)[ � kNW'UNY ]^_�[�n�[ � U'[�X?[
`'c'[�n�b?XZY r [�g)[�UNY{t�j�|~U'[�zFb?U'UNY�y UNY%`{kN[�g)U'[)]^g)�i]^c'b � wV�Z���HkNy XZY�|~|:YAq
h'_)Y�U'g)[�_H_�w ]^[�h'W{���?U'b?c'X?W'd��

> 1 � �L���J`'c'[�U'W'lNY�b?|~[)]^g)��_�b?o5bL]^g)_)Y5`'c'W{q
|~b?c'U'[�cNY�_�UNY�`'c'[�U'W'lNY�b?|~[)]^g)W � kNy�sLY�c�y�zFb?U'U'w��3eNY�]^g)W'l�]Hg�[�d�z�bF]?YAq
|~[�d��?U'b?c'X?W'b?d�W�e'WN]QkNb?U'U'[�kNb?z�W'g�_�`'c'b � b^k!YA� ∼ 2− 10

X
	A]^| 2 ��OVsVc'W{q]^j�U'h)Y�_�W � U'['t�e'g)[�_)]Zy���YAk!Y�h'g�W'h)Y�`'c'[�s?cNY�e'UNY � kNy r [�g�[�U'[�_'t<UNY�e'W'UNY�y
]�|~y{X?h�[�X?[�c'b?U'g�X?b?U'[�_)]^h�[�X?[ � WNY�`NY�s?[�UNY3� λ < 10

� � t
hν < 1

h'�L���Z�

"�� E�� 	8� ��� + 7 � 7 �A@ � ��. � :,*,+!(�$ � �9�A�!@ �
��.,&)('+ 7 �,.01,.
H � W'U�W�g)[�g z�b�WN]^g)[�e'U'W'h�`'c'Wm[ � U'W{�\j)]ZkN[�_�W'd}UNY�n�kN� � b?U'W'y�|~[�q

z�b?g�_�[)]^`'c'W'U'W'|:Y�g)�)]�y�h)Y�h�g)[�e'b?e'U'wxdut'Y�`'c'W � c'j�X?W{� � h)Y�h�`'c'[�gCy{zFb?U{qU'wxd#� g)[�bL]^g)��UNYFb?X?[�W's?[�n�cNY�z�b?U'W'W�|~[Cz�U'[�cNY�s^kNW'e'W'g)��[�g � b^kN��U'wxbH`'[�q
� c'[�n�U'[)]^g)W��Z� / j�o5bL]^g)_�j��8g `'c'W'U'l'W'`'WNYAkN��U'wxb r W's?W'e'bL]^h'W'b�[�X?cNY�U'W'e'b^q
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U'W'y�t!h�[�g)[�c'wxb5U'b�`'[�s?_�[LkNy{��g�g)b^kNbL]^h�[�`NY�|i]^g)c'[�W'g���]^h�[�kN��j�X?[ � U'[�c'b?s^q
h'W'b I g)[�e'b?e'U'wxb&MVW's?[�n�cNY�zFb?U'W'y<�

OVs^q sLY � W r cNY�h'l'W'W ]^_�b?g�Y�UNY�h'cNY�y���[�n��ub?h'g)W'_)Y�g�b^kNbL]^h�[�`NY�W's?[�n�cNYAq
zFb?U'W'b�kN��n�[�X?[�g)[�e'b?e'U'[�X?[�[�n��ub?h'gCY�_ r [�h)YAkN��U'[�d�`{kN[)]^h�[)]^g)W�W'|~b?b?g�h�[�q
U'b?e'U'wxd�cNY�s?|~b?c

θd ∼ λ/D
t�X � b λ � � kNW'UNYV_�[LkNU'w%W's^kNj�e'b?U'W'y�t D � � WNYAq|~b?g)c [�n��ub?h'g)W'_)Y{��� ;?�1� 
 ��;&. �2
 ��=�)N>C=?>
�AMN>C=LK2D�. Y�]^g)c'[�U'[�|~W'e'bL]^h�[�X?[

g)b^kNbL]^h�[�`NY [�n�wxe'U'[8UNY�s?wx_)Y���g�j�X�kN[�_�[�d�cNY�s?|~b?cFW's?[�n�cNY�z�b?U'W'y5g)[�e'b?e'U'[�q
X?[�WN]^g)[�e'U'W'h)Y�� s?_�b?s � wV�Zt!h�[�g)[�c'wxd�]^g)c'[�W'g � Y�U'U'wxd3g)b^kNbL]^h�[�`u����Y�h3n�j�q
� b?g `'[�h)Y�sLY�U'[ U'W'z�b�t � kNyah'c'j�`'U'w��aUNY�s?b?|~U'w�� g�b^kNbL]^h�[�`'[�_ c'bLYAkN��UNY�y
cNY�s?c'b %�Y��8o�Y�y�]^`'[)]^[�n�U'[)]^g)� [�X?cNY�U'W'e'b?UNY _�kNW'y{U'W'b?|�g)j�c'n�j�kNb?U'g)U'[)]^g)W
_�Y�g)|~[)] r b?c'b�t!e'b?c'b?sHh�[�g)[�c'j�� `'c'[L�)[ � W'g�]^_�b?gAtNW�g)[�kN��h�[�j�g)b^kNbL]^h�[�`'[�_
U'b?n�[LkN�(%�W{� cNY�s?|~b?c'[�_�cNY�s?c'b %�Y��8o�Y�ya]^`'[)]^[�n�U'[)]^g���[�`'c'b � b^kNy�b?g�]Zy � W{q
r cNY�h'l'W'b?du�

),Y�s � b^kNW'|�WN]^g)[�e'U'W'h'W�UNY�g)[�e'b?e'U'wxb�W�`'c'[�gCy{zFb?U'U'wxb��<� g)[�e'b?e'U'[�q
X?[ � `'c'[�gAy{z�b?U'U'[�X?[{��WN]^g)[�e'U'W'h)Y�j�XZkN[�_�wxb�cNY�s?|~b?c'w |~b?U'�(%�b � n�[LkN�(%5b��
cNY�s?c'b %�Y��8o5b?d�]^`'[)]^[�n�U'[)]^g)W g)b^kNbL]^h�[�`NY{� �V]^U'['t�e'g)[3_�`'c'b � b^kNb�n�bL]^h�[�q
U'b?e'U'[\_�w ]^[�h�[�X?[mj�X�kN[�_�[�X?[mcNY�s?c'b %5b?U'W'yikN��n�[�d�WN]^g)[�e'U'W'hi`'b?c'bL]^g�Y�b?g
n�wxg)��g)[�e'b?e'U'wx|x�

��Y�hfn�w�kN[m`'[�h)Y�sLY�U'[�_ `'c'b � w � j�o5b?d XZk!Y�_�b�t�bL]QkNWpWN]^g)[�e'U'W'h � kNy
� Y�U'U'[�X?[�g�b^kNbL]^h�[�`NY I g)[�e'b?e'U'wxdGMZtCg)[xc'b?X?WN]^g)c'W'c'j�b?g�]�y�g)[LkN��h�[ )'>�KF>
�>��� 
#=7���
?M%��! tJY�U'b�W'U'g�b?UN]^W'_�U'[)]^g)�'�!H�l'b?U'h)Y�W'U'g)b?UN]^W'_�U'[)]^g�W g)c'b?n�j�b?g�s?UNYAq
U'W'y3g�b^kNbL]^U'[�X?[�j�XZk!Y{t<`'[ � h�[�g�[�c'wx|�_�W � b?U�WN]^g)[�e'U'W'hut<e'g)[ � kNy�g)[�e'b?e{q
U'[�X?[�WN]^g)[�e'U'W'h)Y�U'b?c'bLYAkNW's?j�b?|~['�AH � UNY�h�[�bL]QkNW�W's � c'j�X?W{� � Y�U'U'w��3W's^q
_�bL]^g)b?U�j�XZkN[�_�[�d � WNY�|~b?g)c�s?_�b?s � w�tJUNY�n�kN� � Y�b?|~[�d#h)Y�h I g)[�e'b?e'U'wxdGMFWN] q
g)[�e'U'W'hut�g)[ � b?g�b?h'g)W'c'j�b?|~wxd�`'[�g�[�h F (d)

ν
|~[�z�U'[�`'b?c'bL]^e'W'g�Y�g���_F`'[�g)[�hut

WN]^`'j)]^h)Y�b?|~wxd#_�n�kNW's?W#`'[�_�b?c���U'[)]^g�W#s?_�b?s � w��8KJ[�X � Y{t0]^e'W'g�Y�y _�`'b?c'_�[�|
`'c'W'n�kNW'zFb?U'W'W�`'[LkNbxW's^kNj�e'b?U'W'y�_�n�kNW's?W�`'[�_�b?c���U'[)]^g�W�s?_�b?s � w�W's?[�g)c'[�`{q
U'wx|xtuUNYA�)[ � W'| F

(e)
ν = πIν(r∗)

�8K�Y�haW's�UNY�n�kN� � b?U'W'd#|~[�z�U'[3[�l'b?U'W'g)�
W'U'g)b?UN]^W'_�U'[)]^g)��_�w��)[ � y{o5b?X?[ W's^kNj�e'b?U'W'y�t�h�[�g)[�cNY�y�U'bL]^b?g�|:Y�h�]^W'|:YAkN��q
U'j�� W'U r [�c'|:Y�l'W'� [�n�W's^kNj�eNY���o�b?|%_�b?o�bL]^g)_�b��

�HkNyJI `'c'[�gAy{z�b?U'U'[�X?[�M}WN]^g�[�e'U'W'h)Y{t5UNY�`'c'[�g)W'_'t�|~[�z�U'[ U'b?`'[)]^c'b � q
]^g)_�b?U'U'[�W's?|~b?c�y�g���W'U'g)b?UN]^W'_�U'[)]^g)�

Iν
_�w��)[ � y{o�b?X?[�W's^kNj�e'b?U'W'y#� eNY�]^g)[

j�`'[�g)c'b?n�kNy{��g�g)b?c'|~W'U )'>�@�
0�%�'M'>C=LK�M';?!;!
�+�)>C=LK2D �ZtCj)]^c'b � U'b?U'U'j��}_�`'c'b^q
� b^k!YA��cNY�s?c'b %�Y��8o5b?dm]^`'[)]^[�n�U'[)]^g)W#g)b^kNbL]^h�[�`NY{�!/�Y�|~[�b�_�w ]^[�h�[�b�j�X�kN[�q
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_�[�b�cNY�s?c'b %5b?U'W'b � [)]^g)W'XZY�b?g�]Zy�_�cNY � W'[ � WNY�`NY�s?[�U'b�|~b?g)[ � Y�|~W3W'U'g)b?c r b^q
c'[�|~b?g)c'W'W�]^[}]^_�b?c)� � kNW'U'U'[�d�n)Y�s?[�d�� ) /:�����Zt `'[��?g�[�|~j � kNyicNY � W'[�W{q
]^g)[�e'U'W'h�[�_�]�W's?_�bL]^g)U'wx|~W j�X�kN[�_�wx|~WacNY�s?|~b?cNY�|~W � kNy���Y�cNY�h'g�b?c'WN]^g)W{q
h'W�W'U'g�b?UN]^W'_�U'[)]^g)W5W's^kNj�e'b?U'W'y�eNY�]^g�[�WN]^`'[LkN��s?j��8g�`'[�U'y{g)W'b !
� ��>C=LK�M'>��
K2
14 )�
0��;�K279�+� ��]^|x��h�[�U'b?l\`'c'b � w � j�o�b?d X�k!Y�_�wV�Zt�gA� hu�J_�cNY � W'[ � WNY�`NYAq
s?[�U'bH� c'�ZkNb?d{q � z�W'UN]^[�_)]^h)Y�y�[�n�k!Y�]^g��{��[�UNY8`'c'[�`'[�c'l'W'[�UNYAkN��UNY5W'U'g)b?UN]^W'_�q
U'[)]^g)W�_�w��)[ � y{o�b?X?[�W's^kNj�e'b?U'W'y Tb ∝ Iν/ν

2 �


$#��$#�� 6��,69-AJK+ �,< G �;);G46 8 2;G,J;G G,I��
	��,6 2;G��

"�� � � E3����:,('. 7 ��&)10.!��(�� � ��&�1u+�:!@
�HkNy `'[LkNj�e'b?U'W'y n�[�kNb?b�c'b?s?h'W{��W's?[�n�cNY�zFb?U'W'd WN]^g)[�e'U'W'h�[�_�W�c'b?X?W{q

]^g)cNY�l'W'W�]Qk!Y�n�w���[�n��ub?h'g)[�_�g�c'b?n�j�b?g�]Zy�`'[�_�w %5b?U'W'b�cNY�s?c'b %�Y��8o5b?d�]^`'[�q
]^[�n�U'[)]^g)W `'c'W'U'W'|:Y���o�b?X?[pj)]^g)c'[�dN]^g)_)Y�W j�_�b^kNW'e'b?U'W'b\`'c'W'U'W'|:Y�b?|~[�d
�?U'b?c'X?W'WaW's^kNj�e'b?U'W'y [�g�WN]^g)[�e'U'W'h)Y{�!H�n�b��?g�W l'b^kNW � [)]^g)W'XZY���g�]Zy�`'c'W{q
|~b?U'b?U'W'b?|mg)b^kNbL]^h�[�`NY

�
[�`'g)W'e'bL]^h�[�X?[F`'c'W'n�[�cNY{t�_5h�[�g)[�c'[�|a`'c'[�WN]Z�)[ � W'g

r [�h'j)]^W'c'[�_�h)Y�]^_�b?g�Y{t�`NY � Y���o�b?X?[�UNY5[�n��ub?h'g)W'_'t�_FU'b?n�[LkN�(%5j�� [�n�k!Y�]^g)�
_ r [�h)YAkN��U'[�d `{kN[)]^h�[)]^g)W g)b^kNbL]^h�[�`NY{t<X � b�]^g)c'[�W'g�]Zy�c'b?s?h�[�b�W's?[�n�cNY�zFb^q
U'W'b��<��Y�h�W's?_�bL]^g)U'['t!`'b?c'_�wxd [�`'g)W'e'bL]^h'W'd�`'c'W'n�[�c\� g)b^kNbL]^h�[�`���n�w�k WN] q
`'[LkN��s?[�_)Y�U�]�Y�]^g�c'[�U'[�|~W'e'bL]^h'W'|~W�l'b^kNy{|~W���YAkNW{kNb?[���YAkNW{kNb?b?|\_ #L�G#?�5X �
W%]^[)]^g)[Cy�k�W's�`'[LkN[Cz�W'g)b^kN��U'[�d}kNW'U's?w � [�n��ub?h'g)W'_{�5W}[�g�c'W'lNY�g)b^kN��U'[�d
� [�h'j�kNy{c���] cNY�s?U'wx|~W � WNY�|~b?g)cNY�|~W�W r [�h'j)]^U'wx|~W�cNY�]?]^g)[�y{U'W'y{|~Wu�)��`'[�q
]QkNb � ]^g)_�W'W � _�`'b?c'_�wxb8�?g)[�] � b^k!YAk O�� �V���8g)[�U��0_�|~bL]^g)[5kNW'U's?w � kNy�[�n���q
b?h'g)W'_)Y5]^gCYAkNW�WN]^`'[LkN��s?[�_)Y�g)�Fs?b?c'h)YAk!Y�� g�b^kNbL]^h�[�`'w�q c'b r kNb?h'g�[�c'wV�ZtN]x`'[�q
|~[�o5��� h�[�g)[�c'w���|~[Cz�U'[F`'[)]^g)c'[�W'g)�FW's?[�n�cNY�z�b?U'W'y�]�|~b?U'�(%�W'|~W�WN]^h)YAq
z�b?U'W'y{|~Wa��Y�n�b?c'cNY�l'W'y{|~W��Zt<e'b?|%]V`'[�|~[�o5��� kNW'U's?[�_�w���[�n��ub?h'g)W'_�[�_'�

H�n��ub?h'g)W'_�W's?X?[�g�Y�_�kNW'_)Y�b?g�]�y3_�[�s?|~[�z�U'[�n�[�kN�(%5b?X?[ � WNY�|~b?g)cNY{t<e'g)[�q
n�w�]^[�n�W'cNY�g)��|:Y�h�]^W'|:YAkN��U'[�b�h�[�kNW'e'bL]^g)_�[��?U'b?c'X?W'W#W�W'|~b?g)���)[�c'[(%5j��
j�X�kN[�_�j�� cNY�s?c'b %�Y��8o5j�� ]^`'[)]^[�n�U'[)]^g)�'� � ;����+
 �F;�. �F;?! =�)N>C=?>
�AMN>C=LK2D
g)b^kNbL]^h�[�`NY�[�`'c'b � b^kNy{b?g�]�y�g)[LkN��h�[ � WNY�|~b?g�c'[�|p[�n��ub?h'g)W'_)Y�W�]^[)]^g�[�y{U'W{q
b?| Y�g)|~[)] r b?c'w�_�|~bL]^g�b�UNY�n�kN� � b?U'W'y<�DH�UNY�[�X?cNY�U'W'e'b?UNY � W r cNY�h'l'W'b?d
]^_�b?g�Y�UNY�_��)[ � U'[�| s?cNYLe'h�b�� [�`'cNY�_�b�[�n��ub?h'g)W'_)Y��

θd ∼ λ/D
W{kNW

� � kNyUNY�s?b?|~U'w��p[�`'g)W'e'bL]^h'W{�ig�b^kNbL]^h�[�`'[�_
�
_�kNW'y{U'W'b?| Y�g)|~[)] r b?c'U'[�dpg)j�c{q
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n�j�kNb?U'g)U'[)]^g)W���]^|x�JU'W'z�b��Zt�W#[�n�wxe'U'[�]^[)]^g�Y�_�kNy{b?g�`'[�c�y � h)Y #�]^b?h'j�U � w
� j�X?Wu�

OVs?[�n�cNY�zFb?U'W'b8]^g�c'[�W'g�]Zy�_ r [�h)YAkN��U'[�d�`{kN[)]^h�[)]^g)W�[�n��ub?h'g�W'_)Y{�9),Y�s^q
|~b?c�W's?[�n�cNY�zFb?U'W'y�WN]^g)[�e'U'W'h)Y�_ r [�h)YAkN��U'[�d�`{kN[)]^h�[)]^g)W

L ≈ F

(
β′′

2 · 105

)
,

X � b β′′ � j�X�kN[�_�[�d�cNY�s?|~b?c�W's?[�n�cNY�zFb?U'W'y�WN]^g�[�e'U'W'h)Y � � kNy3s?_�b?s � � �?g)[j�XZkN[�_�[�b�cNY�s?c'b %�b?U'W'b�g�b^kNbL]^h�[�`NY��Zt�_�wxcNY�zFb?U'U'wxd�_H]^b?h'j�U � YA� � j�X?Wut F �r [�h'j)]^U'[�b5cNY�]?]^g�[�y{U'W'bHg)b^kNbL]^h�[�`NY{�!�Vc'W���Y�cNY�h'g)b?c'U'w���s?UNY�e'b?U'W'y��
F =

10
|xt
β = 1′′

W'|~b?b?|
L = 5 · 10−2 |~|x�

N:]ZkNW�]^g�Y�_�W'g�]�yHsLY � YLeNYVW's?j�e'b?U'W'y�W's?[�n�cNY�zFb?U'W'yF_)]^b^��[�n��ub?h'g)[�_'tA`'[�q
`NY � Y��8o5W{��_�`'[�kNb�s?c'b?U'W'y�[�n��ub?h'g�W'_)Y{t!_ r [�h)YAkN��U'[�d `{kN[)]^h�[)]^g)W�j)]^g�YAq
UNY�_�kNW'_)Y�b?g�]�y�`NY�U'[�cNY�|~U'wxd#`'c'W'b?|~U'W'h}� r [�g�[�`{k!Y�]^g)W'U'h)Y{tu�H�8/vq |:Y�g)c'W{q
lNY��Z� 	Vg)[�n�w U'b�j���j � %FY�g)�\cNY�s?c'b %�Y��8o5j�� ]^`'[)]^[�n�U'[)]^g)�'t�cNY�s?|~b?cf[�g�q
� b^kN��U'w�� ]^_�b?g�[�e'j�_)]^g)_�W'g�b^kN��U'w�� �ZkNb?|~b?U'g)[�_ � `'W'h�]^b^kNb?d��#`'c'W'b?|~U'W'h)Y
W's^kNj�e'b?U'W'y<t�UNY `{kN[)]^h�[)]^g)� h�[�g)[�c'[�X?[ `'c'[�b?h'g)W'c'j�b?g�]Zy W's?[�n�cNY�zFb?U'W'b�t
� [LkNzFb?Ufn�wxg)�\U'b n�[�kN�(%5b

L � kNy%g�[�e'b?e'U'[�X?[\WN]^g�[�e'U'W'h)Y{� K�W'`'W'e'U'wxd
cNY�s?|~b?c��H�8/vq |:Y�g)c'W'l'w

�
#?�����A� #?�����H`'W'h�]^b^kNb?d�� bL]^g���W�n�[LkN�(%5b�t�U'[�[�U'W

[�e'b?U'� � [�c'[�X?W��Z���V[��?g)[�|~j�`'[�kNb�s?c'b?U'W'b�[�h)Y�s?wx_)Y�b?g�]Zy�_)]^b?X?[<#?�����A��#?�����
j�XZkN[�_�w���]^b?h'j�U � � e'j�g)��n�[�kN�(%5b�e'b?g)_�b?c'g)W�X?cNY � j)]?Y��Z� �Vb?n�[LkN�(%5[�b�`'[�kNb
s?c'b?U'W'y�y{_�kNy{b?g�]Zy�[ � U'W'|�W'sHU'b � [)]^g�Y�g)h�[�_��H�8/vq `'c'W'b?|~U'W'h�[�_'�

N:]ZkNWa]^g�Y�_�W'g�]�y�sLY � YLeNY�W's?|~b?c'b?U'W'y `'[�g�[�h)Y�W's^kNj�e'b?U'W'y [�g�[�g � b^kN��q
U'[�X?[FWN]^g)[�e'U'W'h)Y{t{g)[5`'c'W'b?|~U'W'h�]^g�Y�_�W'g�]�y�_ @
���{>
,AM'>�4 ����;&����
 g)b^kNbL]^h�[�q
`NY{�0��w��)[ � U'wx| s?cNY�e'h�[�| UNY�s?wx_)Y�b?g�]�y#W's?[�n�cNY�z�b?U'W'b�[�n��ub?h'g)W'_)Y3g)b^kNb^q
]^h�[�`NY{t'h�[�g)[�c'[�b�]^g)c'[�W'g�]�y�[ � U'[�d�kNW'U's?[�d � W{kNW�[�`'g)W'e'bL]^h�[�d�]^WN]^g)b?|~[�d��Zt
j)]^g�Y�U'[�_�kNb?U'U'[�d�`'[)]ZkNbHXZk!Y�_�U'[�X?[ r [�h'j)]?Y�[�n��ub?h'g)W'_)Y�� _�]ZkNj�eNY�b�UNY�n�kN��q
� b?U'W'daX�k!Y�s?[�| c'[�kN��gCY�h�[�d#kNW'U's?w _�wx`'[LkNU'y{b?g�[�h'j�kNy{cut0]^|x��c'WN]��E���.-{�Z�
K�Y�h�h)Y�h�_F_�w��)[ � U'[�d�s?cNY�e'[�h�`'c'W{�)[ � W'g�]^_�b?g�[�g�_)]^b^��s?_�b?s � t'`'[�`NY � Y���q
o5W{��_�`'[�kNb�s?c'b?U'W'y�[�n��ub?h'g)W'_)Y{t � kNy5_�w � b^kNb?U'W'yF`'[�g)[�h)Y�[�g�h�[�U'h'c'b?g)U'[�q
X?[�WN]^g)[�e'U'W'h)YF_ r [�h)YAkN��U'[�d3`{kN[)]^h�[)]^g)W�j)]^g�Y�UNY�_�kNW'_)Y�b?g�]�y � WNY r cNY�X?|:Y{t
_�w � b^kNy{��oFY�y3]^_�b?g�g)[�kN��h�[�[�g��?g)[�X?[�WN]^g)[�e'U'W'h)Y{�

�Vc'j�`'U'wxb�]^[�_�c'b?|~b?U'U'wxb�[�`'g)W'e'bL]^h'W'b�g)b^kNbL]^h�[�`'w W'|~b?��g � WNY�|~b?g)c
XZk!Y�_�U'[�X?[5s?b?c'h)YAk!Y � [ #?�V|x�9/ `'WN]^[�h�h'c'j�`'U'b?d�%�W{��g�b^kNbL]^h�[�`'[�_H_�[�s?X�k!Y�_�q
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kNy{��g � _)Y #?�Aq |�]^[)]^g�Y�_�U'w��Hs?b?c'h)YAk!Y8W'|x���x���Vb?h)Y�UNY�[�n)]^b?c'_)Y�g�[�c'W'WF� YLj�q
UNY��VbLY�����Y�_)Y�dN]^h'W'b�[)]^g)c'[�_)Y��ZtAg�Y�|�zFbvcNY�]^`'[�kN[�zFb?U�y�`'[�UN]^h'W'dFg)b^kNbL]^h�[�`
/ j�n)Y�c'j ] � WNY�|~b?g�c'[�|pl'b^kN��U'[�X?[�s?b?c'h)YAk!Y����	
�|xtu]QkNb � [�|pW � j�g�e'b?g)wxc'b
���	�Cq |fs?b?c'h)YAk!Y�g)b^kNbL]^h�[�`NY ����� � � 
 ����� � ����
�� 
	� 
 � � � 
�
�� N~_�c'[�`'b?dN]^h�[�d

� z�U'[�d H�n)]^b?c'_)Y�g)[�c'W'W}� / b?c'c'[���Y�cNY�UNYAkJt�	VW{kNW��Z���8k!Y�]?]��Cq |fs?b?c'h)YAk
sLY�|~wxh)Y���g���W � b?U'g)W'e'U'w���g)b^kNbL]^h�[�`NY �5zFb?|~W'U'W � gA� b��6I n�kNW's?U'b?l'w MQ�

�[ � W'U�j)]^g�Y�U'[�_�kNb?UHUNY ��Y�_)Y�dN]^h'W{�H[)]^g)c'[�_)YA��� [�n)]^b?c'_)Y�g)[�c'W'y5� YLj�UNY �VbLY��Zt
� c'j�X?[�d � _ 	VW{kNW'dN]^h'W{� � U � YA��� [�n)]^b?c'_)Y�g)[�c'W'y / b?c'c'[���YA�)[�U��Z�!�V[�]^[�q
]^g)[�y{U'W'� UNY������)��X?[ � t<c'[)]?]^W'dN]^h'W'd\�Cq |ig�b^kNbL]^h�[�` � K � / `'b?l'WNYAkN��U'[�d
� ]^g�c'[ r W's?W'e'bL]^h�[�d H�n)]^b?c'_)Y�g�[�c'W'WC) � � y{_�kNy{b?g�]Zym[ � U'W'|�W's3� g)b^kNb^q
]^h�[�`'[�_��Cq |}h{k!Y�]?]?Y{����[LkNb?b�`'[ � c'[�n�UNY�y�W'U r [�c'|:Y�l'W'y�[�n�[LkN�(%�W{�3g)b^kNb^q
]^h�[�`NYA��`'c'W'_�b � b?UNY�UNY�]?Y�d'g)b �
� ��� 
 � 	�	 ��� �����'��	�
 	�
 
�� � 	�
 � � ������� 	���
 ��
	� 
 � � � ����� �

� g)b^kNbL]^h�[�`'b ����� ��]^|x� c'WN]������	���Fh)Y�z � [�b3s?b?c'h)YAkN[\|~[�zFb?ga|~b^��YAq
U'W'e'bL]^h'W#W's?|~b?U'y{g)��]^_�[�� r [�c'|~j � kNy�h�[�c'c'b?h'l'W'WaY�g)|~[)] r b?c'U'w�� � c'[�q
z5Y�U'W'd\W's?[�n�cNY�z�b?U'W'yf��Y�h'g)W'_�UNY�ya[�`'g�W'h)Y��Z�,��Y�z � wxd\W's�e'b?g)wxc'b^�#W'U{q
]^g)c'j�|~b?U'g)[�_�`'c'b � UNY�s?UNYLeNY�b?g�]�y � kNy�WN]^`'[�kN��s?[�_)Y�U'W'y3h)Y�h�U'b?sLY�_�WN]^W'|~wxd
g)b^kNbL]^h�[�`FWFh)Y�h5eNY�]^g)��[�`'g)W'e'bL]^h�[�X?[VW'U'g)b?c r b?c'[�|~b?g)cNY8]:� r�r b?h'g�W'_�U'wx|
� WNY�|~b?g)c'[�|C#L�8|x���5WNY�`NY�s?[�U�UNY�n�kN� � b?U'W'd � [�g5���8|~W'h'c'[�U � [F
������ � � �/ j�o�bL]^g)_�j���g�`'c'[�b?h'g)w ]^g�c'[�W'g)b^kN�)]^g)_)Y�UNY�s?b?|~U'w���
��Aq |�W � Y�z�b #?���Aq |
g)b^kNbL]^h�[�`'[�_ ��]^[)]^g�Y�_�U'wxbHs?b?c'h)YAk!Y{t<Y�h'g)W'_�UNY�y�[�`'g)W'h)Y��Z�
"�� � � ��� ��*,.A�9? �,.,10.

H8]^U'[�_�UNY�yfsLY � YLeNY )
�+�%
14�M����); W's^kNj�e'b?U'W'yf]^[)]^g)[�W'g\_m`'c'b?[�n�cNY�s?[�q
_)Y�U'W'Wa��kNb?h'g)c'[�|:Y�X?U'W'g)U'[�d\�?U'b?c'X?W'W ]^_�b?g�Y�_3W'U'wxb r [�c'|~w � [�n�wxe'U'[�_
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купол

29 м

2
8

,5
 м

вторичное
зеркало

труба

главное и  
третье зеркала
колонна 
телескопа

поворотная 
платформа

фундамент 
башни
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�
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�
� ����� � )J���#A ����.��#5���A!��-M��A 	U>��
�
.M�H������.M���,�2��5�	!�#��� �+��.!���!��	,� ����	���A��
-�� �

� ��*2� �:T
�ZkNb?h'g�c'W'e'bL]^h'j��Ft � kNy U'b?h�[�g)[�c'w�� O��8q UNY�n�kN� � b?U'W'd�_3g)b?`{kN[�_�j��5�Zt0W's^q
|~b?c�y{y�h�[�g)[�c'wxb�k!Y�n�[�cNY�g)[�c'U'wx|~W r W's?W'e'bL]^h'W'|~W�|~b?g)[ � Y�|~W�|~[�z�U'[ � b^q
k!Y�g)��_�wx_�[ � w [���Y�cNY�h'g)b?c'WN]^g�W'h)YA��`'c'W'U'W'|:Y�b?|~[�X?[�]^_�b?g�[�_�[�X?[�]^W'X?UNYAk!Y{�
��YV|~W'h'c'[)]^h�[�`'W'e'bL]^h�[�|mj�c'[�_�U'b�]^_�b?g�[�e'j�_)]^g)_�W'g�b^kN��U'wxd��ZkNb?|~b?U'g�kN�8n�[�q
X?[H`'c'W'b?|~U'W'h)YF]^[)]^g)[�W'gHW's _�b?o�bL]^g)_)Y{t�`'c'W�_�sLY�W'|~[ � b?dN]^g)_�W'W�]xh�[�g)[�c'wx|
�?U'b?c'X?W'y r [�g)[�U'[�_m`'b?c'b^�)[ � W'g}_mh'W'U'b?g)W'e'bL]^h'j�� �?U'b?c'X?W'� ]^_�[�n�[ � U'w��
�ZkNb?h'g�c'[�U'[�_i� _�U'j�g)c'b?U'U'W'diW{kNW%_�U'b %5U'W'd r [�g)[�� r�r b?h'gN��W{kNW%_ h�[�kNb^q
n)Y�U'W'y3W'[�U'[�_�_�j�s^k!YA�3h'c'WN]^g�YAk'kNW'e'bL]^h�[�d�c'b %5b?g)h'Wut�h�[�g�[�c'wxb�_�`'[)]ZkNb � q
]^g)_�W'W�c'b?X?WN]^g)c'W'c'j��8g�]ZymcNY�s^kNW'e'U'wx|~W�]^`'[)]^[�n)Y�|~Wu���Vc'[)]^g)b?d�%5W'b�`'c'W{q
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|~b?c'w
�
h'c'b?|~U'W'b?_�wxd r [�g)[ � W'[ � W{kNW r [�g)[�h)Y�g)[ � � �E�x�v�HkNW'U'U'[�_�[Lk'q

U'[�_)Y�y#X?cNY�U'W'lNY r [�g�[�� r�r b?h'g�Y�_�g)[�|�W{kNWaW'U'[�|�_�b?o5bL]^g)_�b�[�`'c'b � b^kNy�q
b?g >
�$#N;�=LK2D ��7)@A=LKF@��NK2
3#=D)M'>A=LK2� � b?g)b?h'g�[�cNY{� �Vb?`'[)]^c'b � ]^g)_�b?U'U'[�e'j�_�q
]^g)_�W'g)b^kN��U'[)]^g)� � b?g)b?h'g)[�cNY � kNy#cNY�s?U'w��#`'c'W'b?|~U'W'h�[�_�W's?|~b?c�y{b?g�]Zy `'[�q
cNY�s?U'[�|~j�tEU'[�`'[�]^j�g�W � b^k!Y�e'j�_)]^g)_�W'g�b^kN��U'[)]^g)����Y�cNY�h'g)b?c'W's?j�b?g |~W'U'W{q
|:YAkN��U'[�b�h�[�kNW'e'bL]^g)_�[#��kNb?h'g)c'[�|:Y�X?U'W'g)U'[�d}�?U'b?c'X?W'W�_ � WNY�`NY�s?[�U'b�e'j�_�q
]^g)_�W'g)b^kN��U'[)]^g)W � b?g)b?h'g)[�cNY{tH`'c'W _�sLY�W'|~[ � b?dN]^g)_�W'W�h�[�g�[�c'[�d ]�_�b?o�b^q
]^g)_�[�| � b?g)b?h'g�[�cNY�`'[�y{_�kNy{b?g�]Zy r W's?W'e'bL]^h'W'di� r�r b?h'g%��]^W'X?UNYAku�Zt�]^cNY�_�q
U'W'|~wxd�]V_�U'j�g)c'b?U'U'W'|~W %�j�|:Y�|~W � b?g�b?h'g)[�cNY�� g)b?`{kN[�_�wx|}W�gA� � �G�Z�
	�Y�]^g)[ � kNy���Y�cNY�h'g�b?c'WN]^g)W'h'W�e'j�_)]^g)_�W'g�b^kN��U'[)]^g)W � b?g)b?h'g)[�c'[�_�]^_�b?g�Y

WN]^`'[LkN��s?j���ga`'[�U'y�g�W'b �)@A;�MNKF>�@C>�: >�@����{> ,A;
η
�~�V_)Y�U'g)[�_�wxd�_�w��)[ ��� b^q

g)b?h'g)[�cNY�|~[�z�U'[�[�`'c'b � b^kNW'g)��h)Y�h � [�kN� c'b?X?WN]^g)c'W'c'j�b?|~w���h'_)Y�U'g)[�_�`NYAq
� Y���o�b?X?[5`'[�g)[�h)Y{� ��Y�`'c'W'|~b?cut � kNy�e'b^kN[�_�b?e'bL]^h�[�X?[�XZk!Y�sLY η ≈ 10%

t � kNy
r [�g)[��?|~j�kN�)]^W'W ∼ 1%

tNh'_)Y�U'g)[�_�wxd3_�w��)[ � � �~� |~[�zFb?g � [)]^g)W'XZY�g)��
�� ���� ��t,Y3`'c'W'n�[�cNY�]�sLY�c�y � [�_�[�d�]^_�y{s?��� ���H�8/��
�
]^_�w %5b����

�
�A� ��� � g)j

z�b���Y�cNY�h'g�b?c'WN]^g)W'h'j�`'c'W'|~b?U'y��8g � kNy�h�[LkNW'e'bL]^g�_�b?U'U'[�X?[F[�`'WN]?Y�U'W'y�� r q
r b?h'g)W'_�U'[)]^g)W}`'c'W'n�[�cNY#_ l'b^kN[�|xt:gC� b��~_)]^b?X?[ag)cNY�h'g�Y g)b^kNbL]^h�[�`

� � b?g�b?h{qg)[�c
�
j)]^W{kNW'g)b^kN��W{kNW�[�g � b^kN��U'w���s?_�b?U'��b?_F�?g�[�X?[5g)cNY�h'g�Y{t�gC� hu��_Fh)Y�z � [�|

�ZkNb?|~b?U'g)b8`'c'W'b?|~U'[�X?[�h)Y�UNYAk!YF|~[�X?j�g�_�[�s?U'W'h)Y�g)��� W�_�[�s?U'W'h)Y���gN� � [�`'[�k'q
U'W'g)b^kN��U'wxb�`'[�|~b^��Wut0j��{j � %�Y��8o5W'b�� r�r b?h'g)W'_�U'[)]^g)��`'c'W'b?|:Y3_3l'b^kN[�|
� UNY�`'c'W'|~b?cutN`'[�XZkN[�o�b?U'W'b5W�cNY�]?]^b?y{U'W'bH]^_�b?g�Y�_F[�`'g�W'h�b�W�UNYFh�[�UN]^g)c'j�h{q
l'W'y��5g)b^kNbL]^h�[�`NY{t)]^[�n)]^g�_�b?U'U'wxb %�j�|~w\W{kNW�`NY�cNY�s?W'g)U'wxb�UNY�_�[ � h'W�_8j)]^W{q
kNW'g)b^kNb�]^W'X?UNYAk!Y�� ��_H�?g)[�| ]QkNj�eNY�b�WN]^`'[�kN��s?j�b?g�]Zy�`'[�U'y�g�W'b�[�n�[�n�o5b?U'U'[�X?[
h'_)Y�U'g)[�_�[�X?[�_�w��)[ � Y{�

�\h)Y�z � [�| � WNY�`NY�s?[�U'b ��kNb?h'g)c'[�|:Y�X?U'W'g)U'[�X?[�]^`'b?h'g�cNYVbL]^g)��]^_�[�W�[)]^[�q
n�b?U'U'[)]^g)W _�`'c'W'U'l'W'`NYA� � b?g�b?h'g)W'c'[�_)Y�U'W'y W's^kNj�e'b?U'W'y W `'[)]^g)c'[�b?U'W'y
W's?[�n�cNY�z�b?U'W'd�WN]^g)[�e'U'W'h�[�_'�P)0Y�]?]^|~[�g�c'W'|%_)Y�z�U'b?d�%�W'b5W's�U'W{���
"�� � � 	8�ML�"9�:.,+!(�� � ��&�1u+�:!@

),Y � W'[�g)b^kNbL]^h�[�`'w WN]^`'[LkN��s?j���g�]�y � kNy�`'c'W'b?|:Y�h�[)]^|~W'e'bL]^h�[�X?[�W's^kNj�q
e'b?U'W'ym_�`'c'b � b^k!YA�m[�h'UNY `'c'[�s?cNYLe'U'[)]^g)W�s?b?|~U'[�d}Y�g)|~[)] r b?c'w � kNy\cNYAq
� W'[�_�[LkNU�_ � WNY�`NY�s?[�U'b�[�g�|~| � [ � b?h)Y�|~b?g)c'[�_'���5_�b [)]^U'[�_�U'wxb�eNY�]^g)W�cNYAq
� W'[�g)b^kNbL]^h�[�`NY � Y�U'g�b?U'UNY�W�cNY � W'[�|~b?g)c#� `'c'W'b?|~U'[�b5j)]^g)c'[�dN]^g)_�[{�Z����Y�W{qn�[LkNb?b�cNY�]^`'c'[)]^g�cNY�U'b?U'w )';���;��C>$#%�%��
^=����%
�;�MNK2
?MNM�� tE]^[�n�W'cNY���o�W'b�`NYAq
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cNYAk'kNb^k'kN��U'wxd�cNY � W'[�`'[�g)[�h�_ r [�h'j)]^b��)�V[LkNU'[�`'[�_�[�c'[�g�U'wxb�Y�U'g)b?U'U'w � [�q
]^g)W'XZY��8g � WNY�|~b?g�cNY #?����| ��� [�U'Uut � ):�~�Z���Vc'j�`'U'b?d�%�Y�y�U'b?`'[ � _�W'z�UNY�y
Y�U'g)b?U'UNY

�

����Aq | cNY � W'[�g)b^kNbL]^h�[�`}_ � c'bL]^W'n�[}���Vj��?c'g)[�q ):W'h�['t / � � �Z��Vc'j�`'U'b?d�%5W'd�cNY � W'[�g)b^kNbL]^h�[�`�W's ]^[)]^g�Y�_�U'w��F`'[ � _�W'z�U'w���s?b?c'h)YAkJt�`'c'W{q

|~wxh)Y��8o5W{� � c'j�X�h � c'j�X?j � ) � K � � � �����3� )0[)]?]^W'y��Z�3K�Y�h'zFb�WN]^`'[LkN��s?j�q�8g�]Zy =��NM �J;?��M%��
�;�MNK2
?MNM�� t�[�g � b^kN��U'wx|~W���kNb?|~b?U'g�Y�|~W�h�[�g�[�c'w��F|~[�X?j�g
n�wxg)� �ZkNb?|~b?U'g�Y�c'U'wxb [�n�kNj�eNY�g�b^kNW � `'[�kNj�_�[�kNU'[�_�wxb � W'`'[LkNWut�]^`'W'cNYAkN��q
U'wxb�Y�U'g�b?U'U'wV��W{kNW�`NY�cNY�n�[�kNW'e'bL]^h'W'b8c'b r b^kNb?h'g�[�c'w�|:YAkN[�X?[ � WNY�|~b?g)cNY{�/ W'X?UNYAk�[�g�h)Y�z � [�X?[���kNb?|~b?U'g�Y�c'U'[�X?[�[�n�kNj�eNY�g)b^kNy3`'[ � Y�b?g�]�y3`'[�_�[�kNU'[�q
_�[ � Y�| h�`'c'W'b?|~U'W'h'j�t�`'c'W'e'b?|asLY � b?c�z�h)YH_H_�[�kNU'[�_�[ � YA��cNY�]?]^e'W'gCY�UNY�g�YAq
h'W'|a[�n�cNY�s?[�|xt{e'g)[�n�wi]^W'X?UNYAkNw�`'[�`NY � YAkNW�UNY5`'c'W'b?|~U'W'h�_�[ � U'[�d r Y�s?b��

),Y�s?c'b %�Y��8o�Y�y ]^`'[)]^[�n�U'[)]^g��\cNY � W'[�g�b^kNbL]^h�[�`NY�[�`'c'b � b^kNy{b?g�]�y %�W{q
c'W'U'[�d � WNY�X?cNY�|~|~w UNY�`'cNY�_�kNb?U'U'[)]^g)WfXZk!Y�_�U'[�X?[mkNb?`'bL]^g)h)Y\Y�U'g)b?U'U'w W
[�`'c'b � b^kNy{b?g�]Zyag�Y�h'z�b�tuh)Y�h Wa_�]QkNj�eNY�b�[�`'g)W'e'bL]^h�[�X?[3g)b^kNbL]^h�[�`NY ∆θ ≈
λ/D

t?X � b λ− � kNW'UNYx_�[�kNU'w#`'c'W'U'W'|:Y�b?|~[�X?[8W's^kNj�e'b?U'W'y�t�Y D− � WNY�|~b?g)c
Y�U'g)b?U'U'wf� W{kNW�[�n�k!Y�]^g)Wut�]^[ � b?c�z�Y�o5b?d�]^[�_�[�h'j�`'U'[)]^g)��Y�U'g)b?U'U���cNY � W'[�g)b^q
kNbL]^h�[�`NY{� 	Vj�_)]^g)_�W'g)b^kN��U'[)]^g��3cNY � W'[�g)b^kNbL]^h�[�`NY�[�`'c'b � b^kNy�b?g�]Zym� r�r b?h{q
g)W'_�U'[�d#`{kN[�oFY � ��� Y�U'g)b?U'U'w

Aeff
tJh�[�g)[�cNY�ya]^_�y{sLY�UNY3] r [�c'|~[�d � WNYAq

X?cNY�|~|~w�UNY�`'cNY�_�kNb?U'U'[)]^g)W
g(θ, ϕ)

� n�b?s?cNY�s?|~b?c'U'[�d r j�U'h'l'W'b?dut!`'[�h)Y�s?w�q
_)Y��8o5b?dut�_�[�]^h�[LkN��h�[�cNY�s�|~[�o5U'[)]^g)�5W's^kNj�e'b?U'W'y�t�`'c'W'U'W'|:Y�b?|:Y�y�c'bLYAkN��q
U'[�d�Y�U'g�b?U'U'[�d�_�UNY�`'cNY�_�kNb?U'W'W

θ
t
ϕ
n�[LkN�(%�b�� W{kNW3|~b?U'�(%5b���|~[�o5U'[)]^g�W

W's^kNj�e'b?U'W'y<t `'c'W'U'W'|:Y�b?|~[�d�W � bLYAkNW's?W'c'[�_)Y�U'U'[�dfY�U'g)b?U'U'[�di]�W's?[�g)c'[�`{q
U'[�d � WNY�X?cNY�|~|~[�d�UNY�`'cNY�_�kNb?U'U'[)]^g�W��)_�XZk!Y�_�U'[�| kNb?`'bL]^g�h�b g(0, 0) � [)]^g)W{qXZY�b?g8|:Y�h�]^W'|:YAkN��U'[�X?[�s?UNYLe'b?U'W'y<� � g(θ, ϕ) = 4πAeff/λ

2 � OVs^q sLY�UNYAkNW'e'W'yn�[�h�[�_�w���kNb?`'bL]^g)h�[�_ � WNY�X?cNY�|~|~wmUNY�`'cNY�_�kNb?U'U'[)]^g)Wut�� r�r b?h'g)W'_�UNY�y�`{kN[�q
o�Y � ��_)]^b?X � Y�|~b?U'�(%�b5X?b?[�|~b?g)c'W'e'bL]^h�[�d�`{kN[�oFY � W�Y�U'g)b?U'U'w��

� 5 ?V+���"�$�.�"��,(�� �!�,"�$%(�� ? :A��*0"'( 5 *,"
�HkNy\��Y�cNY�h'g�b?c'WN]^g)W'h'W}e'j�_)]^g)_�W'g)b^kN��U'[)]^g)W}Y�U'g)b?U'U'w h%`'c'W'U'W'|:Y�b?|~wx|
`'[�g)[�h)Y�|��ZkNb?h'g)c'[�|:Y�X?U'W'g)U'[�X?[8W's^kNj�e'b?U'W'y5_�cNY � W'[)Y�]^g�c'[�U'[�|~W'W�WN]^`'[�kN��q
s?j�b?g�]�y�`'[�U'y{g)W'b �27 4V>�@A>���K2
145)�
0��;�K279�+�

Tn,a
� � j�|~[�_)Y�y�g)b?|~`'b?cNY�g�j�q

cNY�Y�U'g�b?U'U'w ��Y�cNY�h'g)b?c'W's?j�b?g�]^j�|~|:Y�c'U'j���|~[�o5U'[)]^g)��W's^kNj�e'b?U'W'y
Wn,a

t
]^[�n�W'cNY�b?|~j���Y�U'g)b?U'U'[�d�e'b?c'b?s�_)]^b�kNb?`'bL]^g)h'W � WNY�X?cNY�|~|~w%UNY�`'cNY�_�kNb?U'U'[�q
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]^g)W�[�gHs?b?|~U'[�d�`'[�_�b?c)�{U'[)]^g)Wut{Y�g)|~[)] r b?c'w�t�W'[�U'[)] r b?c'wiW�`'[)]^g)[�c'[�U'U'W{�
h�[)]^|~W'e'bL]^h'W{�3WN]^g�[�e'U'W'h�[�_�_�`'[�kN[)]^b5eNY�]^g)[�g

∆ν �

Wn,a = kTn,a∆ν.

� j�|~[�_�wxbaY�U'g)b?U'U'wxb g)b?|~`'b?cNY�g�j�c'w _m[�n�k!Y�]^g)W � kNW'U'U'w��fcNY � W'[�q
_�[LkNU � [)]^g)W'XZY��8giU'bL]^h�[LkN��h'W{� g)w ]�y{e � W ]^_�y�sLY�U'w ]\h�[)]^|~W'e'bL]^h'W'|
r [�U'[�|xt�Ym_�[�n�k!Y�]^g)W � b?l'W'|~b?g)c'[�_�w��pW�]?Y�U'g)W'|~b?g�c'[�_�w��i_�[�kNU

�
`'[�q

c�y � h)Y\]^[�g)b?U � t [�n�j)]QkN[�_�kNb?U'U'w���g�b?`{kN[�_�wx| W's^kNj�e'b?U'W'b?|��<b?|EkNWut�]?YAq
|~[�d3Y�U'g)b?U'U'w�W3[�h'c'j�z5Y��8o5W{��`'c'b � |~b?g)[�_'��� _�b � b?U'W'b�`'[�U'y{g)W'y %5j�|~[�q
_�[�d g)b?|~`'b?cNY�g)j�c'w h)Y�h���Y�cNY�h'g)b?c'WN]^g�W'h'W e'j�_)]^g)_�W'g�b^kN��U'[)]^g)W�cNY � W'[�g)b^q
kNbL]^h�[�`NY�]^_�y�sLY�U'[�]Vg)b?|xt{e'g)[�_�cNY � W'[ � WNY�`NY�s?[�U'bFW'U'g)b?UN]^W'_�U'[)]^g)��W's^kNj�q
e'b?U'W'y [�g�WN]^g)[�e'U'W'h�[�_3eNY�]^g)[�[�`'WN]^wx_)Y�b?g�]Zy y{c'h�[)]^g)U'[�d#g)b?|~`'b?cNY�g)j�c'[�d
W's^kNj�e'b?U'W'y���]^|x��`'c'b � w � j�o5j�� X�k!Y�_�j!�Z�u�Vc'[L�)[Cz � b?U'W'b�]Zk!Y�n�w�� h�[)]^|~W{q
e'bL]^h'W{�FWN]^g�[�e'U'W'h�[�_�e'b?c'b?s�XZk!Y�_�U'wxd�kNb?`'bL]^g�[�h � WNY�X?cNY�|~|~w%UNY�`'cNY�_�kNb?U{q
U'[)]^g)W�Y�U'g�b?U'U'w�_�wxs?wx_)Y�b?g�|:YAkNwxb8W's?|~b?U'b?U'W'y�Y�U'g)b?U'U'[�d�g)b?|~`'b?cNY�g)j�c'w
δTn,a � Tn,a

tuW sLY � YLeNY�]^_�[ � W'g�]�y h _�w � b^kNb?U'W'� ]Qk!Y�n�[�X?[ ]^W'X?UNYAk!Y�UNY
r [�U'b %�j�|:Y{���Vc'W%`'[�kN[)]^b�`'c'W'b?|~U'W'h)Y

∆ν
� [�UNYa[�`'c'b � b^kNy{b?g�]�y%`'[LkN[�q

]^[�d#j)]^W{kNW'g)b^kNy cNY � W'[�|~b?g)cNY��8W _�c'b?|~b?U'WaW'U'g)b?X?c'W'c'[�_)Y�U'W'y ]^W'X?UNYAk!Y τ|~W'U'W'|:YAkN��U'[�[�n�UNY�c'j�z�W'|~wxd3]^W'X?UNYAk�W'|~b?b?g�Y�|~`{kNW'g)j � j

∆Tn,a ∼ Tn√
∆ν τ

.
� ���	
��

� � bL]^� Tn − �?h'_�W'_)YAkNb?U'g)UNY�y %�j�|~[�_)Y�y g)b?|~`'b?cNY�g)j�cNY�UNY�_��)[ � bF`'c'W'b?|Eq
U'[�X?[5j)]^g)c'[�dN]^g�_)Y{�NH�UNYH[�`'c'b � b^kNy{b?g�]�y�h)Y�h�g)b?|~`'b?cNY�g�j�cNYVe'b?c'U'[�X?[Fg)b^k!Y{t
`'c'W�h�[�g)[�c'[�d�|~[�o�U'[)]^g)��b?X?[�W's^kNj�e'b?U'W'y�_�cNY�n�[�e'b?|�W'U'g�b?c'_)YAkNb�eNY�]^g)[�g
cNY�_�UNY�|~[�o5U'[)]^g�Wa]^[�n)]^g)_�b?U'U'w�� %5j�|~[�_�`'c'W'b?|~U'[�X?[3j)]^g)c'[�dN]^g)_)Y{�u�V[ � q
h�[�c'b?U'U'[�bV_�wxcNY�zFb?U'W'b�`'c'[�`'[�c'l'W'[�UNYAkN��U'[��?U'b?c'X?W'W�W's^kNj�e'b?U'W'y<t�`'c'W'U'y�q
g)[�X?[�sLY�_�c'b?|~y�W'U'g)b?X?c'W'c'[�_)Y�U'W'y��<� |:YAkN[(%�j�|~y{o�W{��`'c'W'b?|~U'W'h�[�_�_�]^|
� WNY�`NY�s?[�U'b %�j�|~[�_)Y�y�g)b?|~`'b?cNY�g)j�cNY

Tn < 20 �
W |~[�zFb?g�n�wxg)��j�|~b?U'��q

%5b?UNY � [�`'[LkNU'W'g)b^kN��U'wx|�[L��k!Y�z � b?U'W'b?|%z�W � h'W'|%X?b^kNW'b?| � �
� �S�
PM������ 1�
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σ
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��Y�h�_�W � U'[VW's r [�c'|~j�kNw�� ���	
��Zt � kNyFj�kNj�e�%5b?U'W'y�e'j�_)]^g�_�W'g)b^kN��U'[)]^g)W
cNY � W'[�g)b^kNbL]^h�[�`NY�h %5W'c'[�h�[�`'[�kN[)]^U'wx| ]^W'X?UNYAk!Y�|�g)c'b?n�j�b?g�]�y�cNY�]&%�W'c'b^q
U'W'b `'[�kN[)]^w%`'c'W'b?|~U'W'h)Y�W�j�_�b^kNW'e'b?U'W'b�_�c'b?|~b?U'W�UNY�n�kN� � b?U'W'y��)�HkNy�j�s^q
h�[�`'[�kN[)]^U'w�� � UNY�`'c'W'|~b?cutvh'_)Y�s?W{q |~[�U'[���c'[�|:Y�g)W'e'bL]^h'W{�<��W{kNW�W'|~`'j�kN�)] q
U'w���]^W'X?UNYAkN[�_ r [�c'|~j�k!Y � kNy�e'j�_)]^g)_�W'g)b^kN��U'[)]^g)W�W's?|~b?U'W'g�]Zy��9K0Y�hut � kNy
[�`'g)W'|:YAkN��U'[�X?[H`'c'W'b?|:YHW'|~`'j�kN�)]^U'w���]^W'X?UNYAkN[�_5]���Y�cNY�h'g�b?c'U'wx|#_�c'b?|~b^q
U'b?|

τ̂
`'[LkN[)]?Y�`'c'W'b?|~U'W'h)Y � [�kNz�UNY�n�wxg)� ∆ν ∼ 1/τ̂

�

L8"9�~.,+!.!�0(���*0-���*0+3? ��('*!@ ��� ��('+ �p"�:!��*,( 5 *!�0+3;�+ &).A�,(��)/�"
OVs^q sLY}n�[�kN�(%5[�d � kNW'U'w cNY � W'[�_�[�kNU cNY�s?c'b %FY���oFY�y ]^`'[)]^[�n�U'[)]^g)��[�g�q
� b^kN��U'w��HcNY � W'[�g)b^kNbL]^h�[�`'[�_ � Y�zFbv]:[�e'b?U'��n�[LkN�(%�W'| � WNY�|~b?g)c'[�| Y�U'g)b?U{q
U'w `{kN[L��Y�y<t�]^[)]^g�Y�_�kNy{y�_�kNj�e�%�b?|p]QkNj�eNY�b�U'bL]^h�[LkN��h�[3j�X�kN[�_�w��3|~W'U'j�gA�
�HkNy3j�_�b^kNW'e'b?U'W'y cNY�s?c'b %�Y��8o5b?d#]^`'[)]^[�n�U'[)]^g)W�g)c'b?n�j�b?g�]�y�j�_�b^kNW'e'b?U'W'b
n)Y�s?wf`'c'W'b?|:Y�cNY � W'[)]^W'X?UNYAk!Y{��� g)[ � [)]^g)W'XZY�b?g�]�y�|~b?g)[ � [�|�cNY � W'[�W'U'g)b?c{q
r b?c'[�|~b?g)c'W'Wut�h�[�X � YV]^W'X?UNYAkF[�g � _�j��HW{kNWFn�[LkNb?b�cNY � W'[�g)b^kNbL]^h�[�`'[�_'t�cNY�s^q
U'bL]^b?U'U'w�� UNY cNY�]?]^g)[Cy{U'W'b

S
t,sLY�`'WN]^wx_)Y�b?g�]�y\`'c'W'b?|~U'wx| j)]^g�c'[�dN]^g)_�[�|

UNY�h)Y�z � [�|}g�b^kNbL]^h�[�`'b�t!Y�sLY�g)b?|�]^[�_�|~bL]^g)U'[�[�n�cNY�n)Y�g)wx_)Y�b?g�]�y<� � r�r b?h{q
g)W'_�UNY�y�cNY�s?c'b %�Y��8o�Y�y ]^`'[)]^[�n�U'[)]^g)��`'c'Wf�?g)[�|�]^g�Y�U'[�_�W'g�]�y�`'[�c�y � h)Y
λ/S

�{�}W'U'g�b?c r b?c'[�|~b?g)c'W'W�]^[�]^_�b?c)� � kNW'U'U'[�d�n)Y�s?[�d�WN]^`'[LkN��s?j���g�]Zy�g�b^q
kNbL]^h�[�`'w�t�cNY�]^`'[LkN[Cz�b?U'U'wxb�_5cNY�s?U'w���h�[�U'lNYA���<b?|EkNW � UNY�`'c'W'|~b?cut�_ N~_�q
c'[�`'b5W�_ � _)]^g)cNYAkNW'W��Zt<`'c'W3�?g)[�| � [)]^g)W'XZY�b?g�]Zy3cNY�s?c'b %�Y��8o�Y�y ]^`'[)]^[�n�qU'[)]^g)��kNj�e�%5b #?����|~h�] � j�X?Wu�

� [�gCkNW'e'W'bf[�g [ � W'U'[�e'U'[�X?[ cNY � W'[�g)b^kNbL]^h�[�`NY{t�cNY � W'[�W'U'g�b?c r b?c'[�q
|~b?g)c c'b?X?WN]^g)c'W'c'j�b?g U'b�_)]^b�W's?[�n�cNY�z�b?U'W'b�tFYfg)[LkN��h�[�[ � U'j W's�`'c'[�q
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]^g)cNY�UN]^g)_�b?U'U'w�� ��j�c'��b^q XZY�c'|~[�U'W'h}cNY�]^`'c'b � b^kNb?U'W'y�y{c'h�[)]^g)WmWN]^g)[�e'U'W{q
h)YF`'[FU'b?n�j����HkNy�`'[)]^g)c'[�b?U'W'y�W's?[�n�cNY�z�b?U'W'y�U'j�z�U'[�W'|~b?g��Fh)Y�h�|~[Cz�U'[
n�[LkN�(%�b�XZY�c'|~[�U'W'h�]�cNY�s?U'wx|~W r Y�sLY�|~W�� |~b?g)[ � Y�`'b?c'g)j�c'U'[�X?[�]^W'U'g)b?sLY��Z�
� g)[ � [)]^g)W'XZY�b?g�]Zy�`'c'W�[ � U'[�_�c'b?|~b?U'U'[�|fUNY�n�kN� � b?U'W'W�WN]^g)[�e'U'W'h)Y�n�[�kN��q%5W'|�e'WN]QkN[�| Y�U'g�b?U'U�]�cNY�s?U'wx|~Win)Y�sLY�|~WfWi[�c'W'b?U'g�Y�l'W'y{|~Wu� ��Y�`'c'W{q
|~b?cut0n�[�kN�(%�Y�y�Y�U'g)b?U'UNY�y#c'b %�b?g)h)Y � � � � � 
 ��� � � ����
 � ��� � �!�V_ �V����q
�3b?h�]^W'h�[p� / � � ��]^[)]^g�[�W'gaW's �)�#Y�U'g)b?U'U � WNY�|~b?g�c'[�| ��� | h)Y�z � Y�y�t
cNY�]^`'[LkN[Cz�b?U'U'w��%_ � [�kN�a[�n�cNY�s?j���o�W{��_#_�W � b�n�j�h'_�w��F��),Y�s?c'b %5b?U'W'b
� � � � [ #Vj�XZkN[�_�[�d ]^b?h'j�U � w UNY � kNW'U'bH_�[LkNU'w #?��]^|x�

N~o�b#n�[LkN�(%�b?X?[%cNY�s?c'b %5b?U'W'yp|~[Cz�U'[ � [�n�W'g)�)]�y<tx_�wx_�b � yp[ � W'UpW's
cNY � W'[�g)b^kNbL]^h�[�`'[�_�_�h�[)]^|~[)]�� h�[)]^|~W'e'bL]^h'W'd#cNY � W'[�W'U'g)b?c r b?c'[�|~b?g)c��Z�u�
UNY�]^g)[�y{o�b?b�_�c'b?|~y#cNY�]?]^|:Y�g�c'W'_)Y�b?g�]Zy#c�y � g�Y�h'W{� `'c'[�b?h'g)[�_'t0_�gC� eu��W#_)�[)]?]^W'W\� `'c'[�b?h'g IL),Y � W'[)Y�]^g)c'[�UGMQ�Z�
"�� � � � �ML �9�0(�;(�9�0+3�!&)1,.!��(�� � ��&)1u+3:A@ . �D��(���1,('+!*!@

�HkNy�c'b?X?WN]^g)cNY�l'W'y�z�bL]^g)h'W{��h'_)Y�U'g)[�_�WN]^`'[LkN��s?j���g�W{��[)]^[�n�b?U'U'[)]^g�W
_�sLY�W'|~[ � b?dN]^g)_�W'y ]H_�b?o�bL]^g)_�[�|x�'�HkNy�c'b?X?WN]^g)cNY�l'W'W r [�g)[�U'[�_�]H�?U'b?c'X?W{q
b?d%|~b?U'b?b����

�

��#h'�L� `'c'W'|~b?U'y{�8g�]Zy � b?g�b?h'g)[�c'w�t:WN]^`'[LkN��s?j��8o5W'b r [�q

g)[�� r�r b?h'g%_%XZY�s?b#W{kNW UNY�`'[�_�b?c���U'[)]^g�W g)_�b?c � [�X?[%g)b^k!Y{� � U'W'| [�g�q
U'[)]Zy{g�]�y )
��>�)'>1�3O��'>�M';�#%D�M���
 :�;?�A>�M';&)'>$#!M%
?MNM���
�=���
?K2���%��� t:Y�|~`{kNW'g)j�q
� Y��ZkNb?h'g)c'W'e'bL]^h�[�X?[aW'|~`'j�kN�)]?YaUNY�_�w��)[ � b3h�[�g)[�c'w��\`'c'[�`'[�c'l'W'[�UNYAkN��q
UNY�� _�U'b?h�[�g)[�c'[�|m]^`'b?h'g)cNYAkN��U'[�| � WNY�`NY�s?[�U'b��,�?U'b?c'X?W'W�`NY � Y��8o5b?X?[ r [�q
g)[�UNY

E
� � r�r b?h'g)W'_�U'[)]^g)��gCY�h'W{� � b?g)b?h'g�[�c'[�_�[�`'c'b � b^kNy{b?g�]Zy3]^b?e'b?U'W'b?|

r [�g)[�W'[�U'W'sLY�l'W'W�XZY�sLYAq UNY�`'[�kNU'W'g)b^kNy#� [�n�wxe'U'[�W'U'b?c'g)U'wxd�XZY�s � �?t � 
��~W
h�[�� r�r W'l'W'b?U'g)[�| `'c'[�`'j)]^h)Y�U'W'y [�h'UNY3]^e'b?g)e'W'h)Y#� [�n�wxe'U'[ WN]^`'[LkN��s?j��8g
g)[�U'h'W'b r [LkN��X?W�kNb?X?h'W{��|~b?g�YAk'kN[�_ R 
�t � ��g)[LkNo�W'U'[�d<#?�

�
#?����|~h'|xt'W{kNW

[�c'XZY�U'W'e'bL]^h'W'bV`{kNb?U'h'W�g)[�kNo5W'U'[�d�#
�
#?�H|~h'| W�|~b?U'�(%�b����HkNy�n�w ]^g)c'[�X?[

`'c'b?h'cNY�o5b?U'W'y���kNb?h'g)c'W'e'bL]^h�[�X?[�cNY�s?c�y � YV_�W'U'b?c'g)U'[�|�XZY�s?b�tC_�wxs?_)Y�U'U'[�X?[
`'[�`NY � Y�U'W'b?| zFbL]^g)h�[�X?[�h'_)Y�U'g�Y{t � [�n)Y�_�kNy{��g%�ZkNb?h'g)c'[�[�g)c'W'lNY�g�b^kN��U'wxd
XZY�s � |~b?gCY�UaW{kNW � �

2
�Z�D/ `'b?h'g)cNYAkN��U'[�b�cNY�s?c'b %5b?U'W'b�g�Y�h'W{�#]^e'b?g)e'W'h�[�_

U'b?_�b^kNW'h�[i�
E/∆E ∼ 5

�5W�[�n�cNY�g�U'[#`'c'[�`'[�c'l'W'[�UNYAkN��U'[ h'_)Y � cNY�g�U'[�|~j
h�[�c'U'�pW'sx�?U'b?c'X?W'W�`NY � Y���o�b?X?[ r [�g)[�UNY{���8kN[�oFY � �5[�g � b^kN��U'w���XZY�s?[�UNYAq
`'[LkNU'b?U'U'w���`'c'[�`'[�c'l'W'[�UNYAkN��U'w���]^e'b?g)e'W'h�[�_5|~[�zFb?gFn�wxg)�H`'[�c�y � h)Y�
����
]^| 2 �



�Q- � ����� ��� ��� ��� �	

�����	��
 � ����
 ��� ����� ��� 
���!���� ����� ��� � 

�����

�HkNy�c'b?X?WN]^g)cNY�l'W'W r [�g)[�U'[�_�]��?U'b?c'X?W'b?d
hν

[�g�
���h'�L� � [ #?�����L�
`'c'W'|~b?U'y{��g = O��NM!K ��#�!9O��'>�MNM���
 ,�
?K 
$��K�>1�+� t)_�h)YLe'bL]^g)_�bVh�[�g)[�c'w���WN] q
`'[LkN��s?j��8g h'c'WN]^g�YAk'kNw S ��O W{kNW � �ZO ] � [�n)Y�_�h)Y�|~W � ��W{kNW5]^l'W'U'g�W{kNW'c'j���q
o5W'b�[�c'XZY�U'W'e'bL]^h'W'bx`{k!Y�]^g)|:Y�]?]^w�����Y � Y��8o5W'd r [�g)[�U5_�wxs?wx_)Y�b?gV_V]^l'W'U{q
g)W{kNW'c'j���o�b?| _�b?o5bL]^g)_�bx_)]^`'w %�h'j�� �5qJW{kNW�_�W � W'|~[�X?[�W's^kNj�e'b?U'W'y�t)Y�|Eq
`{kNW'g)j � YVh�[�g)[�c'[�d�_�[�`'c'b � b^kNb?U'U'[�| ]^`'b?h'g)cNYAkN��U'[�| � WNY�`NY�s?[�U'b�`'c'[�`'[�c{q
l'W'[�UNYAkN��UNY��?U'b?c'X?W'W3`'[�XZkN[�o5b?U'U'[�X?[�h'_)Y�U'g�Y{� OV|~`'j�kN�)]^w _�W � W'|~[�X?[�W's^q
kNj�e'b?U'W'y5c'b?X?WN]^g)c'W'c'j���g�]Zy r [�g�[�j�|~U'[Cz�W'g)b^kNy{|~Wu���8kN[�o�Y � ��]^l'W'U'g)W{kNy�q
l'W'[�U'U'w�� � b?g)b?h'g)[�c'[�_�[�X?cNY�U'W'e'b?UNY�g)b^�{U'[LkN[�X?W'b?d�_�wxcNY�o5W'_)Y�U'W'y |~[�U'[�q
h'c'WN]^g�YAk'kN[�_ � ��O W{kNW S ��O Wut h)Y�hp`'cNY�_�W{kN['t�U'b `'c'b?_�w %�Y�b?gJ#?���

�

����

]^| 2 ���HkNyac'b?X?WN]^g)cNY�l'W'Wmc'b?U'g)X?b?U'[�_)]^h'W{� r [�g�[�U'[�_ W{�#W'U'[�X � Y�`'c'b � _)YAqc'W'g)b^kN��U'[�`'c'b?[�n�cNY�s?j��8g�_�`'j�e'[�h3��kNb?h'g)c'[�U'[�_'t!W�kNW�%���`'[�g)[�|%_�_�W � W{q
|~wxd�]^_�b?gC�!�HkNy3�?g)W{��l'b^kNb?d�WN]^`'[�kN��s?j��8g�]Zy�|~U'[�X?[�U'W'gCy{U'wxb � _�j���h�[�[�c{q
� W'UNY�g)U'wxb8`'c'[�`'[�c'l'W'[�UNYAkN��U'wxb�XZY�s?[�UNY�`'[LkNU'b?U'U'wxb5]^e'b?g�e'W'h'Wut � W'[ � U'wxb
|:Y�g)c'W'l'w�W{kNW�|:Y�g�c'W'l'w �H�8/��

�a|~y�X?h�[�|�c'b?U'g)X?b?U'[�_)]^h�[�| � WNY�`NY�s?[�U'bx`'c'W'|~b?U'y{�8g8[�g�cNY�z5Y�g)b^kN��U'wxb
r [�h'j)]^W'c'j���o�W'b\g�b^kNbL]^h�[�`'w � g)b^kNbL]^h�[�`'w ] s?b?c'h)YAk!Y�|~W h�[)]^[�X?[i`NY � b^q
U'W'y<�Zt�]^g)c'[Cy�o�W'b�c'b?U'g)X?b?U'[�_)]^h�[�b�W's?[�n�cNY�zFb?U'W'b��N),Y�n�[�g�Y�gCY�h'W{�Fg)b^kNbL]^h�[�q
`'[�_�[)]^U'[�_)Y�UNY�UNY�c'[)]^g)b�h�[�� r�r W'l'W'b?U'g�Y�[�g)cNY�z�b?U'W'y |~b?g�YAk'kN[�_�]F`'c'W{q
n�kNW'zFb?U'W'b?| j�XZk!Y `NY � b?U'W'yihi
�� X?cNY � j)]?Y�|x����w ]^[�h'W'dfh�[�� r�r W'l'W'b?U'g
[�g)cNY�zFb?U'W'yi��]^_�w %�b���� ��� � kNy � 
mW��
� � [)]^g)W'XZY�b?g�]�y `'c'W�j�XZk!YA�\`NYAq
� b?U'W'y�]^_�w %5b��)� ◦ �P+�[�c'[(%�b?b�h)YLe'bL]^g�_�[�c'b?U'g�X?b?U'[�_)]^h�[�X?[�W's?[�n�cNY�zFb?U'W'y
� Y�b?g � _�j���s?b?c'h)YAkN��UNY�y�]^WN]^g�b?|:Y{t!]^[)]^g)[�y{oFY�y�W'sH`NY�cNY�n�[LkN[�W � Y�W�X?W'`'b?c{q
n�[LkN[�W � Y�_�cNY�o�b?U'W'yi� c'b?U'g�X?b?U'[�_)]^h'W'd�g)b^kNbL]^h�[�`mh�[)]^[�X?[�`NY � b?U'W'y\g)W'`NY
�~[LkNg�b?cNY{t�]^|x�<c'WN]��u���	���Z�<�8XZkN[�_�[�b�cNY�s?c'b %�b?U'W'b�]^[�_�c'b?|~b?U'U'w�� g)b^kNbL]^h�[�q
`'[�_Hh�[)]^[�X?[5`NY � b?U'W'y � [)]^g)W'XZY�b?g 1′′

� � r�r b?h'g)W'_�UNY�y�`{kN[�oFY � �5g�Y�h'W{�Fg)b^q
kNbL]^h�[�`'[�_�sLY�_�WN]^W'g�[�g��?U'b?c'X?W'W r [�g)[�U'[�_�W � [)]^g)W'XZY�b?g�����]^| 2 UNY��?U'b?c{qX?W'y��3�{�	�

�
#5h'�L�8�<��Y�h�]^W'|:YAkN��UNY�y�� r�r b?h'g)W'_�UNY�y `{kN[�o�Y � ��g)b^kNbL]^h�[�`'[�_

h�[)]^[�X?[�`NY � b?U'W'y#� [�h�[LkN[ #?������]^| 2 �~c'bLYAkNW's?[�_)Y�UNY�UNY�]^`'j�g)U'W'h)YA� � � � q
S 
 � ����	3��� P �5��W � � � 	 ��� � � S � P �5�Z����X�kN[�_�[�b�cNY�s?c'b %�b?U'W'b�UNYVg)b^kNbL]^h�[�q
`'b � � � 	 ��� � ]^[)]^gCY�_�kNy�b?g�[�h�[LkN[

1′′
�

�HkNy�`'[)]^g)c'[�b?U'W'y�W's?[�n�cNY�zFb?U'W'd�_�z�bL]^g�h�[�|�c'b?U'g)X?b?U'[�_)]^h�[�|%W�XZY�|Eq
|:YAq � WNY�`NY�s?[�U'b�� hν ∼ 30

h'�L�
� 10

���L����WN]^`'[LkN��s?j���g�]^`'b?l'W r W'e'bL]^h'W'd4 
?KF>
,;��>
,��
��>�@C;�MNMN>���;&)�
0�<K279� � �G/ j�g)��b?X?[�]^[)]^g)[�W'gF_�g�[�|xt�e'g)[�`'b?c'b �
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`'c'W'b?|~U'W'h�[�|p� [�n�wxe'U'[5�?g�[Hh'c'WN]^g�YAk'kNw � ��� 
�t�� �ZO W{kNW�� 
��,j)]^g�Y�UNY�_�kNW{q
_)Y���g8|~[�sLY�W'h'j5W's�e'b?c'b � j���o�W{��]Zy�[�h�[(%�b?hFWFU'b?`'c'[�s?cNYLe'U'w����ZkNb?|~b?U'g�[�_
� [�n�wxe'U'[�W's5_�[LkN� r cNY�|:Y�W{kNW�]^_�W'U'lNY��Z��� Y�]^h)Y r [�c'|~W'c'j�b?g�UNY���kNb?|~b?U{q
g�YA� � b?g)b?h'g)[�cNY I g)b?U'��M�[�g�h)Y�z � [�X?[�WN]^g)[�e'U'W'h)Y{t�`'[�`NY � Y���o�b?X?[�_�`'[�kNb
s?c'b?U'W'y�t:Wm`'[)]QkNb3]^`'b?l'WNYAkN��U'[�d}|:Y�g�b?|:Y�g)W'e'bL]^h�[�d}[�n�cNY�n�[�g�h'W}]^W'X?UNYAk!Y
|~[�z�U'[�_�[)]?]^g�Y�U'[�_�W'g)��UNY�`'cNY�_�kNb?U'W'b�`'c'W{�)[ � Y r [�g)[�U'[�_�[�g�U'[)]^W'g)b^kN��U'[
|:Y�]^h'W}W�W{�m�?U'b?c'X?W'���v� UNY�]^g)[Cy{o5b?b�_�c'b?|~y�UNY�h�[)]^|~W'e'bL]^h�[�diXZY�|~|:YAq
[�n)]^b?c'_)Y�g)[�c'W'W�O�� K N:�8) � � � g�b^kNbL]^h�[�` O R�OQP �0�?g)W'| |~b?g)[ � [�|m]^g)c'[Cy�g�]Zy
W's?[�n�cNY�z�b?U'W'ymXZY�|~|:YAq WN]^g)[�e'U'W'h�[�_a]�j�X�kN[�_�wx| cNY�s?c'b %5b?U'W'b?|�`'[�c�y � h)Y#?��j�XZkN[�_�w�� |~W'U'j�gA�8/ `'b?h'g)cNYAkN��U'[�b�cNY�s?c'b %5b?U'W'b � kNy�kNW'U'W'd�_�XZY�|~|:YAq
� WNY�`NY�s?[�U'b���]^`'b?h'g)c'[�|~b?g�c P � O [�n)]^b?c'_)Y�g)[�c'W'W O�� K Nv�8) � ��� � [)]^g)W'XZY�b?g
∼ 2.2

h'�L�pUNY��?U'b?c'X?W'y��<#��	
�
��3�L�8�
N~o�b�n�[LkNb?b�z�bL]^g�h�[�b�XZY�|~|:YAq W's^kNj�e'b?U'W'b�|~[Cz�U'[�c'b?X?WN]^g)c'W'c'[�_)Y�g���W

UNY�s?b?|~U'wx|~W�`'c'W'b?|~U'W'h)Y�|~W�]^_�b?g�Y{� H�`'g)W'e'bL]^h�[�b�W's^kNj�e'b?U'W'b�t � b?g)b?h'g)W'c'j�q
b?|~[�b�`'c'W'b?|~U'W'h)Y�|~Wut�c'[�z � Y�b?g�]�y�`'c'W�`'c'[L�)[Cz � b?U'W'WiY�g�|~[)] r b?c'w n�w�q
]^g)c'wx|~W}eNY�]^g)W'lNY�|~Wutv[�n�cNY�s?[�_)Y�U'U'wx|~W�`'c'W}_�sLY�W'|~[ � b?dN]^g)_�W'Wiz�bL]^g)h�[�q
X?[�XZY�|~|:YAq h'_)Y�U'gCY�]�Y�g)[�|:Y�|~W Y�g�|~[)] r b?c'w � e'b?c'b?U'h�[�_)]^h�[�b�W's^kNj�e'b?U'W'b��Z�
�Vc'j�`'U'b?d�%FY�y � b?dN]^g)_�j���oFY�y�j)]^g�Y�U'[�_�h)Y � kNy�c'b?X?WN]^g)cNY�l'W'W3]^_�b?c)�{zFbL]^g�q
h�[�X?[�XZY�|~|:YAq W's^kNj�e'b?U'W'y�]8�?U'b?c'X?W'b?d3]^_�w %5b #?�����u�L�

�
��� �x� P � P ���

�
]^[�q

]^g)[�W'g�W's -�g)b^kNbL]^h�[�`'[�_ � kNy#c'b?X?WN]^g)cNY�l'W'W e'b?c'b?U'h�[�_)]^h�[�X?[�W's^kNj�e'b?U'W'y
[�g�h�[)]^|~W'e'bL]^h'W{��kNW'_�U'b?dutu`'[�c'[�z � Y�b?|~w�� g�Y�h'W'|~W r [�g)[�UNY�|~Wu�J�V[�kNUNY�y

� 	U�U����&(	XT����	��

������������������������������ !�	�����!�"����#����U�
�#-�)V� �U�!�
�
�#F � �����!-H� � �!-�����.��

� �
�
���'�!�#��-�.MR ��<+��&��;-'���� ����!�
��-��!� 	�$'��� ��K��'K � &��
*�$
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`{kN[�o�Y � � h)Y�z � [�X?[�s?b?c'h)YAk!Y{t,]^[)]^g)[�y{o�b?X?[3W's�
����3���Aq ]^| h'c'j�XZkNw��#]^b?X^q
|~b?U'g)[�_'t<`'[�c�y � h)Y #?����h'_'�<|x�<�:]^g�Y�U'[�_�h)Y�UNYA�)[ � W'g�]Zy _ ��Y�|~W'n�W'W _ #?���
h'|�[�g�]^g)[�kNW'l'w

�
X���� W'U � �{j�h)Y{�


$#��K#��>G;I�G �,69-AJ,G,6 +��A),132;G �,6�2,G�� 2,1 /3+��;24+.-0/ �
1?-0/9)4+?2,+.8 G
�,6�-AJ;G�� G;I 8:6 ),6�2,G�


"�� 	8� E3� ��+�;(��*A�9�0(��,+!&�( � & ����(A"
�<_�b?s � w � U'bVg)[�e'h'Wut{[�U'W�W'|~b?��g�h�[�U'b?e'U'wxda� �)[�gCy�W�[�e'b?U'��|:YAkNwxd��j�XZkN[�_�[�dFcNY�s?|~b?cutAU'[�_�[)]^`'c'W'U'W'|:Y���g�]ZyFg)b^kNbL]^h�[�`NY�|~W�`'cNY�h'g)W'e'bL]^h'WF_)]^b^q

X � Y�h)Y�h g)[�e'b?e'U'wxb�WN]^g�[�e'U'W'h'Wu� ��Y�`'c'W'|~b?cut � WN]^h</ [LkNU'lNY�]5cNY � W'j)]^[�|
_�W � W'|~[�d r [�g)[)] r b?c'w

R� = 7 · 1010 ]^| ]�cNY�]?]^g)[�y{U'W'y #?�a`'hin�j � b?g
_�W � b?U�`'[ � j�X�kN[�| θ = R�/d ≈ 0.0006′′

�N�V[)]^h�[�kN��h'j�UNY�n�kN� � b?U'W'y�`'c'[�q
_�[ � y{g�]�y g�b^kNbL]^h�[�`NY�|~W�� `'c'W'b?|~U'W'h)Y�|~W���]�h�[�U'b?e'U'[�d%Y�`'b?c'g�j�c'[�df� � WNYAq
|~b?g)c'[�|��

D
tuU'j�z�U'[�j�e'W'g)wx_)Y�g)� � W r cNY�h'l'W'� ]^_�b?g�Y ��� kNy |~[�U'[���c'[�|:YAq

g)W'e'bL]^h�[�X?[ WN]^g)[�e'U'W'h)Y ] � kNW'U'[�di_�[LkNU'w λ
cNY�s?|~b?c � W r cNY�h'l'W'[�U'U'[�X?[

h'c'j�z�h)Y�W's?[�n�cNY�z�b?U'W'y3g)[�e'b?e'U'[�X?[�WN]^g)[�e'U'W'h)Y
βd ' 1.22λ/D

� �
N:]ZkNW�WN]^g)[�e'U'W'h�U'b�g�[�e'b?e'U'wxd�W�W'|~b?b?g�h�[�U'b?e'U'wxd�j�X�kN[�_�[�d�cNY�s?|~b?c

θ
tNg)[�`'c'W

θ < βd
WN]^g)[�e'U'W'h � [LkNzFb?U cNY�]?]^|:Y�g)c'W'_)Y�g)�)]Zy�h)Y�h3h�[�X?b?c'b?U'g�q

U'wxdutNgA� hu�'cNY�s?U'W'lNY�_ � kNW'U'b�`'j�g)W�kNj�e'b?d3]VcNY�s?U'w�� I h'cNY�b?_�M�WN]^g)[�e'U'W'h)Y
|~b?U'�(%5bV`'[�kN[�_�W'U'w � kNW'U'w�_�[�kNU'w � `'c'W'|~b?c

�
s?_�b?s � YF��b?XZY � θ = 0.003′′

t
`'c'W

D = 1
|xt
λ = 5500

� � t!n�j � b?|}W'|~b?g)� βatm > βd ≈ 0.12′′ � θ
t'gA� b��

kN�8n�[�b�[�g)h{kN[�U'b?U'W'bV_�[�kNU'[�_�[�X?[ r c'[�U'g�Y5_F`'c'b � b^k!YA��j�XZk!Y βd
[)]^g�Y�_�kNy{b?g

W's?[�n�cNY�zFb?U'W'b�h�[�X?b?c'b?U'g)U'wx|
�
cNY�s?U'[)]^g)� r Y�s5U'b5`'c'b?_�w %FY�b?g

π
�Z�3N:]QkNW

zFb
θ > βd

t�g)[ cNY�s?U'[)]^g�� r Y�s kNj�e'b?dF]6I h'cNY�b?_�MvWN]^g)[�e'U'W'h)Y�n�[LkN�(%�b
π
tCWN] q

g)[�e'U'W'h U'b?h�[�X?b?c'b?U'g)U'wxdutu`'[��?g�[�|~j�W'U'g)b?c r b?c'b?U'l'W'[�U'UNY�y h)Y�c'g)W'UNY�`'c'W
� � �� ��#���U�
.M�2�#P���$M.�>�$�	!�(�!�������
��FS���
-H��)S�#�
� � .��#���W�����
���#���#A�����	���RS��.!���
 3R �H��P

�����!�����!���V�!�
�#>�.��#)+�������J*2� .!���
 ��
.����E5!�#.'P'*!-H�
1′′
�:�!���?�2�� ����#&�� >���	�F�<+�9*!�2�� ��
��@

.!�U*�� �U.��#-����!�����!��&��S-�.M$M)9-H�'T��V�#���
	�F����J.��(*2-'� �2� �#R �
��-'�#&
��.���R��?��>#�
�
.����#���#.���P �
*2�#�
����&��#�
����P � -H�
�!�
�������S�!����>�.��#)+�����!P �

∼ 0.1′′
� �!��5�.��! ��
.7�H�9�#>��
��.��H������.M��� 
���$'�!�

�S��� � � ��� �E 1�2��*�$M.������!�� 1 ��#.'P � �!� � ���H�
A!�
-M� �8�#�
��.����H� �7�:� ����.��#5���A!��-M��A � )J@
�!��A 	U>��
�
.M�H������.M���?� � ��	��X���2�S&��#.��!��A���>����
.����#���#.���� 
��
A�*:�
�2��-�� �U�
>#�
-����
�
����� ��T
�S���� ����!�
��-��!�+���(	!�
�
-'��5�RS�!.��#��$M ��
�
���(P:���(����>#�
*!��R ���;��	��!P'���!P �#�� ��#���U�
.MRS�2�8�
�# 
*2�#�
����&��#�
����P�*!� �U.!��-������#����R AG5�.��(*!��	G$'&�	!�����#&
��.!���
.��
<+�����!P:T 
E���
�
�%$H�
�
�
�!����-��
-�.M$'5���R�� ����	��
�
-'�#5��#� � �V�#���(	�F����;��R >#��.!��IU����P��!� �H�
*2PE���9����&����2�!�#�
-'��	�F�-'�?�!�#�
���
�#�� ��#���U�
.��95!�#������	!PM�
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���
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]QkN[Cz�b?U'W'W�cNY�s^kNW'e'U'w��FeNY�]^g)b?d�WN]^g�[�e'U'W'h)YVcNY�s?|~[�b?g�]Zy�� K�Y�h'W'|a[�n�cNY�s?[�|xt
W's^q sLY�]ZkNj�eNY�d'U'w���WN]^h)Y�z�b?U'W'd�_�[LkNU'[�_�[�X?[ r c'[�U'g�Y [�g�WN]^g)[�e'U'W'h)Y�]vj�X�kN[�q
_�wx| cNY�s?|~b?c'[�|

θ
W'U'g)b?c r b?c'b?U'l'W'[�U'UNY�y h)Y�c'g)W'UNY�n�j � b?g UNY�n�kN� � Y�g)�)]�y

� [�g)b^��`'[�cut{`'[�h)Y D ≤ 1.22λ/θ
����YF�?g)[�|\`'c'W'U'l'W'`'b�[)]^U'[�_)Y�U'[�[�`'c'b � b^q

kNb?U'W'b�s?_�b?s � U'w���cNY�s?|~b?c'[�_3]�`'[�|~[�o5����W'U'g)b?c r b?c'[�|~b?g)c'[�_���Y�d'h�b^kN��q
]^[�UNY{t�n�k!Y�X?[ � Y�c�yah�[�g)[�c'wx|�j � YAkN[)]^��W's?|~b?c'W'g)� � WNY�|~b?g)c'w U'b?h�[�g)[�c'w��
n�kNW's?h'W{�Fs?_�b?s � q X?W'XZY�U'g�[�_�b?o5bx_ #L
����Aq��FX?X �9H8]^U'[�_�UNY�y�[�X?cNY�U'W'e'b?U'W'b `'c'W
WN]^`'[LkN��s?[�_)Y�U'W'W\�?g)[�X?[�|~b?g)[ � Y�]^_�y{sLY�U'[�]�cNY�s?|~wxg)W'b?|pW'U'g�b?c r b?c'b?U'l'W{q
[�U'U'[�d3h)Y�c'g)W'U'w�Y�g�|~[)] r b?c'U'[�d3g)j�c'n�j�kNb?U'g)U'[)]^g)���F�

)0bLYAkN��U'wxb�Y�]^g)c'[�U'[�|~W'e'bL]^h'W'b�WN]^g�[�e'U'W'h'Wut0h)Y�h `'cNY�_�W{kN['t0U'b�|~[�U'[�q
��c'[�|:Y�g�W'e'bL]^h'W'b�� �HkNypU'W{�p_)Y�z�U'[}`'[�U'y{g)W'b ,-#=�NM���� > �$#!;A=LK2��� ��>�:�
 
�+
?MNK�M'>A=LK2� �QOVsx[�`'g�W'h'W�W's?_�bL]^g)U'['t�e'g)[V`'[H|~b?c'bxj�_�b^kNW'e'b?U'W'y�cNY�s?U'[)]^g)W
�)[ � Y � _�j���W'U'g)b?c r b?c'W'c'j���o�W{��kNj�e'b?d�h�[�U'g)cNY�]^g�W'U'g)b?c r b?c'b?U'l'W'[�U'U'w��
`'[LkN[)]5j�|~b?U'�(%FY�b?g�]Zy�� )0Y�s?U'[)]^g)���)[ � Y�sLY�`'WN]^wx_)Y�b?g�]Zy�_�_�W � b ∆l = c∆t

t
X � b ∆t− _�c'b?|~y}h�[�X?b?c'b?U'g)U'[)]^g�Wu�~�HkNy}WN]^g)[�e'U'W'h)Y ]�`'[�kN[)]^[�d�eNY�]^g)[�g
∆ν

t,_�c'b?|~y h�[�X?b?c'b?U'g)U'[)]^g)W�bL]^g)� `'c'[)]^g)[
∆t = 1/∆ν = (1/cλ2)/∆λ

t
X � b c− ]^h�[�c'[)]^g)�\]^_�b?g�Y{� ��W's?W'e'bL]^h'W'd�]^|~w ]Zk � kNW'U'w h�[�X?b?c'b?U'g)U'[)]^g)W
`'c'[)]^gC� � g)[#`'c'b � b^kN��U'[ � [�`'j)]^g)W'|:Y�y}cNY�s?U'[)]^g)�a�)[ � Y#W'U'g�b?c r b?c'W'c'j���q
o5W{� kNj�e'b?d � kNy�_�W � U'[)]^g)W W'U'g)b?c r b?c'b?U'l'W'[�U'U'w���`'[LkN[)]��J� sLY�_�WN]^W'|~[�q
]^g)W�[�g�]^[�[�g)U'[(%5b?U'W'y�Y�`'b?c'g)j�cNY

� � kNW'UNY�h�[�X?b?c'b?U'g)U'[)]^g)W�_�cNY�s^kNW'e'U'w��� WNY�`NY�s?[�UNYA�3cNY�s^kNW'eNY��8g ��>�:�
0� 
?MNK�M��
� ��M�
$��>�:9
0�+
?MNK�M��
� )��+��
14 =���: 

M';�#N; �

),Y�]?]^|~[�g)c'W'|xt�hp`'c'W'|~b?c'j�t�[�`'g)W'e'bL]^h'W'd � WNY�`NY�s?[�Uut λ = 5000
� � t

∆λ = 100
� � �C�HkNyFU'b?X?[

lcoh ' 2.5·10−3 ]^| W�]^[)]^g�Y�_�kNy{b?g ∼ U'bL]^h�[�kN��h�[
� kNW'U�_�[�kNUu����Y�[�n�[�c'[�gCt�_�cNY � W'[ � WNY�`NY�s?[�U'b�tNX � b8WN]^`'[LkN��s?j��8g�]Zy�j�s?h�[�`'[�q
kN[)]^U'wxb � b?g)b?h'g)[�c'w �

λ = 1
]^|xt

∆ν = 100
���ul��Zt � kNW'UNY�h�[�X?b?c'b?U'g)U'[)]^g�W

lcoh = c/δν ' 300
]^| W ]^[)]^g�Y�_�kNy{b?g ∼ U'bL]^h�[�kN��h�[#]^[�g)b?U � kNW'U _�[�kNUu�

�V[��?g)[�|~j�_ � kNW'U'U'[�_�[LkNU'[�_�[�| � cNY � W'['t0]^j�n�|~W{k'kNW'|~b?g)c'[�_�wxd O��F� � WNYAq
`NY�s?[�U'b3|~[Cz�b?g#[)]^j�o5bL]^g�_�kNy�g��)]Zy�h�[�X?b?c'b?U'g�U'wxd%`'c'W'b?| ]^W'X?UNYAk!Y#W � [�q
]^g)W'XZY�g)�)]�y�[�e'b?U'� _�w ]^[�h�[�b�j�X�kN[�_�[�bvcNY�s?c'b %�b?U'W'b8� cNY � W'[�W'U'g)b?c r b?c'[�|~b?g)q
c'W'y<�Z�N�}[�`'g)W'h�b8W�n�[�kNb?b�z�bL]^g)h�[�| � WNY�`NY�s?[�U'bH�?U'b?c'X?W'd�`'c'W'b?|�`'cNY�h'g)W{q
e'bL]^h'W�_)]^b?X � YHU'b?h�[�X?b?c'b?U'g)U'wxdu� �VbL]^|~[�g�c�y�UNY8�?g)['t�|~[�z�U'[�[)]^j�o5bL]^g�_�W'g)�
[�`'g)W'e'bL]^h'j��}W'U'g)b?c r b?c'[�|~b?g)c'W'�FtCWN]^`'[�kN��s?j�y�W � b?�}|~b?g)[ � Y8Y�`'b?c'g)j�c'U'[�q
X?[3]^W'U'g)b?sLY#��]^|x�u_�w %�b��Z�u�HkNy �?g)[�X?[�g�c'b?n�j�b?g�]Zy `'[�h'cNY�d'U'b?d |~b?c'b � _)Y



��� � ����� ��� ��� ��� �	

�����	��
 � ����
 ��� ����� ��� 
���!���� ����� ��� � 

�����

g)b^kNbL]^h�[�`NY�UNY�cNY�]?]^g)[�y{U'W'W
S � c'j�XF[�g � c'j�XZY{�PO�]^g)[�e'U'W'h UNY�n�kN� � Y�b?g�]�y

]�h�[�c'[�g)h'W'|~W��?h�]^`'[�s?W'l'W'y{|~W%� e'g�[�n�w g)j�c'n�j�kNb?U'g)U'[)]^g)��Y�g)|~[)] r b?c'w U'b
cNY�s?|~w�k!Y8W'U'g)b?c r b?c'b?U'l'W'[�U'U'j���h)Y�c'g)W'U'j���`'c'W�cNY�s^kNW'e'U'w��F[�c'W'b?U'g�Y�l'W{q
y���[)]^W�g)b^kNbL]^h�[�`{q g)b^kNbL]^h�[�`�[�g)U'[)]^W'g)b^kN��U'[�WN]^g)[�e'U'W'h)Y�� �?g)[�|~j5`'[�|~[�XZY�b?g
]^j�g)[�e'U'[�b�_�cNY�o5b?U'W'b��<b?|EkNW��Z�J�V[�kNj�e'b?U'UNY�yaW'U'g)b?c r b?c'b?U'l'W'[�U'UNY�y h)Y�c{q
g)W'UNY _�`'c'W'U'l'W'`'b�`'[�s?_�[LkNy{b?g � [)]^g�W'XZY�g)��j�XZkN[�_�[�X?[acNY�s?c'b %5b?U'W'y λ/S ��HkNya�?g�[�X?[�g)c'b?n�j�b?g�]Zy�t0e'g�[�n�w kNj�e'W\[�g�[�n�[�W{�\g)b^kNbL]^h�[�`'[�_�n�w�kNW�]^_�b^q
� b?U'w _�b � W'U'[�| r [�h'j)]^b�]�cNY�s?U'[)]^g)��� �)[ � Y{t~U'b�`'c'b?_�w %�Y��8o5b?d � kNW{q
U'j�h�[�X?b?c'b?U'g)U'[)]^g)Wu� � g�Y�g)b^�{U'W'e'bL]^h'W�]ZkN[�z�UNY�y�sLY � Y�eNY�c'bLYAkNW's?j�b?g�]Zy�UNY-�q�� g�b^kNbL]^h�[�`NYA� � � � N~_�c'[�`'b?dN]^h�[�d � z�U'[�dCH�n)]^b?c'_)Y�g)[�c'W'Wut:X � b��?h{q
_�W'_)YAkNb?U'g)U'wxd � WNY�|~b?g)c%[�n��ub?h'g)W'_)Y#W'U'g)b?c r b?c'[�|~b?g)cNY ����� cNY�_�b?U�#L�
|x� � g)[�|~j � WNY�|~b?g)c'j%]^[�[�g)_�b?g�]^g)_�j�b?gaj�XZkN[�_�[�b�cNY�s?c'b %5b?U'W'b 0.006′′

UNY
� kNW'U'bH_�[�kNU'w ������� � � �

� h�[�U'l'j ������#�X?[ � Y n�w�kNW\`'[LkNj�e'b?U'w�`'b?c'_�wxb�W'U'g�b?c r b?c'[�|~b?g)c'W'e{q
_�bL]^h'W'b UNY�n�kN� � b?U'W'yfUNY � _�j��ig)b^kNbL]^h�[�`NYA� � � �Vt�cNY�n�[�gCY���o�W{�i_\c'b^q
z�W'|~b�W'U'g�b?c r b?c'[�|~b?g)cNYa]3n)Y�s?[�d�#?�)� |x� OVs?|~b?c'b?U'w j�XZkN[�_�wxb cNY�s?|~b^q
c'wiU'bL]^h�[LkN��h'W{��s?_�b?s � UNYHj�c'[�_�U'b � bL]�y�g�h)Y5|~W'h'c'[)]^b?h'j�U ��� j�X?W�� c'b?h�[�c �
UNY�s?b?|~U'w��}UNY�n�kN� � b?U'W'd��Z���������)�#X��:jmn�w ]^g)c'[�_�cNY�oFY���o�b?dN]Zyis?_�b?s � w
� �)b?c'UNY�cut α � ��
 t����Aq eNY�]^[�_)Y�yF�?h�]^`'[�s?W'l'W'y�UNY � kNW'U'b�_�[�kNU'w%���	� |~W'h'c'[�UNY`'[�s?_�[LkNW{k!Y�W's?|~b?c'W'g)��[�g)U'[(%5b?U'W'b�`'[LkNy{c'U'[�X?[�h3�?h'_)Y�g)[�c'WNYAkN��U'[�|~j�cNYAq
� W'j)]^j�]�n�bL]^`'c'b?l'b � b?U'g)U'[5_�w ]^[�h�[�d���� g�[�e'U'[)]^g)������� ����#?�HX��)`{k!Y�U'W'c'j�q
b?g�]�y�sLY�`'j)]^h�h�[)]^|~W'e'bL]^h�[�X?[�W'U'g)b?c r b?c'[�|~b?g)cNY � ���%� � 
 ����
 � ����
 � � � � � 	�
 �
� 
 	 ��
 �^�ZtJ]^[)]^g)[Cy�o�b?X?[3W's�e'b?g)wxc'b^�#
��	�Cq |�g)b^kNbL]^h�[�`'[�_3]�|:Y�h�]^W'|:YAkN��U'[�d
n)Y�s?[�d�#Hh'|x�!�8XZkN[�_�[�b5cNY�s?c'b %�b?U'W'b��?g�[�X?[�W'U'g)b?c r b?c'[�|~b?g)cNY � [)]^g)W'X?U'b?g
0.001′′

UNY � kNW'U'b�_�[LkNU'w 
a|~h'|�W�X�k!Y�_�U'[�dpUNYLj�e'U'[�disLY � Y�e'b?dpn�j � b?g
`'[�WN]^h�`{k!Y�U'b?g�s?b?|~U'[�X?[�g)W'`NY�_�[�h'c'j�XHn�kNW'z5Y�d�%5W{��s?_�b?s � �
"�� 	8� ��� � :A��1 � ��.!�0(���*0-���*0+3? ��('*0.�$

��Y�h�]^h)Y�sLY�U'[V_�w %5b�t�Y�g)|~[)] r b?c'UNY�yFg)j�c'n�j�kNb?U'g)U'[)]^g)��WN]^h)Y�z�Y�b?g8_�[�k'q
U'[�_�[�d r c'[�U'g�W I cNY�s?|~wx_)Y�b?g(M�W's?[�n�cNY�zFb?U'W'b�s?_�b?s � w�� ��Y�c'WN]������7��]Z�)b^q
|:Y�g)W'e'bL]^h'W `'[�h)Y�sLY�U'[�`'c'[��)[�z � b?U'W'b�_�[LkNU'[�_�[�X?[ r c'[�U'g�Y�e'b?c'b?s�g)j�c'n�j�q
kNb?U'g)U'j��%Y�g)|~[)] r b?c'j��A�HkNy�h�[�kNW'e'bL]^g)_�b?U'U'[�d���Y�cNY�h'g)b?c'WN]^g)W'h'W�|:Y�]&%�g�YAq
n)Y�g)j�c'n�j�kNb?U'g)U'[)]^g)W�_3Y�g�|~[)] r b?c'b�_�_�[ � W'g�]�y#`NY�cNY�|~b?g)c r0 � g�Y�h UNY�s?w�q_)Y�b?|~wxd3`NY�cNY�|~b?g�c ��c'W � Y��Z���V[ r W's?W'e'bL]^h�[�|~j3]^|~w ]QkNj�[�U3�?h'_�W'_)YAkNb?U{q
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g)b?U � WNY�|~b?g�c'j�g)b^kNbL]^h�[�`NY{t � W r cNY�h'l'W'[�U'U'wxd�`'c'b � b^k h�[�g)[�c'[�X?[
λ/r0cNY�_�U'y�k!]Zymn�w j�XZkN[�_�[�|~j\cNY�s?|~b?c'jaW's?[�n�cNY�zFb?U'W'y\g)[�e'b?e'U'[�X?[�WN]^g)[�e'U'W{q

h)Y{tN[�n�j)]QkN[�_�kNb?U'U'[�|~j3g)j�c'n�j�kNb?U'g�U'[�d�Y�g)|~[)] r b?c'[�d3_ � Y�U'U'[�|�|~bL]^g)b�W�_
� Y�U'U'[�bV_�c'b?|~y<�'��Y�cNY�|~b?g)c ��c'W � YFsLY�_�WN]^W'g�[�g � kNW'U'wf_�[�kNU'wpWN]^g)[�e'U'W{q
h)Ya�

r0 ∝ λ6/5 ��W#_�[�`'g�W'e'bL]^h�[�| � WNY�`NY�s?[�U'b�_)Y�c'��W'c'j�b?g�]�y#_�`'c'b � b^k!YA�
�
�
���V]^|x� 	Vb?|�n�[�kN�(%5b�]^c'b � U'W'd�`NY�cNY�|~b?g)c ��c'W � Y{t�g)b?| n�[LkNb?b�`'c'W'X?[ � U'[

|~bL]^g)[ � kNy�Y�]^g)c'[�U'[�|~W'e'bL]^h'W{��UNY�n�kN� � b?U'W'du� Nv]QkNW � WNY�|~b?g)c�[�n��ub?h'g)W'_)Y
g)b^kNbL]^h�[�`NY�|~b?U'�(%5b

r0
t�g)[�g)j�c'n�j�kNb?U'g)U'wxb � _�W'zFb?U'W'y�_�[�s � j���Y�U'b�cNY�s^q

|~wx_)Y���g � W r cNY�h'l'W'[�U'U'[�X?[�W's?[�n�cNY�z�b?U'W'y�t{]^[�s � Y�_)Y�b?|~[�X?[�[�n��ub?h'g�W'_�[�|xt
�)[�gCy�_�wxs?wx_)Y��8g�b?X?[Fn�w ]^g�c'wxb���Y�[�g)W'e'bL]^h'W'bV`'b?c'b?|~b?o5b?U'W'y�_F`'c'b � b^k!YA�
g)j�c'n�j�kNb?U'g)U'[�X?[ � WN]^h)Y{�
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K�Y�h'W'| [�n�cNY�s?[�|xtug)b^kNbL]^h�[�` |:YAkNw���cNY�s?|~b?c'[�_
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]^g)c'[�W'g � W r cNY�h{q
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l'W'[�U'U'[�bHW's?[�n�cNY�zFb?U'W'bHcNY�s?|~b?c'[�|
λ/D1

W�`'cNY�h'g)W'e'bL]^h'W�U'b�e'j�_)]^g)_�j�b?g
Y�g)|~[)] r b?c'U'[�X?[�cNY�s?|~wxg)W'ya� kNb?_)Y�y�eNY�]^g)��c'WN]��u���7���Z�3KJb^kNbL]^h�[�` n�[LkN�(%�[�q
X?[ � WNY�|~b?g)cNY D2 � r0

� `'cNY�_)Y�y�eNY�]^g)�Fc'WN]��{���7���~[ � U'[�_�c'b?|~b?U'U'[�]^g)c'[�W'g
n�[LkN�(%�[�b�e'WN]ZkN[�[�g � b^kN��U'w�� � W r cNY�h'l'W'[�U'U'w���W's?[�n�cNY�z�b?U'W'd�WN]^g)[�e'U'W{q
h)Y{tNh�[�g)[�c'wxbHcNY�s?|~wx_)Y��8g�]Zy�g�j�c'n�j�kNb?U'g)U'[)]^g���� _�[�n�k!Y�]^g)W�]Vj�X�kN[�_�wx|~W
cNY�s?|~b?cNY�|~W

β ≈ λ/r0 � λ/D2
� � g�[3[�n��uy']^U'y{b?gCtE`'[�e'b?|~j#`'c'W � [)]^g�YAq

g)[�e'U'[ � kNW'U'U'w��}�?h�]^`'[�s?W'l'W'y��%j�X�kN[�_�[�b3cNY�s?c'b %�b?U'W'b�n�[�kN�(%5[�X?[mg)b^kNb^q
]^h�[�`NY )N>-#�M'>A=LK D8. [�`'c'b � b^kNy{b?g�]�y\cNY�s?|~b?c'[�|�]^[�s � Y�_)Y�b?|~[�X?[ Y�g)|~[)] r b^q
c'[�d�W's?[�n�cNY�zFb?U'W'y��

),Y�s?j�|~b?b?g�]Zy�tu_�wxU'[)]Fg)b^kNbL]^h�[�`NY�sLY�Y�g)|~[)] r b?c'ja� UNY�`'c'W'|~b?cutuh�[)]^|~W{q
e'bL]^h'W'd g)b^kNbL]^h�[�` W'|x� +VY�n�n�k!Y��3]^U'W'|:Y�b?gp`'c'[�n�kNb?|~j _�kNW'y{U'W'y Y�g)|~[�q
] r b?c'w�tJU'[��?g)[�_�bL]^��|:Y � [�c'[�X?[)]^g)[�y{o5W'd\]^`'[)]^[�n�j�kNj�e�%5b?U'W'y#h)Y�e'bL]^g)_)Y
W's?[�n�cNY�zFb?U'W'y<�F� #L
)�A�Aq�� X?X � r cNY�U'l'j�sL]^h'W'd Y�]^g)c'[�U'[�| �HY�n�b?d'c'W �����
� � ��
	� ��
 
�� � kNy�j�_�b^kNW'e'b?U'W'y�j�XZkN[�_�[�X?[icNY�s?c'b %5b?U'W'y n�[LkN�(%�W{� UNY�s?b?|Eq
U'w���g�b^kNbL]^h�[�`'[�_�`'c'b � kN[�z�W{k3|~b?g)[ � ]^`'b?h{k'q W'U'g)b?c r b?c'[�|~b?g�c'W'W���t{`'[LkNj�q
e'W'_(%5W'd>%�W'c'[�h�[�b cNY�]^`'c'[)]^g)cNY�U'b?U'W'b�� ��b?g)[ � ]^[)]^g)[�W'g\_m]^g�Y�g)WN]^g)W'e'b^q
]^h�[�d3[�n�cNY�n�[�g)h�bHW's?[�n�cNY�zFb?U'W'y�tNsLY r W'h�]^W'c'[�_)Y�U'U'[�X?[�`'c'W�[�e'b?U'��h�[�c'[�g�q
h'W{�#�?h�]^`'[�s?W'l'W'y��p�

τ < τ0 ' r0/∆v ∼ 0.01
]�t

∆v− � WN]^`'b?cN]^W'y g)j�c{q
n�j�kNb?U'g)U'w���]^h�[�c'[)]^g)b?d�_�Y�g)|~[)] r b?c'b��Zt�sLY�_�c'b?|~y h�[�g)[�c'w�� � W r cNY�h'l'W{q
[�U'U'[�bHW's?[�n�cNY�zFb?U'W'b�U'b I cNY�s?|:Y�s?wx_)Y�b?g�]ZyNM�Y�g)|~[)] r b?c'[�da��]^cu�!|~b?c'lNY�U'W'b
s?_�b?s � � ��� c'WN]������	���Z� ��Y [ � U'[�d�]^`'b?h{kN[�X?cNY�|~|~b%��]^_�b?c)�{j�]ZkNb?_)Y���[�g)e'b?g�q
kNW'_�[a_�W � U'w [�g � b^kN��U'wxb�W's?[�n�cNY�zFb?U'W'y � _�[�d'U'[�dis?_�b?s � w � I ]^`'b?h{kNw MQ�Z�
��Y�z � wxd I ]^`'b?h{k�M�`'c'b � ]^g�Y�_�kNy{b?gF]^[�n�[�d � W r cNY�h'l'W'[�U'U'[�b�W's?[�n�cNY�zFb?U'W'b
WN]^g)[�e'U'W'h)Y{t'`'[)]^g)c'[�b?U'U'[�b5[�n��ub?h'g)W'_�[�|�g)b^kNbL]^h�[�`NY

D
� O8��e'WN]ZkN[�_�`'c'b^q

� b^k!YA�5g)j�c'n�j�kNb?U'g)U'[�X?[ � WN]^h)Y8s?_�b?s � w ∼ (D/r0)
2 ��N:]ZkNW�]ZkN[�z�W'g���`'[)]ZkNb^q

� [�_)Y�g)b^kN��U'wxb5]^`'b?h{kN[�X?cNY�|~|~w � _�`'cNY�_�[�d�_�b?c���U'b?d�eNY�]^g�W�c'WN]^j�U'h)Y�]ZkN[�q
zFb?U'w #L����]^`'b?h{kN[�X?cNY�|~|��Zt)j�_�b^kNW'e'W'_)Y�y�g)b?| ]?Y�|~wx|�_�c'b?|~y5�?h�]^`'[�s?W'l'W'Wut
g)[xW's^q sLY ]ZkNj�eNY�d'U'[)]^g�W r Y�sv[�g � b^kN��U'w�� � W r cNY�h'l'W'[�U'U'w��5W's?[�n�cNY�zFb?U'W'd
� bL]^g)c'j�h'g)W'_�UNY�y W'U'g�b?c r b?c'b?U'l'W'y sLY�|~[�b?gfh)Y�c'g)W'U'j � _�_�b?c���j ]^`'cNY�_)Y��Z�
H � UNY�h�[ `'c'[)]^g�Y�ym|:Y�g)b?|:Y�g)W'e'bL]^h)Y�y�[�n�cNY�n�[�g)h)Ya[ � U'[�d%]^`'b?h{kN[�X?cNY�|~|~w
`'[�s?_�[LkNy{b?g _�[)]?]^g�Y�U'[�_�W'g)��WN]Z�)[ � U'j�� h)Y�c'g)W'U'jm� U'W'z�U'y{y eNY�]^g)��c'WN]^j�U{q
h)Y��Z� ��Y�`'c'W'|~b?cut,_�U'W'z�U'b?d\eNY�]^g)Wac'WN]^j�U'h)Y3`'c'W'_�b � b?UNY�Y�_�g)[�h�[�c'c'b^kNy�q
l'W'[�U'UNY�y r j�U'h'l'W'y _�b?c)�{U'b?d#]^`'b?h{kN[�X?cNY�|~|~w��!H�g)e'b?gCkNW'_�[�_�W � UNY�X�k!Y�_�q
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UNY�y�s?_�b?s � Y � n�[�kN�(%5[�d#`'W'h�� ] � W r cNY�h'l'W'[�U'U'wx|�cNY�s?c'b %�b?U'W'b?|
λ/D

W
s?_�b?s � YAq ]^`'j�g�U'W'h |~b?U'�(%5b?d W'U'g)b?UN]^W'_�U'[)]^g)W�� |:YAkNb?U'��h'W'd `'W'h ]^`'cNY�_)Y�W
]QkNb?_)Y�[�g�n�[LkN�(%�[�X?[��N`'W'h'W�`'[�h'cNY�y�|mh)Y�c'g)W'U'h'W�y{_�kNy{��g�]Zy�Y�c'g�b r Y�h'g�YAq
|~W�`'c'[�l'b � j�c'w [�n�cNY�n�[�g)h'W��Z�

� �!��T �MT �'T ��5!�
-M	!��&�.!�� � ���*�����A��!��AC�����
�(*!R ��� ��������� �#���
. �'$ ��	����H� ���Q�($� � ��%K � �
��5��
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. �'$ ��5!.��������U�,��������-'��.�.���	�P����!�����2��P � $'�!-����!P �
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�HkNy�j)]^`'b %5U'[�d ]^`'b?h{k'q W'U'g)b?c r b?c'[�|~b?g)c'W'W ]^j�o�bL]^g)_�b?U'U'w � _)Y�j)]ZkN[�q
_�W'y � #A�,h�[�c'[�g)h'W'bV�?h�]^`'[�s?W'l'W'W � � ��Y�cNY�h'g)b?c'U'[�X?[F_�c'b?|~b?U'W�g)j�c'n�j�kNb?U'g�q
U'w�� � c'[�z5Y�U'W'd��EW���� � [)]^g�Y�g)[�e'U'[�j�s?h)Y�y�`'[�kN[)]?YF`'c'W'b?|~U'W'h)Y{t�e'g)[�n�w�sLY
_�c'b?|~y �?h�]^`'[�s?W'l'W'W [)]^g�Y�g)�)]Zy�_�s?[�U'b�h�[�X?b?c'b?U'g)U'[)]^g)Wu� OVU'g�b?c r b?c'b?U'l'W{q
[�U'UNY�y�h)Y�c'g)W'UNY���]^`'b?h{kNwV�,[�gHWN]^g)[�e'U'W'h)Y�h�[�U'b?e'U'w���j�X�kN[�_�w���cNY�s?|~b?c'[�_
n�j � b?g�_�W � UNY{tJbL]QkNW j�XZkN[�_�[�dacNY�s?|~b?c b?X?[�W's?[�n�cNY�z�b?U'W'y |~b?U'�(%�b�[�g)U'[�q%5b?U'W'y � kNW'U'w h�[�X?b?c'b?U'g)U'[)]^g�W3h � WNY�|~b?g)c'j�g)b^kNbL]^h�[�`NY��!_��?g�[�|}]QkNj�eNY�b
kNj�e'W3[�g�cNY�s?U'w���g�[�e'b?h�[�n��ub?h'g�Y�[)]^g�Y�U'j�g�]Zy�h�[�X?b?c'b?U'g)U'wx|~Wu�
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I �+��45
0� � s?_�b?s � Y�]�j�XZkN[�_�wx| � WNY�|~b?g)c'[�| θ = 0.001′′
t � kNW'UNY�_�[�kNU'w

λ = 5000
� � t~g)b^kNbL]^h�[�`

D = 1
|x�:�Vc'W��?g�[�| |~[�z�U'[ � b^k!Y�g)�#]^`'b?h{k'q

W'U'g)b?c r b?c'[�|~b?g)c'W'� � Wut,UNY�`'c'W'|~b?cutEW's?|~b?c'W'g)��j�XZkN[�_�[�d � WNY�|~b?g)c\�?g)[�d
s?_�b?s � w W{kNW j�XZkN[�_�[�b�cNY�]?]^g)[�y{U'W'b�|~b?z � j � _�j�|~yag)bL]^U'wx|~W s?_�b?s � Y�|~W��
j�z�b�`'c'W�`'[�kN[)]^b5`'c'W'b?|~U'W'h)Y

∆λ < λ2/(Dθ) ' 6000
� � �

"�� 	8� 	8� ��1,('.!���,"�$%.%"9�:"�:0('.!���,"�$�+�:,('.,1!"
�5c'j�X?[�d�]^`'[)]^[�n�n�[�c'��n�w ]:Y�g)|~[)] r b?c'U'[�dFg)j�c'n�j�kNb?U'g)U'[)]^g)���m]^[)]^g)[�W'g

_�WN]^`'[�kN��s?[�_)Y�U'W'W ;&�)K2�N@�M'>�� �a;�,A;�)!K �!@AMN>�� >
)!K �%��� �J�V[ � Y�h'g)W'_�U'[�d
[�`'g)W'h�[�d%`'[�U'W'|:Y��8g ]^`'[)]^[�n�U'[)]^g)� XZk!Y�_�U'[�X?[\s?b?c'h)YAk!Y#W's?|~b?U'y{g)� ]^_�[��
r [�c'|~j � kNy3h�[�c'c'b?h'g)W'c'[�_�h'W U'W's?h�[�eNY�]^g)[�g)U'w��\� #5�ul W3U'W'zFb�� � c'[Cz5YAq
U'W'd�W's?[�n�cNY�zFb?U'W'y<���V[ � Y � Y�`'g)W'_�U'[�d�[�`'g)W'h�[�d�`'[�U'W'|:Y��8g�[�`'g)W'e'bL]^h'W'b
j)]^g)c'[�dN]^g)_)Y{t?h�[�g)[�c'wxbv|~b^��Y�U'W'e'bL]^h'W5W's?|~b?U'y{�8g�]^_�[�W5`NY�cNY�|~b?g�c'w#g�Y�h'W'|
[�n�cNY�s?[�|xt�e'g�[�n�wa]^h�[�|~`'b?UN]^W'c'[�_)Y�g)�8_�w ]^[�h�[�eNY�]^g�[�g)U'wxb�� � bL]�y�g�h'W � ]^[�g)U'W�ul��EWN]^h)Y�z�b?U'W'y�_�[LkNU'[�_�[�X?[ r c'[�U'g�Y{t�_�wxs?_)Y�U'U'wxb�Y�g)|~[)] r b?c'U'[�d�g)j�c'n�j�q
kNb?U'g)U'[)]^g)��� W#W'U'wx|~W#`'c'W'e'W'UNY�|~Wu�E� Y�]^g)c'[�U'[�|~W'e'bL]^h'W{�#`'c'W'n�[�cNYA�#_
h)YLe'bL]^g�_�b Y � Y�`'g)W'_�U'[�d�[�`'g)W'h'W�WN]^`'[LkN��s?j��8g5]^`'b?l'WNYAkN��U'wxb � b r [�c'|~W'c'j�q
b?|~wxb�s?b?c'h)YAk!Y � WNY�|~b?g)c'[�|m`'[�c�y � h)Y�����]^|xt r [�c'|:Y�`'[�_�b?c���U'[)]^g)W�h�[�g)[�q
c'w���W's?|~b?U'y{b?g�]�y�_�`'c'[�l'bL]?]^b��?h�]^`'[�s?W'l'W'Wu� 	VWN]ZkN[�]^b?UN]^[�c'[�_�[�n�cNY�g)U'[�d
]^_�y{s?Wut � b r [�c'|~W'c'j���o�W{��s?b?c'h)YAkN[�� gC� Uu�<Y�h'g)W'_)Y�g)[�c'[�_{�Zt�X?c'j�n�[�[�`'c'b � b^q
kNy{b?g�]Zy�W'sHg�c'b?n�[�_)Y�U'W'y

Na ∼ (D/r0)
2 ∝ λ−12/5

�
D � � WNY�|~b?g)c�XZk!Y�_�U'[�X?[�s?b?c'h)YAk!Y�g)b^kNbL]^h�[�`NY��usLY�_�WN]^W'|~[)]^g���[�g � kNW'U'w_�[LkNU'w `'[LkNj�e'b?UNY g)b?[�c'b?g)W'e'bL]^h'W��Z� H�n�cNY�g�UNY�y\sLY�_�WN]^W'|~[)]^g��#[�g � kNW'U'w
_�[LkNU'wf`'[�h)Y�s?wx_)Y�b?gAt{e'g)[5Y�h'g)W'_�UNY�y�[�`'g)W'h)Y � [�kNz�UNY5kNj�e�%�b�cNY�n�[�g�Y�g��5_
h'cNY�]^U'[�d [�n�k!Y�]^g)W#]^`'b?h'g)cNY{�u� c'bLYAkN��U'w�� j)]^g�c'[�dN]^g)_)YA��e'WN]ZkN[3Y�h'g)W'_)YAq
g)[�c'[�_�U'bH`'c'b?_�w %FY�b?g #?���{�

/ _�b?g�[�g�XZk!Y�_�U'[�X?[���Y�h'g�W'_�U'[�X?[{�vs?b?c'h)YAk!Y�UNY�`'cNY�_�kNy{b?g�]�y�UNY � b r [�c{q
|~W'c'j�b?|~[�b\s?b?c'h)YAkN[ ��Y � Y�`'g)W'_�UNY�y [�`'g)W'h)Y��Zt�h�[�g)[�c'[�b�I h�[�c'c'b?h'g)W'c'j�b?g(M
_�[LkNU'[�_�[�d r c'[�U'g�WFUNY�`'cNY�_�kNy{b?g�WN]^`'cNY�_�kNb?U'U'wxd�`'j�e'[�h�_V[)]^U'[�_�U'[�d r [�q
h'j)]����V[�c'c'b?h'g)W'c'[�_�h)Y8[)]^j�o�bL]^g)_�kNy{b?g�]ZyF_Vc'bLYAkN��U'[�|�_�c'b?|~b?U'W�`'j�g)b?|�`'[�q
� YLe'W�]^`'b?l'WNYAkN��U'[�X?[ h�[�c'c'b?h'g)W'c'j��8o5b?X?[#]^W'X?UNYAk!Y UNY�Y�h'g)W'_)Y�g)[�c'w � b^q
r [�c'|~W'c'j�b?|~[�X?[�s?b?c'h)YAk!Y{�A/ W'X?UNYAk#_�wxcNY�n)Y�g)wx_)Y�b?g�]Zy�j)]^g)c'[�dN]^g)_�[�|xt<W's^q
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|~b?c�y{�8o5W'| UNY�h{kN[�U5WHh'c'W'_�W's?U'j�_�[�kNU'[�_�[�X?[ r c'[�U'g�Y�]^_�b?g�Y{tL[�g)cNY�zFb?U'U'[�q
X?[H[�gHX�k!Y�_�U'[�X?[5s?b?c'h)YAk!Y{����]^b h'c'j�`'U'wxb�]^[�_�c'b?|~b?U'U'wxb8g)b^kNbL]^h�[�`'wi]^UNY�n�q
z�b?U'w Y � Y�`'g)W'_�U'[�d�[�`'g)W'h�[�d � kNy�j�_�b^kNW'e'b?U'W'y�j�XZkN[�_�[�X?[�cNY�s?c'b %5b?U'W'y��

�HkNyah�[�U'g)c'[LkNy\sLY r [�c'|~[�d _�[�kNU'[�_�[�X?[ r c'[�U'g�Y3WN]^`'[�kN��s?j��8g kNW'n�[
y{c'h'j�� c'b?`'b?c'U'j���s?_�b?s � j�t<kNW'n�[�� bL]ZkNW c�y � [�|i]�UNY�n�kN� � Y�b?|~wx|f[�n��ub?h{q
g)[�| y�c'h'W{� s?_�b?s � U'b?gN� I WN]^h'j)]?]^g)_�b?U'U'j�� s?_�b?s � j9MZtEgC� b��,h'cNY�g)h�[�_�c'b?|~b?U{q
U'j��p`'[ � ]^_�b?g)h'j�j�eNY�]^g)h)YHU'b?n)Y�|~[�o5U'wx|\k!Y�s?b?c'U'wx|\W'|~`'j�kN�)]^[�|x� �HY�s?b?c
[�n�wxe'U'[3UNY�]^g)cNY�W'_)Y�b?g�]Zy#UNY�eNY�]^g�[�g)j3c'b?s?[�UNY�UN]^U'[�X?[ `'b?c'b^�)[ � Y D2

Y�g)[�q
|:Y�UNY�g�c'W'y<��/ _�b?e'b?U'W'b�[�n�cNY�s?j�b?g�]Zy _�Y�g)|~[)] r b?c'bFUNY�_�w ]^[�g�YA��`'[�c�y � h)Y

���h'|x�
"�� 	�� � ���5(�"'('.0&)('.,1!"�-�+!('+3�0+3�8� 
 *0+��!+3�!+���.C��+ � �,+��!+�� � 5 ? �

),Y�]?]^|~[�g)c'W'| ]^g�Y�l'W'[�UNY�c'U'wxdfWN]^g)[�e'U'W'h�]^_�b?g�Y{t�`'c'W'U'W'|:Y�b?|~wxd � b^q
g)b?h'g)[�c'[�| W'U'g)b?X?cNYAkN��U'wxd�`'[�g)[�h\[�g�h�[�g)[�c'[�X?[ _�]^c'b � U'b?|�]^[)]^g�Y�_�kNy{b?g
n∗

h'_)Y�U'g)[�_ 	A]����f[�`'g)W'e'bL]^h�[�|fW�n�[LkNb?bFh�[�c'[�g)h�[�_�[LkNU'[�_�[�| � WNY�`NY�s?[�UNYA�
_�b?c'[�y{g)U'[)]^g)��c'b?X?WN]^g�cNY�l'W'W

n
h'_)Y�U'g)[�_VsLYV_�c'b?|~y

t
`'[ � e'W'U'y{b?g�]Zy�]�n�[LkN��q%5[�d�g)[�e'U'[)]^g)��� ]^gCY�g)WN]^g)W'h�bH�Vj)Y�]?]^[�UNY�� WN]^h{kN��e'b?U'W'y�]^|x�!U'W'z�b��

p(n) =
〈n〉n
n!

e−〈n〉,
� ���.-{�

X � b p(n) �
_�b?c'[�y{g)U'[)]^g���g)[�X?['t�e'g)[in�j � b?g�sLY r W'h�]^W'c'[�_)Y�U'[ n

h'_)Y�U{q
g)[�_'t 〈n〉 = n∗t �

|:Y�g)b?|:Y�g)W'e'bL]^h�[�b�[�z�W � Y�U'W'b�e'WN]Qk!Y�`'c'W'U'y{g)w���h'_)Y�U{q
g)[�_'����Y�z�U'[�b�]^_�[�dN]^g�_�[�]^g�Y�g)WN]^g�W'h'W#�Vj)Y�]?]^[�UNY � ]^c'b � U'b?h'_)Y � cNY�g)W'e'U'wxb
r kN�8h'g)j)Y�l'W'W3e'WN]Zk!Y

n
[�`'c'b � b^kNy{��g�]�y�_�b^kNW'e'W'U'[�d 〈n〉

σ2
n = (n− 〈n〉)2 = 〈n〉. � ���	���

/vkNb � j�b?g�sLY�|~b?g)W'g)�'tJe'g)[�UNY3]?Y�|~[�| � b^kNb�]^g�Y�g�WN]^g)W'h)Y��Vj)Y�]?]^[�UNY��)[�c'[�q%5[�]^[�n�kN� � Y�b?g�]�y�g)[LkN��h�[ � kNy�_�w ]^[�h�[�eNY�]^g)[�g)U'w�� � WNY�`NY�s?[�U'[�_�]^`'b?h'g)cNY
� [�`'g)W'h)Y�Wmn�[LkNb?b�h�[�c'[�g)h�[�_�[�kNU'[�_)Y�y%[�n�k!Y�]^g)�{�ZtE_ h�[�g�[�c'w�� [�g)e'b?gCkNW'_�[
_�wxcNY�z�b?U'w h'_)Y�U'g)[�_�wxb�]^_�[�dN]^g)_)Y�]^_�b?g�Y{����U'W's?h�[�eNY�]^g)[�g)U'w�� � WNY�`NY�s?[�q
UNYA�#� O���tNcNY � W'[{�vn�[LkNb?b5_)Y�z�U'w�_�[LkNU'[�_�wxbF]^_�[�dN]^g)_)Y�]^_�b?g�Y��A�

� � >���	!���W��> �V�� �D	�$'�2���J5�.�� ����* � �������!�#���#5�����R �H���
����P������	��
�����
�
��������������
*�	!PL-M�#����.��#A

σ2
n = 〈n〉 + α(〈n〉)2

��&D*2�=-'�#B�� � �����!�(�!�
α
���
 ����!PM�
����P,���

α � 1*�	!P � � �">#��	!�
��-'�#.�����-M������	����#�#R�� � �������!�#� �G>�	��!����-G-6KE��.!�
*��!�
*!�!��5!�#�
���!��T
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$#��;#�� /3+��,2,+.-0/�G G;I 8:6�)46�2;G 
 -A5.6 /3+?5�< � �,+�/3+?JK+?5
)0bLYAkN��U'[5c'b?X?WN]^g)c'W'c'j�b?|~[�b�e'WN]QkN[ r [�g�[�U'[�_H|~[�z�U'[�`'c'b � ]^gCY�_�W'g)�5]^b^q

n�b:h)Y�hH|:Y�g�b?|:Y�g)W'e'bL]^h�[�b�[�z�W � Y�U'W'b e'WN]Qk!Y r [�g)[�U'[�_ [�g WN]^g)[�e'U'W'h)Y�� =���: 

M';�# �Zt~`'[�`NY�_(%5W{�}UNY � b?g�b?h'g)[�c�sLY�_�c'b?|~y��?h�]^`'[�s?W'l'W'W t

� gA� b��:]^c'b � U'b?b
e'WN]QkN[ 〈n〉 tuh�[�g�[�c'[�b�c'b?X?WN]^g)c'W'c'j�b?g�]Zy�`'c'W'b?|~U'W'h�[�|��Zt�`{kN�V]F]ZkNj�eNY�d'UNY�y_�b^kNW'e'W'UNY�] � WN]^`'b?cN]^W'b?d σ2

n

t�]^_�y{sLY�U'UNY�yp]^[�]QkNj�eNY�d'U'wx|~W���]^g�Y�g)WN]^g)W{q
e'bL]^h'W'|~W�� r kN�8h'g)j)Y�l'W'y{|~W `'[�g)[�h)Y�h'_)Y�U'g)[�_�]?Y�|~[�X?[�WN]^g�[�e'U'W'h)Y{t<`{kN�V]
]QkNj�eNY�d'UNY�y�_�b^kNW'e'W'UNY�] � WN]^`'b?cN]^W'b?d σ2� t�]^_�y{sLY�U'UNY�y�] r [�U'[�| U'b?n)Y{� ��YAqs?[�_�b?|%]^j�|~|~j � _�j���`'[)]QkNb � U'W{��_�b^kNW'e'W'U �27 4�>$4 �

H8]^U'[�_�UNY�yfsLY � YLeNY�kN��n�[�X?[}Y�]^g)c'[�U'[�|~W'e'bL]^h�[�X?[%UNY�n�kN� � b?U'W'y � U'bg)[�kN��h�[ �A;��+
$:9�'=LK��+�
��>�@A;�K D WN]^g)[�e'U'W'hutuU'[�W�`'[�_�[�s?|~[�z�U'[)]^g)W g)[�e'U'b?b����45
0�+�NK2D `'[�g)[�h�W's^kNj�e'b?U'W'y��A�HkNy5c'b?X?WN]^g�cNY�l'W'W�WN]^g)[�e'U'W'h)Y � [)]^g�Y�g)[�e{q
U'[�cNY�s^kNW'e'W'g)� b?X?[#]^W'X?UNYAk}UNY r [�U'b�%5j�|:Y{t~`'c'W'U'y{_ sLY�h�[LkNW'e'bL]^g�_�b?U{q
U'wxd%h'c'W'g�b?c'W'd�sLY � Y�U'U'wxdij�c'[�_�b?U'�\[�g)U'[(%�b?U'W'y�]^W'X?UNYAk 	 %5j�|x� OVs?|~b^q
c'b?U'W'b�h)Y�h�[�d{q�kNW'n�[ r W's?W'e'bL]^h�[�d}_�b^kNW'e'W'U'w � `'[�g�[�h)Y{t,W'U'g�b?UN]^W'_�U'[)]^g)W��
��Y�cNY�h'g)b?c'W's?j�b?g�]Zy�g�[�e'U'[)]^g)����t ]�h�[�g)[�c'[�d%|~w �?g)j\_�b^kNW'e'W'U'j�[�`'c'b � b^q
kNy{b?|x���HkNy�j�_�b?c'b?U'U'[�d�c'b?X?WN]^g)cNY�l'W'WpWN]^g�[�e'U'W'h)Y{t U'b�X?[�_�[�c�ypj�z�b�[�n
W's?|~b?c'b?U'W'W�`'c'W{�)[ � y{o5b?X?[F[�gHU'b?X?[H`'[�g)[�h)YVW's^kNj�e'b?U'W'y�t�[�g)U'[(%�b?U'W'b�]^W'X^q
UNYAk!Y#h %5j�|~j � [LkNz�U'[\n�wxg)�a]^j�o5bL]^g�_�b?U'U'[ n�[�kN�(%5bR#a� _ `'c'[�g)W'_�U'[�|
]QkNj�eNY�bF_�b^kNW'h)Y�_�b?c'[Cy{g)U'[)]^g)��[�n�UNY�c'j�z�W'g)��|~U'[�X?[ I kN[Cz�U'w��NMHWN]^g)[�e'U'W{q
h�[�_{�Z� H�n�wxe'U'[�_�h)YLe'bL]^g)_�b5|~W'U'W'|:YAkN��U'[�X?[�`'[�c'[�XZY�c'b?X?WN]^g�cNY�l'W'W�_�wxn�W{q
cNY��8g�/ 	 �

= 3 − 5
t<e'g)[�]^[�[�g�_�b?g�]^g)_�j�b?g�[(%�W'n�h�b�W's?|~b?c'b?U'W'y ∼ _�
���W

��� ��t0]^[�[�g�_�b?g�]^g)_�b?U'U'[3�Vc'W\Y�]^g)c'[�U'[�|~W'e'bL]^h'W{�aUNY�n�kN� � b?U'W'y��a�?U'b?c'X?W'y
r [�g)[�U'[�_'tu]^[�n�cNY�U'U'w���g)b^kNbL]^h�[�`'[�|psLY�_�c'b?|~y��?h�]^`'[�s?W'l'W'WutJ`'c'b?[�n�cNY�s?j�q
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b?g�]Zy � b?g)b?h'g)[�c'[�| _�W'U'wxb r [�c'|~w �?U'b?c'X?W'W}Wm_ h�[�U'b?e'U'[�| ]^e'b?g)b�_�w�q
_�[ � W'g�]�y#_�l'W r c'[�_�[�| _�W � b3� UNY�`'c'W'|~b?cut,h)Y�hae'WN]QkN[ r [�g)[��ZkNb?h'g�c'[�U'[�_'t
_�wxn�W'g)w���W's�h)Y�g�[ � Y��Z�'��Y�g)b?|#[�g�]^e'b?g)w%h)YAkNW'n�c'j��8g�]Zy�W�g�Y�h'W'| [�n�cNY�s?[�|
j)]^g�Y�UNY�_�kNW'_)Y�b?g�]�y [ � U'[�s?UNYLe'U'[�b�]^[�[�g)_�b?g�]^g)_�W'bF|~b?z � j ]^h�[�c'[)]^g)����]^e'b^q
g�Y � b?g�b?h'g)[�cNY3W\`NY � Y��8o5W'| `'[�g)[�h�[�| r [�g)[�U'[�_�_ � Y�U'U'[�| � WNY�`NY�s?[�U'b
�?U'b?c'X?W'du�

��Y�_�c'b?|~y��?h�]^`'[�s?W'l'W'W�g)b^kNbL]^h�[�`�]^[�n�W'cNY�b?g5h'_)Y�U'g)w�t�W � j�o5W'b�h)Y�h�[�g
WN]^g)[�e'U'W'h)Y{t)g�Y�h�W r [�U'[�_�wxb�h'_)Y�U'g)w�� cNY�]?]^b?y{U'W'b�`'[)]^g)[�c'[�U'U'b?X?[�]^_�b?g�YV_
Y�g)|~[)] r b?c'b�t�]^[�n)]^g�_�b?U'U'[�bF]^_�b?e'b?U'W'b�Y�g)|~[)] r b?c'w W3gC� � �G�Z� ��[�U�U'b?n)Y�n�j�q
� b?|i��Y�cNY�h'g)b?c'W's?[�_)Y�g���b?X?[�y{c'h�[)]^g)��� S � h'_)Y�U'g 	���]^| 2· � · ]^g�b?c�� � � K�W'`'W'e{qU'[�b�s?UNYLe'b?U'W'bHy{c'h�[)]^g)W r [�UNY�_�]^W'U'b^q s?b^kNb?U'[�d �����~[�n�k!Y�]^g)W�]^[)]^g�Y�_�kNy{b?g
�G#��	��s?_�b?s � UNY�y�_�b^kNW'e'W'UNY�]�h'_'�<]^b?h'j�U � w � j�X?Wut!e'g)[�]^[�[�g)_�b?g�]^g�_�j�b?g�W'U{q
g)b?UN]^W'_�U'[)]^g)W ∼ 2.5 · 10−3 h'_)Y�U'g)[�_ 	���]^| 2· ] · h'_'�:]^b?hu� � j�X?W��Z����[�U�U'b?n)Yj�_�b^kNW'e'W'_)Y�b?g�]Zy�_Hh'cNY�]^U'[�d�[�n�k!Y�]^g)W�W's^q sLY�]^_�b?e'b?U'W'y�Y�g)|~[)] r b?c'U'w���|~[�q
kNb?h'j�k H ���

�Vj)]^g)�
t− _�c'b?|~y��?h�]^`'[�s?W'l'W'Wut

β− j�XZkN[�_�[�d�cNY�s?|~b?c�W's?[�n�cNY�z�b?U'W'y
� [�n�wxe'U'[5kNW'|~W'g�W'c'j�b?|~wxd�Y�g)|~[)] r b?c'[�d��Zt

D− cNY�s?|~b?c�[�n��ub?h'g)W'_)Y5g)b^kNb^q
]^h�[�`NY{t

S− y�c'h�[)]^g)� r [�UNY�U'b?n)Y � h'_)Y�U'g 	���]^| 2· � · ]^g)b?c�� � t f∗− `'[�g)[�h [�g
WN]^g)[�e'U'W'h)Y � h'_)Y�U'g 	���]^| 2· � � � t η− h'_)Y�U'g)[�_�wxd3_�w��)[ � `'c'W'b?|~U'W'h)Y{�

/ e'W'g�Y�y `{kN[�o�Y � ��[�n��ub?h'g�W'_)Y ≈ D2 W�`{kN[�o�Y � �'t�sLY�U'W'|:Y�b?|~j�� WN] q
g)[�e'U'W'h�[�|aUNYVU'b?n�b

β2 ]^g)b?cNY � WNY�Uut�`'[LkNj�eNY�b?|xt)e'g)[�]^c'b � U'b?b e'WN]ZkN[Hh'_)Y�U{qg)[�_'t!sLY�c'b?X?WN]^g�c'W'c'[�_)Y�U'U'w�� sLY�_�c'b?|~y3�?h�]^`'[�s?W'l'W'W [�g�WN]^g)[�e'U'W'h)Y{t<cNY�_�q
U'[

n∗ = ηD2tf∗
t�[�g r [�UNY

n � ≈ ηD2tβ2S
tEY�[�g�WN]^g)[�e'U'W'h)Y�W r [�UNY

_�|~bL]^g)b �
n∗+

� = ηD2t(f∗ + β2S) .

��j � b?| ]^e'W'g�Y�g)�'tve'g�[ sLY _�c'b?|~y%�?h�]^`'[�s?W'l'W'W r [�UiU'b |~b?U'y{b?g�]Zy�W
r kN�8h'g)j)Y�l'W'W e'WN]Qk!Y�h'_)Y�U'g)[�_�U'[)]Zy{g�`'j)Y�]?]^[�U'[�_)]^h'W'd ��Y�cNY�h'g)b?cu��KJ[�X � Y
cNY�s?n�c'[)] [�g�]^e'b?g)[�_a[�g�U'[)]^W'g)b^kN��U'[\]^c'b � U'b?X?[ms?UNY�e'b?U'W'y�n�j � b?g √

n∗+
� tY#cNY�s?n�c'[)]3W's?|~b?c�y{b?|~[�X?[�]^W'X?UNYAk!Y

n = n∗+
� − n �

��Y�cNY�h'g)b?c'W's?j�b?g�]Zy
]^c'b � U'b?h'_)Y � cNY�g)W'e'U'[�d#[(%�W'n�h�[�d σ =

√
n∗+

� + n �
� `'[�sLY�h�[�U'j�]ZkN[�zFb^q

U'W'y � WN]^`'b?cN]^W'd�]ZkNj�eNY�d'U'w���U'b?sLY�_�WN]^W'|~w���_�b^kNW'e'W'U��Z�
H�g)U'[)]^W'g)b^kN��UNY�y [(%5W'n�h)Y�W's?|~b?c'b?U'W'y�]^W'X?UNYAk!Y�[�g�s?_�b?s � w ��Y�cNY�h'g)b^q
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c'W's?j�b?g�]�y�[�g)U'[)]^W'g)b^kN��U'[�d r kN�8h'g)j)Y�l'W'b?d�[�g�]^e'b?g�[�_H_)]^b?X?[�W's?|~b?c�y{b?|~[�X?[
]^W'X?UNYAk!Y{t!gA� b��'_�b^kNW'e'W'U'[�d

ε =

√
n ��� � + n �

n∗
=

√
ηD2t(f∗ + 2β2S)

ηD2tf∗
.

),Y�]?]^|~[�g)c'W'| � _)Y�`'c'b � b^kN��U'w���]ZkNj�eNY�y �
� � /vkNj�eNY�d�y{c'h�[�d3s?_�b?s � w�t n∗ � n �

� K�[�X � Y r [�U'[�|}U'b?n)Y�|~[�z�U'[�`'c'b^q
U'b?n�c'b?e'��W

εb '
√
n∗/n∗ = 1/

√
n∗ =

1

D
√
ηtf∗

.

H�g�]^� � Y�_�W � U'['t�e'g)[�|~W'U'W'|:YAkN��U'[�[�n�UNY�c'j�z�W'|~wxd�`'[�g)[�hF`'c'WFsLY � Y�U'U'[�d
g)[�e'U'[)]^g)W c'b?X?WN]^g�cNY�l'W'W

fmin ∼ 1/(D2t)
	Vb?|�n�[LkN�(%�b � WNY�|~b?g)cag)b^kNb^q

]^h�[�`NY{tug�b?|i`'c'W |~b?U'�(%�W{� �?h�]^`'[�s?W'l'W'y�� � [)]^g�W'XZY�b?g�]Zy�g)c'b?n�j�b?|:Y�y g)[�e{q
U'[)]^g)��W's?|~b?c'b?U'W'y<t�Y�j�_�b^kNW'e'b?U'W'bF_�c'b?|~b?U'W��?h�]^`'[�s?W'l'W'W �?h'_�W'_)YAkNb?U'g)U'[
j�_�b^kNW'e'b?U'W'� `{kN[�o�Y � W [�n��ub?h'g)W'_)Y D2 � 	Vg)[�n�w ]�g�[�d�z�bH[(%�W'n�h�[�d W's^q
|~b?c'W'g)��_ � _�[�bVn�[LkNb?b5]Zk!Y�n�wxd�]^W'X?UNYAk�g)c'b?n�j�b?g�]�y�_ � _�[�b�n�[LkN�(%�b?bH_�c'b?|~y
�?h�]^`'[�s?W'l'W'W�W{kNW�_ � _�[�bHn�[�kN�(%�Y�y )�#N> �F;
,�D g�b^kNbL]^h�[�`NY{�

I �+��45
0� � ��Y�h)Y�y�s?_�b?s � UNY�yf_�b^kNW'e'W'UNYm|~[�zFb?g�UNY�n�kN� � Y�g)�)]�yi��kNb?h{q
g)c'[ r [�g)[�|~b?g�c'[�| � h'_)Y�U'g)[�_�wxd _�w��)[ � η = 0.1

�aUNY �Cq | g)b^kNbL]^h�[�`'b
sLY _�c'b?|~y��?h�]^`'[�s?W'l'W'W

10−3 � ]�g)[�e'U'[)]^g)��� # � � / e'W'g�Y�g��'t~e'g)[ s?_�b?s^q
� Ymy{c'h)Y�yfW r [�U'[�| U'b?n)Ym|~[�z�U'[�`'c'b?U'b?n�c'b?e'�'� H�g)_�b?g � ηt = 10−4 � t
D = 600

]^|xtu[�g)h'j � Y f∗ = 1/(ε2bD
2ηt) ' 370

h'_'� 	���]^| 2· � �ZtuY�j�e'W'g)wx_)Y�y
0m → 106 h'_'� 	���]^| 2· � �Zt:`'[LkNj�eNY�b?| mlim = 2.5 lg 106

370 ≈ 6m − g)[ bL]^g)�
[�e'b?U'�\y�c'h)Y�y�s?_�b?s � Y�� UNYa`'c'b � b^kNb�_�W � W'|~[)]^g)W�U'b?_�[�[�c'j�zFb?U'U'wx| X�k!YAq
s?[�|��Z� OV|~b?U'U'[\`'[��?g)[�|~j�t UNY�`'c'W'|~b?cut |~b?g)[ � ]^`'b?h{k'q W'U'g)b?c r b?c'[�|~b?g�c'W'W
|~[�zFb?ga`'c'W'|~b?U'y{g)�)]�y}g)[�kN��h�[ � kNy�_�bL]^��|:Yay{c'h'W{�ms?_�b?s ��� Y�z�b3UNY#]?YAq
|~w���h'c'j�`'U'w���g)b^kNbL]^h�[�`NYA�<�
��� /vkNj�eNY�d�]Qk!Y�n�[�X?[�[�n��ub?h'gCY

n∗ < n �
�3OV|~b?b?|

εf '
√

2n �

n∗
=

√
2ηD2β2St

ηD2tf∗
=

β

Df∗

√
2S

ηt
.

��W'U'W'|:YAkN��U'[}[�n�UNY�c'j�z�W'|~wxd�`'[�g)[�hp`'c'W��?g)[�|
fmin ∼ (β/D)

√
S/tsLY�_�WN]^W'g�h)Y�h�[�gFy{c'h�[)]^g)W�U'b?n)Y

S
� e'g)[FW'U'g)j�W'g)W'_�U'[�y']^U'[{�Zt{g�Y�h�W�_�b?o�b
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n�[LkN�(%�b?d#]^g)b?`'b?U'W3[�g r Y�h'g)W'e'bL]^h�[�X?[�j�X�kN[�_�[�X?[�cNY�s?|~b?cNY�W's?[�n�cNY�zFb?U'W'y
s?_�b?s � w β

�{�}�?g)[�|\]ZkNj�eNY�b�t{_F[�g�kNW'e'W'bV[�g�]QkNj�eNY�y � �Zt � kNy�W's?|~b?c'b?U'W'y�]g)[�d zFbFg�[�e'U'[)]^g)��� _ � _�[�b�n�[�kNb?b�]Qk!Y�n�[�X?[�]^W'X?UNYAk!Y�U'b?[�n��)[ � W'|~[ _ � _�[�b
j�_�b^kNW'e'W'g�� ,
�';?45
?K � g�b^kNbL]^h�[�`NY

D
��YFU'bVb?X?[�`{kN[�o�Y � �{�vW{kNW�_�e'b?g�_�b?c'[

�
_�c'b?|~y��?h�]^`'[�s?W'l'W'W

t
�

�V[LkNj�e'b?U'U'[�b _�wxcNY�zFb?U'W'b�t��)[�gCy�W�`'c'W'X?[ � U'[�kNW�%5� � kNy�X?c'j�n�w��F[�l'b^q
U'[�hutCUNY�X�kNy � U'[8[�`'WN]^wx_)Y�b?gV_�[�s?|~[Cz�U'[)]^g)�8c'b?X?WN]^g)cNY�l'W'W�`'c'b � b^kN��U'[�]Zk!YAq
n�w���WN]^g)[�e'U'W'h�[�_�UNY r [�U'b�%�j�|~[�_'tJ]^_�y{sLY�U'U'w�� ] r kNj�h'g)j)Y�l'W'b?d e'WN]Zk!Y
r [�U'[�_�w���h'_)Y�U'g)[�_�U'b?n)Y{� OVsxU'b?X?['t�_�eNY�]^g)U'[)]^g)Wut)]ZkNb � j�b?gCt�e'g)[V`'c'b � b^kN��q
U'[Vc'b?X?WN]^g)c'W'c'j�b?|~wxb `'[�g)[�h'W�[�n�cNY�g)U'[V`'c'[�`'[�c'l'W'[�UNYAkN��U'w}U'b�`{kN[�o�Y � Wut
Y � WNY�|~b?g)c'j�[�n��ub?h'g)W'_)Y{t�W�e'g)[�j�kNj�e�%5b?U'W'b8h)YLe'bL]^g)_)Y5W's?[�n�cNY�z�b?U'W'y�W'X^q
cNY�b?g�g�Y�h'j�� zFbHc'[LkN�'t!h)Y�h�W�j�_�b^kNW'e'b?U'W'b � WNY�|~b?g)cNY�[�n��ub?h'g)W'_)Y{�

I �+��45
0� � H�`'c'b � b^kNW'g)��`'c'b � b^kN��U'j��ps?_�b?s � U'j��p_�b^kNW'e'W'U'j�_���[)]^h'_�b
`'c'W�UNY�n�kN� � b?U'W'y���UNY # q |\g)b^kNbL]^h�[�`'b����HkNy�`'c'b � b^kN��U'[�d�_�b^kNW'e'W'U'wp`'[�q
k!Y�XZY�b?|�[�g�U'[)]^W'g)b^kN��U'j���g�[�e'U'[)]^g)�

εf ' 30%
�	��[�UFU'b?n)Y _�kNj�e�%�W'b�U'[�e'W

#L
 m 	Ch'_'�']^b?h'j�U � w � j�X?W�W's^q sLY�]^W{kN��U'[�d�X?[�c'[ � ]^h�[�d�sLY�]^_�b?g�h'Wu� D = 1
|xt

η = 0.1
t
t = 10 � t β = 1′′

� kNj�e�%�W'b�|:Y�c'g)[�_)]^h'W'b�W{kNW�]^b?U'gAy{n�c'�)]^h'W'b
U'[�e'W�_�U'[�_�[LkNj�U'W'W��Z��/ UNY�eNYAk!Y�UNYA�)[ � W'| r [�U�U'b?n)YH_�b � W'U'W'lNYA��`'[�g)[�h)Y �
S19mβ2 ≈ 2.5 ·10−2 h'_'� 	���]^| 2· � �v� s � bL]^�5j�e'g)b?U'['t�e'g�[ #�h'_'��]^b?hu� � j�X?W�]^[�q
]^g�Y�_�kNy{b?g ≈ (2 · 105)−2 ]^g�b?c��ZtNY�`'[�g�[�|�[�`'c'b � b^kNy�b?| f

(lim)
∗ ≈ 1.5 · 10−3h'_'� 	���]^| 2· � �Zt~gC� b�� mlim = 2.5 lg 106

1.5·10−3 ≈ 21m � H�n�cNY�g�W'g)b�_�U'W'|:Y�U'W'b�te'g)[�s?_�b?s � Y�s?UNYLe'W'g)b^kN��U'[�]Qk!Y�n�b?b�� `'c'W'|~b?c'U'[�_ #?��cNY�s5`'[�`'[�g)[�h'j�� r [�q
UNY�U'b?n)Y �
"�� �8� E3��� :A��10('*," ��� �!@ ���0"'� ��� ��� �,.J$

H8]^U'[�_�UNY�y�W'U r [�c'|:Y�l'W'y#Y�]^g)c'[ r W's?W'e'bL]^h�[�X?[���Y�cNY�h'g)b?cNY�]^_�y{sLY�UNY�]
Y�UNYAkNW's?[�| ]^`'b?h'g�c'[�_'��/ `'b?h'g)cNYAkN��U'wxbiWN]?]QkNb � [�_)Y�U'W'y `'c'[�_�[ � y{g�]Zy U'b
g)[LkN��h�[a_ [�`'g)W'e'bL]^h�[�|xtvU'[ W}_�[ _)]^b^��[�n�k!Y�]^gAy��m]^`'b?h'g)cNY

�
[�g XZY�|~|:Y

� [3cNY � W'[ � WNY�`NY�s?[�UNY{�:��Y�z�U'b?d�%5W'b�]^`'b?h'g)cNYAkN��U'wxb�kNW'U'W'Wut,W's?j�eNY�b?|~wxb
_�Y�]^g)c'[ r W's?W'h�b�t!`'c'b � ]^g�Y�_�kNb?U'w�_ K�Y�n�kNW'l'bF���$#��

��w�[)]^g�Y�U'[�_�W'|:]�y�s � bL]^�Fg)[�kN��h�[�UNY�]^`'b?h'g�cNYAkN��U'w���`'c'W'n�[�cNYA��_F[�`{q
g)W'e'bL]^h�[�|�W�n�kNW's?h�[�|}h�U'b?|~j � WNY�`NY�s?[�UNYA���{�HkNy�`'[LkNj�e'b?U'W'y�cNY�]^`'c'b � b^q
kNb?U'W'y��?U'b?c'X?W'W�_�g)[�| W{kNW�W'U'[�| � WNY�`NY�s?[�U'b � kNW'U�_�[�kNU�WN]^`'[LkN��s?j���g�]�y
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 3�!��@
����P����#�!��� � �

� -�-�.XTH*!���
-��X��.����!��T�*!��T
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e+ + e− → γ + γ
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EB �
56Ni → 56Co →
56Fe

26Al
K�T ��� � 
EB �

26Al → 26Mg
�+� � � $M��T��!��	XTM�9&���	2��-�����-'�

π0
� � 
EB � � �#�(52�
* 5���@  ��
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π0 → γ + γ
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� _)Y8[)]^U'[�_�U'w���g)W'`NY8Y�`'`NY�cNY�g)[�_ � �?g�[ � W r cNY�h'l'W'[�U'U'wxb�]^`'b?h'g�c'[�X?cNY r wW�[�`'g)W'e'bL]^h'W'bHW'U'g�b?c r b?c'[�|~b?g)c'w��
/�Y�|~wxd cNY�]^`'c'[)]^g�cNY�U'b?U'U'wxd ]^`'b?h'g�cNYAkN��U'wxd `'c'W'n�[�c

�
h{k!Y�]?]^W'e'b^q

]^h'W'd ,
� � ��;&��O��'>�MNM��
��=�)�
$��K �<>
: ��;�� � / `'b?h'g)c�`'c'b � ]^gCY�_�kNy�b?g�]^[�n�[�d�]^[�q
_�[�h'j�`'U'[)]^g��3|~[�U'[L�{c'[�|:Y�g)W'e'bL]^h'W{�\W's?[�n�cNY�z�b?U'W'dmo5b^kNWut,`'[)]^g)c'[�b?U'U'w��
[�n��ub?h'g)W'_�[�|�h)Y�|~b?c'w\]^`'b?h'g�c'[�X?cNY r Y{��),Y�s^kN[�zFb?U'W'b ]^_�b?g�Y�_�]^`'b?h'g)cF`'c'[�q
WN]Q�)[ � W'g `'c'W [�g)cNY�zFb?U'W'W�]^_�b?g�Y{t�`'c'[(%�b � %5b?X?[ e'b?c'b?sfj�s?h'j�� o�b^kN�'t
[�g � W r cNY�h'l'W'[�U'U'[�dpc'b %�b?g)h'Wu�x� �)[ � UNY�yio5b^kN��]^`'b?h'g)c'[�X?cNY r Y [�n�wxe{q
U'[#cNY�]^`'[Lk!Y�XZY�b?g�]Zy}_ r [�h)YAkN��U'[�d�`{kN[)]^h�[)]^g)W%[�n��ub?h'g)W'_)Y{t:X � b�]^g)c'[�W'g�q
]Zy�W's?[�n�cNY�z�b?U'W'b�WN]^g)[�e'U'W'h)Y{t�_�wxc'b?sLY�y�t g�Y�h'W'| [�n�cNY�s?[�|xt�U'b?n�[LkN�(%5j��
eNY�]^g)��W's?[�n�cNY�zFb?U'W'y�t�bL]QkNWaWN]^g)[�e'U'W'h#U'b�g)[�e'b?e'U'wxdu�0� ]ZkNj�eNY�b�g)[�e'b?e{q
U'[�X?[�WN]^g)[�e'U'W'h)Y5_�o5b^kN� � [LkNzFb?U�`'c'[L�)[ � W'g)��[)]^U'[�_�U'[�d�`'[�g�[�h�]^_�b?g�Y5[�g
U'b?X?['�u�V[��?g)[�|~j � kNy3`'[�kNj�e'b?U'W'y�]^`'b?h'g)cNY�s?_�b?s � � W{kNW�]^`'b?h'g�cNY�|~b^kNh'W{�
� b?g�YAkNb?d�`'c'[�gAy�zFb?U'U'[�X?[#WN]^g)[�e'U'W'h)Y{tvUNY�`'c'W'|~b?cut:XZYAk!Y�h'g)W'h'W�� %�W'c'W'UNY
o5b^kNW � [�kNz�UNY}]^[�[�g)_�b?g�]^g)_�[�_)Y�g)�\h)YLe'bL]^g)_�jfW's?[�n�cNY�zFb?U'W'y

β
� �V[�g)b?|

z�b�`'c'W'e'W'UNY�|xt h)Y�h'W'b n�w�kNWpcNY�]?]^|~[�g�c'b?U'w _\`'c'b � w � j�o5b?| cNY�s � b^kNb�t
e'b?| _�w %5b�h)YLe'bL]^g)_�[�W's?[�n�cNY�zFb?U'W'y�t~g)b?| n�[�kNb?b�]Qk!Y�n�wxb�[�n��ub?h'g)w�W{kNW
n�[LkNb?b�|~b^kNh'W'b � b?g�YAkNW�|~[Cz�U'[�WN]?]QkNb � [�_)Y�g)��`'[�W{��]^`'b?h'g)c'j��

�HkNy�[ � U'[�_�c'b?|~b?U'U'[�X?[�`'[�kNj�e'b?U'W'y�]^`'b?h'g)c'[�_�n�[LkN�(%5[�X?[�e'WN]Qk!Y�[�n���q
b?h'g)[�_'t~UNYA�)[ � y{o�W{��]Zy%_ `'[�kNb�s?c'b?U'W'y�g)b^kNbL]^h�[�`NY}� W{kNW � b?g�YAkNb?d�[ � U'[�q
X?[5[�n��ub?h'g�Y��~]^[�s � Y�U'wi`NY�U'[�cNY�|~U'wxbV]^`'b?h'g�cNYAkN��U'wxb�`'c'W'b?|~U'W'h'Wut�X � b8`'[
[�g � b^kN��U'wx| h)Y�UNYAk!Y�| � UNY�`'c'W'|~b?cut�] `'[�|~[�o5��� ]^_�b?g)[�_�[ � [�_{��UNY\_��)[ �
]^`'b?h'g)c'[�X?cNY r Y UNY�`'cNY�_�kNy�b?g�]Zy�]^_�b?g\[�gacNY�s^kNW'e'U'w���g)[�e'b?h}W's?[�n�cNY�zFb^q
U'W'y�_ r [�h)YAkN��U'[�d3`{kN[)]^h�[)]^g)W3g)b^kNbL]^h�[�`NY{�

� h)Y�e'bL]^g)_�bmW'U'g)b?c r b?c'b?U'l'W'[�U'U'[�X?[�`'c'W'n�[�cNY � kNy ]^`'b?h'g�cNYAkN��U'[�X?[
Y�UNYAkNW'sLY�[�n�wxe'U'[�WN]^`'[LkN��s?j�b?g�]�y �!MNK2
0���(
0��>�4 
?K�����;
�1�+���AI 
0�<> t<[)]^U'[�q
_�j%h�[�g)[�c'[�X?[�]^[)]^g�Y�_�kNy{��g � _�b�`'[LkNj�`'c'[�s?cNYLe'U'wxb `NY�cNYAk'kNb^kN��U'wxb#s?b?c{q
h)YAkN��U'wxbv`{k!Y�]^g)W'U'w�� OVU'g)b?c r b?c'W'c'j��8g `'j�e'h'W5]^_�b?g�Y{t?`'c'[(%�b � %5W'b�e'b?c'b?s
`{k!Y�]^g)W'U'w�WmWN]^`'wxg�Y�_(%5W'b�cNY�s?U'[�b�e'WN]QkN[�[�g)cNY�zFb?U'W'du� / W's?|~b?U'b?U'W'b?|
� kNW'U'w _�[�kNU'w `'b?c'b?|~b?o�Y�b?g�]Zya`'[�kN[�zFb?U'W'b�W'U'g�b?c r b?c'b?U'l'W'[�U'U'w��a|:Y�h{q
]^W'|~j�|~[�_'t ]^[�[�g�_�b?g�]^g)_�j���o�W{�}_�wxn�cNY�U'U'[�d ]^`'b?h'g)cNYAkN��U'[�dikNW'U'W'W�� |~b^q
U'y{b?g�]Zy�cNY � W'j)]�h�[�kNb?l�cNY�_�U'[�X?[FUNY�h{kN[�UNY��Zt�`'[��?g)[�|~j�`'[H`'[LkN[Cz�b?U'W'� W'U{q
g)b?c r b?c'b?U'l'W'[�U'U'w���`'[LkN[)]8W{kNW�W{� I cNY�s?|~wxg)W'� MF� W's^q sLY�h�[�U'b?e'U'[�d�]^`'b?h{q
g)cNYAkN��U'[�d %�W'c'W'U'w}kNW'U'W'W���|~[Cz�U'[�W's?|~b?c'W'g)�H`'c'[ r W{kN��kNW'U'W'W�W�[�`'c'b^q
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� b^kNW'g)��b?b � [�`{kNb?c'[�_)]^h'W'd ] � _�W'X��.N:]ZkNWa]^h'_�[�s?��g�Y�h�[�d W'U'g�b?c r b?c'[�|~b?g)c
UNY�n�kN� � Y�b?g�]�y `'c'[�gAy{z�b?U'U'wxd�WN]^g)[�e'U'W'h ]5kNW'U'b?d'eNY�g)wx|�]^`'b?h'g)c'[�|xt<g)['t
|~b?U'y{y�] [�`'c'b � b^kNb?U'U'wx|R%FY�X?[�|mcNY�]?]^g)[�y{U'W'b8|~b?z � j�`{k!Y�]^g)W'UNY�|~W�W�sLYAq
`'WN]^wx_)Y�y r [�c'|~j3W `'[LkN[�zFb?U'W'b�h�[�kNb?l `'c'W�h)Y�z � [�|iW's?|~b?U'b?U'W'Wutu|~[Cz�q
U'[H_�[)]?]^g�Y�U'[�_�W'g��5]^`'b?h'g)c�� _Hj�s?h�[�| _�wxn�cNY�U'U'[�|aW'U'g)b?c'_)YAkNb��E]�_�w ]^[�h'W'|
`'[�c�y � h�[�|�W'U'g)b?c r b?c'b?U'l'W'W W�_�w ]^[�h'W'|�]^`'b?h'g)cNYAkN��U'wx|pcNY�s?c'b %5b?U'W'b?|
]^cNY�s?j � kNyi|~U'[�X?W{�%g)w ]�y�efg)[�e'b?h�WN]^g)[�e'U'W'h)Yf� g�Y�hiUNY�s?wx_)Y�b?|:Y�y � _�j�q
|~b?c'UNY�y�]^`'b?h'g�c'[)]^h�[�`'W'y<�Z� � g)[�g�|~b?g)[ � eNY�]^g�[�WN]^`'[LkN��s?j�b?g�]Zy�t�UNY�`'c'W'|~b?cut
� kNy�W's?j�e'b?U'W'y�`'[LkNb?d�]^h�[�c'[)]^g)b?d�XZY�s?[�_�w���[�n�k!Y�h�[�_�W�l'b^kNw���XZYAk!Y�h'g)W'hu�OVU r [�c'|:Y�l'W'y�t)`'[�kNj�eNY�b?|:Y�y�`'[�Y�UNYAkNW's?j�]^`'b?h'g)c'[�_'t�[�e'b?U'�V|~U'[�X?[�[�n�q
cNY�s?UNY{���V[�_�W � j�]^`'b?h'g)cNY�WN]^g)[�e'U'W'h)Y�|~[Cz�U'[�]^j � W'g)��[�|~b^��Y�U'W's?|~bFW's^q
kNj�e'b?U'W'y%� `'[�XZkN[�o�b?U'W'y��Zt:Y{t0]QkNb � [�_)Y�g)b^kN��U'['tEW#[�`'c'W'c'[ � b�WN]^g)[�e'U'W'h)Y{�OVs?|~b?c�y{y�`'[LkN[�zFb?U'W'b�]^`'b?h'g)cNYAkN��U'w���kNW'U'W'd W W{� %5W'c'W'U'j�t�|~[�z�U'[�`'[
� r�r b?h'g)j��5[�`{kNb?cNY�[�l'b?U'W'g)��kNj�e'b?_�j���]^h�[�c'[)]^g)�3WN]^g)[�e'U'W'h)Y � W{kNW g)[�d
]^c'b � w�t�h�[�g�[�cNY�yF[�g�_�b?g�]^g)_�b?U'UNY�sLY�[�n�cNY�s?[�_)Y�U'W'b kNW'U'W'd��Zt�]^h�[�c'[)]^g)W�_�U'j�q
g)c'b?U'U'W{��� g)b?`{kN[�_�w��}W{kNW�g)j�c'n�j�kNb?U'g�U'w�� � _�W'z�b?U'W'd��FXZY�sLY{t�]^h�[�c'[)]^g)W
_�cNY�o5b?U'W'y�`{k!Y�U'b?gAtCs?_�b?s � W{kNW�XZYAk!Y�h'g)W'hu��OVs?j�e'b?U'W'b�`'c'[ r W{kNb?d�kNW'U'W'd�_
U'b?h�[�g�[�c'w���]QkNj�eNY�y���`'[�s?_�[�kNy�b?g�[�l'b?U'W'g)��`{kN[�g)U'[)]^g)�FXZY�sLY�� _�s?_�b?s � U'w��
Y�g)|~[)] r b?cNYA�<��W\W'U � j�h'l'W'� `'c'[�U'W's?wx_)Y��8o5b?X?[aXZY�s�|:Y�X?U'W'g�U'[�X?[ `'[LkNy��
�V[3[�g�U'[)]^W'g)b^kN��U'[�daW'U'g)b?UN]^W'_�U'[)]^g�W ]^`'b?h'g)cNYAkN��U'w��#kNW'U'W'd [�`'c'b � b^kNy�q
b?g�]�y���W'|~W'e'bL]^h'W'd�]^[)]^g�Y�_�WN]^g)[�e'U'W'h)Y{tC_�b^kNW'e'W'UNY8`'[�X�kN[�o5b?U'W'y�t�WN]^`'wxg)w�q
_)Y�b?|~[�X?[V]^_�b?g)[�|xt�`{kN[�g)U'[)]^g���W5g�b?|~`'b?cNY�g)j�cNY XZY�sLY{�QOVU r [�c'|:Y�l'W'y�t�`'[LkNj�q
eNY�b?|:Y�y�W's�]^`'b?h'g)cNY{t�`'[�s?_�[LkNy{b?g�g�Y�h'zFb�`'c'[�W's?_�[ � W'g)��cNY�s^kNW'e'U'wxb�h�[)] q
_�b?U'U'wxb�[�l'b?U'h'Wf� UNY�`'c'W'|~b?cut,cNY�]?]^g)[�y{U'W'b � [3XZYAk!Y�h'g)W'h � e'b?c'b?s�sLY�h�[�U+VY�n�n�k!Y{t,]^_�b?g)W'|~[)]^g�Was?_�b?s � � `'[�]^j�o�bL]^g)_�j��8o5W'| �?|~`'W'c'W'e'bL]^h'W'| sLYAq
_�WN]^W'|~[)]^gAy�|m|~b?z � j�]^_�b?g)W'|~[)]^g)����W�[�g)U'[)]^W'g)b^kN��U'[�d�W'U'g)b?UN]^W'_�U'[)]^g)���
cNY�s^kNW'e'U'w��fkNW'U'W'd��Zt W � Y�zFb W's?|~b?c�y{g)��|:Y�]?]^jiWp_�[�s?cNY�]^g}s?_�b?s � � `'[
`'[LkN[Cz�b?U'W'� UNY � WNY�X?cNY�|~|~b ��b?c'l�%5`'c'j�U'XZY � )�bL]?]^b^k!Y��Z�8�V[��?g)[�|~j}]^`'b?h{qg)cNYAkN��U'wxbVUNY�n�kN� � b?U'W'y�y{_�kNy{��g�]�y�[)]^U'[�_�U'wx|~W � kNy�Y�]^g)c'[ r W's?W'e'bL]^h'W{�
WN]?]QkNb � [�_)Y�U'W'du�
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UNY�y�]^c'b � Y���� �8/��Z�{��b?z�s?_�b?s � U'wxd�XZY�s�� _5[)]^U'[�_�U'[�|m_�[ � [�c'[ � �:_5UNY�%�b?d
��YAk!Y�h'g�W'h�b�]^[)]^gCY�_�kNy��8g�U'bL]^h�[�kN��h�[�`'c'[�l'b?U'g)[�_�[�gH|:Y�]?]^w�_�W � W'|~[�X?[�_�b^q
o5bL]^g)_)Y{t,U'[ b?X?[3c'[LkN��h'cNY�d'U'b�_�b^kNW'h)Y{�0�5[LkNyaXZY�sLY�_3|:Y�]?]^b�XZYAk!Y�h'g)W'h�b
y{_�kNy�b?g�]Zy�b?b _)Y�z�U'b?d�%�b?d���Y�cNY�h'g)b?c'WN]^g)W'h�[�d�W�[�`'c'b � b^kNy{b?g�Y�h'g�W'_�U'[)]^g)�
`'c'[�l'bL]?]?Y}s?_�b?s � [�[�n�cNY�s?[�_)Y�U'W'y���� ]^`'W'cNYAkN��U'w���W�U'b?`'cNY�_�W{kN��U'w���XZYAq
k!Y�h'g)W'h)YA��_��)[LkN[ � U'w�� |:Y�]?]^W'_�U'w��3XZY�s?[�q `'w�kNb?_�w���h�[�|~`{kNb?h�]?YA��]^[�s � YAq
��g�]Zy}`'[ � �)[ � y{o5W'b j)]ZkN[�_�W'y � kNy}cNY�s?_�W'g)W'y�X?cNY�_�W'g�Y�l'W'[�U'U'[�d � � z�W'U{q
]^[�_)]^h�[�d��xU'b?j)]^g)[�d'e'W'_�[)]^g)W�W3`'c'[�WN]Z�)[ � W'g�c'[�z � b?U'W'bFs?_�b?s � ���f`'c'[�l'bL] q
]^b�g)b?c'|~[�y � b?c'U'[�d��?_�[LkN�8l'W'W�s?_�b?s � w g)b?c�y��8g |:Y�]?]^ja_�_�W � b�s?_�b?s � U'[�q
X?[#_�b?g)cNY{�v� h�[�U'l'b3�?_�[LkN�8l'W'W%s?_�b?s � `'c'W}[�n�cNY�s?[�_)Y�U'W'W%h�[�|~`NY�h'g)U'w��
[)]^g�Y�g)h�[�_3`'c'[�WN]Q�)[ � W'g ]^n�c'[)]�[�n�[LkN[�e'h'Wms?_�b?s � w � _3_�W � b�`{k!Y�U'b?gCY�c'U'[�d
g)j�|:Y�U'U'[)]^g)W � kNy�s?_�b?s � j�|~b?c'b?U'U'w���|:Y�]?]�W�`'c'W�_)]^`'w %�h�b�]^_�b?c)�{U'[�_�[�d
� kNy�s?_�b?s � |:Y�]?]^W'_�U'b?b #?��|:Y�]?] / [LkNU'lNY��Z�3K�Y�h'W'|}[�n�cNY�s?[�|xtN`'c'[�WN]Z�)[ � W'g
`'[)]^g)[�y{U'U'wxd�h'c'j�X?[�_�[�c'[�g�XZY�s^q s?_�b?s � w�q XZY�s�t!`'c'W�h�[�g�[�c'[�|\`'[�kNUNY�y�|:Y�]?]?Y
XZY�sLY�`'[)]^g)b?`'b?U'U'[�j�|~b?U'�(%FY�b?g�]Zy�t!gA� hu�NeNY�]^g)��n)Y�c'W'[�U'[�_�[)]^g�Y�b?g�]�y�_�_�W � b
h�[�|~`NY�h'g)U'w���[)]^gCY�g)h�[�_�� n�b^kNw���h)Y�c�kNW'h�[�_'t{U'b?d'g)c'[�U'U'w���s?_�b?s � t�e'b?c'U'w��
� wxc��ZtuY�eNY�]^g)� � _�wxn�cNY�]^wx_)Y�b?g�]Zy�W's�XZYAk!Y�h'g�W'h'W�_�|~b?z�XZYAk!Y�h'g)W'e'bL]^h�[�b`'c'[)]^g)cNY�UN]^g)_�['�'�Vc'[�|~bVXZY�sLYFh�h�[�|~`'[�U'b?U'g�Y�|�|~b?z�s?_�b?s � U'[�d�]^c'b � wfg�Y�h{q
z�b [�g)U'[)]�y�g |~b?z�s?_�b?s � U'j�� `'w�kN�i� [�h�[LkN[
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[�g |:Y�]?]^w XZY�sLY��Zt�|~b?z�q

s?_�b?s � U'wxb5|:Y�X?U'W'g)U'wxb5`'[LkNy�W�h�[)]^|~W'e'bL]^h'W'b5kNj�e'Wu�
�Vb?c'b?e'WN]QkNW'| [)]^U'[�_�U'wxbFUNY�n�kN� � Y�g�b^kN��U'wxb�`'c'[�y{_�kNb?U'W'y�|~b?z�s?_�b?s � q

U'[�d3]^c'b � w �
#A� ��YAkNW'e'W'b�]^_�b?gAy{o5W{��]Zy g)j�|:Y�U'U'[)]^g)b?d W'[�U'W's?[�_)Y�U'U'[�X?[p_�[ � [�c'[ � Y
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g�j�|:Y�U'U'[)]^g)b?du�

��� H8]Zk!Y�n�kNb?U'W'b�]^_�b?g�Y�s?_�b?s � � |~b?z�s?_�b?s � U'[�b�`'[�XZkN[�o5b?U'W'b��H_�U'b?`'c'b^q
c'wx_�U'[�| ]^`'b?h'g)c'b�W\[�g � b^kN��U'w�� kNW'U'W'y���tEY3g�Y�h'zFb�`'[�h'cNY�]^U'b?U'W'b
]^_�b?gCY���]^b^kNb?h'g)W'_�U'[�b5`'[�X�kN[�o5b?U'W'bF`'w�kN���5�Z�


����V[�kNy{c'W'sLY�l'W'y3]^_�b?g�Y�UNY�`'w�kNW'U'h)YA��|~b?z�s?_�b?s � U'[�d ]^c'b � w�tN[�c'W'b?U{q
g�W'c'[�_)Y�U'U'w�� _ � [�kN��h'c'j�`'U'[�|:Y�]&%�g�Y�n�U'[�X?[3|:Y�X?U'W'g�U'[�X?[�`'[LkNy#��YAq
k!Y�h'g�W'h'Wu�

-{� OVU r cNY�h'cNY�]^U'[�bFW's^kNj�e'b?U'W'bH|~b?z�s?_�b?s � U'[�d3`'w�kNWu�
������y{X?h�[�bic'b?U'g)X?b?U'[�_)]^h�[�biW's^kNj�e'b?U'W'b�X?[�c�y�e'b?X?[ XZY�sLY{t�UNY�X?c'b?g)[�X?[
j � Y�c'U'wx|~W%_�[LkNUNY�|~Wut:_�[�s?U'W'h)Y��8o5W'|~W�`'c'W�_)]^`'w %5h)YA��]^_�b?c)�{U'[�q
_�w���W�`'c'W�WN]^g)b?e'b?U'W'W�|~[�o�U'[�X?[5s?_�b?s � U'[�X?[H_�b?g�cNYV[�gHY�]?]^[�l'WNY�l'W'd
|~[�kN[ � w���|:Y�]?]^W'_�U'w�� H8� q s?_�b?s � � gA� Uu�Nh�[�c'[�UNYAkN��U'wxd XZY�s��Z�

��� ),Y � W'[�W's^kNj�e'b?U'W'b8U'b?d'g�cNYAkN��U'[�X?[5_�[ � [�c'[ � Y�� � O ��UNY � kNW'U'b _�[�kNU'w
�G#5]^|�W�cNY�s^kNW'e'U'w���|~[LkNb?h'j�k�_�kNW'U'W'y���]^|}W�|~| � WNY�`NY�s?[�UNY{�

��� OVs^kNj�e'b?U'W'b�h�[)]^|~W'e'bL]^h'W{��|:Y�s?b?c'[�_�UNY�|~[�kNb?h'j�k!YA� �
2
� t � �5t�|~b^q

gCY�U'[Lk!Y W � cu�Tt5_�[�s?U'W'h)Y��8o5W{� `'c'b?W'|~j�o�bL]^g)_�b?U'U'[ _��)[�kN[ � U'w��
`{kN[�g�U'w���[�n�k!Y�]^gAy���s?_�b?s � [�[�n�cNY�s?[�_)Y�U'W'y��

��� / W'U{�{c'[�g)c'[�U'U'[�b:W's^kNj�e'b?U'W'bvc'b^kNy{g)W'_�WN]^g�]^h'W{�8��kNb?h'g)c'[�U'[�_�_x|~b?z�q
s?_�b?s � U'w���|:Y�X?U'W'g)U'w���`'[�kNy����

��b?z�s?_�b?s � UNY�ya]^c'b � Y�n�w�k!Y3[�g�h'c'wxg�Y�_�#L
���-�X��E��Y�c'g�|:Y�U'[�|xt,h�[�g)[�q
c'wxd�[�n�UNY�c'j�z�W{k�U'b?`'[ � _�W'z�U'wxb kNW'U'W'W�`'[�XZkN[�o5b?U'W'y�_5]^`'b?h'g)cNYA� � _�[�d{q
U'w��%s?_�b?s � t�UNY�n�kN� � Y�_(%5W{��]�y ]�l'b^kN��� `'c'[�_�b?c'h'Wp� r�r b?h'g�Ya�5[�`{kNb?cNY
� s?UNY�yH[�c'n�W'g�YAkN��U'wxd�`'b?c'W'[ � [�n�cNY�o5b?U'W'y�tA|~[�z�U'[�[�`'c'b � b^kNW'g)��]^h�[�c'[)]^g)�
� _�W'zFb?U'W'y\h�[�|~`'[�U'b?U'gaW�gA� ['�E`'c'b � _�wxe'WN]QkNW'g)�\Y�|~`{kNW'g)j � j\]^|~b?o�b?U'W'y
kNW'U'W'd�`'[�XZkN[�o�b?U'W'y3_�]^`'b?h'g)cNYA� � _�W'z�j�o5W{��]Zy�s?_�b?s � �Z�!�2#L
�
��FX �'n�w�kNW
[�g)[Cz � bL]^g)_�kNb?U'w kNW'U'W'W#|~U'[�X?W{� |~b?z�s?_�b?s � U'w�� |~[LkNb?h'j�k � � ��t � � + t
� S t �

2
t S �5�KN:]^g�bL]^g)_�b?U'U'['t~`'c'WN]^j�g�]^g)_�W'b��?g)W{� |~[�kNb?h'j�k%U'b�[�g)cNY�z5YAq

b?g�WN]^g)W'U'U'[�X?[���W'|~W'e'bL]^h�[�X?[�]^[)]^g�Y�_)Y�|~b?z�s?_�b?s � U'[�d#]^c'b � w � gAy�zFb^kNwxb�ZkNb?|~b?U'g�w�� � 
�t P 
 t /�W gC� � �G��_��)[ � y{g�_�]^[)]^gCY�_�g)_�b?c � w��3|~b?z�s?_�b?s � U'w��
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`'w�kNW'U'[�hutNY�]?Y�|~wxb8cNY�]^`'c'[)]^g�cNY�U'b?U'U'wxb��ZkNb?|~b?U'g)w
�
U'b?_�[�s?n�j�z � b?U'U'wxd

U'b?d'g)cNYAkN��U'wxd�W�|~[�kNb?h'j�kNy{c'U'wxd�_�[ � [�c'[ � W�X?b^kNW'd � U'b�UNY�n�kN� � Y��8g�]ZyF_[�`'g)W'e'bL]^h�[�| � WNY�`NY�s?[�U'b��!��#L
����FX �'n�w�k�[�g)h'c'wxg�`'b?c'_�wxd�h�[)]^|~W'e'bL]^h'W'd
|:Y�s?b?c UNY�|~[LkNb?h'j�kNb � � �

λ = 18
]^|��Z�0� #L
)��
�X��J]Fn�[�c'g�Y�]^`'b?l'WNYAkNW's?W{q

c'[�_)Y�U'U'[�X?[3� �5q ]^`'j�g)U'W'h)Y I �V[�`'b?c'U'W'hGM3�
λ < 3000

� � ��n�w�kN[3[�g)h'c'wxg)[
n�[LkN�(%�[�b�h�[LkNW'e'bL]^g)_�[�kNW'U'W'da_)]^b?_�[�s?|~[�z�U'w��#|~b?z�s?_�b?s � U'w���|~[LkNb?h'j�kJt
]^c'b � W}h�[�g�[�c'w��m[)]^[�n�b?U'U'[a_)Y�z�U'[�d}y{_�kNy{b?g�]Zy\kNW'U'W'y �

2
#(#?�)� � � t~UNYAq

n�kN� � Y�b?|:Y�y�_�`'[�XZkN[�o�b?U'W'Wu�
�Vc'[)]^g)cNY�UN]^g)_�b?U'U'[�b5cNY�]^`'c'b � b^kNb?U'W'bH|~b?z�s?_�b?s � U'[�d�]^c'b � wf��Y�cNY�h'g)b^q

c'W's?j�b?g�]Zy#]ZkN[�z�U'[�d ]^g)c'j�h'g�j�c'[�dut�]^[)]^g)[�y{o�b?d#W's�[�g � b^kN��U'w���h�[�|~`NY�h'g)q
U'w���[�n�cNY�s?[�_)Y�U'W'dut��)[LkN[ � U'w���W�g)b?`{kNw���[�n�k!Y�h�[�_'tN[�h'c'j�z�b?U'U'w���n�[�kNb?b
X?[�c�y{e'W'|mXZY�s?[�|x�GH8]^U'[�_�U'wxbV]^[)]^g�Y�_�kNy{��o�W'b8���8/mW�W{� r W's?W'e'bL]^h�[�b�]^[�q
]^g)[�y{U'W'bH`'c'[)]^j�|~|~W'c'[�_)Y�U'w _ K�Y�n�kNW'l'b #��

H8]^U'[�_�UNY�y�[)]^[�n�b?U'U'[)]^g)�����8/
�
b?bVh'cNY�d'U'b�U'W's?h)Y�y�`{kN[�g)U'[)]^g)�'��K�W{q

`'W'e'U'wxb�_�b^kNW'e'W'U'w h�[�U'l'b?U'g)cNY�l'W'W#Y�g�[�|~[�_��{�$#
�
#?������_�]^| 3 t�W�`'c'W ��YAqcNY�h'g)b?c'U'w���]^h�[�c'[)]^gCy��%[�h�[LkN[ #?�ah'| 	A]�_�c'b?|~y%]^g)[�kNh'U'[�_�b?U'W'y�|~b?z � j

[�g � b^kN��U'wx|~W eNY�]^g)W'lNY�|~W � [)]^g)W'XZY�b?g � bL]Zy{g)h�[�_3g)w ]Zy{e kNb?gA� � g)[�_�c'b?|~y
UNY |~U'[�X?[#`'[�c�y � h�[�_ `'c'b?_�w %FY�b?g#��Y�cNY�h'g)b?c'U'wxb�_�c'b?|~b?UNYaz�W's?U'W}Y�g)[�q
|~[�_�_�_�[�s?n�j�z � b?U'U'w��a]^[)]^g)[�y{U'W'y��%� UNY�cNY�s?c'b %�b?U'U'w�� j�c'[�_�U'y�� � `'[�qc�y � h)Y 10−8 ]A�Z�6/vkNb � [�_)Y�g)b^kN��U'['t,`'[�XZkN[�o�b?U'U'wxd}Y�g)[�|~[�| r [�g)[�U j)]^`'b^q
_)Y�b?g�_�U'[�_���W's^kNj�e'W'g)�)]Zy�`'c'W�`'b?c'b^�)[ � YA��Y�g)[�|:Y5_�U'W's8]�_�[�s?n�j�z � b?U'U'[�X?[
j�c'[�_�U'y�tAg�Y�h5e'g�[ _�b?c'[�y{g)U'[)]^g)�8WN]^g)W'U'U'[�X?[8`'[�XZkN[�o�b?U'W'yFU'b?W'[�U'W's?j��8o5W{�
h'_)Y�U'g)[�_aY�g)[�|:Y�|~W�� �8/ � h�[�X � Y �?U'b?c'X?W'y�`'[�XZkN[�o�b?U'U'[�X?[ r [�g�[�UNY `'b^q
c'b^�)[ � W'g�_�h'W'U'b?g)W'e'bL]^h'j�� �?U'b?c'X?W'� ��Y�[�g)W'e'bL]^h�[�X?[ � _�W'z�b?U'W'y3eNY�]^g)W'l��
`'c'W�h)Y�z � [�|%]^[�n�wxg�W'W�h'cNY�d'U'b5|:YAk!Y{�

��W'U'W'y�`'[�XZkN[�o�b?U'W'y3]^g�Y�U'[�_�W'g�]�y�cNY�s^kNW'e'W'|~[�d3UNY r [�U'b�U'b?`'c'b?c'wx_�q
U'[�X?[}]^`'b?h'g)cNYf� h�[�U'g)W'U'j�j�|:Y���[�n�wxe'U'[�`'c'Wp[�`'g)W'e'bL]^h'W{��g)[�kNo5W'UNYA�f_
l'b?U'g)c'b�kNW'U'W'W

τλ0
& 0.1

� / b?e'b?U'W'b�`'[�XZkN[�o�b?U'W'y
σ(λ)

]^_�y{sLY�U'[a]�[�`{q
g)W'e'bL]^h�[�d g)[�kNo5b?d ]^[�[�g�U'[(%5b?U'W'b?|

τλ =
∫
σ(λ)nds � σ(λ)N

t�X � b
N =

∫
nds �

e'WN]QkN[ Y�g)[�|~[�_�UNY kNj�e'b�s?c'b?U'W'y��,)0Y�]^e'b?ga`'[�h)Y�s?wx_)Y�b?gCt
e'g)[�_�[�`'g)W'e'bL]^h�[�| � WNY�`NY�s?[�U'b�]^b?e'b?U'W'b�`'[�XZkN[�o�b?U'W'y#_�l'b?U'g)c'b�UNY�W'n�[�q
kNb?b8]^W{kN��U'w���kNW'U'W'W

σ(λ0)
� [)]^g)W'XZY�b?g 10−12 −10−13 ]^| 2 t�e'g)[5UNY�|~U'[�X?[n�[LkN�(%�bF]^b?e'b?U'W'y r [�g)[�`'[�X�kN[�o5b?U'W'y�_�U'b?`'c'b?c'wx_�U'[�|i]^`'b?h'g)c'b�� �
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∼ 0.3 :
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?M���� � `'c'b � b^k�U'W's?h�[�d
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g)b^kN��U'[�d c'b?h�[�|~n�W'UNY�l'W'Wu�J�f�?g)W{��`'c'W'|~b?cNYA�3`'c�y�|~wxb�W�[�n�cNY�g)U'wxb5��kNb^q
|~b?U'g�Y�c'U'wxbH`'c'[�l'bL]?]^w W'|~b?��g�cNY�s?U'j�� `'c'W'c'[ � j�t!`'[��?g�[�|~j�j)]ZkN[�_�W'y � YAq
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r [�g)[�W'[�U'W'sLY�l'W'b?d |~[�z�U'[}`'c'b?U'b?n�c'b?e'� � UNY�`'c'W'|~b?cut�_�U'j�g)c'Wp[)]^g�Y�g)h�[�_
]^_�b?c)�{U'[�_�w����Z���HkNy�X?c'j�n�w��p[�l'b?U'[�h [�U'[%|~[Cz�b?g�n�wxg)�}`'c'W'|~b?U'b?U'[ih
|~b?z�s?_�b?s � U'wx| [�n�k!Y�]^gAy�| � O O ��� �?g)[�| `'c'W'n�kNW'zFb?U'W'W�]^g�Y�l'W'[�UNY�c'UNY�y
UNY�]^b^kNb?U'U'[)]^g)��kN�8n�[�X?[ ��]^h)Y�z�b?|xt

k
q X?[{� j�c'[�_�U'y

Nk
[ � U'[�X?[3Y�g)[�|:Y�W{kNW

W'[�UNY��ZkNb?|~b?U'gCY
X
n�j � b?g�`'c�y{|~[3`'c'[�`'[�c'l'W'[�UNYAkN��UNY�e'WN]QkNj�b?X?[3]^g)[�kNh{q

U'[�_�b?U'W'd�]��ZkNb?h'g�c'[�UNY�|~W�_�b � W'U'W'l'j�_�c'b?|~b?U'Wut)h�[�g)[�cNY�y�`'c�y�|~[5`'c'[�`'[�c{q
l'W'[�UNYAkN��UNY5`{kN[�g�U'[)]^g)W�]^_�[�n�[ � U'w�����kNb?h'g)c'[�U'[�_ ne

t)W�[�n�cNY�g)U'[5`'c'[�`'[�c{q
l'W'[�UNYAkN��UNY�`'[LkNU'[�d�_�b?c'[Cy�g�U'[)]^g)W `'b?c'b^�)[ � Y�� _�b � W'U'W'l'ja_�c'b?|~b?U'W���UNY
U'W'z�b^kNb?z�Y�o5W'b5j�c'[�_�U'W �

Nk ∝ ne/
∑

1≤i<k

Aki,

X � b Aki
� # 	A]�� � _�b?c'[�y{g)U'[)]^g)��`'b?c'b^�)[ � Y�UNY i q d j�c'[�_�b?U'� � gA� b���[�n�cNY�g�U'[�b_�c'b?|~y5z�W's?U'W��ZkNb?h'g)c'[�UNY8_�_�[�s?n�j�z � b?U'U'[�|�]^[)]^g)[Cy�U'W'W��Z����[�o5U'[)]^g)�8W's^q

kNj�e'b?U'W'yaUNY�eNY�]^g)[�g)b�`'b?c'b^�)[ � Y νkj
]�j�c'[�_�U'y

k
UNY�j�c'[�_�b?U'�

j < k
W's

b � W'U'W'l'w�[�n��ub?|:YV]^[)]^g�Y�_�kNy{b?g Lkj = (NkAkj)nXhνkj
� �?c'X
	���]^| 3· � � � tAX � b

nX − h�[�U'l'b?U'g)cNY�l'W'y�Y�g)[�|~[�_�� W'[�U'[�_{�H��kNb?|~b?U'g�Y
α
tEh�[�g�[�c'j�� [�n�wxe'U'[

sLY�`'WN]^wx_)Y���gae'b?c'b?s�[�g)U'[)]^W'g)b^kN��U'j�� � [LkN� αX
h�h�[�U'l'b?U'g�cNY�l'W'W%Y�g)[�q

|~[�_�_�[ � [�c'[ � Y{t nX = αXnH
�

H�g�]^� � Y ]QkNb � j�b?gAt�e'g)[ L ∼ nHne ∼ n2
e

� �FY�h'g�[�c _�b?g)_�kNb?U'W'y
(

Akj
P

i Aki

) |~[�zFb?g}n�wxg)��`'[�c�y � h)Y�#}� UNY�`'c'W'|~b?cut � kNypU'W'z�U'W{�i_�[�s?n�j�q
z � b?U'U'w�� j�c'[�_�U'b?d��Z� � g)[�[�s?UNYLeNY�b?gAtJe'g)[�|~[�o�U'[)]^g)��W's^kNj�e'b?U'W'y#h)Y�h _
cNY�s?c'b %5b?U'U'w���t gCY�h�W�_ sLY�`'c'b?o5b?U'U'w��}kNW'U'W'y��m_#h�[�c'[�UNYAkN��U'[�| `'c'W{q
n�kNW'z�b?U'W'W�_�[)]^U'[�_�U'[�|%[�`'c'b � b^kNy{b?g�]�y�_�b^kNW'e'W'U'[�d

� � =

∫
n2

edV,
� -'�$#A�
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h�[�g�[�cNY�y UNY�s?wx_)Y�b?g�]Zy >
����
14�MN>�� 45
0��>�� �$4 �'=?=��%� �POVU'g�b?UN]^W'_�U'[)]^g)��kNW{q
U'W'dHW's^kNj�e'b?U'W'y�� `'[�_�b?c)�{U'[)]^g)UNY�y�y{c'h�[)]^g)�{��XZY�s?[�_�[�X?[�[�n�cNY�s?[�_)Y�U'W'yH[�`'c'b^q
� b^kNy{b?g�]Zy�_��?g�[�|}]QkNj�eNY�b #%�!M�
 �NM'>�� 45
0��>�� �$4 �'=?=��%�

� �
=

∫
n2

edl
� -'�	���

W W's?|~b?c�y{b?g�]�y#_�b � W'U'W'lNYA� � `'h 	 � | 6 � �J��b?g)[ � w�]^[�_�c'b?|~b?U'U'[�d\Y�]^g)c'[�U'[�q
|~W'W�`'[�s?_�[LkNy{��g�UNY�n�kN� � Y�g���[�n��ub?h'g)wf] � �

> 30
Y�_�c�y � b�]ZkNj�eNY�b?_ � ]

� � ∼ 1− 10
`'h 	 � | 6 ���HkNy�y{c'h'W{��[�n�k!Y�]^g�b?d � O O � Nm|~[�zFb?g � [)]^g)W'XZY�g)�

106 �
��Y�W'n�[�kNb?b�y{c'h'W'b sLY�`'c'b?o5b?U'U'wxb�kNW'U'W'Wut�_)]^g�c'b?eNY���o�W'bL]Zy�_�XZY�s?[�_�w��

`{k!Y�U'b?g�Y�c'U'w���g)j�|:Y�U'U'[)]^gCy���WFs?[�UNYA��W'[�U'W's?[�_)Y�U'U'[�X?[�_�[ � [�c'[ � Y � O O _�[�q
h'c'j�X�X?[�c�y�e'W{�is?_�b?s � t � � j�n�kNb?g � _)Y�z � w W'[�U'W's?[�_)Y�U'U'[�X?[�h'WN]QkN[�c'[ � Y
� �8O O O �H� N1 λ4959

� � t
N2 λ5007

� � �ZtE� � kNW'U'W'W}[ � U'[�h'cNY�g�U'[#W'[�U'W's?[�q
_)Y�U'U'[�X?[�h'WN]QkN[�c'[ � Y � �8O O � λ3727

� � txYmg�Y�h'zFb W'[�U'[�_ P�O O t S�O O W � cu�/ cNY�_�U'W'_)Y�yHW'U'g)b?UN]^W'_�U'[)]^g�WVkNW'U'W'd5W'[�UNY �8O O O
λ4363

� � � |~b?g�Y�]^g�Y�n�W{kN��U'wxd
g)c'b?g)W'd�j�c'[�_�b?U'�{�xW � j�n�kNb?g�Y N1

W
N2

� |~b?g�Y�]^gCY�n�W{kN��U'wxd _�g�[�c'[�d j�c'[�q
_�b?U'�{�Zt5|~[Cz�U'[�[�`'c'b � b^kNW'g)� g)b?|~`'b?cNY�g)j�c'j XZY�sLY{tHgC� hu��[�g)U'[)]^W'g)b^kN��UNY�y
sLY�]^b^kNb?U'U'[)]^g)�}�?g�W{�ij�c'[�_�U'b?d�[�`'c'b � b^kNy{b?g�]Zypg�b?`{kN[�_�wx|~W ]^h�[�c'[)]^gAy{|~W
�ZkNb?h'g�c'[�U'[�_'�
� |~WN]?]^W'[�U'U'wxbFkNW'U'W'W3_�]^`'b?h'g)c'b�]^[�kNU'b?e'U'[�d h�[�c'[�U'w j � YAkN[)]^��cNY�] q%5W r c'[�_)Y�g��3kNW�%��3_�#L
Q-���X��0h)Y�h#sLY�`'c'b?o5b?U'U'wxb��?|~WN]?]^W'W\|~U'[�X?[�h'cNY�g�q

U'[�� [�g #L� � [ #L��cNY�s���W'[�U'W's?[�_)Y�U'U'w���Y�g)[�|~[�_ � 
�t S 
 t � � � g)b?|~`'b?cNY�g)j�q
cNY�h�[�c'[�U'w `'c'b?_�w %FY�b?g |EkNUu� � t0`'[��?g)[�|~j#]^g)b?`'b?U'�3W'[�U'W'sLY�l'W'W\gAy�zFb^qkNw���W'[�U'[�_5[�e'b?U'��_�b^kNW'h)Y{t�bL]^g)��Y�g)[�|~w�_�[ � [�c'[ � [�`'[ � [�n�U'[�X?[�W�X?b^kNW'b?`'[�q
� [�n�U'[�X?[3zFb^kNb?sLY��Z� ��Y�W'n�[�kNb?b���Y�cNY�h'g)b?c'UNY�y [�`'g)W'e'bL]^h)Y�y sLY�`'c'b?o�b?U'UNY�y
kNW'U'W'y�]^[LkNU'b?e'U'[�d#h�[�c'[�U'w

�
s?b^kNb?UNY�y kNW'U'W'y � � 
 � O � � λ5302.86

��� �u�
c'b?U'g)X?b?U'[�_)]^h�[�|#]^`'b?h'g)c'b�h�[�c'[�U'w�_�W � UNY8sLY�`'c'b?o5b?U'UNY�y�t)c'b?s?[�UNY�UN]^UNY�y�t�W
W'U'g)b?c'h�[�|~n�W'UNY�l'W'[�U'UNY�ym� `'b?c'b^�)[ � ]HW's?|~b?U'b?U'W'b?|p]^`'W'UNY�� kNW'U'W'W X?b^kNW'y
`'c'W'|~b?c'U'[�cNY�_�U'[�d3W'U'g)b?UN]^W'_�U'[)]^g)Wu�
�8� E3� ��� 4�/ �6587 �9�0.!� �!� �,('*," � � �0+3;�+��!+ �~+�*0+ �:" � � .!�,.0. ��E�& ?

��Y�z�U'b?d�%�b?d sLY�`'c'b?o5b?U'U'[�d kNW'U'W'b?d ���8/ y{_�kNy{b?g�]ZypcNY � W'[�kNW'U'W'y
U'b?d'g)cNYAkN��U'[�X?[a��Y�g�[�|:Y�c'U'[�X?[{��_�[ � [�c'[ � Y��G#�]^|x� � g�Y�kNW'U'W'y _�[�s?U'W'h)Y�b?g
`'c'Wa`'b?c'b^�)[ � b�|~b?z � j `'[ � j�c'[�_�U'y{|~W�]^_�b?c)�{g)[�U'h�[�d\]^g)c'j�h'g)j�c'w 12S1/2
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j�c'[�_�U'y�_�[ � [�c'[ � Y{tN]^_�y�sLY�U'U'[�X?[�]�UNYAkNW'e'W'b?| � `'W'UNY�j��ZkNb?h'g�c'[�UNY5W�`'c'[�q
g)[�UNY�� _�b?c���U'W'd `'[ � j�c'[�_�b?U'� ]^[�[�g)_�b?g�]^g)_�j�b?g�`NY�cNYAk'kNb^kN��U'wx| ]^`'W'UNY�|
�ZkNb?h'g)c'[�UNY5W�`'c'[�g)[�UNY{t)U'W'z�U'W'd

�
Y�U'g)W'`NY�cNYAk'kNb^kN��U'wx|\]^`'W'UNY�|xt�eNY�]^g)[�q

g�Y�`'b?c'b^�)[ � Y ν10 = 1420.40
���ul��Z� ��W'U'W'y n�w�k!Y�g�b?[�c'b?g)W'e'bL]^h'W#`'c'b � q

]^h)Y�sLY�UNY���Y�U � b?U +8��k!]^g)[�|i����[Lk'k!Y�U � W'y<�v_�#L
Q-(-FX��{W�U'b?sLY�_�WN]^W'|~[�cNY�] q
]^e'W'g�Y�UNY O�� /�� ��h{kN[�_)]^h'W'|�_ #L
Q-�
5X��Tt{[�n�UNY�c'j�z�b?UNYF_ #L
��G#�X �G),Y � W'[LkNW{q
U'W'y3_�[ � [�c'[ � Y��G#5]^|i[)]^g�Y�b?g�]�y�[ � U'[�d W's�[)]^U'[�_�U'w���kNW'U'W'd � kNy�WN]?]ZkNb^q
� [�_)Y�U'W'y�XZY�sLY�_�UNY�%�b?d3W � c'j�X?W{��XZYAk!Y�h'g)W'h)YA���

��b?c'[�y{g)U'[)]^g)� �?g)[�X?[#`'b?c'b^�)[ � Y\]^[)]^gCY�_�kNy�b?g A10 = 2.9 · 10−15 � −1� gC� b��P#xcNY�s�_ #(# |EkNUu��kNb?g � �Z����[�s?n�j�z � b?U'W'b�`'c'[�WN]Q�)[ � W'g�e'b?c'b?s�]^g)[�kNh'U'[�q_�b?U'W'y U'b?d'g�cNYAkN��U'w�� Y�g)[�|~[�_ � c'j�X�] � c'j�X?[�|x�6)0Y�]^e'b?g UNY�]^b^kNb?U'U'[)]^g�b?d
j�c'[�_�U'b?d � Y�b?g n1 = nH/4

t
n2 = 3nH/4

t�X � b nH �
h�[�U'l'b?U'g�cNY�l'W'y3Y�g)[�q

|~[�_�_�[ � [�c'[ � Y{�H�n��ub?|~U'wxd3h�[�� r�r W'l'W'b?U'g�W's^kNj�e'b?U'W'y�_�kNW'U'W'W�sLY�`'WN]^wx_)Y�b?g�]Zy�h)Y�h

jν =
hν10

4π
n1A10φ(ν) ,

X � b φ(ν) �
`'c'[ r W{kN��kNW'U'W'WutuY r Y�h'g)[�c

4π
`'c'b � `'[�k!Y�XZY�b?g�W's?[�g)c'[�`'U'[�b

W's^kNj�e'b?U'W'b��0� [�`'g)W'e'bL]^h'W g�[�U'h�[�d ]^c'b � b�W'U'g)b?UN]^W'_�U'[)]^g)��kNW'U'W'W W's^kNj�q
e'b?U'W'y

Iν ≈
∫
jνdl

WagC� ['�u`'c'[�`'[�c'l'W'[�UNYAkN��UNY�e'WN]QkNj Y�g)[�|~[�_�_�[ � [�c'[ � Y
UNY�kNj�e'b�s?c'b?U'W'y � Iν ∝ NH =

∫
nHdl

�
N:]ZkNW�[�n�k!Y�h�[�U'b?d'g)cNYAkN��U'[�X?[�_�[ � [�c'[ � Y5[�`'g)W'e'bL]^h'W�g)[Lk!]^g)[�b�t�g)[ Iν '

Bν
��]^|x�!XZk!Y�_�j3���Zt'W�`'[�W's?|~b?c'b?U'W'y{|�W'U'g)b?UN]^W'_�U'[)]^g)W�kNW'U'W'W�_�[ � [�c'[ � Y

�G#�]^| |~[Cz�U'[�`'[LkNj�e'W'g)��[�l'b?U'h'j r W's?W'e'bL]^h�[�d%g)b?|~`'b?cNY�g)j�c'w XZY�sLY
Ts
t

h�[�g)[�cNY�y�[�h)Y�s?wx_)Y�b?g�]Zy�`'[�c�y � h)Y #?�������
N:]ZkNWF]^h'_�[�s?��[�n�k!Y�h�[ � O UNY�n�kN� � Y�b?g�]ZyHcNY � W'[�WN]^g�[�e'U'W'hF]Ey{c'h�[)]^g�U'[�d

g)b?|~`'b?cNY�g)j�c'[�d
Tb,0 � Ts

t'g)[�W's?|~b?c�y{b?|:Y�y�y{c'h�[)]^g�UNY�y�g)b?|~`'b?cNY�g)j�cNY

Tb = Ts(1 − e−τν ) + Tb,0e
−τν ' Tb,0e

−τν ,

W�_�|~bL]^g�[�kNW'U'W'W�W's^kNj�e'b?U'W'y�_�W � UNY�kNW'U'W'y `'[�XZkN[�o5b?U'W'ya�G#F]^|x� OVs?|~b^q
c�y{y�y{c'h�[)]^g�U'j�� g)b?|~`'b?cNY�g)j�c'j�_�]^`'b?h'g)c'b�cNY � W'[�WN]^g)[�e'U'W'h)Y�_�U'bHkNW'U'W'W
�G# ]^| W�]^cNY�_�U'W'_)Y�ypb?b#] y�c'h�[)]^g)U'[�d�g)b?|~`'b?cNY�g�j�c'[�df_�U'j�g)c'WikNW'U'W'Wut
|~[�z�U'[�[�`'c'b � b^kNW'g)� τν �O�]?]QkNb � [�_)Y�U'W'y cNY � W'[LkNW'U'W'W �G#}]^| `'[�s?_�[�kNW{kNW j)]^g�Y�U'[�_�W'g��'tHe'g)[
U'b?d'g)cNYAkN��U'wxd%_�[ � [�c'[ � _ XZYAk!Y�h'g)W'h�b�_a[)]^U'[�_�U'[�|�sLY�h{kN��e'b?U%_ [�e'b?U'�
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g)[�U'h�[�| ��]�`'[�kNj�g�[LkNo5W'U'[�dm[�h�[LkN[ �����3`'h��V]QkN[�b�[�h�[LkN[�`{kN[)]^h�[)]^g�W\��YAq
k!Y�h'g)W'h'Wu� ��Y�`'b?c'W r b?c'W'Wp� #?�Aq #L��h'`'ha[�g3l'b?U'g)cNY��8]ZkN[�daW's?X?W'n)Y�b?g�]�yaW
b?X?[ag�[LkNo5W'UNY\_�[�s?cNY�]^g�Y�b?g � [ #�h'`'hu��� cNY�]^`'c'b � b^kNb?U'W'W � O [�g)e'b?gCkNW{q
_�[�`'c'[)]QkNb?z�W'_)Y���g�]�y#]^`'W'cNYAkN��U'wxb�c'j�h)Y�_)Y���YAk!Y�h'g�W'h'Wu����U'j�g)c'W c'j�h)YAq
_�[�_3_�[ � [�c'[ � cNY�]^`'c'b � b^kNb?UmU'b?cNY�_�U'[�|~b?c'U'['tE[�n�cNY�s?j�y#_�wxgCy{U'j�g)wxb�h�[�|Eq
`{kNb?h�]^w cNY�s?|~b?c'[�|�_ U'bL]^h�[�kN��h�[m]^[�g)b?U�`'hu� �<b?b?|:Y�U'[�_)]^h�[�b�cNY�]^o�b?`{kNb^q
U'W'b�Y�n)]^[�c'n�l'W'[�U'U'w��ih�[�|~`'[�U'b?U'gmkNW'U'W'Wp�G#3]^| j}]^W{kN��U'w��}cNY � W'[�WN] q
g)[�e'U'W'h�[�_�WN]^`'[�kN��s?j��8g�]Zy � kNy�[�l'b?U'h'W�|:Y�X?U'W'g)U'[�X?[F`'[LkNy�_�U'j�g)c'W�[�n�k!YAq
h�[�_m�

10−4 − 10−5 ��]A�Z�6OVs^kNj�e'b?U'W'b � O UNY�n�kN� � Y�b?g�]�y [�g |~U'[�X?W{� � c'j�qX?W{��XZYAk!Y�h'g)W'hu���V[�b?X?[HW'U'g)b?UN]^W'_�U'[)]^g)W�[�`'c'b � b^kNy{��g�[�g)U'[(%5b?U'W'b8|:Y�]?]^w
U'b?d'g)cNYAkN��U'[�X?[�_�[ � [�c'[ � Y�h�[�n�o�b?d3|:Y�]?]^bHXZYAk!Y�h'g)W'h'Wut<Y�`'[�W's?|~b?c'b?U'W'�
]^h�[�c'[)]^g�W�_�cNY�o5b?U'W'y�[�l'b?U'W'_)Y��8g�`'[�kNU'j�� |:Y�]?]^j���YAk!Y�h'g�W'h'Wu�

� � c'j�X?W{�\�{W'|~W'e'bL]^h'W{�}�ZkNb?|~b?U'g)[�_#gCY�h'z�b�]^j�o5bL]^g)_�j�b?g ]^_�b?c)�{g)[�U{q
h�[�b�cNY�]^o5b?`{kNb?U'W'b�[)]^U'[�_�U'[�X?[�j�c'[�_�U'y<t0[ � UNY�h�[ `'[�`'wxg�h'Wa[�n�UNY�c'j�z�W'g)�
]^[�[�g)_�b?g�]^g�_�j��8o5W'b���]Zk!Y�n�wxb��vkNW'U'W'W�`'[�h)Y�U'b�`'c'W'_�b^kNW�h�j)]^`'b^��j��
�8� E3� 	8� ��?8+�*0+ ��� �!�0+�&)( � ?V"�;(�,.0(��,+�;�+�:,+ � $

��Y�z�U'b?d�%�b?d5h�[�|~`'[�U'b?U'g�[�d����8/�tL_�[ |~U'[�X?[�|3[�`'c'b � b^kNy{�8o5b?dFb?b � W{q
UNY�|~W'h'j�txy{_�kNy{b?g�]Zyih'c'j�`'U'[�|:Y�]&%�g�Y�n�U'[�b#|:Y�X?U'W'g)U'[�b�`'[�kNb XZYAk!Y�h'g)W'h'Wu�
/ c'b � U'b?b3s?UNY�e'b?U'W'b�|:Y�X?U'W'g�U'[�X?[a`'[LkNy�_�n�kNW's?W�`{kN[)]^h�[)]^g)Wi��YAk!Y�h'g�W'h'W
[�h�[�kN[

10−6 ��]���� j)]QkN[�_�W'y��%h�[)]^|~W'e'bL]^h�[�dp`{k!Y�s?|~w |:Y�X?U'W'g)U'[�b�`'[�kNb
_F`'[ � Y�_�kNy{��o�b?|�n�[LkN�(%�W'UN]^g)_�b5]^W'g)j)Y�l'W'd�|~[�z�U'[�]^e'W'g�Y�g�� @�4V>1��> @ 
?M 

M�� 4 _3]^c'b � j��0��|~[�c'[�zFb?U'U'[)]^g)��|:Y�X?U'W'g)U'[�X?[3`'[�kNy#[�s?UNYLeNY�b?g ]^[L�{cNY�U'b^q
U'W'b�|:Y�X?U'W'g)U'[�X?[�`'[�g)[�h)Y�e'b?c'b?s�kN�8n�[�d�sLY�|~h'U'j�g)wxd `'c'[�_�[ � y{o5W'dah�[�U{q
g)j�c�`'c'W5b?X?[ � b r [�c'|:Y�l'W'W � ∫

S

~Bd~S = const
��� k!Y�n�[�cNY�g)[�c'U'w��Hj)]ZkN[�_�W'y��

]^[L�{cNY�U'b?U'W'b�|:Y�X?U'W'g)U'[�X?[F`'[�g)[�h)Y�_�[�s?U'W'h)Y�b?g�_F]^c'b � YA��]�_�w ]^[�h�[�d���kNb?h{q
g)c'[�`'c'[�_�[ � W'|~[)]^g)��� σ

� �?g)[m_�b^kNW'e'W'UNY{tx[�n�cNY�g)UNY�yfj � b^kN��U'[�|~jf]^[�`'c'[�q
g)W'_�kNb?U'W'� ]^c'b � wV�Z� ��Y�`'[�|~U'W'|xtEe'g)[3��kNb?h'g)c'[�`'c'[�_�[ � W'|~[)]^g)� � |:Y�h'c'[�q]^h�[�`'W'e'bL]^h)Y�y}��Y�cNY�h'g)b?c'WN]^g�W'h)Y ]^c'b � w�tv_��)[ � y{o�Y�y}_�sLY�h�[�U H�|:Y{�:�Vc'W
[�g�]^j�g�]^g)_�W'W�|:Y�X?U'W'g)U'[�X?[�`'[LkNy�`{kN[�g)U'[)]^g��Fg�[�h)Y�`'c'[�`'[�c'l'W'[�UNYAkN��UNY�UNYAq
`'c�y{zFb?U'U'[)]^g)W%��kNb?h'g)c'W'e'bL]^h�[�X?[\`'[LkNy ~j = σ ~E

� `{kN[�g)U'[)]^g)�#g�[�h)Y�bL]^g)�
]^W{k!Y\g)[�h)Y#e'b?c'b?s�`{kN[�oFY � h'j�b � W'U'W'e'U'[�dp`{kN[�oFY � Wutx`'b?c'`'b?U � W'h'j�kNy�c{q
U'j�� UNY�`'cNY�_�kNb?U'W'� g)[�h)Y��Z�8/�|~W'h'c'[)]^h�[�`'W'e'bL]^h�[�d\g)[�e'h'W s?c'b?U'W'y���kNb?h{q
g)c'[�`'c'[�_�[ � W'|~[)]^g)� ]^_�y{sLY�UNYa]�� r�r b?h'g�W'_�U'[�d�]^W{kN[�d%g�c'b?U'W'y<t~h�[�g)[�cNY�y
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_�[�s?U'W'h)Y�b?g#W's^q sLY�_�sLY�W'|~[ � b?dN]^g�_�W'y�`'b?c'b?U'[)]^e'W'h�[�_#g)[�h)Y � �ZkNb?h'g�c'[�U'[�_
�
]�W'[�UNY�|~Wu�N�HkNy�`'[LkNU'[)]^g)��� W'[�U'W's?[�_)Y�U'U'[�d `{k!Y�s?|~w n�b?sH|:Y�X?U'W'g�U'[�X?[

`'[LkNy�tv_ h�[�g)[�c'[�d%`'c'b?[�n�k!Y � Y���g\`'c'[�l'bL]?]^w h'j�kN[�U'[�_)]^h'W{�%]^[�j � Y�c'b?U'W'd
eNY�]^g)W'lut)��kNb?h'g)c'[�`'c'[�_�[ � W'|~[)]^g)�F[�`'c'b � b^kNy{b?g�]Zy�h�[�U'l'b?U'g)cNY�l'W'b?d�eNY�]^g)W'l
ne = ni

W�_�c'b?|~b?U'b?| h'j�kN[�U'[�_)]^h'W{�F]^g)[LkNh'U'[�_�b?U'W'dF|~b?z � j��ZkNb?h'g�c'[�UNY�|~W
W�W'[�UNY�|~W

τei
W�cNY�_�UNY �

σ =
nee

2τei
me

' 1013[
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104 �
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� `'c'b � b^kNb�n�bL]^h�[�U'b?e'U'[�dm�ZkNb?h'g)c'[�`'c'[�_�[ � W'|~[)]^g)W�� W � bLYAkN��U'[�`'c'[�_�[ � y�q
o�Y�y ]^c'b � Y���n�bL]^h�[�U'b?e'U'[p|:YAkN[�bm�ZkNb?h'g)c'W'e'bL]^h�[�b�`'[LkNbm_�wxs?wx_)YAkN[fn�w
c'[)]^g5g)[�h)Y � [�n�bL]^h�[�U'b?e'U'[Fn�[LkN�(%�[�d�_�b^kNW'e'W'U'w�t�e'g)[�g)c'b?n�[�_)YAkN[�n�w}n�bL] q
h�[�U'b?e'U'[Vn�[LkN�(%�[�d�sLY�g)cNY�g)w#�?U'b?c'X?W'Wu� /vkNb � [�_)Y�g)b^kN��U'['tA_�`'c'W'n�kNW'zFb?U'W'W
W � bLYAkN��U'[�d�`'c'[�_�[ � W'|~[)]^g)W��ZkNb?h'g�c'W'e'bL]^h�[�bV`'[LkNbV_�]^WN]^g�b?|~b�h�[�[�c � W'UNY�gCt
]^_�y{sLY�U'U'[�d�] � _�W'z�j�o5b?dN]�y�]^c'b � [�dut � [�kNz�U'[�cNY�_�U'y{g)�)]�y�U'j�kN�F����W's?W'e'b^q
]^h)Y�y�W'U'g)b?c'`'c'b?gCY�l'W'y � _�W'z�b?U'W'y�W � bLYAkN��U'[�`'c'[�_�[ � y{o5b?d�]^c'b � wi|~[�zFb?g
n�wxg)� � Y�UNY�_�g)b?c'|~W'UNYA� I _�|~[�c'[Cz�b?U'U'[)]^g�WGM5|:Y�X?U'W'g)U'[�X?[�`'[LkNy3_�]^c'b � j��
�5b?dN]^g)_�W'g)b^kN��U'['t,bL]QkNW � _�W'z�j�o5W'dN]Zy `'c'[�_�[ � U'W'hm`'b?c'bL]^b?h)Y�b?g�]^W{kN[�_�wxb
kNW'U'W'W |:Y�X?U'W'g�U'[�X?[3`'[LkNy�t0_3U'b?|�_�[�s?n�j�z � Y�b?g�]�y �0��/�t0`'c'b?`'y�g�]^g)_�j���q
o�Y�y#W's?|~b?U'b?U'W'� |:Y�X?U'W'g�U'[�X?[3`'[�g)[�h)Y{t�Y�`'[�g)[�|~j�W � bLYAkN��U'wxd `'c'[�_�[ � q
U'W'h�]^_�[�W'| � _�W'zFb?U'W'b?| � [�kNz�b?U�j�_�kNb?h)Y�g���]^W{kN[�_�wxbHkNW'U'W'W�|:Y�X?U'W'g)U'[�q
X?[�`'[�kNy�g�Y�hutNh)Y�h�bL]ZkNW3n�w [�U'W3n�w�kNW�_�U'b?X?[�I _�|~[�c'[�zFb?U'w MZ��O � bLYAkN��U'[
`'c'[�_�[ � y{o�Y�ym`{k!Y�s?|:Y � _�W'z�b?g�]Zy#g�Y�hut�h)Y�h bL]ZkNW n�w b?b�eNY�]^g)W'l'w n�w�kNW
I `'c'W'h{kNb?b?U'w MHh3]^W{kN[�_�wx|�kNW'U'W'y{|}|:Y�X?U'W'g)U'[�X?[�`'[LkNy��

)0bLYAkN��UNY�y h�[)]^|~W'e'bL]^h)Y�y `{k!Y�s?|:Y � YAkNb?h�[�U'b�W � bLYAkN��UNY ��]^|x��U'W'zFb��Zt
`'[��?g)[�|~j I _�|~[�c'[Cz�b?U'U'[)]^g���M�|:Y�X?U'W'g�U'[�X?[�`'[LkNy�_V`{k!Y�s?|~jF]ZkNb � j�b?gH`'[�U'W{q
|:Y�g)��_�]^|~w ]ZkNb5g)[�X?['t'e'g)[�g�c'b?n�j�b?g�]Zy�n�[�kN�(%5[�bF_�c'b?|~y�W's?|~b?U'b?U'W'y�|:Y�X^q
U'W'g)U'[�X?[�`'[�g)[�h)Y�e'b?c'b?s�`'c'[�_�[ � y�o�W'd}h�[�U'g�j�c\`'c'W b?X?[ � b r [�c'|:Y�l'W'y����OVU'wx|~W ]ZkN[�_)Y�|~Wut0U'j�z�U'[3]^cNY�_�U'W'_)Y�g)��_�c'b?|~y � WN]?]^W'`NY�l'W'W\|:Y�X?U'W'g)U'[�q
X?[�`'[LkNy�W's^q sLY�h�[�U'b?e'U'[�d3�ZkNb?h'g�c'W'e'bL]^h�[�d3`'c'[�_�[ � W'|~[)]^g)W�`{k!Y�s?|~w ]���YAq
cNY�h'g)b?c'U'wx|#_�c'b?|~b?U'U'wx| |:Y�]&%5g�Y�n�[�|#cNY�]?]^|:Y�g�c'W'_)Y�b?|~[�X?[ r W's?W'e'bL]^h�[�X?[
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`'c'[�l'bL]?]?Y}� _�c'b?|~b?U'b?| ]�z5Y�g)W'y [�n�k!Y�h)Y XZY�sLY{t~`'b?c'W'[ � [�|�b?X?[ _�cNY�o�b?U'W'y
W�gA� � �G�

�V[�h)Y�zFb?|xtve'g)[ `'c'W'n�kNW'zFb?U'W'b3_�|~[�c'[Cz�b?U'U'[)]^g�W%|:Y�X?U'W'g)U'[�X?[ `'[LkNy
_ h�[)]^|~W'e'bL]^h'j�� `{k!Y�s?|~j\y�_�kNy{b?g�]�ym�)[�c'[(%5W'| � kNy\h�[)]^|~W'e'bL]^h'W{�}[�n���q
b?h'g)[�_FW's^q sLY�W{��n�[�kN�(%5W{��cNY�s?|~b?c'[�_'��)0Y�]?]^|~[�g�c'W'|�[�n��ub?|�`{k!Y�s?|~w

V
t{_

h�[�g�[�c'[�| g�b?h'j�g8g)[�h'W�]v`{kN[�g)U'[)]^g����
j
���a]^[�[�g)_�b?g�]^g)_�W'WF] j�cNY�_�U'b?U'W'y�|~W

� Y�h�]^_�b^k'k!Y{t�g�[�h'W `'[�c'[�z � Y��8g�|:Y�X?U'W'g)U'[�b�`'[�kNb ��� � ~B = 4π
c
~j ∼ ~B/R

t
X � b R � cNY�s?|~b?c�cNY�]?]^|:Y�g�c'W'_)Y�b?|~[�d3[�n�k!Y�]^g)W�]���Y�cNY�h'g)b?c'U'wx|}s?UNYLe'b?U'W{qb?| UNY�`'c�y{z�b?U'U'[)]^g�W\`'[�kNy ~B

�!K�[�hm_�`{k!Y�s?|~b�]�h�[�U'b?e'U'[�dm`'c'[�_�[ � W'|~[�q
]^g)��� sLY�g)j���Y�b?g3W's^q sLY � z�[�j�kNb?_�w��\`'[�g)b?c'�'t,]^_�y{sLY�U'U'w��m]^[ ]^g)[�kNh'U'[�_�b^q
U'W'y{|~W��ZkNb?h'g)c'[�U'[�_�]FW'[�UNY�|~Wu�J��w � b^kNy{b?|~[�b�g)b?`{kN[�_�b � W'U'W'l'j _�c'b?|~b^q
U'Wm_�b � W'U'W'e'U'[�| [�n��ub?|~b�`{k!Y�s?|~w bL]^g)�

q = j2/σ
�~� Y�X?U'W'g)UNY�y\�?U'b?c{q

X?W'ya_ b � W'U'W'l'b�[�n��ub?|:Y cNY�_�UNY B2/8π
� /vkNb � [�_)Y�g)b^kN��U'['t,��Y�cNY�h'g)b?c'U'[�b

_�c'b?|~y � WN]?]^W'`NY�l'W'W�|:Y�X?U'W'g�U'[�d��?U'b?c'X?W'W�_Fg)b?`{kN[�� W�]^[�[�g)_�b?g�]^g)_�j��8o5b?b
sLY�g)j���Y�U'W'b�|:Y�X?U'W'g)U'[�X?[�`'[LkNy<��_�[�n��ub?|~bF]5��Y�cNY�h'g)b?c'U'wx|�cNY�s?|~b?c'[�|

R[�`'c'b � b^kNy{b?g�]Zy�h)Y�h

td =
E

dE/dt
∼ B2/8π

j2/σ
∼ 2πσ

c2
R2 � -'�.-{�

� �?g�Y�[�l'b?U'h)Y�]Fg)[�e'U'[)]^g)��� � [ r Y�h'g)[�cNY���]^[�_�`NY � Y�b?g�]Fg)[�e'U'wx|f_�wxcNYAq
zFb?U'W'b?| � kNy _�c'b?|~b?U'W � W r�r j�s?W'W |:Y�X?U'W'g)U'[�X?[�`'[LkNy�e'b?c'b?s�[�n�k!Y�]^g)��]
cNY � W'j)]^[�| R

_�]^c'b � b5]Vh�[�U'b?e'U'[�d�`'c'[�_�[ � W'|~[)]^g)�����Z�
��Y�h ]QkNb � j�b?g�W's�_�wxcNY�zFb?U'W'y�� -'�	
��Zt<`'c'[�_�[ � W'|~[)]^g)��`{k!Y�s?|~w U'bFsLYAq

_�WN]^W'gm[�g `{kN[�g�U'[)]^g)Wut `'c'[�`'[�c'l'W'[�UNYAkN��UNY
T 3/2 W�kNb?z�W'g\_ `'c'b � b^k!YA�

1013 − 1016 � � −1 ��� `'c'W'|~b?c'U'[ UNY�`'[�c�y � [�ha��j�z�b�t�e'b?|�|~b � W��Z�6H � UNY�h�[
W's^q sLY n�[LkN�(%5W{�i|:Y�]&%5g�Y�n�[�_\h�[)]^|~W'e'bL]^h�[�dp`{k!Y�s?|~w _�c'b?|~y}sLY�g)j���Y�U'W'y
|:Y�X?U'W'g)U'[�X?[ `'[�kNy�[�h)Y�s?wx_)Y�b?g�]Zy�n�[�kN�(%5b���Y�cNY�h'g)b?c'U'w��\_�c'b?|~b?U}W's?|~b^q
U'b?U'W'y r [�c'|~w W{kNW cNY�s?|~b?c'[�_�[�n��ub?h'g�Y{tu`'c'[�U'W's?wx_)Y�b?|~[�X?[3`'[�kNb?|x� � g)[
W\[�s?UNYLeNY�b?gAt,e'g�[�`'[�kNb�_�b � b?g ]^b?n�y h)Y�h\_�|~[�c'[Cz�b?U'U'[�b�t~W\`'[�g)[�h\e'b?c'b?s
sLY�|~h'U'j�g)wxd�h�[�U'g)j�c�]^[L�{cNY�U'y{b?g�]Zy��N�Vc'W�]Zz�Y�g)W'W�[�n�k!Y�h)Y�`{k!Y�s?|~wp`'[�`'b^q
c'b?h�`'[LkNym_�b^kNW'e'W'UNY |:Y�X?U'W'g�U'[�X?[ `'[LkNym_�[�s?cNY�]^g�Y�b?gAt~`'c'W'e'b?| r W's?W'e'b^q
]^h)Y�y3`'c'W'e'W'UNY�_�[�s?cNY�]^gCY�U'W'y�`'[�kNy

�
`'[�y{_�kNb?U'W'b��0��/ W'U � j�h'l'W'Wut�`'c'b^q

`'y{g�]^g)_�j���o�b?d�W's?|~b?U'b?U'W'� |:Y�X?U'W'g)U'[�X?[�`'[�g)[�h)Y{�
��|~[�c'[�zFb?U'U'[)]^g)��|:Y�X?U'W'g)U'[�X?[�`'[LkNy _�`{k!Y�s?|~j�y{_�kNy{b?g�]Zy �)[�c'[(%�W'|

`'c'W'n�kNW'zFb?U'W'b?| `'cNY�h'g)W'e'bL]^h'W�_�[a_)]^b^�}Y�]^g)c'[ r W's?W'e'bL]^h'W{��]^W'g�j)Y�l'W'y��
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� � Y�z�b�`'c'W � W'UNY�|~W'e'bL]^h'W{��`'c'[�l'bL]?]?YA��h�[Lk'k!Y�`N]?YVy � b?cFs?_�b?s � � W's^q sLY�h�[�qc'[�g)h'W{����Y�cNY�h'g)b?c'U'w���_�c'b?|~b?U�`'[)]QkNb � U'W{�<�Z�3H � UNY�h�[�_F|:YAkNw���|:Y�]&%�g�YAq
n)YA���?g)[F`'c'W'n�kNW'z�b?U'W'b�|~[Cz�b?g�U'bV_�wx`'[LkNU'y{g)�)]�y�t�[)]^[�n�b?U'U'[�UNYF|:Y�]&%�g�YAq
n)YA��c'b?s?h�[�X?[�W's?|~b?U'b?U'W'y�`'[�kNy���� g)W�|~bL]^g�YF��Y�cNY�h'g)b?c'W's?j���g�]�y�c'b?s?h'W'|~W
`'[�_�[�c'[�g�Y�|~W�|:Y�X?U'W'g)U'w���]^W{kN[�_�w��FkNW'U'W'du���Vc'W'|~b?c'[�|a|~[Cz�b?g�]QkNj�z�W'g)�
UNY�c'j9%�b?U'W'b5_�|~[�c'[Cz�b?U'U'[)]^g)W3`'[LkNy�`'c'W�]^[LkNU'b?e'U'w���_)]^`'w %�h)YA�<t!_�[�s?U'W{q
h)Y���o�W{��_�[�n�k!Y�]^gCy���]Vn�[LkN�(%�W'|�X?cNY � W'b?U'g)[�|%|:Y�X?U'W'g)U'[�X?[�`'[�kNy<�
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 2,1 �A),6�5 G + ���,1 � ��6�2,G,6�� �	�

�Vc'[�s?cNYLe'U'[)]^g��\[�g � b^kN��U'[mcNY�]?]^|:Y�g)c'W'_)Y�b?|~w��%[�n�k!Y�]^g)b?df���8/ � kNy
�ZkNb?h'g)c'[�|:Y�X?U'W'g�U'[�X?[�W's^kNj�e'b?U'W'yHWHn�w ]^g)c'w��VsLY�c�y{zFb?U'U'w��HeNY�]^g)W'l�� h�[)] q
|~W'e'bL]^h'W{��kNj�e'b?d��0[�`'c'b � b^kNy{b?g�]^`'b?l'W r W'h'j�UNY�X?c'b?_)YFW�[���k!Y�z � b?U'W'y�XZYAq
sLY{� � U'b?c'X?W'y<tx_�w � b^kNW'_(%FY�y']Zy�_\h)Y�h�[�d{q�kNW'n�[}[�n�k!Y�]^g�Wi`'c'[)]^g�cNY�UN]^g)_)Y{t
j�U'[)]^W'g�]Zyf�ZkNb?h'g)c'[�|:Y�X?U'W'g�U'wx|~W h'_)Y�U'g�Y�|~WpUNYmn�[�kN�(%5W'bacNY�]?]^g�[�y{U'W'y�t
`'[��?g)[�|~j%���8/ [L��k!Y�z � Y�b?g�]ZyiW's _)]^b?X?[\[�n��ub?|:Y{���HkNy%��Y�cNY�h'g�b?c'WN]^g)W{q
h'W [���k!Y�z � b?U'W'y WN]^`'[�kN��s?j��8g > � ��
14�M��
� ��> ��� �(� O%��
?MNK >?��#N;
@ ,�
?M���!
Λ(n, T ) � �?c'X
	���]^| 3· ]A� � ��KJb?`{kN[�`'c'[�_�[ � U'[)]^g)��U'bH]^`'[)]^[�n�UNY�`'b?c'b � Y�g)��g)b?`{qkN[3[�g�j � YAkNb?U'U'w�� � c'j�X�[�g � c'j�XZY�WN]^g)[�e'U'W'h�[�_��?U'b?c'X?W'Wut,`'[��?g)[�|~j�UNYAq
X?c'b?_�g�Y�h'zFb�[�`'c'b � b^kNy�b?g�]Zy#`'c'[�l'bL]?]?Y�|~Wut0`'c'[�X?c'b?_)Y���o�W'|~W ]^c'b � j ]^cNYAq
s?ja_ n�[LkN�(%�W{�\[�n��ub?|:YA���,�HkNya��Y�cNY�h'g)b?c'WN]^g)W'h'W\UNY�X?c'b?_)Y�WN]^`'[LkN��s?j��8g��> ��� �(� O��%
?MNK > � ��
14�M'>�: >�M';&: �+
?@A;

Γ(n, T ) � �?c'X
	A]^| 3 ]�� �v��Y�h�[�U}]^[L�{cNYAqU'b?U'W'y��?U'b?c'X?W'W%��kNb?|~b?U'g�Y [�n��ub?|:Y
dV

]�_�U'j�g)c'b?U'U'b?d}�?U'b?c'X?W'b?d
dE

W
� Y�_�kNb?U'W'b?| P

sLY�`'WN]^wx_)Y�b?g�]�y�_�_�W � b
dQ

dt
=
dE

dt
+ P

dV

dt
= Γ − Λ .
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d/dt = 0
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� kNy��ZkNb?|~b?U'gCY�]^c'b � w bL]^g)��`'c'[)]^g)[

Λ = Γ
��OVs5c'b %5b?U'W'y3�?g�[�X?[�j�cNY�_�U'b^q
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�?g)[�|�h'W'U'b?g�W'e'bL]^h)Y�ya�?U'b?c'X?W'ya[�n�cNY�s?j��8o5b?X?[)]Zym]^_�[�n�[ � U'[�X?[���kNb?h'g)c'[�UNY
mev

2/2 = hν − ξi
�
ξi �

`'[�g)b?U'l'WNYAk W'[�U'W'sLY�l'W'W�]5j�c'[�_�U'y<��`'c'W�]^g)[�kNh{q
U'[�_�b?U'W'y���`'b?c'b^�)[ � W'g�_��?U'b?c'X?W'� ��Y�[�g�W'e'bL]^h'W{� � _�W'zFb?U'W'd�eNY�]^g)W'lu�N��Y�s
g�Y�h'W'|�[�n�cNY�s?[�|�UNY�X?c'b?_)Y�b?g�]Zy��
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�
#?�8h'| 	A]A�Z� � g)[�W'|~b?b?gV|~bL]^g)['tAUNYAq
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m
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mv2/2 ∼ (3/2)kT
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`'c'W}h�[�|~`'g�[�U'[�_)]^h�[�|�cNY�]?]^b?y{U'W'Wu� �Vb?c'b � YLeNY �?U'b?c'X?W'W%��kNb?h'g)c'[�U'jm`'c'W
cNY�]?]^b?y{U'W'W r [�g)[�UNY�]��?U'b?c'X?W'b?d

hν
UNY�j�X?[Lk

θ
cNY�_�UNY

∆E = hν

(
hν

mec2

)
(1 − cos θ) ,

� -'�	���
Y%]^b?e'b?U'W'b cNY�]?]^b?y�U'W'y cNY�_�U'[%g)[�|:]^[�U'[�_)]^h�[�|~j ]^b?e'b?U'W'�

σT ' 6.65 ·
10−25 ]^| 2 � � kNy hν � mec

2 �Z���:]^c'b � U'b?U'UNY�y�`'[�j�X�k!Y�|a]^h�[�c'[)]^g���[�n��ub?|EqU'[�X?[�UNY�X?c'b?_)Y�`{k!Y�s?|~wf_�`'[LkNbV��kNb?h'g)c'[�|:Y�X?U'W'g)U'[�X?[�W's^kNj�e'b?U'W'y�]8`{kN[�g�q
U'[)]^g)���i�?U'b?c'X?W'W

uν
`'c'[�`'[�c'l'W'[�UNYAkN��UNYFe'WN]QkNj�cNY�]?]^b?y{U'W'd

neσT c
_5b � W{q

U'W'l'j�_�c'b?|~b?U'W�W�cNY�_�UNY

Γc = neσT c

∞∫

0

(
hν

mec2

)
uνdν .
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 � / h�[�c'[)]^g�W�`'c'[�l'bL]?]^[�_�[�n��ub?|~U'[�X?[�UNY�X?c'b?_)Y�]^c'b � wp`'c'[�q
`'[�c'l'W'[�UNYAkN��U'w `{kN[�g)U'[)]^g)W}eNY�]^g)W'l%W%`'[�g)[�h'jmW'[�U'W's?j���o�b?X?[ W's^kNj�e'b^q
U'W'y�tA`'[��?g�[�|~j�]^j�|~|:Y�c'U'j��i]^h�[�c'[)]^g)��[�n��ub?|~U'[�X?[�UNY�X?c'b?_)YV|~[Cz�U'[�`'c'b � q
]^g�Y�_�W'g)��_�_�W � b Γ(n, T ) = nG(T )

����j�U'h'l'W'y
G(T ) � �?c'X
	A]���� UNY�s?wx_)Y�b^q|:Y�y ��� �(
$�)K2�N@�M'>A=LK D8.�M';&: � 
?@C; � sLY�_�WN]^W'g�g�[LkN��h�[�[�g�g)b?|~`'b?cNY�g�j�c'w W

��W'|~W'e'bL]^h�[�X?[}]^[)]^g�Y�_)Y W�cNY�]?]^e'W'g)wx_)Y�b?g�]Zyie'b?c'b?s���kNb?|~b?U'g�Y�c'U'wxb `'c'[�q
l'bL]?]^w�_�sLY�W'|~[ � b?dN]^g�_�W'y3W's^kNj�e'b?U'W'y�W�_�b?o5bL]^g)_)Y{�
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]Zy�sLY5]^e'b?g5j�U'[)]?YH�?U'b?c'X?W'W r [�g�[�UNY�|~Wut � kNy�h�[�g�[�c'w���]^c'b � YH`'c'[�s?cNYLe'UNY{�KJb?`{kN[�`'c'[�_�[ � U'[)]^g)�5U'b?� r�r b?h'g)W'_�UNYHW's^q sLY�|:YAkN[)]^g�W�X?cNY � W'b?U'g)[�_Vg)b?|~`'b^q
cNY�g)j�c�_�n�[LkN�(%�W{�3[�n��ub?|:YA�#� WN]^h{kN��e'b?U'W'b

�
r c'[�U'g)w�j � Y�c'U'w���_�[LkNU�W

X?cNY�U'W'l'w r Y�sF]5c'b?s?h�[�cNY�s^kNW'eNY���o�W'|~WN]Zy�g)b?|~`'b?cNY�g)j�cNY�|~W��Z� O�]^`'j)]^h)YAq
U'W'b�h'_)Y�U'g)[�_��ZkNb?h'g)c'[�|:Y�X?U'W'g�U'[�X?[ W's^kNj�e'b?U'W'y�]^_�y{sLY�U'[#]�n�W'UNY�c'U'wx|~W
`'c'[�l'bL]?]?Y�|~W�_�sLY�W'|~[ � b?dN]^g)_�W'y � eNY�]^g�W'lNY

�
eNY�]^g)W'lNY���W�`'[��?g)[�|~jm_)]^b?X � Y

`'c'[�`'[�c'l'W'[�UNYAkN��U'[�h'_)Y � cNY�g)j�h�[�U'l'b?U'g�cNY�l'W'Wu� H���k!Y�z � b?U'W'b�_�[�s?U'W'h)YAq
b?gCt~h�[�X � Y W's^kNj�e'b?U'W'b3c'[�z � Y�b?g�]�y�sLY ]^e'b?g#g)b?`{kN[�_�[�d}�?U'b?c'X?W'W%eNY�]^g)W'l
Wmh'_)Y�U'g)w ]^_�b?g�Y j��)[ � y�g W's�cNY�]?]^|:Y�g)c'W'_)Y�b?|~[�X?[a[�n��ub?|:Y � �8/�tEj�U'[)]Zy
�?U'b?c'X?W'��� � g)[V`'c'[�WN]Q�)[ � W'g�`'c'W�W's^kNj�e'b?U'W'W r [�g�[�U'[�_�h)Y�h�_H]^`'b?h'g)cNYAkN��q
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U'w��FkNW'U'y���� cNY�s?c'b %5b?U'U'w���W{kNW�sLY�`'c'b?o5b?U'U'w��<�Zt�g�Y�h�W�_5U'b?`'c'b?c'wx_�U'[�|
]^`'b?h'g)c'b��

� ��+!�!+ ���0+ ��& �!+��!+ ���0+3� � ('+�*A?V+!/ �0+3� 	 .�/ �!587 � �,.A� � ��[�s?U'W'h)Y�b?g
`'c'W � _�W'z�b?U'W'W��ZkNb?h'g�c'[�UNY�_8`'[LkNb�W'[�UNY�W5W'|~b?b?gVU'b?`'c'b?c'wx_�U'wxd�]^`'b?h'g)cu�
�HkNy e'WN]^g)[�_�[ � [�c'[ � U'[�d `{k!Y�s?|~w ]FcNY�_�U'[�d h�[�U'l'b?U'g)cNY�l'W'b?da`'c'[�g)[�U'[�_
W��ZkNb?h'g�c'[�U'[�_�[�n��ub?|~U'wxd3h�[�� r�r W'l'W'b?U'g�[���k!Y�z � b?U'W'y�cNY�_�b?U

Λff (
�

) =

∞∫

0

εff (ν)dν ' 1.43 · 10−27n2
e

√
T � �?c'X
	���]^| 3 · ]A� � � -'�7���

� g)b?|~`'b?cNY�g)j�cNY�_�wxcNY�zFb?UNYx_��Vb^kN��_�W'UNYA�<�Z�^�5[�n)Y�_�kNb?U'W'b gAy{z�b^kNw��8W'[�U'[�_'t
[�n�k!Y � Y��8o5W{��n�[�kNb?b�_�w ]^[�h'W'| ��kNb?h'g)c'W'e'bL]^h'W'| sLY�c�y � [�|xtxj�_�b^kNW'e'W'_)YAq
b?gH� r�r b?h'g)W'_�U'[)]^g��5[L��k!Y�z � b?U'W'y����HkNy�`'[LkNU'[)]^g)���pW'[�U'W's?[�_)Y�U'U'[�d�]^c'b^q
� w ]mU'[�c'|:YAkN��U'wx| h�[)]^|~W'e'bL]^h'W'| ]^[ � b?c�z5Y�U'W'b?| �ZkNb?|~b?U'g)[�_

Λff ≈
1.7Λff (

�
)
� � g)[�g |~b^��Y�U'W's?| [)]^[�n�b?U'U'[�� r�r b?h'g)W'_�b?U � kNy [�e'b?U'� X?[�c�y�q

e'b?d�`{k!Y�s?|~w ]
T > 105 � t'X � b�`'cNY�h'g)W'e'bL]^h'W�_)]^b5Y�g�[�|~wpW'[�U'W's?[�_)Y�U'w��

L ��1u+3?8��.A�," � .0+3�A�,+���.0/ �6587 �9�0.!� �'�Vc'W ��;�,��';�K �!@AMN>�� �+
$��>�4>����

M'; O���� � gA� b��~]^[�`'c'[�_�[�z � Y��8o5b?dN]�y}c'[�z � b?U'W'b?|�h'_)Y�U'g�Y���h'W'U'b?g)W'e'bL]^h)Y�y
�?U'b?c'X?W'y c'b?h�[�|~n�W'U'W'c'j���o�b?X?[3�ZkNb?h'g�c'[�UNY

mev
2/2

[�n�wxe'U'[�]^[)]^g�Y�_�kNy{b?g
|:YAkNj�� � [�kN� �?U'b?c'X?W'W�WN]^`'j)]^h)Y�b?|~[�X?[ r [�g)[�UNY

hν = ξi + mev
2/2

�
ξi

�
`'[�g)b?U'l'WNYAk W'[�U'W'sLY�l'W'W j�c'[�_�U'y�t�UNY�h�[�g)[�c'wxdac'b?h�[�|~n�W'U'W'c'j�b?g ��kNb?h{q

g)c'[�U��Zt,g�Y�h\h)Y�h\`'[�e'g�W _)]^b?X � Y ξi � mev
2/2

W\n�[LkN�(%FY�y�eNY�]^g)� �?U'b?c{q
X?W'W r [�g�[�UNY _�w � b^kNy{b?g�]Zy�sLYa]^e'b?ga_�U'j�g)c'b?U'U'b?d��?U'b?c'X?W'W%[�n�cNY�s?j���o�b^q
X?[)]Zy3W'[�UNY{t�Y�U'b5g)b?`{kN[�_�[�d3�?U'b?c'X?W'Wu���V[��?g)[�|~j�cNY � WNY�g)W'_�UNY�y�c'b?h�[�|~n�W{q
UNY�l'W'y�|:YAkN[�� r�r b?h'g)W'_�UNY � kNy�j�|~b?U'�(%5b?U'W'y�g)b?`{kN[�_�[�d��?U'b?c'X?W'W�]^c'b � w��KJb?| U'b�|~b?U'b?b�t�h)Y�h�`'[�h)Y�s?wx_)Y��8g � b?g�YAkN��U'wxb�cNY�]^e'b?g)w�t�|~[�o5U'[)]^g)��W's^kNj�q
e'b?U'W'y b � W'U'W'l'w [�n��ub?|:Y3W's^q sLY�cNY � WNY�g)W'_�U'[�d c'b?h�[�|~n�W'UNY�l'W'Wm]^c'b � w ]
T < 105 � `'c'b?_�[)]Q�)[ � W'gH`'[�g)b?c'W�UNY8g)[�c'|~[�s?U'[�b�W's^kNj�e'b?U'W'b � Λr ≈ 4Λff

�
�Vc'W

T ∼ 105 � W#_�w %5b�]^g�Y�U'[�_�W'g�]�y�]^j�o5bL]^g�_�b?U'U'[�d ,�� �-#=
$�)K���>AM!M';?!�+
$��>�4>���NM'; O���! �:�5W'�ZkNb?h'g)c'[�U'UNY�yic'b?h�[�|~n�W'UNY�l'W'W�W'[�UNY `'c'[�WN]Q�)[ � W'g}_
� _)Y��?g�Y�`NY � ]^UNYLeNYAk!Y�c'b?h�[�|~n�W'U'W'c'j���o�W'd �?U'b?c'X?W'e'U'wxd �ZkNb?h'g�c'[�U�_�[�s^qn�j�z � Y�b?g�Y�g)[�|�� W'[�U���g�Y�hut�e'g)[V[�n�cNY�s?j�b?g�]Zy�U'b?j)]^g)[�d'e'W'_�wxd�W'[�U�] � _�j�|~y
_�[�s?n�j�z � b?U'U'wx|~Wm�ZkNb?h'g)c'[�UNY�|~WmWa`'[�kN[�z�W'g�b^kN��U'[�d\`'[�kNU'[�dm�?U'b?c'X?W'b?du�
� g)[H]^[)]^g)[Cy{U'W'b�U'b?j)]^g)[�d'e'W'_�[ � kNW'n�[5`'c'[�l'bL]?]�W � b?g5_H[�n�cNY�g)U'[�| UNY�`'cNY�_�q
kNb?U'W'W3]�WN]^`'j)]^h)Y�U'W'b?|f]^_�[�n�[ � U'[�X?[��ZkNb?h'g�c'[�UNY�W�[�n�cNY�s?[�_)Y�U'W'b?|iU'b?_�[�s^q
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n�j�z � b?U'U'[�X?[8W'[�UNY�� gA� Uu�AY�_�g�[�W'[�U'W'sLY�l'W'y��ZtAkNW'n�[V`'c'[�WN]Q�)[ � W'gHW's^kNj�e'b?U'W'b
r [�g)[�UNY�� [�n�wxe'U'[�]V�?U'b?c'X?W'b?dut�n�kNW's?h�[�d�h3�?U'b?c'X?W'W�c'b?s?[�UNY�UN]^U'w���`'b?c'b^q
�)[ � [�_{�Zt:Wm`'[�kNUNY�y��?U'b?c'X?W'y\W'[�UNY�[�h)Y�s?wx_)Y�b?g�]Zym[�g)c'W'lNY�g)b^kN��U'[�du� / h�[�q
c'[)]^g)� � W'��kNb?h'g)c'[�U'U'[�d�c'b?h�[�|~n�W'UNY�l'W'W�UNYLe'W'UNY�b?gF`'c'b?[�n�k!Y � Y�g)�5UNY � cNYAq
� WNY�g)W'_�U'[�df`'c'Wf_�w ]^[�h'W{�ig)b?|~`'b?cNY�g�j�cNYA�

T > 105 � �x�V[ � e'b?c'h'U'b?|xte'g)[F_F[�gCkNW'e'W'bV[�g�cNY � WNY�g)W'_�U'[�d�c'b?h�[�|~n�W'UNY�l'W'Wut!`'c'W�h)Y�z � [�d � W'��kNb?h{q
g)c'[�U'U'[�d�c'b?h�[�|~n�W'UNY�l'W'W�W's�]^c'b � wpj�U'[)]^W'g�]�y��?U'b?c'X?W'y�`'[�c�y � h)Y�`'[�g)b?U{q
l'WNYAk!YHW'[�U'W'sLY�l'W'W�]^[�[�g)_�b?g�]^g)_�j���o�b?X?[�W'[�UNY{���\`'c'[�l'bL]?]^b�cNY � WNY�g�W'_�U'[�d
c'b?h�[�|~n�W'UNY�l'W'W�sLYA�{_)Y�g)wx_)Y��8g�]Zy#`'c'b?W'|~j�o5bL]^g�_�b?U'U'[ |~b � kNb?U'U'wxb���kNb?h{q
g)c'[�U'w ]v�?U'b?c'X?W'b?d�|~b?U'�(%�bx]^c'b � U'b?d��?U'b?c'X?W'WF`'c'W � Y�U'U'[�dFg)b?|~`'b?cNY�g)j�c'b
��]^c'b � Y `'c'W��?g)[�|�U'bv[���k!Y�z � Y�b?g�]Zy�t�YxUNY�X?c'b?_)Y�b?g�]�y<�ZtC_ g�[x_�c'b?|~yHh)Y�h � kNy
� W'�ZkNb?h'g)c'[�U'U'[�d�c'b?h�[�|~n�W'UNY�l'W'W���kNb?h'g)c'[�U�]^UNY�eNYAk!Y � [�kNz�b?U�_�[�s?n�j � W'g)�
Y�g)[�| � gC� b��<`'b?c'b � Y�g)��b?|~j��?U'b?c'X?W'� `'[�c�y � h)Y�`'[�g�b?U'l'WNYAk!Y�W'[�U'W'sLY�l'W'W��Zt
`'[��?g)[�|~j � W'�ZkNb?h'g)c'[�U'UNY�y�c'b?h�[�|~n�W'UNY�l'W'y�[)]^j�o5bL]^g)_�kNy{b?g�]�y�`'c'b?W'|~j�o�b^q
]^g)_�b?U'U'[�]?Y�|~wx|~W�n�w ]^g)c'wx|~W��ZkNb?h'g)c'[�UNY�|~W�]x�?U'b?c'X?W'b?d�_�w %5bV]^c'b � U'b?du�
�i�?g)[�| r W's?W'e'bL]^h)Y�y�`'c'W'e'W'UNY�[���k!Y�z � b?U'W'y�]^c'b � w��

 � 5 BJ-�+!('+��!�,+���.0/ �!587 � �,.!� �'��[�s?U'W'h)Y�b?g�`'c'W�sLY�`'c'b?o5b?U'U'w���`'b^q

c'b^�)[ � YA� ]�c'b?s?[�UNY�UN]^U'w��aj�c'[�_�U'b?d 2s1/2 → 1s1/2
]�W's^kNj�e'b?U'W'b?| � _�j��

r [�g)[�U'[�_f_f_�[ � [�c'[ � b%W _�[ � [�c'[ � [�`'[ � [�n�U'w���W'[�UNYA� W ]�� 1S0
j�c'[�_�q

U'y�_#X?b^kNW'W}W}X?b^kNW'b?`'[ � [�n�U'w��%W'[�UNYA��� cNY�]^`NY �%� c'j�X?W{�\|~b?gCY�]^g�Y�n�W{kN��q
U'w���j�c'[�_�U'b?d `'c'[�WN]Q�)[ � W'gi`'c'b?W'|~j�o5bL]^g�_�b?U'U'[i]aWN]^`'j)]^h)Y�U'W'b?| [ � U'[�q
X?[ r [�g)[�UNY��Z�D/ j�|~|:Y�c'UNY�y �?U'b?c'X?W'y r [�g)[�U'[�_ ]^[�[�g)_�b?g�]^g)_�j�b?g3cNY�s?U'[)]^g)W
�?U'b?c'X?W'W�|~b?z � j � _�j�|~y�j�c'[�_�U'y�|~Wut�U'[�h)Y�z � wxd3W's r [�g)[�U'[�_�U'b5W'|~b?b?g
r W'h�]^W'c'[�_)Y�U'U'[�d��?U'b?c'X?W'W\Wf� _�]QkNj�eNY�b�_�[ � [�c'[ � Y��5[�n�cNY�s?j�b?g�]Zy\U'b?`'c'b^q
c'wx_�U'[�b�W's^kNj�e'b?U'W'b�] � kNW'U'[�d#_�[LkNU'w n�[LkN�(%5b�t,e'b?|pj�kNW'U'W'W �HY�d'|:Y�U{q
YAkN� r Y��

> 1216 � �Z�NK�Y�h'W'bVh'_)Y�U'g)w�U'b�]^`'[)]^[�n�U'wf_�[�s?n�j�z � Y�g)�H_�[ � [�c'[ �
W's�[)]^U'[�_�U'[�X?[�]^[)]^g)[Cy{U'W'y%W�]^_�[�n�[ � U'[mj��)[ � y�g\W's�]^c'b � w�����[�s?n�j�z � b^q
U'W'bH|~b?g�Y�]^g�Y�n�W{kN��U'w���j�c'[�_�U'b?d�`'c'[�WN]Q�)[ � W'g�_�[)]^U'[�_�U'[�|}sLY�]^e'b?g���kNb?h{q
g)c'[�U'U'w���j � Y�c'[�_'���5_�j�� r [�g�[�U'U'[�b W's^kNj�e'b?U'W'b�_)Y�z�U'[H`'c'W r [�c'|~W'c'[�_)YAq
U'W'W�U'b?`'c'b?c'wx_�U'w���]^`'b?h'g)c'[�_Hs?[�U � O O �9H�U'[HW'X?cNY�b?gH[)]^[�n�b?U'U'[�n�[LkN�(%5j��
c'[LkN� `'c'Wa[���k!Y�z � b?U'W'W X?[�c�y{e'b?d\h�[)]^|~W'e'bL]^h�[�dm`{k!Y�s?|~w�]�g)b?|~`'b?cNY�g)j�q
c'[�d

T = 106 − 108 � � UNY�`'c'W'|~b?cut�_�|~[�kN[ � w���[)]^g�Y�g�h)YA��]^_�b?c)�{U'[�_�w��<�Z�
���!*,"'(��0+3�i1u+3? :0('+3�0+3�!&)1u+3��*,"'&)& �)$A�0.!� � / j�o5bL]^g)_�b?U'U'wxdi`'c'[�q

l'bL]?]�_3`{k!Y�s?|~b�tE_�h�[�g)[�c'[�d\|~[�X?j�g UNYA�)[ � W'g)�)]�y [�e'b?U'��n�w ]^g)c'wxb�c'b^kNy�q
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g)W'_�WN]^g�]^h'W'b��ZkNb?h'g)c'[�U'w��0N:]QkNW�cNY�]?]^b?y{U'W'b r [�g)[�UNY5]x�?U'b?c'X?W'b?d
ε
`'c'[�WN] q

�)[ � W'g�UNY3n�w ]^g)c'[�| ��kNb?h'g)c'[�U'b�]��?U'b?c'X?W'b?d
E = γmec

2, γ � 1
t0_)Y�z�q

U'wx|�]^g�Y�U'[�_�W'g�]Zy�[�g � Y�eNY\�?U'b?c'X?W'WiWiW'|~`'j�kN�)]?Y\[�g ��kNb?h'g)c'[�UNY r [�g)[�q
U'j�� � g)[#kNb?X?h�[\`'[�U'y�g��'t:`'b?c'b?d � y}_a]^WN]^g)b?|~jm[�g�]^e'b?gCY{t~_ah�[�g�[�c'[�d}c'b^q
kNy{g)W'_�WN]^g�]^h'W'd��ZkNb?h'g�c'[�U `'[�h�[�W'g�]�y<�J�Vc'W n�[�kN�(%5W{� kN[�c'b?U'l{q r Y�h'g)[�cNYA�
γ
W's^q sLY#� r�r b?h'g�Y c'b^kNy{g)W'_�WN]^g�]^h�[�d�Y�n�b?c'cNY�l'W'W%UNY�`'cNY�_�kNb?U'W'b `NY � Y���q

o5b?X?[ r [�g)[�UNY n�kNW's?h�[ h�UNY�`'cNY�_�kNb?U'W'� cNY�]?]^b?y{U'U'[�X?[ r [�g�[�UNY{�~�5b^k!Y�y
kN[�c'b?U'l{q `'c'b?[�n�cNY�s?[�_)Y�U'W'bF�?U'b?c'X?W'W r [�g)[�UNY�_�]^WN]^g)b?|~bV�ZkNb?h'g�c'[�UNY{tNW'|~b^q
b?|

ε′ ≈ εγ
�<��YAkNb?b�`'[�kN��s?j�b?|:]Zy r [�c'|~j�kN[�d#� r�r b?h'gCY��V[�|~`'g�[�UNY�_�]^W{q

]^g)b?|~b�`'[�h�[�y��ZkNb?h'g�c'[�UNY
ε′1 ≈ ε′(1− ε′

mec2
(1− cos Θ))

� s � bL]^� ε′1 − �?U'b?c{q
X?W'y5cNY�]?]^b?y{U'U'[�X?[Vh'_)Y�U'g�Y{t

Θ− j�X?[Lk�|~b?z � j�UNY�`'cNY�_�kNb?U'W'b?| `NY � Y��8o5b?X?[
W�cNY�]?]^b?y{U'U'[�X?[ r [�g�[�UNYH_H]^WN]^g)b?|~b�`'[�h�[�y��ZkNb?h'g)c'[�UNY�� �xWut)UNY�h�[�U'b?lut � b^q
k!Y�b?|ikN[�c'b?U'l{q `'c'b?[�n�cNY�s?[�_)Y�U'W'b��?U'b?c'X?W'W�cNY�]?]^b?y{U'U'[�X?[ r [�g)[�UNY�h k!Y�n�[�q
cNY�g)[�c'U'[�d�]^WN]^g)b?|~bF[�g�]^e'b?g�Y � ε1 ≈ γε′1

�8H�g�]^� � Y�_�W � U'['t<e'g)[ � kNy3c'b^kNy�q
g)W'_�WN]^g�]^h'W{����kNb?h'g)c'[�U'[�_��?U'b?c'X?W'y�cNY�]?]^b?y{U'U'[�X?[ r [�g�[�UNY

ε1 ∼ γ2ε � ε
t

W}g�Y�h'W'| [�n�cNY�s?[�| U'W's?h�[�eNY�]^g�[�g)U'wxb3h'_)Y�U'g)w `'c'b?_�cNY�o�Y��8g�]Zy�_#h'_)Y�U{q
g)w z�bL]^g)h�[�X?[mW's^kNj�e'b?U'W'y��x�:]^c'b � U'b?U'UNY�yf`'[ j�XZk!Y�| ]^h�[�c'[)]^g)�m`'[�g)b?c'�
�?U'b?c'X?W'Wi[ � U'[�X?[m�ZkNb?h'g)c'[�UNY\]�kN[�c'b?U'l{q r Y�h'g�[�c'[�| γ

W's^q sLYa[�n�cNY�g�U'[�X?[
h�[�|~`'g�[�U{q � r�r b?h'g�Y�_�`'[LkNb�W's?[�g)c'[�`'U'[�X?[
��� W's^kNj�e'b?U'W'y�]�`{kN[�g)U'[)]^g)���
uν

� Y�b?g�]�y r [�c'|~j�kN[�d

−
(
dE

dt

)

compt

=
4

3
σT cγ

2β2

∞∫

0

uνdν
� -'�	���

� s � bL]^� β = v/c
�Z� ��Y�`'c'W'|~b?cut�_i]ZkNj�eNY�bmg)b?`{kN[�_�[�X?[fcNY�]^`'c'b � b^kNb?U'W'y

�ZkNb?h'g�c'[�U'[�_�]%`{kN[�g)U'[)]^g����
ne

W g�b?|~`'b?cNY�g)j�c'[�d
T
W'|~b?b?| 〈β2〉 =

〈v/c〉2 = 3kT/mec
2 t γ ≈ 1

W�[�n��ub?|~U'[�b [���k!Y�z � b?U'W'b�g�Y�h�[�di]^c'b � w
sLY�]^e'b?g�[�n�cNY�g)U'[�X?[�� r�r b?h'g�Y��V[�|~`'g)[�UNY�bL]^g��

Λc = −
(
dE

dt

)

compt

ne =

(
4kT

mec2

)
cσTne

∞∫

0

uνdν .
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ε′ < mec
2
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��wxcNY�z�b?U'W'bH_�]^h�[�n�h)YA� � Y�b?g�s?UNY�e'b?U'W'b � [LkNW��?U'b?c'X?W'WutN`'c'W'[�n�c'b?gCY�b?|~[�d
r [�g)[�U'[�| `'c'W%h)Y�z � [�| cNY�]?]^b?y{U'W'W�`'[�h)Y _�wx`'[LkNU'y{b?g�]�y�j)]ZkN[�_�W'b

ε �
4kT

���
�V[�|~`'g)[�U'[�_)]^h�[�b�[L��k!Y�z � b?U'W'b�[�n�wxe'U'[ � [�|~W'U'W'c'j�b?g�_�[�e'b?U'��]^W{kN��q

U'[5W'[�U'W's?[�_)Y�U'U'[�d�_�w ]^[�h�[�g�b?|~`'b?cNY�g)j�c'U'[�d�`{k!Y�s?|~b�_�n�kNW's?W�WN]^g)[�e'U'W'h�[�_
|~[�o5U'[�X?[�c'b?U'g)X?b?U'[�_)]^h�[�X?[�W's^kNj�e'b?U'W'y�� � g)[�g�|~b^��Y�U'W's?|f`'c'b?[�n�k!Y � YAk _
cNY�U'U'b?di��]^b^kNb?U'U'[�dfUNY#cNY � WNY�l'W'[�U'U'[�q � [�|~W'U'W'c'[�_)Y�U'U'[�d r Y�s?b � [ |~[�q
|~b?U'g�Y�c'b?h�[�|~n�W'UNY�l'W'Wu�)�HkNy�[�n�wxe'U'w���j)]QkN[�_�W'd�_H���8/\W'|#|~[�z�U'[H`'c'b^q
U'b?n�c'b?e'�'�

��Y�|~b?g)W'|xt�e'g)[8W's^q sLY8[�n�cNY�g)U'[�X?[�h�[�|~`'g)[�U'[�_)]^h�[�X?[H[L��k!Y�z � b?U'W'yFg)b?`{q
kN[�_�j�� U'b?c'b^kNy{g)W'_�WN]^g�]^h'j�� `{k!Y�s?|~j�U'b^kN��s?y UNY�X?c'b?g)��[ � U'W'|�kNW�%���W's^q
kNj�e'b?U'W'b?| � [�g)b?|~`'b?cNY�g)j�c�_�w %5b kT ∼ ε/4

�
4�/ �6587 � �,.A� � & :!��1,('*0" ��� �!@�B � .A�,.J$AB � H���k!Y�z � b?U'W'b3`'c'[�WN] q

�)[ � W'g\`'c'W�W's^kNj�e'b?U'W'W%h'_)Y�U'g�[�_ ]�j�c'[�_�U'b?dut�sLY�]^b^kNb?U'U'w��%`'c'W%_�[�s?n�j�q
z � b?U'W'W �-#=
$�)K���>�MNM�� 4 7
,C;���>�4 �0�Vc'Wac'b?h�[�|~n�W'UNY�l'W'[�U'U'[�| sLY�]^b^kNb?U'W'W
j�c'[�_�U'b?dut�h)Y�h�|~w�`'[�y']^U'y�kNW3_�w %�b�t!g)b?|~`'b?cNY�g�j�cNY�]^c'b � w�U'b5j�|~b?U'�(%FYAq
b?g�]Zy�t0gC� hu�0c'b?h�[�|~n�W'UNY�l'W'[�U'U'wx|~W�h'_)Y�U'g�Y�|~W\j�U'[)]^W'g�]Zy�kNW�%5� _�U'j�g)c'b?U{q
U'y{yH�?U'b?c'X?W'y5W'[�U'[�_'�(/ `'b?h'g)cNYAkN��U'wxd � WNY�`NY�s?[�UutA_�h�[�g)[�c'[�|3`'c'[�WN]Z�)[ � W'g
[)]^U'[�_�U'[�bH[L��k!Y�z � b?U'W'bH_FkNW'U'W'y���t'[�`'c'b � b^kNy�b?g�]Zy�g)b?|~`'b?cNY�g)j�c'[�d � e'b?|�?U'b?c'X?W'e'U'b?b r [�g)[�Uutug�b?|pn�[LkN�(%5b��?U'b?c'X?W'Wa[�U j�U'[)]^W'gCtuU'[3g)b?|fn�[LkN�(%5b
� [LkNz�UNY}n�wxg)��g)b?|~`'b?cNY�g)j�cNY\XZY�sLY{t e'g)[�n�w _�[�s?n�j � W'g)�%]^[�[�g�_�b?g�]^g)_�j���q
o5W'd�`'b?c'b^�)[ � ��]^|x��gCY�n�kNW'l'j -'�	���Z� OVs^kNj�e'b?U'W'bV`'c'W�j � Y�c'U'[�|�_�[�s?n�j�z � b^q
U'W'W Y�g)[�|~U'w��3j�c'[�_�U'b?d �?g)[�[)]^U'[�_�U'[�d |~b^��Y�U'W's?|p[L��k!Y�z � b?U'W'y�� �8/ ]
T < 105 � �4�+3�0.0/�" � .J$C= � ��10('*,+��!�!@ ? 5 �:"'*0+3? � � g)[�]^`'b?l'W r W'e'bL]^h'W'd � kNy
cNY�s?c'b?z�b?U'U'[�d ]^c'b � w n�b?s?wxs^kNj�eNY�g)b^kN��U'wxd#`'c'[�l'bL]?]�[���k!Y�z � b?U'W'y<��K�b?`{q
kN[�_)Y�y��?U'b?c'X?W'yFcNY�]Z�)[ � j�b?g�]�y�UNY8[�g)c'wx_V�ZkNb?h'g)c'[�UNYHWFsLY�`NY�]?Y�b?g�]Zy�_�_�W � b

� �S��	�$M�������!�#P � ��.� 3$�	!�V�� ����
�J5�.��������#A � ���������
�
-���AE�� �R �D	 �'5�.���-H�#)+*2�# 4.��#��@
�
��PM�����;�2� BD	!��-���.��#�!� � ����5�	!�����#A?��-M�#.��#�
��F�I

∼
p

kT/me
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@
�
���(PE�!�;����������������	�F#��$MI ����	���������$

|δν/ν| ∼
p

kT/mec2
T �S�#>��#�#R �W�
����	�-��!���������!P

5!�#.�R �U��������@ BD	!�
-���.���� � 5�.��?-'������.�R��WB��!�
.M&
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*!P��V�2� �+�����!�
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.M&
�!P �U�����#�2�V$� �����F�@
<V�#�����(P���� �
��-�)+�=�4�#���!�#<+�������

∼ v/c '
p

kT/mec2
T �S�#B
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���8�
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��BD	!��-���.��#�2�V5!.��8������	!-����#���������=� � �������!�� G>#$�*!�
�;5!��.'PH*2-H�

kT/mec
2
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T
� � 	 �'	2��)V*!�������U�W	�������P �

> 106 � ������&������#���
-����U	���������� @�� � ��@ 5!�
*!��>#��R��?�!�#���#�
��P�)+��	�R���B�	��
 ����!�����
	U�
�
����-�� �����
. �M���#�#R�� � � � � � � � K#T ��� ��� � � � ��� � K �MT ��� � �

E�
)V&���	!�#-��#���!���
-���AE&��#.MP'����A &���� ��� � � � � �

E ∼ 7
-�B � �

2 · 104 − 106 � �
���#�2�
�!����R � � 	+@ 	�������� � � ����PM)V�(	�R���B�	��
 ����!���#�9*!� � �

(1 − 2) · 104
� ������� � � �;�#���!�����!�# � �

α

�

(5 − 10) · 103
0:��5�.����+������R � 	��������E��P�)+��	�R���B�	��
 ����!�����

30 − 104
�J�
	!�
-M�!� � � @ 	���������5�.�� 5!�
.�� �H�
*:� �? ���)V*!$�$M.������!PM 3�
�����!-'�#AE�
��.M$�-���$M.�RG�������#����R��E���
.� ��#�

< (1 − 2) · 103
� �#�
>#$M)+*2�����!�S�E�#R �������������������+ ���	��
-�$�	�P�.M��R��W$M.��#������A
� �;�#���!�������� G ���	!��-�$�	�R �

2

�

< 30
� .!� �V������	�F#��R �S5!��.�� �H�
*�R6 ���	��
-�$�	 � � �����
*�R �

2
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_�U'j�g)c'b?U'U'b?d3� U'b g)b?`{kN[�_�[�d��,�?U'b?c'X?W'W�]^_�y{s?W�W'[�U{q ��kNb?h'g)c'[�Uut�YHsLY�g)b?| _�w�q
]^_�b?e'W'_)Y�b?g�]�y `'c'W�c'b?h�[�|~n�W'UNY�l'W'y������ ]^g�Y�l'W'[�UNY�c'U'[�|�]QkNj�eNY�b�sLY�g)cNY�g)w
�?U'b?c'X?W'W UNY�j � Y�c'U'j�� W'[�U'W'sLY�l'W'� cNY�_�U'w _�U'j�g�c'b?U'U'b?d3�?U'b?c'X?W'W ]^WN]^g)b^q
|~w�W'[�U{q ��kNb?h'g)c'[�Uut!_�w ]^_�b?e'W'_)Y�b?|~[�d�`'c'W�c'b?h�[�|~n�W'UNY�l'W'y����

9<;?4 
$��;�M���
 � �Vc'[�l'bL]?]^w [�n��ub?|~U'[�X?[i[���k!Y�z � b?U'W'y ]^c'b � w `'c'[�`'[�c{q
l'W'[�UNYAkN��U'w h'_)Y � cNY�g)j `{kN[�g)U'[)]^g)W eNY�]^g�W'lut�g�Y�h h)Y�h � kNy c'[Cz � b?U'W'y
r [�g)[�UNY g)c'b?n�j�b?g�]�ya_�sLY�W'|~[ � b?dN]^g)_�W'b � _�j��aeNY�]^g)W'lutE`'[��?g)[�|~ja]^j�|~|:Y�c{q
U'j�� ]^h�[�c'[)]^g)�#[�n��ub?|~U'[�X?[a[���k!Y�z � b?U'W'y�|~[�z�U'[#`'c'b � ]^gCY�_�W'g)� _ _�W � b
Λ(n, T ) = n2λ(T )

� ��j�U'h'l'W'y
λ(T ) � �?c'X · ]^| 3 	A]��5� UNY�s?wx_)Y�b?|:Y�y ��� �(
$��
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?M���! �,sLY�_�WN]^W'gFg)[LkN��h�[�[�g5g)b?|~`'b?cNY�g)j�c'w%W��{W'|~W{q
e'bL]^h�[�X?[}]^[)]^gCY�_)YaWicNY�]?]^e'W'g)wx_)Y�b?g�]�y�e'b?c'b?s��ZkNb?|~b?U'gCY�c'U'wxb `'c'[�l'bL]?]^w
_�sLY�W'|~[ � b?dN]^g�_�W'y W's^kNj�e'b?U'W'y W�_�b?o5bL]^g�_)Y{� ��j�U'h'l'W'y λ(T ) � kNy cNY�s?c'b^qzFb?U'U'[�d�h�[)]^|~W'e'bL]^h�[�d `{k!Y�s?|~w�t<_�h�[�g)[�c'[�d�_�[�s?n�j�z � b?U'W'b�Y�g)[�|~[�_�[)]^j�q
o5bL]^g�_�kNy�b?g�]Zy��ZkNb?h'g�c'[�U'U'wx|~W�j � Y�cNY�|~Wut)`'[�h)Y�sLY�UNY5UNYVc'WN]�� -'�$# � kNy�cNY�s^q
kNW'e'U'w���[�n�W{kNW'd gCy{zFb^kNw�����kNb?|~b?U'g)[�_'� ��YAkNW'e'W'b�gAy{z�b^kNw�����kNb?|~b?U'g)[�_
s?UNYLe'W'g�b^kN��U'[%j�_�b^kNW'e'W'_)Y�b?g}� r�r b?h'g)W'_�U'[)]^g)�}[���k!Y�z � b?U'W'yp`{k!Y�s?|~w _
� WNY�`NY�s?[�U'b�g)b?|~`'b?cNY�g)j�c�[�g 104 � [ 107 ��� /vkNb � j�b?g�[�g)|~b?g)W'g��'t!e'g)[�_�[|~U'[�X?W{�F]^W'g�j)Y�l'W'y���� [)]^[�n�b?U'U'[H_�n�kNW's?W�WN]^g)[�e'U'W'h�[�_�|~[�o�U'[�X?[�z�bL]^g)h�[�X?[
W's^kNj�e'b?U'W'y<t�UNY�`'c'W'|~b?c�_�n�kNW's?W�y � b?c�Y�h'g)W'_�U'w���XZYAk!Y�h'g)W'h��~]^j�o�bL]^g)_�b?U{q
U'wx|�y{_�kNy�b?g�]Zy r [�g�[�W'[�U'W'sLY�l'W'y<�)� g�Y�h'W{�5]ZkNj�eNY�y�� r j�U'h'l'W'yF[L��k!Y�z � b^q
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U'W'y�`{k!Y�s?|~w�U'bL]^h�[LkN��h�[�[�gCkNW'eNY�b?g�]�yF[�g�`'c'W'_�b � b?U'U'[�d�UNYVc'WN]��(-'�$#�tC�)[�gAy
h)YLe'bL]^g)_�b?U'U'[�b�`'[�_�b � b?U'W'b�]�g�b?|~`'b?cNY�g)j�c'[�d�]^[���cNY�U'y{b?g�]�y��

K�Y�h'W'| [�n�cNY�s?[�|xt�j�cNY�_�U'b?U'W'b�g)b?`{kN[�_�[�X?[3n)YAk!Y�UN]?Y
Γ = Λ

`'c'W'[�n�c'b^q
g�Y�b?g�_�W � nG(T ) = n2λ(T )

t�[�g)h'j � Y�UNYA�)[ � W'g�]�y#cNY�_�U'[�_�bL]^UNY�y#sLY�_�WN]^W{q
|~[)]^g)�

T (n)
t0WutE]QkNb � [�_)Y�g)b^kN��U'['tvj�cNY�_�U'b?U'W'b�]^[)]^g)[Cy�U'W'y\|~b?z�s?_�b?s � U'[�d

]^c'b � w P (n, T )
t:h�[�g)[�c'[�b3[�n��uy']^U'y{b?g\UNY�n�kN� � Y�b?|~j�� ]^g)cNY�g�W r W'h)Y�l'W'�

[�n�k!Y�]^g)b?d�� O UNY8�)[�kN[ � U'wxb [�n�k!Y�h)YVW�n�[LkNb?bxg�b?`{kNj���|~b?z�[�n�k!Y�e'U'j��f]^c'b^q
� j ��]^|x�!U'W'z�b��Z�

H�g)|~b?g)W'|xt�e'g)[�_�n�[LkN�(%�W'UN]^g)_�b�`'b?c'b?e'WN]ZkNb?U'U'w��#`'c'[�l'bL]?]^[�_�UNY�X?c'b^q
_)Y�W [���k!Y�z � b?U'W'y�g)c'b?n�j�b?g�]Zy3s?UNY�g���UNY�]^b^kNb?U'U'[)]^g���j�c'[�_�U'b?d#Y�g)[�|~[�_�W
W'[�U'[�_\���8/�t:`'[��?g)[�|~j � kNy}UNYA�)[Cz � b?U'W'y}cNY�_�U'[�_�bL]^U'[�dfg)b?|~`'b?cNY�g)j�c'w
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]^c'b � w�g)c'b?n�j�b?g�]Zy�]^[�_�|~bL]^g)U'[�c'b %�Y�g���j�cNY�_�U'b?U'W'y�W'[�U'W'sLY�l'W'[�U'U'[�X?[�n)YAq
k!Y�UN]?Y{�
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� #��$# ��C��,13J.1B2,6 
4/9)41 ����24+��A+ 5.+ � +?),+ ��1���� G /36 �
�4+?5.1��
2,6�	F-0/�+ 

�;G,5.+.-0/ � 8:6�� I�5F6�I�� 24+�
 -A),6���<

��Y�n�kN� � b?U'W'ya`'[�h)Y�s?wx_)Y��8gAtJe'g)[�U'b?d'g)cNYAkN��U'wxd _�[ � [�c'[ � U'b�sLY�`'[�k'q
U'y{b?g�cNY�_�U'[�|~b?c'U'[5|~b?z�s?_�b?s � U'j��i]^c'b � j�t)YVUNYA�)[ � W'g�]Zy�`'c'b?W'|~j�o5bL]^g�_�b?U{q
U'[f_�[ � U'[�d W's � _�j�� r Y�s

�
_i_�W � b\[�g�U'[)]^W'g)b^kN��U'[�`{kN[�g�U'w�� �

n ∼
101 − 102 ]^| −3 �F�)[�kN[ � U'w����

T ∼ 100 � ��[�n�k!Y�h�[�_%WicNY�s?c'b?zFb?U'U'[�d|~b?z�[�n�k!Y�e'U'[�d3]^c'b � w��
n ∼ 0.1− 1

]^| −3 t T ∼ 103 − 104 � �Z��� g�[F]ZkNb � q]^g)_�W'b K 
$)�#N>�@A>���M�
$7A=LKF>������!@C>A=LK2� ���8/�t0_�wxs?_)Y�U'U'[�d�U'b?|~[�U'[�g�[�U'U'[�d
sLY�_�WN]^W'|~[)]^g)��� � Y�_�kNb?U'W'y%[�ga`{kN[�g)U'[)]^g)W}_�b?o�bL]^g)_)Y P (n)

_#j)]ZkN[�_�W'y��
� �8/��

ln P

ln n

P
eq

n
1

n
2

n
3

1 2 3

� �!��T ��T � T � ����5�	!�����#A �!��$H�����#A����������
�#� 
=0 � T � �!�#�
����-�-�.������#A
P (n)

�?����.�� �!��@
����	�F#�!�#A 5!.��#�!�(���
*!���#A��������#���
��������$H���9�!��$��
���#A��������� 3$?�
�#�
���
P'���!IVT

��YLe'bL]^g�_�b?U'U'[#� r�r b?h'g#]^[)]^g)[�W'g _ ]QkNb � j���o�b?|x�v��b?o5bL]^g)_�[#���8/ �W � bLYAkN��U'wxdacNY�s?c'b?zFb?U'U'wxdaXZY�s�] � Y�_�kNb?U'W'b?| P = nkT
��KJb?|~`'b?cNY�g)j�cNY

]^c'b � w�UNYA�)[ � W'g�]Zy W's�c'b %5b?U'W'y j�cNY�_�U'b?U'W'd#g)b?`{kN[�_�[�X?[3W W'[�U'W'sLY�l'W'[�U{q
U'[�X?[#n)YAk!Y�UN]?Y%��]^|x�v_�w %5b���W�y{_�kNy{b?g�]�y r j�U'h'l'W'b?d}`{kN[�g�U'[)]^g)Wu�v� c'b^q
s?j�kN��g�Y�g�b�n�w ]^g)c'[�X?[�c'[)]^g�Y

λ(T )
_�[�n�k!Y�]^g)W

T ∼ 104 � ��]^|x�0c'WN]��8-'�$#A�
`'[LkNj�eNY�b?g�]Zy�tJe'g�[�sLY�_�WN]^W'|~[)]^g��

P (n)
_�j)]ZkN[�_�W'y�� ���8/ U'b?|~[�U'[�g)[�U'UNY{t

UNY�c�y � jf]3j�eNY�]^g)h)Y�|~Wfc'[)]^g�Y � Y�_�kNb?U'W'yi[�gm`{kN[�g)U'[)]^g�W�bL]^g)�\j�eNY�]^g)[�hut
X � b � Y�_�kNb?U'W'b�`NY � Y�b?g ]�j�_�b^kNW'e'b?U'W'b?| `{kN[�g)U'[)]^g)W\W's^q sLY j�|~b?U'�(%�b?U'W'y
g)b?|~`'b?cNY�g)j�c'w XZY�sLY}� c'WN]�� -'�	���Z� K�Y�h'W'| [�n�cNY�s?[�| ]^j�o5bL]^g)_�j�b?g [�n�k!Y�]^g)�
� Y�_�kNb?U'W'dut�_�h�[�g)[�c'[�d�[ � U'[�|~j�s?UNYLe'b?U'W'� � Y�_�kNb?U'W'y�]^[�[�g)_�b?g�]^g)_�j�b?g�g)c'W
c'b %5b?U'W'ya]^WN]^g�b?|~w�j�cNY�_�U'b?U'W'dag)b?`{kN[�_�[�X?['tJW'[�U'W'sLY�l'W'[�U'U'[�X?[ W X?W � c'[�q
]^g�Y�g)W'e'bL]^h�[�X?[�cNY�_�U'[�_�bL]^W'y�]�cNY�s?U'wx|~W

n
W
T
�3)0b %5b?U'W'b���UNY�]^c'b � U'b?|

j�eNY�]^g�h�b5� X � b � Y�_�kNb?U'W'b�`NY � Y�b?gF]�c'[)]^g)[�| `{kN[�g)U'[)]^g)W���U'b?j)]^g�[�d'e'W'_�[H[�g�q
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U'[)]^W'g)b^kN��U'[�|:YAkNw���_�[�s?|~j�o5b?U'W'd�W r kN��h'g)j)Y�l'W'y�]8`{kN[�g)U'[)]^g)����U'W'zFb
cNY�_�U'[�_�bL]^U'[�d n�j � b?g�W'|~b?g)��n�[LkN�(%5b?b � Y�_�kNb?U'W'b�t<e'b?|%cNY�_�U'[�_�bL]^U'[�bFs?UNYAq
e'b?U'W'b�t�Wut�s?UNY�e'W'gCt�n�j � b?g�cNY�]&%�W'c�y{g)�)]�y � [�g)b^��`'[�cut�`'[�h)Y5U'b � [)]^g)W'X?U'b?g
cNY�_�U'[�_�bL]^U'[�X?[Fs?UNYLe'b?U'W'y�� c'b %�b?U'W'b #A�Z�GH�n�cNY�g)U'['t r kN��h'g)j)Y�l'W'y�]x`{kN[�g�q
U'[)]^g)��� n�[LkN�(%�b�cNY�_�U'[�_�bL]^U'[�daW'|~b?b?g3|~b?U'�(%5b?b � Y�_�kNb?U'W'b�t�e'b?|�cNY�_�U'[�q
_�bL]^U'[�b�t!W3n�j � b?g�]Zz�W'|:Y�g��)]Zy�`'[�h)Y�U'b � [)]^g)W'X?U'b?g�cNY�_�U'[�_�bL]^U'[�X?[ � Y�_�kNb^q
U'W'y�`'c'W�n�[�kN�(%5b?d3`{kN[�g�U'[)]^g)Wa� c'b %5b?U'W'b�
����C�!�V[��?g)[�|~j�|~b?z�[�n�k!Y�e'UNY�y
]^c'b � Y�� c'b %5b?U'W'b #A�x|~[Cz�b?g�UNYA�)[ � W'g)�)]Zy�_ � W'UNY�|~W'e'bL]^h�[�| cNY�_�U'[�_�bL]^W'W
]^[�]^c'b � [�d3_�[�n�k!Y�h�b5XZY�sLY�� c'b %�b?U'W'bF
��Z�

� #��;# � +?2;G,I +?5.132;2,< 
 5.+ ��+?)4+ � G I +?2,< ��� �

��[ � [�c'[ � � ]?Y�|~wxd�cNY�]^`'c'[)]^g�cNY�U'b?U'U'wxd���kNb?|~b?U'g����8/��N�V[�g)b?U'l'WNYAkW'[�U'W'sLY�l'W'Wa_�[ � [�c'[ � Y ]�[)]^U'[�_�U'[�X?[3j�c'[�_�U'y χ ≈ 13.6
�L�8t�`'[��?g�[�|~j�_�[�q

� [�c'[ � |~[Cz�b?g�n�wxg���W'[�U'W's?[�_)Y�Uag)[LkN��h�[�W's^kNj�e'b?U'W'b?| ] � kNW'U'[�d _�[�kNU'w
h�[�c'[�e'b�`'c'b � b^k!Y�k!Y�d'|:Y�U'[�_)]^h�[�X?[ h�[�U'g)W'U'j�j�|:Y λ(Lyc) = 912

��� �
νc ≈

3.29 · 1015 �ul��Z�
�V[�|~W'|~[�W'[�U'W'sLY�l'W'W r [�g)[�UNY�|~Wut�_�[�s?|~[�z�UNY�W'[�U'W'sLY�l'W'y���kNb?h'g)c'[�U{q

U'wx|%j � Y�c'[�|x� ��[�c'|:YAkN��U'[ I g)b?|~`'b?cNY�g)j�cNY�W'[�U'W'sLY�l'W'WGMZt<]^[�[�g�_�b?g�]^g)_�j���q
o�Y�y��?U'b?c'X?W'W<#L
��	�H�L�8t�[�e'b?U'��_�b^kNW'h)Y

�
[�h�[�kN[ #L��������� � t�[ � UNY�h�[�W'[�U'W{qsLY�l'W'y�_�[ � [�c'[ � Y3]^g�Y�U'[�_�W'g�]�y�[�o5j�g)W'|~[�d s?UNYLe'W'g)b^kN��U'[3cNY�U'�(%5b�t�UNY�e'W{q

UNY�y�]�g)b?|~`'b?cNY�g)j�c�[�h�[�kN[\
������ � t:W�h #?������� � _�[ � [�c'[ � `'cNY�h'g)W'e'b^q
]^h'Wa`'[�kNU'[)]^g)��� W'[�U'W's?[�_)Y�Uu� � g)[3]^_�y{sLY�U'[�]�g)b?|xt�e'g�[�[�g)U'[)]^W'g)b^kN��UNY�y
h�[�U'l'b?U'g�cNY�l'W'y W'[�U'[�_�[�`'c'b � b^kNy{b?g�]Zy W'[�U'W'sLY�l'W'[�U'U'wx| cNY�_�U'[�_�bL]^W'b?| _
`{k!Y�s?|~b�t�gC� b�� � W'UNY�|~W'e'bL]^h'W'| n)YAk!Y�UN]^[�|�`'c'[�l'bL]?]^[�_�W'[�U'W'sLY�l'W'W�W�c'b?h�[�|Eq
n�W'UNY�l'W'Wut~Y�W'[�U'W'sLY�l'W'y |~[�zFb?g `'c'[�W's?_�[ � W'g)�)]Zy\�ZkNb?h'g�c'[�UNY�|~Wm]��?U'b?c{q
X?W'b?d3_�w %�bF]^c'b � U'b?d `'c'W � Y�U'U'[�d3g)b?|~`'b?cNY�g)j�c'b�� /vkNb � j�b?g�W'|~b?g)��_�_�W{q
� j�t'e'g)[�� r�r b?h'g)W'_�U'[�bH]^b?e'b?U'W'b5]^g�[LkNh'U'[�_�b?U'W'y��ZkNb?h'g�c'[�UNY�]8U'b?d'g)cNYAkN��q
U'wx| Y�g)[�|~[�|xtv`'c'W'_�[ � y{o5b?b h}b?X?[#W'[�U'W'sLY�l'W'Wut s?UNYLe'W'g)b^kN��U'[\n�[LkN�(%�b�t
e'b?|f� r�r b?h'g)W'_�U'[�b�]^b?e'b?U'W'b�c'b?h�[�|~n�W'UNY�l'W'W��)� �Vb?[�n��)[ � W'|~wxb � kNy `'[ � q
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� b?c�z5Y�U'W'y�W'[�U'W'sLY�l'W'[�U'U'[�X?[mcNY�_�U'[�_�bL]^W'y�_�[�s?n�j�z � b?U'W'b3W�W'[�U'W'sLY�l'W'y
Y�g)[�|~[�_�[)]^j�o�bL]^g)_�kNy{b?g�]Zy\�ZkNb?h'g�c'[�UNY�|~W}]��?U'b?c'X?W'b?d

ε � kT
t,gA� b��,|:YAq

kN[�d � [LkNb?d#_�w ]^[�h�[��?U'b?c'X?W'e'U'w��a�ZkNb?h'g�c'[�U'[�_�W's I ��_�[)]^gCYQM�|:Y�h�]^_�b^k'kN[�_�q
]^h�[�X?[�cNY�]^`'c'b � b^kNb?U'W'y���N:]QkNW�_�wx`'[LkNU'y{�8g�]Zy�j)]QkN[�_�W'y � K )f� UNY�`'c'W'|~b?cut
_%s?_�b?s � U'w�� Y�g�|~[)] r b?cNYA���Zt8cNY�_�U'[�_�bL]^UNY�y ]^g�b?`'b?U'�%W'[�U'W'sLY�l'W'W W'[�U'[�_
[�`'c'b � b^kNy{b?g�]Zy�`'[ r [�c'|~j�kNb /�YA� �Y3��]^|x�N�Vc'W{kN[�zFb?U'W'b��Z�

H�n�k!Y�]^g)W�W'[�U'W's?[�_)Y�U'U'[�X?[ _�[ � [�c'[ � Yi� s?[�U'w � O O � � [�e'b?U'�acNY�]^`'c'[�q]^g)cNY�U'b?U'U'wxd\_�W � �?|~WN]?]^W'[�U'U'w��ag�j�|:Y�U'U'[)]^g)b?dut0_�[�s?U'W'h)Y���o�W{� _�[�h'c'j�X
X?[�c�y{e'W{�3s?_�b?s � �<�fU'W{��W'|~b?b?g�|~bL]^g)[�`'cNY�h'g�W'e'bL]^h'W3`'[LkNUNY�y�W'[�U'W'sLY�l'W'y
_�[ � [�c'[ � YV� �fW's^kNj�e'b?U'W'b?| ]

λ < 912
� � � �8c'h'W'b�X?W'XZY�U'g�]^h'W'b�s?[�U'w�� O O t

[�g�kNW'e'U'[�_�W � W'|~wxb � Y�zFb5_ � c'j�X?W{��XZYAk!Y�h'g)W'h)YA��tNy{_�kNy��8g�]�y�W'U � W'h)Y�g)[�q
cNY�|~W#s?[�UaY�h'g)W'_�U'[�X?[�s?_�b?s � [�[�n�cNY�s?[�_)Y�U'W'y�t,X � b�|~U'[�X?[3|~[LkN[ � w��#X?[�c�y�q
e'W{��s?_�b?s � _�w ]^[�h�[�d ]^_�b?g)W'|~[)]^g�W3cNY�U'U'W{�3]^`'b?h'g)cNYAkN��U'w���h{k!Y�]?]^[�_'�<� �
h'_)Y�U'g)[�_�|~[Cz�b?g�n�wxg)��gCY�h�|~U'[�X?['t�e'g�[�_�bL]^��_�[ � [�c'[ � _�[�n�k!Y�h�b�_�[�h'c'j�X
s?[�U'w�s?_�b?s � [�[�n�cNY�s?[�_)Y�U'W'y�W'[�U'W's?[�_)Y�Uut�g�Y�h�e'g)[HX?cNY�U'W'lNY�g�Y�h'W{��s?[�U � O O
W'|~b?b?g�cNY�s?|~wxg)wxd�h{kN[�e'h�[�[�n�cNY�s?U'wxda��Y�cNY�h'g)b?cut<[�g�]ZkNb?z�W'_)Y���o�W'd cNY�] q
`'c'b � b^kNb?U'W'b�`{kN[�g)U'[)]^g)W\_�[ � [�c'[ � Y{� �V[�s?UNY�e'W'g)b^kN��U'[ eNY�o5b�[�n��ub?| s?[�q
U'w � O O [�`'c'b � b^kNy{b?g�]�y�|~[�o�U'[)]^g)����� � W's^kNj�e'b?U'W'y�l'b?U'g)cNYAkN��U'[�X?[�WN] q
g)[�e'U'W'h)YFW�c'b?s?h�[�[�X?cNY�U'W'e'b?Uu��K�[LkNo5W'UNY�`'b?c'b^�)[ � U'[�d�[�n�k!Y�]^g�W�`'[�c�y � h)Y
0.1/ne

`'hut�_H]^[�g)U'W�cNY�sx|~b?U'�(%5b ��Y�cNY�h'g)b?c'U'w���cNY�s?|~b?c'[�_5]?Y�|~[�d�g)j�|:Y�U{q
U'[)]^g)Wu� )0b?s?h�[)]^g���X?cNY�U'W'l'w\[�n�j)]QkN[�_�kNb?UNY�k!Y�_�W'U'[�[�n�cNY�s?U'wx|���Y�cNY�h'g)b?c'[�|
UNY�cNY�]^g�Y�U'W'y�[�`'g)W'e'bL]^h�[�d�g)[�kNo5W � kNy Lyc

h'_)Y�U'g)[�_H_5`'b?c'b^�)[ � U'[�d�[�n�k!YAq
]^g)W�W's^q sLY�n�[LkN�(%�[�X?[3� r�r b?h'g)W'_�U'[�X?[�]^b?e'b?U'W'y�_�sLY�W'|~[ � b?dN]^g�_�W'y#Y�g)[�| �r [�g)[�Uu�

��W's?W'e'bL]^h'W'b5j)]ZkN[�_�W'y�_�s?[�UNYA� � O O � YAkNb?h'W�[�g�g)b?c'|~[ � W'UNY�|~W'e'bL]^h�[�q
X?[acNY�_�U'[�_�bL]^W'y�tv`'[��?g�[�|~j\W'[�U'W'sLY�l'W'y��ZkNb?|~b?U'g)[�_ cNY�]?]^e'W'g)wx_)Y�b?g�]�y}UNY
[)]^U'[�_�b j)]QkN[�_�W'd�W'[�U'W'sLY�l'W'[�U'U'[�X?[%cNY�_�U'[�_�bL]^W'y�� W's j)]ZkN[�_�W'yfn)YAk!Y�UN]?Y
r [�g)[�W'[�U'W'sLY�l'W'W W3cNY � WNY�l'W'[�U'U'[�d�c'b?h�[�|~n�W'UNY�l'W'W��Z��KJb?|~`'b?cNY�g�j�cNY�s?[�U
� O O [�`'c'b � b^kNy{b?g�]Zy n)YAk!Y�UN]^[�|fUNY�X?c'b?_)Y�� � W's^kNj�e'b?U'W'b?| � `'c'W r [�g)[�W'[�q
U'W'sLY�l'W'W}eNY�]^g)���?U'b?c'X?W'W r [�g)[�UNY

E = hν − χ
`'b?c'b^�)[ � W'g#_�h'W'U'b?g)W{q

e'bL]^h'j��p�?U'b?c'X?W'�p[�g�[�c'_)Y�U'U'[�X?[5`'c'W r [�g�[�W'[�U'W'sLY�l'W'W���kNb?h'g)c'[�UNY{t�h�[�g)[�q
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c'wxd�`'c'W � YAkN��U'b?d�%5W{�%]^[�j � Y�c'b?U'W'y��m`'b?c'b � Y�b?g#�?g)j �?U'b?c'X?W'� � c'j�X?W'|
eNY�]^g)W'lNY�|���W�[L��k!Y�z � b?U'W'y � `'c'b?W'|~j�o5bL]^g)_�b?U'U'[i_}sLY�`'c'b?o�b?U'U'w���kNW{q
U'W'y���gCy{zFb^kNw����ZkNb?|~b?U'g)[�_ �8O O t �8O O O t S�O O �Z� �vkNb?h'g)c'[�U'w sLY�g)cNYLe'W'_)Y��8g
g)b?`{kN[�_�j�� �?U'b?c'X?W'� UNY�_�[�s?n�j�z � b?U'W'b�|~b?g�Y�]^g�Y�n�W{kN��U'w���j�c'[�_�U'b?d#�?g�W{�
�ZkNb?|~b?U'g�[�_'t�Y�WN]^`'j)]^h)Y�b?|~wxd�h'_)Y�U'g�_�w��)[ � W'gFW's�g)j�|:Y�U'U'[)]^g)Wut)W�g)b?|#]?YAq
|~wx|\`'c'[�WN]Q�)[ � W'g�[L��k!Y�z � b?U'W'b��'��sLY�_�WN]^W'|~[)]^g)W�[�g�g�b?|~`'b?cNY�g)j�c'w�l'b?U{q
g)cNYAkN��U'[�d�s?_�b?s � w W�]^[ � b?c�z�Y�U'W'y�gCy{zFb^kNw��\��kNb?|~b?U'g)[�_#g)b?|~`'b?cNY�g)j�cNY
s?[�U � O O ]^[)]^g�Y�_�kNy{b?g��������

�
#L������� � �),Y � W'j)]�]^g�Y�l'W'[�UNY�c'U'[�d s?[�U'w � O O R �����

[�`'c'b � b^kNy{b?g�]Zy cNY�_�b?UN]^g)_�[�|
e'WN]Qk!Y

Lyc
h'_)Y�U'g)[�_�]

λ < 912
���3t�WN]^`'j)]^h)Y�b?|~[�d�l'b?U'g)cNYAkN��U'[�d�s?_�b?s � [�d

� s?_�b?s � Y�|~W���sLY b � W'U'W'l'j�_�c'b?|~b?U'W NLyc

t:e'WN]QkNj�c'b?h�[�|~n�W'UNY�l'W'di_�[ � [�q
c'[ � Y sLY#b � W'U'W'l'j�_�c'b?|~b?U'WiUNY#_)]^b�j�c'[�_�U'Wut _�w %5b `'b?c'_�[�X?['t _�[ _)]^b?|
[�n��ub?|~bHg)j�|:Y�U'U'[)]^g)W �

4π

3
R3
�����

∞∑

i=2

αinenp = NLyc .
� -'�$#?���

� � bL]^� αi �
h�[�� r�r W'l'W'b?U'g�]^`'[�U'g�Y�U'U'[�d3cNY � WNY�l'W'[�U'U'[�d c'b?h�[�|~n�W'UNY�l'W'W

UNY
i
q d�j�c'[�_�b?U'�'t

ne ≈ np �
h�[�U'l'b?U'g)cNY�l'W'y}�ZkNb?h'g�c'[�U'[�_#Wm`'c'[�g)[�U'[�_'t

]^[�[�g)_�b?g�]^g�_�b?U'U'['� )�b?h�[�|~n�W'UNY�l'W'y�UNY5`'b?c'_�wxd�� [)]^U'[�_�U'[�d��Ej�c'[�_�b?U'��`'c'W{q
_�[ � W'g�h WN]^`'j)]^h)Y�U'W'� U'[�_�[�X?[

Lyc
h'_)Y�U'g�Y�]

λ < 912
� � t<h�[�g)[�c'wxd `'[�q

XZkN[�oFY�b?g�]Zy�_�U'j�g�c'W�g)j�|:Y�U'U'[)]^g)Wut)_�wxs?wx_)Y�y�W'[�U'W'sLY�l'W'� � c'j�X?[�X?[FY�g)[�|:Y
_�[ � [�c'[ � Y{tJgA� b��<U'b�W's?|~b?U'y{b?g�e'WN]ZkN[�W'[�U'W's?[�_)Y�U'U'w�� Y�g�[�|~[�_�`'[�g)j�|:Y�U{q
U'[)]^g)W _�l'b^kN[�|x� H�UNY � [LkNz�UNY�n�wxg���WN]^h{kN�8e'b?UNY�W'sFn)YAk!Y�UN]?Y{t�`'[��?g)[�|~j
]^j�|~|~W'c'[�_)Y�U'W'b5UNYLe'W'UNY�b?g�]Zy3]

i = 2
�

/ � b^k!Y�b?|�e'WN]QkNb?U'U'j�� [�l'b?U'h'j�� 	VWN]QkN[
Lyc

h'_)Y�U'g)[�_'t�WN]^`'j)]^h)Y�b?|~[�b
s?_�b?s � [�d3]�cNY � W'j)]^[�| R∗

sLY�b � W'U'W'l'j�_�c'b?|~b?U'W

NLyc = 4πR2
∗

∞∫

3.3·1015

πFν
dν

hν
,

X � b πFν �
`'[�g)[�h�W's^kNj�e'b?U'W'y�]�b � W'U'W'e'U'[�d�`{kN[�oFY � W�`'[�_�b?c���U'[)]^g)W�sLYAq

b?s � w�� KJ[�X � Y � kNy T∗ = 3
�L� � ∼ 35000 �

� W
R∗ ' 1011 ]^|%`'[�kNj�eNY�b?|f_

_�W'U'[�_)]^h�[�|�`'c'W'n�kNW'z�b?U'W'W

NLyc ' 16π2

(
R∗

c

)2(kT∗
hνc

)3

ν3
c e

− hνc
kT∗ ∼ 3 · 1042 [

h'_'� 	 � ].
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 �3� #?���

�Vc'W
T ∼ 3 · 104 � αt =

∑∞
i=1 αi ' 4 · 10−13[ � | 3 	 � ]/√T/104

t
α1 ' 1.55 · 10−13[ � | 3 	 � ]/√T/104

t~W�`'c'W
ne ∼ np ∼ 1

]^| −3 `'[LkNj�qeNY�b?|
R ����� ' 3 ·1018 ]^|x���\c'[)]^g)[�| g)b?|~`'b?cNY�g)j�c'w}l'b?U'g)cNYAkN��U'[�d�s?_�b?s � wcNY � W'j)]5]^g�Y�l'W'[�UNY�c'U'[�d3s?[�U'w � O O [�e'b?U'��c'b?s?h�[�_�[�s?cNY�]^gCY�b?gC�

�V_)Y�U'g)wi] � kNW'U'[�d�_�[�kNU'w λ < 504
� � ]^`'[)]^[�n�U'w�W'[�U'W's?[�_�wx_)Y�g)��X?b^q

kNW'dut{g�Y�h�e'g�[�_�[�h'c'j�X�]?Y�|~w���X?[�c�y{e'W{��s?_�b?s � UNY�n�kN� � Y���g�]�y�s?[�U'w � 
 O O �

� #��$# � +
�,6�J 	����;);2;< 6 +.C��,13J.1 � +�C��41?-0/9G
I�5.6�I�� +�+�C?)413I +?5.132;G � G JK+.-08 G �,69-AJ,G,6 8:13I 6�);<

� + � ��1 5 � $0*!�A@ ��+�� � "'1!" �{� U'j�g)c'W�`'c'[�gCy{zFb?U'U'w���[�n�k!Y�]^g)b?d�U'b?d{q
g)cNYAkN��U'[�X?[ _�[ � [�c'[ � Y � O ]���Y�cNY�h'g)b?c'U'[�d h�[�U'l'b?U'g)cNY�l'W'b?d Y�g)[�|~[�_
n ��� ' 10

]^| −3 ]^[�]ZkN[�z�U'[�d�]^g)c'j�h'g)j�c'[�dacNY�]^`'[�kN[�zFb?U'w `{kN[�g)U'wxb��)[�q
kN[ � U'wxb�[�n�k!Y�h)Y�|~[�kNb?h'j�kNy�c'U'[�X?[ _�[ � [�c'[ � Y � X?W'XZY�U'g�]^h'W'b�|~[�kNb?h'j�kNy�c{qU'wxb�[�n�k!Y�h)Y\���J��H5�8]�|:Y�]?]^[�d � [ 105M�

W#��Y�cNY�h'g)b?c'U'wx|~W cNY�s?|~b?cNYAq
|~W � [�-)��`'hu�v� U'W{�m]^[)]^c'b � [�g�[�e'b?UNY#[)]^U'[�_�UNY�y�eNY�]^g)� |~[�kNb?h'j�kNy�c'U'[�q
X?[�XZY�sLY �

2
� `'[�kNUNY�ym|:Y�]?]?Y�|~[LkNb?h'j�kNy{c'U'[�X?[#XZY�sLY _ ��YAk!Y�h'g)W'h�b�[�h�[LkN[

2·109M�
�Z���J� H

�
]?Y�|~wxb�|:Y�]?]^W'_�U'wxbxX?cNY�_�W'gCY�l'W'[�U'U'[�q ]^_�y�sLY�U'U'wxb�[�n���q

b?h'g)wi_F��YAk!Y�h'g)W'h�b���� [�kN�(%5W'UN]^g)_�[�W's8U'W{��]^[)]^c'b � [�g)[�e'b?U'[�_Fh�[�kN��l'b�UNY
cNY�]?]^g)[�y{U'W'W�[�g - � [a��h'`'h\[�g�l'b?U'g)cNY���YAk!Y�h'g)W'h'Wu� H�U'Wm_)]^g)c'b?eNY��8g�q
]Zy}h)Y�h�_a]^`'W'cNYAkN��U'w��%c'j�h)Y�_)YA�<t g�Y�h�W � c'b?zFb��5|~b?z � jmU'W'|~Wu� H�n�k!YAq
h)Y�U'b?[ � U'[�c'[ � U'w�tE_�U'W{� eNY�]^g)[�UNY�n�kN� � Y��8g�]Zya�)[LkN[ � U'wxb�j�`{kN[�g)U'b?U'W'y
�
n ∼ 100 − 1000

X
	 � | 3 t T ≈ 10 �
t
l ∼ 0.3 − 1

`'h��Z�N��[LkNb?h'j�kNy{c'U'wxb�[�n�q
k!Y�h)Y�|~b?U'�(%5b?d#|:Y�]?]^w [�n�cNY�s?j��8g�`{kN[�g)U'wxb�XZkN[�n�j�kNw � X�kN[�n�j�kNw ��[�h)Y��Zt
_�W � W'|~wxb5h)Y�h�e'b?c'U'wxb5`'y�g�UNY�UNY r [�U'b5��kNb?e'U'[�X?[��Vj�g�W�W{kNW3[�n�k!Y�]^g)b?d
� O O � UNY�`'c'W'|~b?cut!�V[�UN]^h)Y�y���[LkN[�_)Y�W{kNW���X?[�kN��U'wxd��3b %�[�h��Zt!]8|:Y�]?]?Y�|~W
� [�U'bL]^h�[LkN��h'W{�#]^[�g)b?U M�

�u� U'b?h�[�g)[�c'w�� W'sFU'W{��W � b?g�s?_�b?s � [�[�n�cNY�s?[�q
_)Y�U'W'b��

�#|~[�kNb?h'j�kNy{c'U'w��F[�n�k!Y�h)YA�F[�n�UNY�c'j�zFb?U'w n�[�kNb?b #?����cNY�s^kNW'e'U'w��F|~[�q
kNb?h'j�kJ���V[)]QkNb��

2
��Y�W'n�[LkNb?b�[�n�W{kN��UNYV|~[�kNb?h'j�k!Y � � ��N~bxh�[�U'l'b?U'g)cNY�l'W'y

`'c'[�`'[�c'l'W'[�UNYAkN��UNY#h�[LkNW'e'bL]^g)_�j\|~[LkNb?h'j�k �
2
� n(
�

2)/n ��� ≈ 104 � ��YAqn�kN� � Y�g)��W's^kNj�e'b?U'W'b5|~[�kNb?h'j�kNw �
2
g)c'j � U'[�� j�U'b?b�U'b?g�kNW'U'W'd3_�[�`'g)W{q

e'bL]^h�[�| W{kNWacNY � W'[ � WNY�`NY�s?[�UNYA���Zt~Y � c'j�X?W'b�|~[LkNb?h'j�kNw UNY�n�kN� � Y���g�]�y
`'[ O��8q W�cNY � W'[�W's^kNj�e'b?U'W'�FtJ_�h�[�g�[�c'w���|~[LkNb?h'j�kNy{c'U'wxb�[�n�k!Y�h)Y�`'c'[�q
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s?cNYLe'U'w��E�V[��?g)[�|~j |:Y�]?]?Y �
2
[�n�wxe'U'[3[�l'b?U'W'_)Y�b?g�]�y#`'[�|:Y�]?]^b�/ H�tJW's^q

|~b?c�y{b?|~[�d�`'[�cNY � W'[�W's^kNj�e'b?U'W'�F�
��+�& ?V. 7 ��&�10.!� ?V"{/ ��*A@ �����#�

�
U'b?g)b?`{kN[�_�wxbHWN]^g)[�e'U'W'h'W�cNY � W'[�q

W's^kNj�e'b?U'W'y<tu_�h�[�g)[�c'w���g�b?`{kN[�_)Y�y �?|~WN]?]^W'y�XZY�sLY�_�]^`'b?h'g)cNYAkN��U'w�� kNW{q
U'W'y���|~[LkNb?h'j�k�j)]^W{kNW'_)Y�b?g�]Zy�sLY5]^e'b?g5`'c'b?[�n�k!Y � Y�U'W'y�W'U � j�l'W'c'[�_)Y�U'U'[�X?[
W's^kNj�e'b?U'W'yHUNY � `'[�XZkN[�o�b?U'W'b?|���]^cu�C]Ek!Y�n�[�cNY�g)[�c'U'wx|~W�k!Y�s?b?cNY�|~W����Z��� YAq
s?b?c'U'wxb�WN]^g�[�e'U'W'h'W�[�gCkNW'eNY���g�]�y�_�w ]^[�h�[�d�y{c'h�[)]^g)U'[�d�g)b?|~`'b?cNY�g)j�c'[�d�W
_�w ]^[�h�[�d�]^g)b?`'b?U'����`'[�kNy{c'W'sLY�l'W'W�_VkNW'U'W'y��<� ��Y�W'n�[�kNb?b�W's?_�bL]^g)U'wxb ���
UNY�n�kN� � Y��8g�]Zy�_�kNW'U'W'y�� X?W � c'[�h�]^W{k!Y H � �

λ = 18
]^|xt

Tb ∼ 1013 � �Zt_�[ � w �
2
� �

λ = 1.35
]^|xt

Tb ∼ 1015−1016 � �ZtC|~[�U'[�[�h'WN]^W�h'c'b?|~U'W'y P 
 �� �
�
��|~|xt

Tb ∼ 1010 � � W |~b?g�Y�U'[Lk!Y / �
3
� � � #��	��]^|��Z��� Y�s?b?c'U'wxb�WN] q

g)[�e'U'W'h'W�[�n�wxe'U'[�Y�]?]^[�l'W'W'c'j��8g�]Zy�kNW'n�[�]�[�n�k!Y�]^gAy{|~W�s?_�b?s � [�[�n�cNY�s?[�_)YAq
U'W'y�t�X � b�[�U'W�`'c'b � ]^g�Y�_�kNy{�8g�]^[�n�[�d ]^h�[�`{kNb?U'W'y�|:YAkNb?U'��h'W{�m� # � #?�~Y{� b��G�WN]^g)[�e'U'W'h�[�_'tu[�n�cNY�s?j��8o5W{� I X?U'b?s � YQMF]FcNY�s?|~b?cNY�|~W 1016 − 1017 ]^|xt�kNW{qn�[%]a[�n�k!Y�]^gCy{|~W _�n�kNW's?W Y�h'g)W'_�U'w��py � b?c XZYAk!Y�h'g)W'h � gC� Uu��|~b?XZY�|:Y�s?b^q
c'wV�Z�~�V[LkNUNY�ym]^_�b?g)W'|~[)]^g)� _�|:Y�s?b?c'U'[�d�h�[�U � b?UN]?Y�l'W'W�[�n�wxe'U'[#]^[)]^g�Y�_�q
kNy{b?g

1028 − 1031 � �?c'X
	A]�� t�Y�_�]QkNj�eNY�b�|~b?XZY�|:Y�s?b?c'[�_�|~[Cz�b?g � [)]^g)W'XZY�g)�
1035 �?c'X
	A]�� � g)[H[�s?UNYLeNY�b?gAt�e'g�[�_Hj�s?h�[�| ]^`'b?h'g)cNYAkN��U'[�| � WNY�`NY�s?[�U'b8���W's^kNj�eNY���g

1044−1051 I cNY � W'[ r [�g)[�U'[�_�M _�]^b?h'j�U � j����V[�U'l'b?U'g)cNY�l'W'y�eNYAq
]^g)W'l XZY�sLY�_����

n = 107 − 1011 ]^| −3 tu|:Y�]?]^w ��� _�[�n�k!Y�]^gCy���s?_�b?s^q
� [�[�n�cNY�s?[�_)Y�U'W'ya`'[�c�y � h)Y�|:Y�]?]�`{k!Y�U'b?g 1027 − 1030 X�� _�[�s?|~[�z�U'['t0�?g)[`'c'[�g)[�`{k!Y�U'b?g)U'wxb�]^X?j�o5b?U'W'y<�Z�~� [�kNb?b�]Qk!Y�n�wxb���� _)]^g)c'b?eNY��8g�]Zy#_�[�n�q
k!Y�]^gAy��F_�sLY�W'|~[ � b?dN]^g)_�W'y�[�n�[�kN[�e'b?h�]^_�b?c)�{U'[�_�w���] |~[�kNb?h'j�kNy{c'U'wx|~W�[�n�q
k!Y�h)Y�|~W�W�_5[�h�[LkN[�s?_�b?s � U'w���[�n�[LkN[�e'h)YA��_�[�h'c'j�X�]^g�Y�c'w���s?_�b?s � `'[�s � U'W{�
]^`'b?h'g)cNYAkN��U'w���h{k!Y�]?]^[�_3����t��a� ]�]^W{kN��U'wx|%WN]^g�b?e'b?U'W'b?|}_�b?o5bL]^g)_)Y{�

�HkNy r j�U'h'l'W'[�U'W'c'[�_)Y�U'W'y ��� U'b?[�n��)[ � W'|:Y{tuh)Y�h3W�_�]ZkNj�eNY�b�k!Y�n�[�q
cNY�g)[�c'U'w���k!Y�s?b?c'[�_'tuW'U'_�b?cN]^UNY�y sLY�]^b^kNb?U'U'[)]^g)��Y�g)[�|~U'w���j�c'[�_�U'b?d�� [�g�q
c'W'lNY�g)b^kN��U'wxd}h�[�� r�r W'l'W'b?U'ga`'[�X�kN[�o5b?U'W'y<� � n2/g2 > n1/g1

t~X � b g1,2
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]^gCY�g)_�bL]?Y�j�c'[�_�U'b?d `'b?c'b^�)[ � Y{�:��w ]^[�h)Y�ya|~[�o5U'[)]^g���_�w��)[ � y�o�b?X?[ W's^q
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X?[ |~b?g�Y�]^g�Y�n�W{kN��U'[�X?[#j�c'[�_�U'y�I � M�UNY�U'W'z�U'W'd I # MZtv]^g)W'|~j�kNW'c'[�_)Y�U'U'w��
r [�g)[�UNY�|~WutJh�[�g)[�c'wxb�c'[�z � Y���g�]�y _�]^c'b � b�sLY�]^e'b?g�g)b?`{kN[�_�[�da�?U'b?c'X?W'W
��]^g)[LkNh'U'[�_�b?U'W'b Y�g�[�|~[�_'tCc'b?h�[�|~n�W'UNY�l'W'y��Z� OVU � j�l'W'c'[�_)Y�U'U'[�bxW's^kNj�e'b?U'W'b
_�[�s?U'W'h)Y�b?g UNY3g�[�dazFb�eNY�]^g)[�g�b�t0]�g�[�d zFb r Y�s?[�dmW\cNY�]^`'c'[)]^g)cNY�U'y{b?g�q
]Zy}_ag)j zFb3]^g)[�c'[�U'j�t e'g)[ W%_�wxs?_)Y�_(%�W'd�b?X?[ r [�g)[�Uu� H�n�cNY�s?U'[\X?[�_�[�q
c�y�t���� U'b?`'c'b?c'wx_�U'[�X?[ � b?dN]^g�_�W'y�`'c'b � ]^g�Y�_�kNy{b?g�]^[�n�[�d g)b?`{kN[�_�j�� |:YAq
%5W'U'j�t:`'b?c'b?cNY�n)Y�g�wx_)Y���o�j�� ]�h�[�� r�r W'l'W'b?U'g�[�| `'[LkNb?s?U'[�X?[ � b?dN]^g)_�W'y
η < 1

�?U'b?c'X?W'� UNY�h)Y�e'h'Wut0`'[)]^g�j�`NY��8o5b?X?[�[�g�_�U'b %5U'b?X?[ WN]^g)[�e'U'W'h)Y{t�_
�?U'b?c'X?W'� |:Y�s?b?c'U'[�X?[�W's^kNj�e'b?U'W'y<� ���
��Y�h)YLe'h)Y�Wa]^g)[�h �?U'b?c'X?W'W _���� [)]^j�o�bL]^g)_�kNy{b?g�]Zy�kNW'n�[�e'b?c'b?s�cNYAq

� WNY�g)W'_�U'wxb�������W{kNW ]^g)[�kNh'U'[�_�W'g)b^kN��U'wxb�� ����`'c'[�l'bL]?]^w�t�kNW'n�[�sLY�]^e'b?g
��W'|~W'e'bL]^h'W{��`'c'[�l'bL]?]^[�_'�{�}`'[)]QkNb � U'b?|}]QkNj�eNY�b8[�n�cNY�s?j�b?g�]Zy�|~[LkNb?h'j�k!YF_
_�[�s?n�j�z � b?U'U'[�| ]^[)]^g)[Cy{U'W'W\W{kNW z�b�cNY�s?c'j9%FY�b?g�]Zy\|~[LkNb?h'j�k!Y UNY�U'W'z�q
U'b?| ]^W'X?UNYAkN��U'[�| j�c'[�_�U'b�_�`'c'[�l'bL]?]^b��{W'|~W'e'bL]^h�[�dmc'bLY�h'l'W'Wu� �HY�n�[�cNYAq
g)[�c'U'wxd�`'c'W'|~b?c�g�Y�h�[�X?[�c'[ � Y � �?h�]^W'|~b?c'U'wxb k!Y�s?b?c'wmUNYVU'b?j)]^g)[�d'e'W'_�w��]^[�b � W'U'b?U'W'y���n�k!Y�X?[�c'[ � U'w���XZY�s?[�_ � 
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�Vc'W��xq ]^g)[�h�b�_)Y�z�U'['tve'g�[�n�w h'_)Y�U'g)w ]^g�[�h)Ya]^_�[�n�[ � U'[\_�w��)[ � W{kNW
W's�|:Y�s?b?c'U'[�X?[ WN]^g)[�e'U'W'h)Y{t~W'UNYLe'b�_�[�s?U'W'h'U'b?g g)b?c'|:YAkNW'sLY�l'W'ymj�c'[�_�U'b?d
� sLY�]^b^kNb?U'U'[)]^g)� j�c'[�_�U'b?d n�j � b?g ]^g)c'b?|~W'g��)]Zy han�[�kN��l'|:Y�U'[�_)]^h�[�|~j\cNY�] q
`'c'b � b^kNb?U'W'��txh)Y�hf_\j)]QkN[�_�W'y�� � K )x�Z�v�HkNy / /vq |:Y�s?b?cNYmU'b?[�n��)[ � W'|~['t
e'g)[�n�w�UNY�h)YLe'h)Y�W�]^g)[�hm�?U'b?c'X?W'Wm[)]^j�o�bL]^g)_�kNy�kNWN]^�#eNY�]^g)W'lNY�|~W�]�cNY�s^q
U'wx|~W��?U'b?c'X?W'y�|~Wu� K0Y�h'W'bVU'b?cNY�_�U'[�_�bL]^U'wxb�j)]QkN[�_�W'y�_�[�s?|~[�z�U'wf_Fj � Y�c{q
U'w��3_�[LkNUNYA��t�X � b�g)b?|~`'b?cNY�g)j�c'w �ZkNb?h'g)c'[�U'[�_�W�Y�g)[�|~[�_ � |~[�kNb?h'j�ku� |~[�q
X?j�g�s?UNYLe'W'g)b^kN��U'[�[�gCkNW'eNY�g)�)]�y<�
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� # "K#�� +.-08 G
�469-AJ;G46 � 	��;G G -AG;2 �$),+�/�),+?2,2,+�6 G,I��
	��,6 2;G,6
�V[)]^|~W'e'bL]^h'W'|~W kNj�eNY�|~W���� ����UNY�s?wx_)Y���g�sLY�c�y{z�b?U'U'wxb eNY�]^g)W'l'w

_�w ]^[�h�[�dm�?U'b?c'X?W'Wp� [�g
108 � [ ∼ 3 · 1020 �L���Zt0`'c'W{�)[ � y{o5W'|~W�kNW'n�[�[�g/ [LkNU'lNY �

E < 1010 �L���xkNW'n�[�W's�|~b?z�s?_�b?s � U'[�X?[�`'c'[)]^g)cNY�UN]^g)_)Y{�J��w�kNW[�g)h'c'wxg)w Y�_)]^g)cu� r W's?W'h�[�| ��W'h'g)[�c'[�|���bL]?]^b�_<#L
G#L��X �J�V[3]^_�[�W'| r W{q
s?W'e'bL]^h'W'|m]^_�[�dN]^g)_)Y�| [�U'W�`'c'b � ]^g�Y�_�kNy{��gF]^[�n�[�d�]^W{kN��U'[FcNY�s?c'b?zFb?U'U'wxd
c'b^kNy{g)W'_�WN]^g�]^h'W'dmXZY�s�t~eNY�]^g)W'l'w�h�[�g�[�c'[�X?[ U'b�_�sLY�W'|~[ � b?dN]^g)_�j���g � c'j�X
] � c'j�X?[�| � �?U'b?c'X?b?g)W'e'bL]^h'W'd ]^`'b?h'g)c�� � W'|~b?b?g�U'b�|:Y�h�]^_�b^k'kN[�_)]^h'W'dut�Y
]^g)b?`'b?U'U'[�da��Y�cNY�h'g)b?c��Zt0U'[�|~[�X?j�g�]^g�YAkNh'W'_)Y�g)�)]�ya]�eNY�]^g�W'lNY�|~W ���8/ W
_�sLY�W'|~[ � b?dN]^g�_�j��8g�]�|~b?z�s?_�b?s � U'wx|%|:Y�X?U'W'g)U'wx|�`'[LkNb?|x���p� ��`'c'b?[�n�q
k!Y � Y��8g `'c'[�g)[�U'w�t~U'[ W'|~b?��g�]Zym�ZkNb?h'g)c'[�U'w�t YAkN� r YAq eNY�]^g)W'l'w Wmy � cNY
n�[LkNb?b�gAy{z�b^kNw�� �ZkNb?|~b?U'g)[�_ � [ Z ∼ 30

�:�V[�g)[�h\_�n�kNW's?W%�<b?|EkNWm]^cNY�_�q
U'W'g)b^kN��U'[�|:YAkJt![�h�[�kN[�#�eNY�]^g)W'l'w 	���]^| 2 � �Zt�[ � UNY�h�[�`{kN[�g)U'[)]^g)���?U'b?c'X?W'W
Ucr ∼ 1

�L� 	A]^| 3 ]^cNY�_�U'W'|:Y�]x`{kN[�g�U'[)]^g)���i]^j�|~|:Y�c'U'[�X?[ ��� W's^kNj�e'b?U'W'y
s?_�b?s � _F��YAk!Y�h'g)W'h�b�t{W{kNW�]�`{kN[�g�U'[)]^g)���p�?U'b?c'X?W'W�g)b?`{kN[�_�[�X?[ � _�W'zFb?U'W'y
|~b?z�s?_�b?s � U'[�X?[FXZY�sLYHW�h'W'U'b?g)W'e'bL]^h�[�d��?U'b?c'X?W'W�b?X?[5g)j�c'n�j�kNb?U'g)U'w�� � _�W{q
zFb?U'W'dutCY gCY�h'z�bv]v`{kN[�g)U'[)]^g)���m�?U'b?c'X?W'W��

B2/8π
�<|:Y�X?U'W'g�U'[�X?[�`'[LkNyF��YAq

k!Y�h'g)W'h'Wu� � U'b?c'X?b?g�W'e'bL]^h'W'd�]^`'b?h'g)c5� �
�
]^g)b?`'b?U'U'[�dut�U'b?g�b?`{kN[�_�[�dutLW'|~b^q

b?g�U'bL]^h�[�kN��h�[���Y�cNY�h'g)b?c'U'w���W's^kN[�|~[�_'tN_�]^c'b � U'b?|�`'[�h)Y�sLY�g)b^kN��]^`'b?h'g)cNY
[�h�[�kN[�
��

dN/dE ∼ E−2.7 � h'�L� 	���]^| 2· � · h'�L� · ]^g)b?c�� ���5��]^|x�uc'WN]�� -'�	
��Z��� �]8�?U'b?c'X?W'b?d
1011 − 1016 �L��`'c'W{�)[ � y{g�]8cNY�_�U'[�d�_�b?c'[�y{g)U'[)]^g)��� ] kN�8n�[�q

X?[5UNY�`'cNY�_�kNb?U'W'y�UNY�U'b?n�b�� W's?[�g)c'[�`'U'[{�Z� � g)[�g r Y�h'g�W'U'g)b?c'`'c'b?g�W'c'j�b?g�]Zy
h)Y�h�]^_�W � b?g)b^kN�)]^g�_�[HW{��XZYAk!Y�h'g)W'e'bL]^h�[�X?[F`'c'[�WN]Q�)[Cz � b?U'W'y�W�j � b?c�z5Y�U'W'y
� �}|:Y�X?U'W'g)U'wx|�`'[LkNb?| ��YAk!Y�h'g)W'h'Wu���V[�g)[�h5� ��]^_�b?c)�{_�w ]^[�h'W{�5�?U'b?c'X?W'd
� _�w %5b

1018 �L����h'cNY�d'U'b�|:YAk�� [�h�[�kN[�#HeNY�]^g)W'l'w 	Ch'| 2 	N#?����kNb?g'�Zt![ � UNYAqh�[ `'c'[�WN]Q�)[Cz � b?U'W'b�� � ]^_�b?c���_�w ]^[�h'W{�\�?U'b?c'X?W'd `'c'b � ]^g�Y�_�kNy{b?g�]^[�n�[�d
[ � U'j�W's8U'b?c'b %�b?U'U'w���`'c'[�n�kNb?|}]^[�_�c'b?|~b?U'U'[�d�Y�]^g)c'[ r W's?W'h'W�W r W's?W'h'W
eNY�]^g)W'lu�

� � _�sLY�W'|~[ � b?dN]^g)_�j���g�]H`'c'[�g)[�UNY�|~W3W3y � cNY�|~W3|~b?z�s?_�b?s � U'[�X?[�_�b^q
o5bL]^g�_)Y{t,]�W's^kNj�e'b?U'W'b?|xt~Y3g�Y�h'z�b�]�h'c'j�`'U'[�|:Y�]&%5gCY�n�U'wx| |:Y�X?U'W'g)U'wx|
`'[LkNb?|x�P)0Y�]?]^|~[�g�c'W'|%�?g)W�g)c'W�g)W'`NY�_�sLY�W'|~[ � b?dN]^g)_�W'y�`'[ � c'[�n�U'b?b��

�F/�"'.!?V+ ��� �,&)(���.A� � � & �3�� <��&)(��!+3? [)]^j�o�bL]^g)_�kNy{b?g�]Zy�`'[�h)Y�UNYAq
kNjm]^W{kN��U'[�X?[a_�sLY�W'|~[ � b?dN]^g�_�W'y<���Vc'W}`'[�`NY � Y�U'W'Wi`'c'[�g)[�UNY�_#y � c'[#[�U
_�sLY�W'|~[ � b?dN]^g�_�j�b?gm]3[�g � b^kN��U'wx|~WfU'j�h{kN[�UNY�|~W�y � cNY{t�gC� hu� � kNW'UNYa_�[�k'q
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U'w��5b3��c'[�d{kNy}c'b^kNy{g)W'_�WN]^g�]^h�[�X?[a`'c'[�g)[�UNYa]��?U'b?c'X?W'b?d
E = γmpc

2 t
λB = ~c/E ≈ 2 · 10−15 ]^|f|~U'[�X?[�|~b?U'�(%5b�cNY�s?|~b?c'[�_�y � cNY{�u�Vc'W cNY�] q
]^b?y{U'W'WaUNY�U'j�h{kN[�UNYA�#y � cNY�_�[�s?U'W'h)Y���g�_�g)[�c'W'e'U'wxb�U'j�h{kN[�U'w�W#sLY�c�y�q
z�b?U'U'wxb�`'W'[�U'w�t)h�[�g)[�c'wxbxc'[Cz � Y��8g�]Zy � [�g)b^�F`'[�cut�`'[�h)Y��?U'b?c'X?W'y�t)`'c'W{q
�)[ � y{o�Y�y']�y3UNY�[ � U'j�eNY�]^g)W'l'j�tNU'bHj�`NY � b?g�U'W'zFbH`'[�c'[�XZY�c'[�z � b?U'W'y�`'W{q
[�U'[�_a� [�h�[�kN[�#��u�L���Z��� c'b?s?j�kN��gCY�g)b�`'b?c'_�[�UNYLeNYAkN��UNY�ya�?U'b?c'X?W'y eNY�]^g)W{q
l'w�� � `'b?c'b^�)[ � W'gF_5�?U'b?c'X?W'��`'W'[�U'[�_'t{]^g)cNY�U'U'w���eNY�]^g)W'lut�U'j�h{kN[�U'[�_�W
Y�U'g)W'U'j�h{kN[�U'[�_�� gC� Uu��`'c'[�l'bL]?]�`'W'[�U'W'sLY�l'W'W��Z����[�s?U'W'h)Y��8o5W'b�_�g)[�c'W'e'U'wxb
`'c'[�g)[�U'wp`'c'W�]^g)[LkNh'U'[�_�b?U'W'y���g)b?c�y��8g��?U'b?c'X?W'� UNYFW'[�U'W'sLY�l'W'� W�g)[�c{q
|~[�s?y{g�]Zy � [ `'[�kNU'[�d�[)]^g�Y�U'[�_�h'Wu� �Vb?d'g)cNYAkN��U'wxb `'W'[�U'w cNY�]^`NY � Y���g�]�y
UNY���XZY�|~|:YAq h'_)Y�U'g�Y

π0 → 2γ
sLY�_�c'b?|~y ≈ 10−16 � �u��Y�c�y{zFb?U'U'wxb�`'W'[�qU'wpcNY�]^`NY � Y���g�]Zy�UNY�|~�8[�U'wpW�|~�8[�U'U'[�bHU'b?d'g)c'W'U'['t'U'b?d'g�c'W'U'[�j��)[ � W'g
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W's���YAk!Y�h'g�W'h'WutvY sLY�c�y{z�b?U'U'wxb3|~��[�U'w cNY�]^`NY � Y��8g�]ZymUNY���kNb?h'g)c'[�U'w�t
`'[�s?W'g)c'[�U'w�W�U'b?d'g�c'W'U'['�

/ c'b � U'b?b s?UNYLe'b?U'W'b��?U'b?c'X?W'WiXZY�|~|:YAq h'_)Y�U'g)[�_m`'c'W%cNY�]^`NY � b π0 ]^[�q]^g�Y�_�kNy{b?g\[�h�[LkN[f�A� ���L�8���V[�kNU'[�b s?UNYLe'b?U'W'b#]^b?e'b?U'W'yi`'c'[�l'bL]?]?Ym_�sLYAq
W'|~[ � b?dN]^g�_�W'ym� � ]�U'j�h{kN[�UNY�|~Wut~`'c'W'_�[ � y{o5b?X?[#h r [�g)[�cNY�]^`NY � j U'b?d{q
g)cNYAkN��U'w�� `'W'[�U'[�_'t�`'[�c�y � h)Y�X?b?[�|~b?g)c'W'e'bL]^h�[�X?[ ]^b?e'b?U'W'y#`'c'[�g�[�UNY�W{kNW
y � cNY{t8]^[)]^gCY�_�kNy�y _i]^c'b � U'b?| σγ ≈ 10−26 � | 2 � � g�[�g%`'c'[�l'bL]?] � Y�b?g[)]^U'[�_�U'[�dm_�h{k!Y � _�XZY�|~|:YAq W's^kNj�e'b?U'W'b���YAk!Y�h'g�W'h'W�UNY3�?U'b?c'X?W'y�� _�w %�b#?���\�3�L�8� ��Y g�Y�h'W{�}�?U'b?c'X?W'y���UNY�n�kN� � Y�b?|:Y�yiy{c'h�[)]^g)� � W r�r j�s?U'[�X?[
XZY�|~|:YAq W's^kNj�e'b?U'W'y�U'b?`'[)]^c'b � ]^g)_�b?U'U'[�[�g)cNY�z5Y�b?gHcNY�]^`'c'b � b^kNb?U'W'b8`'c'[�g)[�q
U'[�_�W�� �p_���YAk!Y�h'g�W'h�b��9OVs^kNj�e'b?U'W'b h�[�U'l'b?U'g)c'W'c'j�b?g�]Zy�h � WN]^h'j���YAk!Y�h{q
g)W'h'W�W3_�UNY�`'cNY�_�kNb?U'W'W UNY�b?b5l'b?U'g�cutNj�h)Y�s?wx_)Y�y3g�Y�h'W'|}[�n�cNY�s?[�|iUNY�g)b
[�n�k!Y�]^g)W���YAk!Y�h'g)W'h'Wut�X � b�`'c'[�WN]Q�)[ � y{g�UNY�W'n�[LkNb?b8W'U'g)b?UN]^W'_�U'wxb8_�sLY�W'|~[�q
� b?dN]^g)_�W'y�`'c'[�g)[�U'[�_�� � ]Vy � cNY�|~W3|~[LkNb?h'j�kNy{c'U'[�X?[�_�[ � [�c'[ � Y{�

�F/�"'.!?V+ ��� �,&)(���.A� � � &�.0/ �6587 �9�0.!� ? [)]^j�o�bL]^g)_�kNy{b?g�]Zy\e'b?c'b?s
[�n�cNY�g)U'[�b h�[�|~`'g)[�U'[�_)]^h�[�b#cNY�]?]^b?y{U'W'b W�`'c'W r [�g)[�c'[Cz � b?U'W'Wf`'W'[�U'[�_
W��ZkNb?h'g)c'[�U{q `'[�s?W'g�c'[�U'U'w���`NY�cu�'��]^b^kNb?U'UNY�y�sLY�`'[LkNU'b?UNY�e'b?c'U'[�g�b^kN��U'wx|
c'b^kNW'h'g)[�_�wx| W's^kNj�e'b?U'W'b?| ]�g)b?|~`'b?cNY�g�j�c'[�d

T = 2.73
� Wp`{kN[�g)U'[�q

]^g)���i�?U'b?c'X?W'W ≈ 0.45
�L� 	A]^| 3 � j � W'_�W'g)b^kN��U'wx|\[�n�cNY�s?[�|m]^[�_�`NY � Y���o�b?d]�XZYAk!Y�h'g)W'e'bL]^h�[�d}`{kN[�g)U'[)]^g)��� �?U'b?c'X?W'W%� � _�[�h�[�kN[)]^[LkNU'b?e'U'[�|�`'c'[�q

]^g)cNY�UN]^g)_�b��Z���Vc'W � _�W'zFb?U'W'WfsLY�c�y{zFb?U'U'[�dic'b^kNy{g)W'_�WN]^g�]^h�[�dfeNY�]^g)W'l'w
� `'c'[�g)[�UNY��H]�kN[�c'b?U'l{q r Y�h'g)[�c'[�|

γ
�?U'b?c'X?W'y\h'_)Y�U'g�Y _ ]^WN]^g)b?|~b�[�g�]^e'b^q

g�Y3`'c'[�g)[�UNY
ε′ ≈ γε

t0X � b ε− �?U'b?c'X?W'y r [�g)[�UNY � kNy#`'[�h�[Cy�o�b?X?[)]Zy�UNYAq
n�kN� � Y�g)b^kNy����V[�c'[�Xx[�n�cNY�s?[�_)Y�U'W'y�`'W'[�U'[�_ r [�g)[�UNY�|~W�]^[)]^g�Y�_�kNy{b?gV[�h�[�kN[
���������L��t�`'[��?g)[�|~j c'b^kNW'h'g)[�_�wxb r [�g)[�U'w�]F�?U'b?c'X?W'b?d

ε ' 6 · 10−4 �L�]^`'[)]^[�n�U'w c'[�z � Y�g���`'W'[�U'w�t�_�sLY�W'|~[ � b?dN]^g�_�j�y�]�eNY�]^g)W'lNY�|~W � kNy�h�[�g)[�q
c'w��

γ ≥ 3 · 1011 � gA� b�� � eNY�]^g)W'lNY�|~Wi]��?U'b?c'X?W'b?d%_�w %�b ∼ 1020 �L���Z���[LkNb?bf]^g)c'[�X?[�biW'U'g)b?X?c'W'c'[�_)Y�U'W'b�`'[ r j�U'h'l'W'W �8k!Y�U'h)Y W `'[ j�X�kN[�q
_�wx| `'b?c'b?|~b?U'U'wx|�`'c'W'_�[ � W'g hmj�|~b?U'�(%5b?U'W'� `'[�c'[�X?[�_�[�d}�?U'b?c'X?W'W � [
5 · 1019 �L�8�D/ b?e'b?U'W'b�c'bLY�h'l'W'W σpπ = 2.5 · 10−28 ]^| 2 t�`'[��?g�[�|~j _�`'[�qkNbFc'b^kNW'h'g)[�_�w�� r [�g)[�U'[�_�]�`{kN[�g)U'[)]^g)����eNY�]^g�W'l

nγ ≈ 400
]^| −3 � kNW{qUNY�]^_�[�n�[ � U'[�X?[ `'c'[�n�b?XZY�`'c'[�g)[�UNY�[�g)U'[)]^W'g)b^kN��U'[ r [�g)[�c'[Cz � b?U'W'y `'W'[�q

U'[�_
l = 1/(Nγσpπ) ≈ 1025 ]^| ' 3

�3`'hf� _�c'b?|~y ]^_�[�n�[ � U'[�X?[ `'c'[�n�b?XZY
l/c ≈ 107 kNb?gN�Z���V[)]^h�[�kN��h'j�c'[�z � Y�b?g�]Zy�`'W'[�U�]x�?U'b?c'X?W'b?d γmπc

2 t�`'[�g)b^q
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c'Wa�?U'b?c'X?W'Wm`'c'Wab � W'U'W'e'U'[�| ]^g)[�kNh'U'[�_�b?U'W'W\]�c'b^kNW'h'g)[�_�wx| r [�g)[�U'[�|
]^[)]^g�Y�_�kNy{��g � [�kN� mπ/mp ≈ 1/10

t!Y��?g)[Fs?UNYLe'W'gAt'e'g)[�`'[)]ZkNb #?��]^g)[LkNh{q
U'[�_�b?U'W'd}� sLY

108 kNb?gN��g�Y�h�[�d�`'c'[�g)[�U�`'[�g�b?c�y{b?g�_)]^���?U'b?c'X?W'� W�j�d � b?g
`'[ � `'[�c'[�Xvc'bLY�h'l'W'Wu��/vkNb � [�_)Y�g�b^kN��U'['t�`'c'[�g)[�U'w\]^_�b?c)�{_�w ]^[�h'W{�H�?U'b?c'X?W'd
U'b�|~[�X?j�g�`'c'W{�)[ � W'g)��]FcNY�]?]^g)[�y{U'W'd n�[LkN�(%�W{�<tue'b?| 
��Aq ������`'h�� |~bL]^g�q
U'[�b3]^_�b?c)��q ]^h�[�`{kNb?U'W'b XZYAk!Y�h'g)W'h��Z� )0[�z � b?U'W'b3�ZkNb?h'g�c'[�U{q `'[�s?W'g)c'[�U'U'w��
`NY�c�W'|~b?b?gFUNY � _)YH`'[�c�y � h)Y5n�[�kN�(%5b?b�]^b?e'b?U'W'b�t�[ � UNY�h�[Fj�U'[)]^W'|:Y�y��?U'b?c{q
X?W'y3_

mπ/me ≈ 280
cNY�sF|~b?U'�(%5b�t�W�_�c'b?s?j�kN��gCY�g)b�`'c'[�l'bL]?]Fg)[�c'|~[Cz�b^q

U'W'y�n�w ]^g)c'[�X?[#`'c'[�g)[�UNY#sLY#]^e'b?g r [�g)[�c'[Cz � b?U'W'y}`NY�c}_ � cNY�s3|~b?U'b?b
� r�r b?h'g)W'_�b?UutJe'b?|fsLY�]^e'b?g r [�g)[�c'[�z � b?U'W'y `'W'[�U'[�_'� � r�r b?h'g�[�n�c'b?sLYAq
U'W'y�]^`'b?h'g)cNY8� ��]^_�b?c���_�w ]^[�h'W{���?U'b?c'X?W'dF_�`'[�kNb c'b^kNW'h'g)[�_�w�� r [�g)[�U'[�_
U'[)]^W'g�UNY�s?_)Y�U'W'y�� r�r b?h'gCYC� �+
 �NM�
0��;���9<;�O%
$)��NM'; �CD;7 ��D
4 �NM'; t{`'[FW'|~b?U'W
Y�_�g)[�c'[�_'tNj�h)Y�sLY�_(%5W{��UNY�b?X?[�_)Y�z�U'[)]^g)��_�]^b?c'b � W'U'bF���Aq���X?X���F/�"'.!?8+ ��� �,&)(��!.!� � � & ?V"�;(�0.,(��!@ ? :0+ � � ? ����Y � _�W'z�j�o�j���q
]Zy sLY�c�y{zFb?U'U'j�� eNY�]^g)W'l'j�_�|:Y�X?U'W'g)U'[�|f`'[LkNb � b?dN]^g)_�j�b?g�]^W{k!Y ��[�c'b?U{q
lNY{t!`'[��?g)[�|~j�_�[�n�o�b?|�]ZkNj�eNY�b�eNY�]^g)W'lNY�n�j � b?g � _�W'XZY�g)�)]Zy�`'[�_�W'U'g)[�_�[�d
g)cNY�b?h'g)[�c'W'Wu�:� [ � U'[�c'[ � U'[�| |:Y�X?U'W'g)U'[�| `'[�kNb3]�W'U � j�h'l'W'b?d � UNY�`'c�y�q
z�b?U'U'[)]^g����5�

B
b?b�cNY � W'j)]�� X?W'c'[�cNY � W'j)]�tJW{kNW�k!Y�c'|~[�c'[�_)]^h'W'd#cNY � W'j)]A�

[�`'c'b � b^kNy{b?g�]Zy�UNY�`'c�y{z�b?U'U'[)]^g���� `'[LkNy�W�W'|~`'j�kN�)]^[�|�eNY�]^g)W'l'w
p
�{�HkNy

c'b^kNy{g)W'_�WN]^g�]^h'W{��eNY�]^g�W'l��?U'b?c'X?W'y�W�W'|~`'j�kN�)]�]^_�y{sLY�U'w�]^[�[�g)U'[(%5b?U'W'b?|
E = pc

t'W�X?W'c'[�cNY � W'j)] � kNy�eNY�]^g)W'l'w ]VsLY�c�y � [�| Z

rg =
E

ZeB
≈ 3 · 1013[

]^|
]
1

Z

(
E

10
�u�L�

)(
B

10−6
��]
)−1

,
� -'�$#(#A�

gC� b��{`'[�c�y � h)YFU'bL]^h�[LkN��h'W{��Y�]^g)c'[�U'[�|~W'e'bL]^h'W{��b � W'U'W'l � kNy���Y�cNY�h'g)b?c'U'[�q
X?[ s?UNY�e'b?U'W'y��?U'b?c'X?W'WfeNY�]^g)W'l'w WiUNY�`'c�y{z�b?U'U'[)]^g�Wih'c'j�`'U'[�|:Y�]&%5gCY�n�q
U'[�X?[�|:Y�X?U'W'g)U'[�X?[�`'[�kNy#��YAk!Y�h'g�W'h'Wu�0�Vc'W���Y�cNY�h'g)b?c'U'w�� |:Y�]&%�g�Y�n)YA� _
`NY�cN]^b?h'WaW h'W{kN[�`NY�cN]^b?h'Wut0cNY�]?]^|:Y�g)c'W'_)Y�b?|~w�� _3Y�]^g)c'[ r W's?W'e'bL]^h'W{� sLYAq
� YLeNYA��tv�?g)[ [�s?UNY�eNY�b?gCt e'g)[ � _�W'z�b?U'W'b�eNY�]^g)W'l�g�Y�h'W{�m�?U'b?c'X?W'd%|~[Cz�U'[
]^e'W'g�Y�g)��`'c'[�WN]Q�)[ � y{o�W'| _ � [LkN��UNY�`'cNY�_�kNb?U'W'y�`'[LkNym� _�W'U'g)[�_)Y�y�g)cNY�b?h{q
g)[�c'W'y�eNY�]^g)W'l'w I UNY�|:Y�g)wx_)Y�b?g�]�y9MVUNY�]^W{kN[�_�j�� kNW'U'W'� |:Y�X?U'W'g)U'[�X?[�`'[�q
kNy<�Z�

��sLY�`'j�g�Y�U'U'[�|i|:Y�X?U'W'g)U'[�|i`'[LkNbFg)cNY�b?h'g)[�c'W'y�[�g � b^kN��U'[�d�eNY�]^g)W'l'w
� � `'[��)[�z5Y�UNYHn�c'[�j�U'[�_)]^h�[�b8n�kNj�z � Y�U'W'b�t�`'[��?g)[�|~j�X?[�_�[�c�y{gF[ � W r�r j�q
s?W'[�U'U'[�|fcNY�]^`'c'[)]^g)cNY�U'b?U'W'W h�[)]^|~W'e'bL]^h'W{� kNj�e'b?d _���YAk!Y�h'g)W'h�b�� H � UNYAq
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h�[ � kNy\� � ]��?U'b?c'X?W'y{|~W
> 1017 �L��k!Y�c'|~[�c'[�_)]^h'W'd�cNY � W'j)]�`'c'b?_�[)] q

�)[ � W'g���Y�cNY�h'g)b?c'U'wxb�cNY�s?|~b?c'w���YAk!Y�h'g)W'h'Wa� #?�Fh'`'h��Z� � g)W�eNY�]^g)W'l'w I U'b
e'j�_)]^g)_�j��8g(MV|:Y�X?U'W'g)U'[�bF`'[LkNb���YAk!Y�h'g)W'h'W���Y�_�U'b?XZYAk!Y�h'g)W'e'bL]^h�[�b�h'c'j�`{q
U'[�|:Y�]&%5gCY�n�U'[�b�|:Y�X?U'W'g)U'[�b�`'[LkNb�UNY�|~U'[�X?[ ]Qk!Y�n�b?b�XZYAk!Y�h'g)W'e'bL]^h�[�X?[{�Zt,W
� _�W'z�j�g�]Zy�`'cNY�h'g)W'e'bL]^h'W�`'[�`'c�y{|~[�d3g)cNY�b?h'g�[�c'W'W�[�g�WN]^g)[�e'U'W'h)Y{�

�5.!� BJ*,+!('*,+��!�,+�� .0/ �!587 � �,.!� � ��Y�W'n�[LkNb?b�]^j�o�bL]^g)_�b?U'U'[�`'c'WN]^j�g�q
]^g)_�W'b |:Y�X?U'W'g)U'[�X?[�`'[LkNy�]^h)Y�s?wx_)Y�b?g�]�y�UNYm�ZkNb?h'g�c'[�U'U'[�d h�[�|~`'[�U'b?U'g�b
� �����Vc'W � _�W'z�b?U'W'W c'b^kNy{g)W'_�WN]^g�]^h�[�X?[���kNb?h'g)c'[�UNY�_�|:Y�X?U'W'g)U'[�|�`'[�kNb
_�[�s?U'W'h)Y�b?g =��NM � ��>�K �<>AMNMN>

;���$#=7���
?M%��
 �<� [�g�kNW'e'W'b�[�g�U'b?c'b^kNy{g)W'_�WN]^g�q
]^h�[�X?[���kNb?h'g)c'[�UNY{t0|:Y�X?U'W'g�[�g)[�c'|~[�s?U'[�b�W's^kNj�e'b?U'W'b�h�[�g�[�c'[�X?[�`'c'[�WN]Z�)[�q
� W'g�UNY�U'b?c'b^kNy{g)W'_�WN]^g�]^h�[�daX?W'c'[�eNY�]^g)[�g)b ωg = eB/(mec)

tu[ � W'U c'b^kNy�q
g)W'_�WN]^g�]^h'W'd��ZkNb?h'g)c'[�U � �?U'b?c'X?W'b?d E = γmec

2 W's^kNj�eNY�b?g�UNY�|~U'[�X?W{�HeNYAq]^g)[�g�YA��� � g�[F|~[Cz�U'[�`'[�U'y{g)��W'sH]ZkNb � j��8o5W{��h)YLe'bL]^g�_�b?U'U'w���cNY�]?]^j�z � b^q
U'W'du��OVs^q sLY�� r�r b?h'g�YFc'b^kNy{g)W'_�WN]^g�]^h�[�d�Y�n�b?c'cNY�l'W'W�W's^kNj�e'b?U'W'b�c'b^kNy{g)W{q
_�WN]^g�]^h�[�X?[H�ZkNb?h'g)c'[�UNY�]^[)]^c'b � [�g)[�e'b?U'[5_�j�s?h�[�|ah�[�U'j)]^b�]�j�XZkN[�| cNY�]^g)_�[�q
cNY

θ ∼ 1/γ
_�[�h'c'j�X�_�b?h'g)[�cNY�|~X?U'[�_�b?U'U'[�d ]^h�[�c'[)]^g)Wu�,��Y�[ � W'Ua[�n�[�c'[�g

�ZkNb?h'g�c'[�UNY�_�[�h'c'j�X�]^W{kN[�_�[�d\kNW'U'W'Wm]�c'b^kNy{g)W'_�WN]^g�]^h�[�dmX?W'c'[�eNY�]^g)[�g)[�d
ωg/γ

��]^cu� r [�c'|~j�kNj � -'�$#(#A�Q� UNY�n�kN� � Y�g)b^kN��j�_�W � W'g�h�[�c'[�g)h'W'd�W'|~`'j�kN�)]
W's^kNj�e'b?U'W'y � kNW'g)b^kN��U'[)]^g)��� ∆t ∼ (γ/ωg)(1/γ)(1 − v/c)

�,� � bL]^� r Y�h{q
g)[�c �

1/γ
� _�[�s?U'W'h)Y�b?g�W's^q sLY�g)[�X?['t'e'g)[�UNY�n�kN� � Y�g)b^kN��_�W � W'g�W's^kNj�e'b?U'W'b

�ZkNb?h'g�c'[�UNY�g�[LkN��h�[Fh�[�X � Y�`'[�`NY � Y�b?g�_�h�[�U'j)]�b?X?[FW's^kNj�e'b?U'W'y<t'Y r Y�h'g)[�c
(1 − v/c)

�
v �

]^h�[�c'[)]^g)� � _�W'zFb?U'W'y��ZkNb?h'g)c'[�UNY���j�e'W'g�wx_)Y�b?g�j�|~b?U'�(%�b^q
U'W'b�W'U'g)b?c'_)YAk!Y�_�c'b?|~b?U'W�]^_�b?g�Y�[�g�UNYLeNYAk!Y�`'[�`NY � Y�U'W'y�UNY�n�kN� � Y�g)b^kNy�_
h�[�U'j)]�W's^kNj�e'b?U'W'y}��kNb?h'g)c'[�UNY � [#|~[�|~b?U'gCY�_�w��)[ � Y#W's3U'b?X?[}� � r�r b?h'g
�5[�`{kNb?cNY��Z���Vc'W

v ≈ c
W'|~b?b?|

1−v/c = (1−(v/c)2)/(1+v/c) ' 1/2γ2 t`'[��?g)[�|~j
∆t ∼ (γ2ωg)

−1 � OVs^q sLY W'|~`'j�kN�)]^U'[�X?[ ��Y�cNY�h'g)b?cNYa`'c'W'U'W'|:YAqb?|~[�X?[3W's^kNj�e'b?U'W'yab?X?[ r j�c'��b^q ]^`'b?h'g�c\]^[ � b?c�z�W'g n�[LkN�(%�[�d\UNY�n�[�c XZY�c{q
|~[�U'W'hut�g�Y�hie'g)[ r [�c'|~W'c'j�b?g�]ZyfU'b?`'c'b?c'wx_�U'wxd�]^`'b?h'g)cut�y{_�kNy��8o5W'dN]�y
r j�U'h'l'W'b?dag)[�kN��h�[�[�g)U'[(%�b?U'W'y

ω/ωc
�0��Y�h�]^W'|~j�| ]^`'b?h'g�cNY�UNYA�)[ � W'g�]�y

_�n�kNW's?W�eNY�]^g)[�g�w

νc ∼ 1/(∆t) ≈ νgγ
2 =

γ3v

2πrg
,

� -'�$#L���

X � b v− ]^h�[�c'[)]^g)� � _�W'zFb?U'W'y#�ZkNb?h'g)c'[�UNY�`'[�[�c'n�W'g)b�]�cNY � W'j)]^[�| h'c'W{q
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_�W's?U'w
rg
�AH�g�|~b?g)W'|xtue'g)[

rg
|~[�z�U'[3]^e'W'g�Y�g)��|~X?U'[�_�b?U'U'wx| cNY � W'j)]^[�|

h'c'W'_�W's?U'w g�cNY�b?h'g)[�c'W'WutvW � kNy�c'b^kNy�g�W'_�WN]^g�]^h�[�X?[\�ZkNb?h'g)c'[�UNY\]�n�[�kN��q%5W'|�kN[�c'b?U'l{q r Y�h'g)[�c'[�|
γ
t � _�W'z�j�o�b?|:]Zy�`'cNY�h'g)W'e'bL]^h'W�_ � [LkN�H]^W{kN[�_�[�d

kNW'U'W'W�|:Y�X?U'W'g)U'[�X?[�`'[LkNy�]8[�h�[�kN[)]^_�b?g)[�_�[�d3]^h�[�c'[)]^g�����t'_�[�s?U'W'h)Y�b?g�gA� Uu�����:9� ��M'>

*���$#=7���
?M���
 t�]^_�y�sLY�U'U'[�b�]3]^[�n)]^g�_�b?U'U'[�d�h'c'j�`'U'[�|:Y�]&%5g�Y�n�U'[�d
h'c'W'_�W's?U'[�d�]^W{kN[�_�[�d�kNW'U'W'W

R
��� Y�h�]^W'|~j�| _F]^`'b?h'g)c'b�W's?X?W'n�U'[�X?[�W's^kNj�q

e'b?U'W'y�[ � U'[�X?[��ZkNb?h'g)c'[�UNYV`'c'W{�)[ � W'g�]Zy�UNY8eNY�]^g)[�g)j ∼ γ3c/R
� � g)[8W's^kNj�q

e'b?U'W'bV[)]^[�n�b?U'U'[F_)Y�z�U'[5`'c'W � _�W'z�b?U'W'W�c'b^kNy{g)W'_�WN]^g�]^h'W{��sLY�c�y�zFb?U'U'w��
eNY�]^g)W'l�_5|:Y�X?U'W'g)[)] r b?cNYA��`'j�kN�)]?Y�c'[�_

�
U'b?d'g)c'[�U'U'w���s?_�b?s � ]�]^W{kN��U'wx|

|:Y�X?U'W'g)U'wx|}`'[�kNb?|%[�h�[�kN[
1012 ��]�_�n�kNW's?W�`'[�_�b?c)�{U'[)]^g)Wu�

/ W'U{�{c'[�g)c'[�U'U'[�b W's^kNj�e'b?U'W'b
�
�?g)[�`'c'[Cy�_�kNb?U'W'b [�n�o�b?X?[ sLY�h�[�UNY

�ZkNb?h'g)c'[ � W'UNY�|~W'h'Wut!]^[�XZk!Y�]^U'[�h�[�g)[�c'[�|~j�kN�8n)Y�y�j)]^h�[�c'b?U'U'[�� sLY�|~b � kNb?U{q
U'[{� � _�W'z�j�o�Y�y']�y3sLY�c�y{zFb?U'UNY�y3eNY�]^g)W'lNY�c'[�z � Y�b?g��ZkNb?h'g)c'[�|:Y�X?U'W'g�U'wxb
_�[LkNU'w��{�3[�o�U'[)]^g)��]^W'U{�{c'[�g)c'[�U'U'[�X?[�W's^kNj�e'b?U'W'y�[ � U'[�d�eNY�]^g)W'l'w�sLY�_�W{q
]^W'g3[�g�j)]^h�[�c'b?U'W'y ~F/m

t�]^[�[�n�o�Y�b?|~[�X?[�b?d#`'[�kNb?|x�0�V[)]^h�[LkN��h'j#`'c'[�g)[�q
U'w W'|~b?�8g�|:Y�]?]^j�UNY�
�`'[�c�y � h)Y�n�[LkN�(%�j��Ft<e'b?|}�ZkNb?h'g)c'[�U'w�t<W{��_�h{k!Y �
_H[�n�o5b?b8]^W'U{��c'[�g�c'[�U'U'[�b W's^kNj�e'b?U'W'b�� ��t)h)Y�h�`'cNY�_�W{kN['t�`'c'b?U'b?n�c'b?z�W'|x�

),Y�]^e'b?g�`'[�h)Y�s?wx_)Y�b?gCt�e'g)[�`'[�g)b?c'W �?U'b?c'X?W'W c'b^kNy{g)W'_�WN]^g�]^h�[�X?[���kNb?h{q
g)c'[�UNY�UNY ]^W'U{��c'[�g�c'[�U'U'[�b%W's^kNj�e'b?U'W'b�`'c'[�`'[�c'l'W'[�UNYAkN��U'w h'_)Y � cNY�g)j
�?U'b?c'X?W'Wi� kN[�c'b?U'l{q r Y�h'g�[�c'j!�VeNY�]^g)W'l'w�W `{kN[�g)U'[)]^g)W#�?U'b?c'X?W'W |:Y�X?U'W'g�q
U'[�X?[�`'[LkNy

Um = B2/(8π) �

−
(
dE

dt

)

s

=
4

3
σT cγ

2Um ,
� -'�$#L
��

X � b σT �
g)[�|:]^[�U'[�_)]^h�[�bF]^b?e'b?U'W'b��PH�g)|~b?g)W'|�]Z�)[ � ]^g)_�[3� _�`{kN[�g�� � [�e'WN] q

kNb?U'U'[�X?[ph�[�� r�r W'l'W'b?U'g�Y�� ]^W'U{��c'[�g)c'[�U'U'w���� -'�$#L
���W h�[�|~`'g)[�U'[�_)]^h'W{�
`'[�g)b?c'�}� -'�	���5�?U'b?c'X?W'W�c'b^kNy�g�W'_�WN]^g�]^h'W'| �ZkNb?h'g)c'[�U'[�|x� � g)[ ]^_�y{sLY�U'[a]
g)b?|xt,e'g)[3_ [�n�[�W{� ]QkNj�eNY�y��aeNY�]^g)W'lNY�j)]^h�[�c�y�b?g�]Zym�ZkNb?h'g)c'[�|:Y�X?U'W'g�U'wx|
`'[LkNb?|

�
U'b?_)Y�z�U'['t'_�`'[)]^g)[�y{U'U'[�|}|:Y�X?U'W'g)U'[�|�`'[�kNbHW{kNW�_�]^j�|~|:Y�c'U'[�|

`'[LkNb�[�g � b^kN��U'w�� r [�g)[�U'[�_'�x� r [�c'|~j�kNw � kNy�U'b?h�[�X?b?c'b?U'g)U'[�X?[�W's^kNj�q
e'b?U'W'ya_��)[ � y�g�h'_)Y � cNY�g)w Y�|~`{kNW'g)j � w `'[LkNy�t0`'[��?g�[�|~j#]^h{k!Y � wx_)Y���g�]�y
W'|~b?U'U'[��?U'b?c'X?W'Wu�
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��c'b?|~y�g)[�c'|~[Cz�b?U'W'y3�ZkNb?h'g)c'[�UNY�_�|:Y�X?U'W'g)U'[�|�`'[LkNbFW's^q sLY�]^W'U{�{c'[�q
g)c'[�U'U'w���`'[�g)b?c'�

τs ≡
E

(dE/dt)s
≈ 3 · 1012[

kNb?g
]
1

γ

(
B

10−6
��]
)−2

,
� -'�$#&-{�

W � kNy���kNb?h'g)c'[�U'U'[�d�h�[�|~`'[�U'b?U'g)w}� �p]��?U'b?c'X?W'b?d
1011 �L�a[�h)Y�s?wx_)Y�b?g�]Zy[�h�[�kN[

105 kNb?gAt�e'g)[�s?UNYLe'W'g)b^kN��U'[�|~b?U'�(%�b�_�c'b?|~b?U'WutEg)c'b?n�j�b?|~[�X?[ � kNyj��)[ � Y#W's ��YAk!Y�h'g�W'h'Wu� � g�[#[�s?UNYLeNY�b?gAt e'g�[#�ZkNb?h'g)c'[�U'w � � ]3g�Y�h'W'|~W
�?U'b?c'X?W'y{|~W3W'|~b?�8g�XZYAk!Y�h'g)W'e'bL]^h�[�bF`'c'[�WN]Q�)[Cz � b?U'W'b��

�Vc'W�]^g)b?`'b?U'U'w���cNY�]^`'c'b � b^kNb?U'W'y���c'b^kNy{g)W'_�WN]^g�]^h'W{���ZkNb?h'g)c'[�U'[�_�`'[
�?U'b?c'X?W'y{|

dN/dE ∼ E−δ t�eNY�]^g)[5_)]^g)c'b?eNY��8o5W{��]�y�_FY�]^g)c'[ r W's?W'e'bL]^h'W{�j)]QkN[�_�W'y���t�]^j�|~|:Y�c'U'wxd�]^`'b?h'g)c�]^W'U{��c'[�g�c'[�U'U'[�X?[8W's?j�e'b?U'W'yFg�Y�h'z�b W'|~b^q
b?g�]^g)b?`'b?U'U'[�d�_�W ���

I(ν) ∝ ν−(δ−1)/2 .
� -'�$#L���

�5c'j�XZY�y���Y�cNY�h'g)b?c'UNY�y�[)]^[�n�b?U'U'[)]^g���]^W'U{�{c'[�g)c'[�U'U'[�X?[�W's^kNj�e'b?U'W'y
�
_�w�q

]^[�h)Y�y�]^g�b?`'b?U'��kNW'U'b?d'U'[�d�`'[�kNy�c'W'sLY�l'W'Wut�_8[ � U'[�c'[ � U'[�|#|:Y�X?U'W'g)U'[�| `'[�q
kNb � [)]^g)W'XZY��8o�Y�y Π = (δ+1)/(δ+7/3)

����Y�`'cNY�_�kNb?U'W'bxkNW'U'b?d'U'[�d�`'[LkNy�q
c'W'sLY�l'W'W�`'b?c'`'b?U � W'h'j�kNy{c'U'[�`'c'[�b?h'l'W'W _�b?h'g�[�cNY�UNY�`'c�y{zFb?U'U'[)]^g)W�|:Y�X^q
U'W'g)U'[�X?[�`'[�kNy

B
UNY�h)Y�c'g�W'U'U'j�� `{kN[)]^h�[)]^g)�'�

�8�$�8� E3����*,+!� � � ?V"�:,*0+�.0& B�+ ����� �,.�$�. 5 &)1u+!*!� �,.J$ � �
& ����* B8��@�&)+�10.ABR= �!��*!;�.��

� � � [�kNz�U'w�t)[�e'b?_�W � U'['t�j)]^h�[�c�y{g)�)]�y�h)Y�h'W'|Eq�kNW'n�[5U'b?g�b?`{kN[�_�wx|#|~b^q
��Y�U'W's?|~[�|xtLgC� hu��g)b?|~`'b?cNY�g)j�cNY � Y�z�b~_ l'b?U'g�cNYA�V]?Y�|~w��V|:Y�]?]^W'_�U'w��Hs?_�b?s �
U'b�`'c'b?_�w %�Y�b?g}U'bL]^h�[LkN��h'W{� � bL]�y�g�h�[�_�h'�L�8�x�V[}]^[�_�c'b?|~b?U'U'wx| `'c'b � q
]^g�Y�_�kNb?U'W'y{|xt�UNY�W'n�[LkNb?b�_�b?c'[�y{g)U'wx| |~b^��Y�U'W's?|~[�|#j)]^h�[�c'b?U'W'y���kNb?h'g)c'[�U{q
U'[�dfW�`'c'[�g�[�U'U'[�dih�[�|~`'[�U'b?U'g)w � � � [m_�w ]^[�h'W{���?U'b?c'X?W'dpy{_�kNy{b?g�]Zy
]^g�Y�g)WN]^g�W'e'bL]^h�[�b8j)]^h�[�c'b?U'W'bHeNY�]^g)W'l�UNY r c'[�U'g�YA��j � Y�c'U'w���_�[LkNUut{`'[�c'[�q
z � b?U'U'w���_)]^`'w %5h)Y�|~W\]^_�b?c)�{U'[�_�w���_����8/ W{kNW#_�wxn�c'[)]^[�|�_�b?o�bL]^g)_)Y
W's�Y�h'g)W'_�U'w���y � b?c�XZYAk!Y�h'g)W'hu�3/ j�g)�F�?g)[�X?[�|~b^��Y�U'W's?|:Y�� `'c'b � kN[Cz�b?U'U'[�q
X?[
��� ��b?c'|~W��E]^[)]^g)[�W'gH_�g)[�|xt�e'g)[�`'c'W�|~U'[�X?[�h'cNY�g)U'w���]^g)[LkNh'U'[�_�b?U'W'y��
eNY�]^g)W'l'w\]:|:Y�]?]^W'_�U'wx|~W�[�n�k!Y�h)Y�|~W�� g)[�e'U'b?b�t�`'c'W�[�g)cNY�z�b?U'W'WFsLY�c�y{zFb?U{q
U'[�d3eNY�]^g�W'l'w [�g I |:Y�X?U'W'g�U'w��3s?b?c'h)YAk�MZt<]^_�y{sLY�U'U'w��3]HkN[�h)YAkN��U'wx|ij�_�b^q
kNW'e'b?U'W'b?|�|:Y�X?U'W'g)U'[�X?[8`'[LkNy<�Zt � _�W'z�j�o�W'|~WN]Zy�]:[�g)U'[)]^W'g�b^kN��U'[�dF]^h�[�c'[�q
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]^g)���
V�c

tA�?U'b?c'X?W'y�eNY�]^g�W'l'w\`'[)]ZkNb |~U'[�X?W{��]^g)[LkNh'U'[�_�b?U'W'd�_�]^c'b � U'b?|
_�[�s?cNY�]^g�Y�b?g�UNYH_�b^kNW'e'W'U'j

(∆E/E)2 ≈ 4(V/c)2
� gA� Uu��j)]^h�[�c'b?U'W'b ��b?c'|~W

�Cq X?[ c'[ � Y��Z�v� c'b?s?j�kN��gCY�g)b�|~U'[�X?W{�m]^g�[LkNh'U'[�_�b?U'W'd r [�c'|~W'c'j�b?g�]�y}]^g)b^q
`'b?U'U'[�d ]^`'b?h'g�c�cNY�]^`'c'b � b^kNb?U'W'y3eNY�]^g)W'l3`'[��?U'b?c'X?W'y{|x����b^��Y�U'W's?|�[)]^[�q
n�b?U'U'[H� r�r b?h'g)W'_�b?U�_�]ZkNj�eNY�b g�[LkN��h�[HkN[�n�[�_�w���]^g)[�kNh'U'[�_�b?U'W'dut�gA� hu��`'c'W
h)Y�z � [�| ]^g�[LkNh'U'[�_�b?U'W'W�[�g)U'[)]^W'g)b^kN��U'[�b8j�_�b^kNW'e'b?U'W'b8�?U'b?c'X?W'W�eNY�]^g)W'l'w
(∆E/E)1 ∼ V/c� (∆E/E)2

� j)]^h�[�c'b?U'W'b ��b?c'|~W # q X?[5c'[ � Y��Z� ���A���:]^h�[�q
c'b?U'W'b ��b?c'|~W�`'b?c'_�[�X?[�c'[ � Y�|~[�zFb?g�`'c'[�WN]Q�)[ � W'g�`'c'W�`'c'W�|~U'[�X?[�h'cNY�g)q
U'[�|m`'b?c'bL]^b?e'b?U'W'W�eNY�]^g)W'l'b?d r c'[�U'g�YFj � Y�c'U'[�d�_�[LkNU'wpW's^q sLYFcNY�]?]^b?y{U'W'y
UNY5U'b?[ � U'[�c'[ � U'[)]^gAy���|:Y�X?U'W'g)U'[�X?[F`'[LkNy�`'b?c'b � W�sLY r c'[�U'g)[�| j � Y�c'U'[�d
_�[LkNU'w�� � g)[�gm|~b^��Y�U'W's?|�j)]^h�[�c'b?U'W'yp� � UNY\]^W{kN��U'w��ij � Y�c'U'w���_�[�k'q
UNYA�F`'[ � g)_�b?c�z � Y�b?g�]Zy�`'c�y{|~wx|~W�UNY�n�kN� � b?U'W'y{|~W K��L�vq U'[�X?[5U'b?g)b?`{kN[�_�[�q
X?[�W's^kNj�e'b?U'W'y�[�g�[)]^g�Y�g)h�[�_F]^_�b?c���U'[�_�w���e'b?c'b?U'h�[�_)]^h'W'|~W3g)b^kNbL]^h�[�`NY�|~W
�5� � � P � P �!_���Y�|~W'n�W'W � ������-{�Z�

�5c'j�X?[�d |~b^��Y�U'W's?|pj)]^h�[�c'b?U'W'y
�
��kNb?h'g)c'[�|:Y�X?U'W'g)U'wxdutJh�[�X � Y�sLY�c�y�q

z�b?U'UNY�y eNY�]^g)W'lNY}j)]^h�[�c�y{b?g�]�y _��ZkNb?h'g)c'W'e'bL]^h�[�| `'[�kNb�� / gCY�g)W'e'bL]^h'W'b
�ZkNb?h'g)c'W'e'bL]^h'W'b�`'[LkNy�U'b?_�[�s?|~[�z�U'w�_�`{k!Y�s?|~b�W's^q sLY�b?b�_�w ]^[�h�[�d#��kNb?h{q
g)c'[�`'c'[�_�[ � U'[)]^g�W � _)]�y{h�[�b [�g)h{kN[�U'b?U'W'b3[�g#��kNb?h'g)c'[�U'b?d'g)cNYAkN��U'[)]^g)W�_`{k!Y�s?|~b _�wxs?wx_)Y�b?gHg)[�hut��?h'cNY�U'W'c'j��8o5W'd�`'[�kNb��NH � UNY�h�[H_�U'bL]^gCY�l'W'[�UNY�c{q
U'w����ZkNb?h'g)c'[�|:Y�X?U'W'g)U'w��H`'[�kNy��Vj)]^h�[�c'b?U'W'bveNY�]^g)W'l5_�[�s?|~[�z�U'[ � [x[�e'b?U'�
_�w ]^[�h'W{���?U'b?c'X?W'du� ��Y�`'c'W'|~b?cut�_�|:Y�X?U'W'g)[)] r b?cNYA� `'j�kN�)]?Y�c'[�_�|:Y�X?U'W'g�q
U'wxb�`'[LkNy � [)]^g)W'XZY��8g 1012 ��]�j3`'[�_�b?c���U'[)]^g�Wu����Y�z�b�`'c'Wa|~W'U'W'|:YAkN��qU'[m_�[�s?|~[�z�U'w��f`'b?c'W'[ � YA�f_�cNY�o5b?U'W'yfU'b?d'g)c'[�U'U'w��is?_�b?s � P = 10−3

� cNY�s?|~b?c _�[LkNU'[�_�[�d s?[�U'w�t�_}h�[�g)[�c'[�d |~[Cz�b?g�`'c'[�WN]Q�)[ � W'g���j)]^h�[�c'b^q
U'W'b�sLY�c�y{zFb?U'U'w���eNY�]^g)W'lut:`'[�c�y � h)Y L = cP/2π ∼ 100

h'|x�:� [)]^U'[�q
_)Y�U'W'y _�[�kNU'[�_�[�d�s?[�U'w��ZkNb?h'g)c'W'e'bL]^h�[�b�`'[LkNb�tE_�wxs?_)Y�U'U'[�b�|:Y�h�]^W'|:YAkN��q
U'[�n�w ]^g)c'[�W's?|~b?U'y{�8o5W'|:]�y�|:Y�X?U'W'g)U'wx| `'[LkNb?|xtEUNYA�)[ � W'g�]�ymW's�j�cNY�_�q
� � �S�J���#-'���2� ��� �M.����!�(���!P=B(�!�
.M&
��A�@ �� 35�$�	�F����W�D	!�(*�$H�
���!�!���?5!.M� -H�#)+*2�� �
����	�-�@

���#���(�����E�2�#����� ��RS�M*����!)V$��V�(A!��P��
�W�
-'�#.�������F�I
v
���+>��
��-M���!�����!�W ����
�����#��R  �� ���
.�@

-H�
	!�# ����*�����)J$��S�! ��(P=������-M�#.��#�
��F�I
V
5!�#.���	�	���	�F#�!�

v
�2�#���!�#���!����	�F#�!���S$'���(	�������@

���!�9B(�!�
.M&
���8�2���
������R
∆E/E = 2γ � (V/c)((V/c) ± v/c)

�:&�*!�
γ � = 1/

p

1 − (V/c)2� 	!�#.�������@ � ��-����#. � �
�
.�-���	2�����O���!�#-�5�	�IU�;�
�#�������
���
�#��$H�
�8�
���
	�-����#���(���!PM � �=	���> �(�
�  �����$H� � � �#*!�#&����!-M$ ��T �S.M�4$H��-M�#.�������� � @ &��%.��
*:�8	����!��A���R A,��	���� ∼ V/c

-'�# �@
5����!����.�$H�����(PC������	!-����#��������P� 3��� � 	!��> �E� � ��*2��&��#��-�$ ��N35!.��4$H�
-'��.�������� K(@ &���.��
*2�
�
���
	�-����#���(����A � �#*2��&��#��-�$ � �!�
���'5!��B����� 3$

∆E/E ∼ V/c
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U'b?U'W'y}� Y�h�]^_�b^k'k!Y ��� � ~E = 1/c(∂ ~B/∂t)
W�[�h)Y�s?wx_)Y�b?g�]�y}`'[�c�y � h)Y UNYAq

`'c�y{zFb?U'U'[)]^g)W�|:Y�X?U'W'g)U'[�X?[�`'[LkNy � E ∼ (L/c)B/(L/c) ∼ B
����Y�c�y�zFb?U{q

UNY�y%eNY�]^g�W'lNYa|~[Cz�b?gm`'c'W'[�n�c'b?g�Y�g)� _�U'j�g�c'W�_�[�kNU'[�_�[�dps?[�U'w �?U'b?c'X?W'�
Emax =

∫
eEdx ∼ eBL ≈ 3 · 1019 �L� � kNy�g)W'`'W'e'U'[�X?[�s?UNYLe'b?U'W'y `'[LkNy

ja`'[�_�b?c���U'[)]^g�W%n�w ]^g)c'[ _�cNY�oFY���o�b?dN]Zy%U'b?d'g�c'[�U'U'[�d}s?_�b?s � w 1010 ��]��K�Y�h'W'|�[�n�cNY�s?[�|xt�_�`'c'W'U'l'W'`'b5`'c'[�n�kNb?|~w ]�_�[�s?|~[�z�U'[)]^g���� j)]^h�[�c'b?U'W'y
eNY�]^g)W'l � [�[�e'b?U'��_�w ]^[�h'W{�3�?U'b?c'X?W'd�U'bF_�[�s?U'W'h)Y�b?gA��H � UNY�h�[�h)Y�h�`'[�h)YAq
s?wx_)Y��8gF�?h�]^`'b?c'W'|~b?U'g)w�tN]^`'b?h'g)c�� � ]^_�b?c)�{_�w ]^[�h'W{���?U'b?c'X?W'd�U'bVWN]^`'w�q
g)wx_)Y�b?g�[Cz�W � Y�b?|~[�X?[�I sLY�_)YAk!YQM�UNY��?U'b?c'X?W'y��

5 · 1019 �L� � e'g)[�[�X?cNY�U'W{q
e'W'_)Y�b?g3[�n�k!Y�]^g��'t�W's�h�[�g)[�c'[�da`'c'W{�)[ � y�g�]^g)[�kN���?U'b?c'X?W'e'U'wxb�� ��tJcNY�s^q
|~b?c'[�|p�3bL]^g�U'[�X?[ / _�b?c���]^h�[�`{kNb?U'W'y<�Zt�`'c'W��?g)[�|iUNY�n�kN� � Y�b?|~wxb�� ��UNY
�?g)W{���?U'b?c'X?W'y��3`'c'W{�)[ � y{g�W's?[�g)c'[�`'U'[�]^[�_)]^b^��UNY�`'cNY�_�kNb?U'W'd�� U'b?g�h�[�U{q
l'b?U'g)cNY�l'W'W�h�`{kN[)]^h�[)]^g)W ��YAk!Y�h'g�W'h'W�W�h�b?bHl'b?U'g)c'j��vW � [)]^g�[�_�b?c'U'[�U'b
Y�]?]^[�l'W'W'c'j���g�]�y�U'W#]�[ � U'W'| W'sFW's?_�bL]^g�U'w�� Y�]^g)c'[�U'[�|~W'e'bL]^h'W{��[�n��ub?h{q
g)[�_�_�U'j�g)c'W �?g)[�d � [)]^gCY�g)[�e'U'[��)[�c'[(%5[ W's?j�e'b?U'U'[�d [�n�k!Y�]^g)Wu���V[��?g)[�|~j
`'c'[�n�kNb?|:Y�`'c'[�WN]Z�)[�z � b?U'W'ya� � ]��?U'b?c'X?W'b?d#_�w %5b

5 · 1019 �L� [)]^g�Y�b?g�q
]Zy�[ � U'[�d�W'sHU'b?c'b %5b?U'U'w���_�]^[�_�c'b?|~b?U'U'[�d Y�]^g)c'[ r W's?W'h�b�h�[)]^|~W'e'bL]^h'W{�
kNj�e'b?du�

� # � #��B)
	���G46 8:6 /�+ � < ��G,1 ��24+.-0/�G;J;G J$+F-08 G
�,6�-AJ$+ 

�
�413I 8 <

� ��*," �:.0& :!��*,&).,. �N�8kN[�g�U'[)]^g)���ZkNb?h'g)c'[�U'U'[�d�h�[�|~`'[�U'b?U'g)w W'[�U'W{q
s?[�_)Y�U'U'[�d�|~b?z�s?_�b?s � U'[�d�]^c'b � wf|~[�zFb?g�n�wxg)�F[�`'c'b � b^kNb?UNY�`'[FsLY�`NY�s � w�q
_)Y�U'W'��W'|~`'j�kN�)]^[�_�cNY � W'[�W's^kNj�e'b?U'W'ya`'j�kN�)]?Y�c'[�_3UNY�cNY�s?U'w�� eNY�]^g)[�gCYA�
� |~b?cNY � WN]^`'b?cN]^W'W��Zt~h�[�g)[�c'[�b�_�[�s?U'W'h)Y�b?g�W's^q sLY3h�[�U'b?e'U'[�X?[ `'[�h)Y�sLY�g)b^kNy
`'c'b^kN[�|EkNb?U'W'y�|~b?z�s?_�b?s � U'[�d�]^c'b � w�t{]^[ � b?c�z5Y�o5b?d�sLY�c�y�zFb?U'U'wxbVeNY�]^g)W{q
l'w����V[�h)Y�sLY�g)b^kN��`'c'b^kN[�|EkNb?U'W'y � kNyFcNY � W'[�_�[LkNU�]�eNY�]^g)[�g�[�d ω _V`{k!Y�s?|~b]Vh�[�U'l'b?U'g�cNY�l'W'b?d3�ZkNb?h'g�c'[�U'[�_

ne
cNY�_�b?U

n =

√

1 −
ω2

p

ω2
< 1 ,

� -'�$#L���
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X � bp`{k!Y�s?|~b?U'UNY�y � kNb?U'X?|~�8c'[�_)]^h)Y�y�� eNY�]^g)[�g�Y ]^_�[�n�[ � U'w�� h�[LkNb?n)Y�U'W'd
�ZkNb?h'g)c'[�U'[�_�_�`'[LkNb�W'[�U'[�_

ωp =

√
4πe2ne

me
≈ 5.64 · 104√ne .

� -'�$#����

�FY�s?[�_)Y�y�]^h�[�c'[)]^g)��cNY�]^`'c'[)]^g�cNY�U'b?U'W'y��ZkNb?h'g�c'[�|:Y�X?U'W'g)U'[�d�_�[�kNU'wi]�eNYAq
]^g)[�g)[�d

ω
bL]^g��

vφ = c/n
� − ]^h�[�c'[)]^g)��]^_�b?gCY��Zt�Y�X?c'j�`'`'[�_)Y�y�]^h�[�c'[)]^g)�

�
vg = cn

� OVs^kNj�e'b?U'W'b `'j�kN�)]?Y�c'[�_�U'b?|~[�U'[L�{c'[�|:Y�g)W'e'bL]^h�[�b�t8s?UNYLe'W'g�UNY
cNY�s?U'w��\eNY�]^g�[�g�YA� _�c'b?|~ym`'c'W{�)[ � Y#W'|~`'j�kN�)]^[�_a]�cNY�]?]^g)[�y{U'W'y l n�j � b?gcNY�s^kNW'e'U'wx| � t = l

vg
= l

cn ' l
c

(
1 + 1

2

(ωp

ω

)2) tN[�g)h'j � Y�_�c'b?|~y3sLY�`NY�s � w�q
_)Y�U'W'y�U'W's?h�[�eNY�]^g)[�g�U'[�X?[�]^W'X?UNYAk!Y�_�[ � U'[�c'[ � U'[�d�]^c'b � b

∆t(ω) =
1

2

l

c

ω2
p

ω2
=

2πe2

mec

nel

ω2
,

� -'�$#L���
gC� b��'`'c'W � Y�U'U'[�|}s?UNYLe'b?U'W'W ω `'c'[�`'[�c'l'W'[�UNYAkN��U'[�_�b^kNW'e'W'U'b5|~b?c'w � WN] q
`'b?cN]^W'W

�
W'U'g�b?X?cNYAkNj�[�g��ZkNb?h'g)c'[�U'U'[�d�h�[�U'l'b?U'g)cNY�l'W'W�_ � [LkN��kNj�eNYFs?c'b^q

U'W'y �
� � =

∫
nedl .

� -'�$#L
��
H�n�wxe'U'[ � kNy�`'j�kN�)]?Y�c'[�_ 10 < DM < 500

`'h 	A]^| 3 �N�i[�n�o5b?|�]ZkNj�eNY�b

∆t1,2 =

∫ (
dl

vg(ω1)
− dl

vg(ω2)

)
≈ 4.6[

|~h�]
](λ2

1 − λ2
2) ×

� � ,
� -'�	�����

X � b � kNW'UNY _�[LkNU'w\_�wxcNY�zFb?UNY _�]^|x�C�:]^c'b � U'b?U'UNY�y5`'[xkNj�e'jVs?c'b?U'W'yH`{kN[�g�q
U'[)]^g)�F�ZkNb?h'g)c'[�U'U'[�d�h�[�|~`'[�U'b?U'g�wi|~b?z�s?_�b?s � U'[�X?[�XZY�sLY�]^W{kN��U'[FsLY�_�WN]^W'g
[�g�UNY�`'cNY�_�kNb?U'W'y�_���YAk!Y�h'g)W'h�b��3N~b5]^c'b � U'b?bHs?UNY�e'b?U'W'b5_�`{kN[)]^h�[)]^g)W3��YAq
k!Y�h'g)W'h'W�[�h�[LkN[��{���)
�eNY�]^g)W'l�_ #�]^| 3 �

� ��*,"<�!*,"' <� �,.�$ � N:]QkNW�_�`{k!Y�s?|~bHbL]^g)��|:Y�X?U'W'g�U'[�bH`'[LkNb�t�g)[�`'c'W
cNY�]^`'c'[)]^g)cNY�U'b?U'W'Wp`{kN[)]^h�[�dp|~[�U'[���c'[�|:Y�g�W'e'bL]^h�[�d�_�[�kNU'w UNY�n�kN� � Y�b?g)q
]Zy�`'[�_�[�c'[�g�`{kN[)]^h�[)]^g)W�`'[�kNy�c'W'sLY�l'W'W � r Y�cNY � b?b?_)]^h�[�bH_�cNY�o�b?U'W'b��Z��� r q
r b?h'g�n�w ]^g)c'[�j�_�b^kNW'e'W'_)Y�b?g�]�ym] � kNW'U'[�dm_�[LkNU'w�� ��Y�`'[�|~U'W'|xtEe'g)[�kNW{q
U'b?d'U'j�� `'[�kNy{c'W'sLY�l'W'� |~[�z�U'[�`'c'b � ]^g�Y�_�W'g)��h)Y�h\]^j�|~|~j � _�j�� `'c'[�g)W{q
_�[�`'[LkN[Cz�U'w���h'c'j�X?[�_�w���`'[LkNy{c'W'sLY�l'W'du���V[�h)Y�sLY�g)b^kN�H`'c'b^kN[�|EkNb?U'W'y � kNy
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sLY�|:Y�X?U'W'e'b?U'U'[�dp]^c'b � w sLY�_�WN]^W'g\[�gas?UNY�h)Yah'c'j�X?[�_�[�di`'[LkNy{c'W'sLY�l'W'WfW
[�`'c'b � b^kNy{b?g�]Zy�_�wxcNY�zFb?U'W'b?|

n± =

√
1 −

ω2
p

ω(ω ± ωH cos θ)
,

� -'�	�G#A�

X � b ωp �
kNb?U'X?|~��c'[�_)]^h)Y�y eNY�]^g)[�g�Y�`{k!Y�s?|~w � -'�$#����Zt

ωH = eH/mec

�
k!Y�c'|~[�c'[�_)]^h)Y�y eNY�]^g)[�g�Ym_�cNY�o5b?U'W'y �ZkNb?h'g)c'[�UNY%_}|:Y�X?U'W'g)U'[�| `'[�kNb

H
t�s?UNY�h I

+
M#]^[�[�g)_�b?g�]^g�_�j�b?g}[�n�wxh'U'[�_�b?U'U'[�d _�[LkNU'bp� �ZkNb?h'g)c'W'e'bL]^h'W'd

_�b?h'g)[�c}_�cNY�oFY�b?g�]Zy%`'[#eNY�]^[�_�[�d�]^g)c'b^kNh�b�tvbL]ZkNW�]^|~[�g)c'b?g)�a_ � [LkN�a_�[�k'q
U'[�_�[�X?[f_�b?h'g)[�cNY��Zt8s?UNY�h'I − Ma]^[�[�g)_�b?g�]^g�_�j�b?g%U'b?[�n�wxh'U'[�_�b?U'U'[�d�_�[�kNU'b
� _�cNY�o5b?U'W'b3�ZkNb?h'g)c'W'e'bL]^h�[�X?[#_�b?h'g)[�cNY `'c'[�g)W'_�eNY�]^[�_�[�d}]^g)c'b^kNh'W��Zt

θ−j�X?[Lk |~b?z � ji_�b?h'g�[�c'[�| UNY�`'c�y�zFb?U'U'[)]^g)W `'[LkNy
H

W�_�[�kNU'[�_�wx| _�b?h{q
g)[�c'[�|x� �FY�s?[�_)Y�y�]^h�[�c'[)]^g)�

vφ± = c/n±
t Ymj�X?[Lk�`'[�_�[�c'[�gCY�_�b?h'g)[�cNY

`'[LkNy{c'W'sLY�l'W'W h)Y�z � [�d�_�[LkNU'w `'c'W�`'c'[L�)[Cz � b?U'W'W�cNY�]?]^g)[�y{U'W'y l cNY�_�b?U
φ± = lω/vφ± = lωn±/c

t<[�g)h'j � Y�j�X?[Lk `'[�_�[�c'[�g�Y�`{kN[)]^h�[)]^g)W�kNW'U'b?d'U'[�d
`'[LkNy{c'W'sLY�l'W'W

ψ = ∆φ/2
���V[ � ]^gCY�_�kNy�y n± W's5� -'�	�G#A�0]�j�e'b?g)[�| |:YAkN[)]^g)W

ωH/ω
W
ωp/ω

t'UNYA�)[ � W'| �

ψ =
1

2

ω2
pωH l cos θ

cω2
= λ2 � � ,

� -'�	�����
X � b5|~b?cNY�_�cNY�o5b?U'W'y

� � =
e2

2π(mec)2

L∫

O

neB‖dl ≈

≈ 0.81[
cNY � 	C| 2] ·

( ne� | −3

)( B‖

10−6
��]
)(

L`'h
)
.

� -'�	��
��

�V[FW's?|~b?c'b?U'W'y�|m|~b?c'wf_�cNY�o5b?U'W'y � b^k!Y��8g�]Zy�[�l'b?U'h'W�h�[�|~`'[�U'b?U'g�YF|:Y�X^q
U'W'g)U'[�X?[�`'[�kNy�tJ`NY�cNYAk'kNb^kN��U'[�X?[3kNj�e'j�s?c'b?U'W'y����3b?c'j�_�cNY�o�b?U'W'y#UNYA�)[�q
� y{gCtAW's?|~b?c�y{yFW's?|~b?U'b?U'W'b�j�X�k!Y�kNW'U'b?d'U'[�d�`'[�kNy�c'W'sLY�l'W'W�`'c'W'U'W'|:Y�b?|~[�X?[
cNY � W'[�W's^kNj�e'b?U'W'y�] � kNW'U'[�d�_�[LkNU'w����Vc'W�W's?_�bL]^g)U'[�| cNY�]^`'c'b � b^kNb?U'W'W ne� UNY�`'c'W'|~b?cut,UNY�d � b?U'U'[�X?[�`'[�|~b?c'b � WN]^`'b?cN]^W'W\`'j�kN�)]?Y�c'[�_{�8[�l'b?U'W'_)Y��8g
_�b^kNW'e'W'U'j�|:Y�X?U'W'g)U'[�X?[ `'[LkNy%��YAk!Y�h'g)W'h'Wu� ��b^kNW'e'W'UNY � � � kNy�_�U'b?XZYAq
k!Y�h'g)W'e'bL]^h'W{��WN]^g)[�e'U'W'h�[�_�kNb?z�W'g�_F`'c'b � b^k!YA� ≈ ±150

cNY � 	C| 2 �'�3b?g�[ �
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[�`'c'b � b^kNb?U'W'y B‖
tNWN]^`'[LkN��s?j��8o5W'd |~b?c'j�_�cNY�o�b?U'W'y<t<`'[�s?_�[LkNy{b?g�[�l'b?U'W{q

_)Y�g)� U'b�g)[�kN��h�[�_�b^kNW'e'W'U'j�tEU'[�W\UNY�`'cNY�_�kNb?U'W'b�|:Y�X?U'W'g)U'[�X?[ `'[LkNyf� [�g
UNY�n�kN� � Y�g)b^kNy�W{kNW�`'[�UNY�`'cNY�_�kNb?U'W'� h�U'b?|~j��Z�

��YAk!Y�h'g)W'e'bL]^h�[�b�|:Y�X?U'W'g�U'[�b�`'[�kNb�`'c'[Cy�_�kNy{b?g�]�y�gCY�h'z�b�`'c'W�UNY�n�kN��q
� b?U'W'y���|~b?z�s?_�b?s � U'[�dp`'[�kNy�c'W'sLY�l'W'W ]^_�b?g�Y{� ��W'U'b?d'UNY�yi`'[�kNy{c'W'sLY�l'W'y
� [ #?� � n�w�k!Y�[�g)h'c'wxg�Y�_�h�[�U'l'b #L
����A�

�
UNYLeNYAkNb #L
����A��X?XH_ %5W'c'[�h�[�|

� WNY�`NY�s?[�U'b � kNW'U3_�[LkNUu���V[LkNy{c'W'sLY�l'W'y3_�wxs?_)Y�UNY�|~b?z�s?_�b?s � U'[�d3`'w�kN���F�
�Vw�kNW'U'h'W�W'|~b?�8g U'bL] r b?c'W'e'bL]^h'j�� r [�c'|~jVWH[�c'W'b?U'g)W'c'j���g�]Zy�_ � [LkN�8]^W{q
kN[�_�w���kNW'U'W'da|:Y�X?U'W'g)U'[�X?[�`'[LkNy�� ��W'U'b?d'UNY�y `'[�kNy�c'W'sLY�l'W'ya_�[�s?U'W'h)Y�b?g
`'c'WaY�U'W's?[�g)c'[�`'U'[�|�cNY�]?]^b?y{U'W'Wa]^_�b?gCY�s?_�b?s � UNY�g�Y�h'W{��[�c'W'b?U'g�W'c'[�_)Y�U{q
U'w���`'w�kNW'U'h)YA�<�

OVs?|~b?c'b?U'W'yi`'[�h)Y�sLYAkNWut�e'g�[#_aUNY�%�b?diW � c'j�X?W{�}XZYAk!Y�h'g�W'h)YA�%|:Y�X^q
U'W'g)U'[�b}`'[�kNb%W'|~b?b?g � _)Yph�[�|~`'[�U'b?U'g�Y{t�]^[�`'[)]^gCY�_�W'|~w�� `'[ _�b^kNW'e'W'U'b
� U'bL]^h�[�kN��h�[�|~W'h'c'[�XZYLj)]?]A� � c'b?X?j�kNy{c'U'wxd � `'[�kNb5UNY�`'cNY�_�kNb?U'[�`'c'b?W'|~j�o�b^q
]^g)_�b?U'U'[F_ � [LkN��]^`'W'cNYAkN��U'w���c'j�h)Y�_�[�_{�,W���Y�[�g)W'e'bL]^h'W'd�]���Y�cNY�h'g)b?c'U'wx|
|:Y�]&%5g�Y�n�[�| W's?|~b?U'b?U'W'yFUNY�`'cNY�_�kNb?U'W'y�`'[LkNyF_�U'bL]^h�[LkN��h�[5]^[�g)b?UF`NY�cN]^b?hu�

� # 
$#�� 1 � 1��;G
#��:�V[LkNj�e'W'g)� r [�c'|~j�kNj�t:[�`'WN]^wx_)Y��8o5j�� r [�c'|~j ]^`'b?h'g)cNY ]^W'U{�{c'[�q

g)c'[�U'U'[�X?[FW's^kNj�e'b?U'W'y � -'�$#L���Zt{]^e'W'gCY�y<t�e'g)[�]^`'b?h'g�c�W's^kNj�e'b?U'W'y��ZkNb?h'g�c'[�q
UNY ]��?U'b?c'X?W'b?d

E
W'|~b?b?g j�s?h'W'd�`'W'h�_�n�kNW's?W}eNY�]^g)[�g)w

ν ∼ γ2νg
tEX � b

νg = eB/(2πmec) �
X?W'c'[�eNY�]^g)[�g�Y�_�|:Y�X?U'W'g)U'[�|p`'[�kNb

B
t<Y�cNY�]^`'c'b � b^q

kNb?U'W'bH�ZkNb?h'g�c'[�U'[�_�`'[��?U'b?c'X?W'y{|%]^g)b?`'b?U'U'[�b � N(E)dE ∼ E−p �
L � �<�9�0.!� �A�3[�o�U'[)]^g)� W's^kNj�e'b?U'W'y

Jν
_ W'U'g)b?c'_)YAkNb eNY�]^g)[�g

ν, ν+dν �

Jνdν = −(dE/dt)N(E)dE
t'X � b�`'[�g)b?c'W��?U'b?c'X?W'W�[ � U'[�X?[F�ZkNb?h'g�c'[�UNYHUNY

]^W'U{��c'[�g�c'[�U'U'[�b�W's^kNj�e'b?U'W'b −dE/dt ∼ γ2B2 t E = γmec
2 ����[�c'b?U'l{qr Y�h'g)[�c sLY�`'WN]^wx_)Y�b?| e'b?c'b?s\eNY�]^g�[�g)jpW's^kNj�e'b?U'W'y � γ ∼ (ν/νg)

1/2 ∼
(ν/B)1/2 tFg)[�X � Y dE ∼ (νB)−1/2dν

� H�`'j)]^h)Y�y h�[�UN]^gCY�U'g)w�t�W'|~b?b?| �
Jνdν ∼ (νB)

(
ν
B

)−p/2
(νB)−1/2dν

W�[�h�[�U'eNY�g�b^kN��U'[

Jν ∼ B(p+1)/2ν−(p−1)/2,

e'g)[�W�g)c'b?n�[�_)YAkN[)]^� � [�h)Y�sLY�g)�'�
�����Vj)]^g)��_8c'b?s?j�kN��g�Y�g�b ]^g)[�kNh'U'[�_�b?U'W'y�� cNY�]?]^b?y{U'W'y<�ueNY�]^g)W'lNY � �?U'b?c{q

X?W'b?d
E0

]:_�b?c'[Cy�g�U'[)]^g)���
p
`'c'W'[�n�c'b?g�Y�b?g��?U'b?c'X?W'�

E = βE0
�A�V[�h)Y�sLY�g)�'t
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e'g)[�_8c'b?s?j�kN�Cg�Y�g)b�|~U'[�X?W{��cNY�]?]^b?y{U'W'd�`'c'W��?g)[�| ] r [�c'|~W'c'j�b?g�]Zy�]^g)b?`'b?U{q
U'[�b���Y�U'bH|:Y�h�]^_�b^k'kN[�_)]^h�[�b��xcNY�]^`'c'b � b^kNb?U'W'b5eNY�]^g�W'l�`'[��?U'b?c'X?W'y{|x�

L � �<�9�0.!� �J�V[)]ZkNb
k
]^g)[�kNh'U'[�_�b?U'W'dan�j � b?|�W'|~b?g��

Nk = pkN0
eNYAq

]^g)W'lH]E�?U'b?c'X?W'b?d
E = βkE0

� O�]^h{kN�8eNY�y
k
tL`'[LkNj�eNY�b?|

ln(N/N0)/ ln(E/E0) =

ln p/ lnβ
t'[�g)h'j � Y

N/N0 = (E/E0)
ln p/ lnβ

��Y�]?Y�|~[�| � b^kNb�s � bL]^��`'[�kNj�e'b?UNY � [�kNy eNY�]^g)W'l�]��?U'b?c'X?W'b?d ≥ E
t,g�Y�h

h)Y�h�U'b?h�[�g)[�c'wxb�eNY�]^g�W'l'w�t<UNY�n�cNY�_(%�W'b��?U'b?c'X?W'�
E
t�`'c'W'[�n�c'b?g�Y���g�b?o�b

n�[LkN�(%�W'b5�?U'b?c'X?W'Wu�<�V[��?g)[�|~j�|~[Cz�U'[�sLY�`'WN]?Y�g)�
dN

dE
∝ E

lnp
ln β−1 .

� g)WFcNY�]?]^j�z � b?U'W'yF[�n��uy']^U'y{�8gCt�`'[�e'b?|~j�_8c'b?s?j�kN�Cg�Y�g)bx|~b^��Y�U'W's?|:Y ��b?c{q
|~W r [�c'|~W'c'j���g�]Zy}U'b?g)b?`{kN[�_�wxb\��]^g)b?`'b?U'U'wxb���cNY�]^`'c'b � b^kNb?U'W'y�eNY�]^g)W'l
`'[��?U'b?c'X?W'y{|x� ��Y�`'c'W'|~b?cut � kNy#h�[�U'h'c'b?g)U'[�d ]^W'g�j)Y�l'W'Waj)]^h�[�c'b?U'W'y eNYAq
]^g)W'l�UNY r c'[�U'g�YA��]^W{kN��U'w���j � Y�c'U'w���_�[LkNU � |~b^��Y�U'W's?| ��b?c'|~W�`'b?c'_�[�X?[
c'[ � Y���|~[�z�U'[ `'[�h)Y�sLY�g)�'tve'g)[ ln p̄/ ln β̄ = −1

W
dN/dE ∝ E−2 tEe'g)[n�kNW's?h�[�h\UNY�n�kN� � Y�b?|~[�|~ja`'[�h)Y�sLY�g)b^kN� ]^`'b?h'g)cNY3h�[)]^|~W'e'bL]^h'W{�akNj�e'b?du�

� g)W�zFb cNY�]?]^j�z � b?U'W'y�|~[Cz�U'[5`'c'W'|~b?U'W'g��5h�`'c'[�l'bL]?]^j�|~U'[�X?[�h'cNY�g�U'[�X?[
cNY�]?]^b?y{U'W'y�|~y�X?h'W{� r [�g)[�U'[�_�UNY�c'b^kNy{g)W'_�WN]^g�]^h'W{���ZkNb?h'g)c'[�UNYA� � [�n�cNY�g�q
U'wxdHh�[�|~`'g)[�U{q � r�r b?h'g'�Z���Vc'W5�?g)[�|�_�w ]^[�h�[�eNY�]^g)[�g)UNY�yHeNY�]^g)��g)b?`{kN[�_�[�X?[
]^`'b?h'g)cNY�g)cNY�UN] r [�c'|~W'c'j�b?g�]�y _�]^g)b?`'b?U'U'[�d}� U'b?g)b?`{kN[�_�[�d���]^`'b?h'g)c}� gA� Uu�
`'c'[�l'bL]?]�h�[�|~`'g)[�U'W'sLY�l'W'W g)b?`{kN[�_�[�X?[�W's^kNj�e'b?U'W'y<�Z�PK0Y�h'W'bF]^`'b?h'g�c'w�eNYAq
]^g)[8UNY�n�kN� � Y���g�]Zy�_Vz�bL]^g�h'W{�5WN]^g)[�e'U'W'h)YA��c'b?U'g)X?b?U'[�_)]^h�[�X?[HW's^kNj�e'b?U'W'y
� g)bL]^U'wxb � _�[�d'U'wxb8]^WN]^g)b?|~w%]�U'b?d'g)c'[�U'U'wx|~W�s?_�b?s � Y�|~W�W�e'b?c'U'wx|~W � w�q
cNY�|~WutNy � cNY�Y�h'g)W'_�U'w���XZYAk!Y�h'g)W'h�W�h'_)Y�sLY�c'w W�gC� � �G�Z�
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�$#&%�# ��C�� G46 �
13),13J,/36�),G4-0/�G;J;G
�<_�b?s � w � |:Y�]?]^W'_�U'wxb�`{k!Y�s?|~b?U'U'wxb�%�Y�c'w�t�UNYA�)[ � y�o�W'bL]Zy _�cNY�_�U'[�q

_�bL]^U'[�| ]^[)]^g)[Cy{U'W'W���_�n�[LkN�(%�W'UN]^g)_�bV]QkNj�eNY�b?_5WN]^g)[�e'U'W'h�[�|aW{��g)b?`{kN[�_�[�d
�?U'b?c'X?W'W�y{_�kNy{�8g�]Zy�`'c'[�WN]Q�)[ � y{o5W'b�_�W{��U'b � cNYA��g)b?c'|~[�y � b?c'U'wxbFc'bLY�h{q
l'W'Wu�<�V[�]^_�[�b?|~j r W's?W'e'bL]^h�[�|~j ]^[)]^g)[Cy{U'W'� s?_�b?s � w |~[Cz�U'[�cNY�s � b^kNW'g)�
UNY M'>3��4V;�#%D�M���
 t�]^[)]^g)[Cy{o5W'b�W's�U'b?_�wxc'[�z � b?U'U'[�X?[�_�b?o�bL]^g)_)Y�� W � bLYAkN��q
U'[�X?[3XZY�sLY��Zt0_�U'b � cNYA�#h�[�g)[�c'w��#W � j�g�g)b?c'|~[Cy � b?c'U'wxb�c'bLY�h'l'W'W\]^W'U'g)b^q
sLY{t~W @
�=�<>?@ ,�
?MNM���
 � n�b^kNwxb�h)Y�c)kNW'h'Wut:U'b?d'g�c'[�U'U'wxb�s?_�b?s � wV�Zt~cNY�_�U'[�q
_�bL]^W'b�h�[�g)[�c'w��\`'[ �'� b?c�z�W'_)Y�b?g�]Zy � Y�_�kNb?U'W'b?| h'_)Y�U'g)[�_�[�q |~b^��Y�U'W'e'bL]^h'W
_�wxc'[�z � b?U'U'w�� r b?c'|~W'[�U'[�_ � ��kNb?h'g)c'[�U'[�_}_�]QkNj�eNY�b n�b^kNw��fh)Y�c)kNW'h�[�_
W{kNW�U'b?d'g)c'[�U'[�_�_�]QkNj�eNY�bVU'b?d'g)c'[�U'U'w���s?_�b?s � �Z�'� [)]^[�n�[�|~j�h{k!Y�]?]^j�]ZkNb^q
� j�b?g�[�g)U'bL]^g)W�e'b?c'U'wxb � wxc'w�tJh�[�g)[�c'wxb�_�[�n�wxe'U'[�| ]^|~w ]QkNb�s?_�b?s � Y�|~W
U'b�y{_�kNy{�8g�]Zy���� b^kNwxb�h)Y�c�kNW'h'WutuU'b?d'g)c'[�U'U'wxb�s?_�b?s � w W�e'b?c'U'wxb � wxc'w
[�n��ub � W'U'y{��g�[�n�o�W'|pUNY�s?_)Y�U'W'b?| I h�[�|~`NY�h'g)U'wxb�[)]^g�Y�g)h'WGMZt<gA� hu��[�U'W�y{_�q
kNy{��g�]�y�h�[�U'b?e'U'wx|~W�`'c'[ � j�h'g�Y�|~W��?_�[LkN�8l'W'W�[�n�wxe'U'w���s?_�b?s � �<�V[�kNU'[�b
e'WN]QkN[�s?_�b?s � W3W{��[)]^g�Y�g)h�[�_�_�UNY�%5b?d ��YAk!Y�h'g�W'h�b�]^[)]^g�Y�_�kNy{b?g�`'[�c�y � h)Y
∼ 1011 �
��YLe'U'b?| ]�U'[�c'|:YAkN��U'w��%s?_�b?s � �x�V[ ]^_�[�W'|�]^_�[�dN]^g)_)Y�| [�U'W�|~[�X?j�g

]^W{kN��U'[a[�gCkNW'eNY�g)�)]Zy � c'j�X�[�g � c'j�XZY{t:[ � UNY�h�[\[)]^U'[�_�U'wx|~W}��Y�cNY�h'g)b?c'W{q
]^g)W'h)Y�|~W�s?_�b?s � t'[�`'c'b � b^kNy{��o�W'|~W�W{��]^g)c'[�b?U'W'bVW��?_�[LkN�8l'W'�Ft'y�_�kNy{�8g�q
]Zym_)]^b?X?[ g)c'W\`NY�cNY�|~b?g)cNY � UNYLeNYAkN��UNY�y%|:Y�]?]?Y M t,��W'|~W'e'bL]^h'W'd}]^[)]^gCY�_
��]^[ � b?c�z5Y�U'W'b�X?b^kNW'y%W%n�[�kNb?b�gAy{z�b^kNw��}��kNb?|~b?U'g)[�_\`'[a[�g)U'[(%�b?U'W'� h
_�[ � [�c'[ � j!��W�_�[�s?cNY�]^gC�

� "'&)& @ /9���)/(� kNb?z�Y�g�_�`'c'b � b^k!YA�#[�g ∼ 0.08 � [ ∼ 50 ÷ 100M�
t

`'c'W'e'b?|�e'b?|�n�[LkN�(%�bH|:Y�]?]?YFs?_�b?s � t'g)b?| c'b?zFbV[�U'W�_)]^g)c'b?eNY��8g�]Zy����VW'z�q
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U'W'd}`'c'b � b^kf]^_�y�sLY�U�]�U'b?_�[�s?|~[�z�U'[)]^g���� `'c'[�g�b?h)Y�U'W'y}g)b?c'|~[�y � b?c'U'w��
c'bLY�h'l'W'd�]^W'U'g)b?sLYH`'c'W�|~b?U'�(%5W{��s?UNYLe'b?U'W'y���|:Y�]?]^w�t�_�b?c)�{U'W'd

�
]�[�`'c'b^q

� b^kNy{��o�b?d�c'[LkN��� � Y�_�kNb?U'W'y W's^kNj�e'b?U'W'y�_�[�e'b?U'��|:Y�]?]^W'_�U'w��3s?_�b?s � YA�
W�]�cNY�s?_�W'g�W'b?|�`'j�kN�)]?Y�l'W'[�U'U'w���U'b?j)]^g�[�d'e'W'_�[)]^g)b?dut � b?dN]^g)_�W'b�h�[�g)[�c'w��
|~[�zFb?g�]^n�c'[)]^W'g)��W's?n�wxg)[�h |:Y�]?]^w��J�Vc'W�n��[�kN�(%5W{��|:Y�]?]?YA� ]^_�b?g)W'|~[)]^g)�
s?_�b?s � w � [)]^g)W'XZY�b?g�� �'� W'U'X?g)[�U'[�_)]^h'W'd�`'c'b � b^k LEdd ∼ 1038(M/M�)
� �?c'X
	A]�� t!]^g�Y�l'W'[�UNY�c'U'w���s?_�b?s � ]Vn�[LkNb?bH_�w ]^[�h�[�d ]^_�b?g)W'|~[)]^g���� U'b?gA�

��.A?V. 7 ��&)1,.�� &�+!&)(�"�� /9���)/(� � XZk!Y�_�U'wx| [�n�cNY�s?[�|xt�]^[ � b?c�z�Y�U'W'b
|~b?g�YAk'kN[�_{��[�`'c'b � b^kNy{b?g�h�[�� r�r W'l'W'b?U'g `'[�XZkN[�o�b?U'W'y _�b?o�bL]^g)_)Yfs?_�b?s^q
� w�t{e'g)[�]^h)Y�s?wx_)Y�b?g�]Zy�UNYF_)]^b^��b?bV`NY�cNY�|~b?g)cNYA��� cNY � W'j)]^b�t'l'b?U'g)cNYAkN��U'[�d
g)b?|~`'b?cNY�g)j�c'b8W�]^h�[�c'[)]^g)W�`'c'[�g)b?h)Y�U'W'y�y � b?c'U'w���c'bLY�h'l'W'd��Z�N�V[F]^_�[�b?|~j
�{W'|:]^[)]^g�Y�_�j�s?_�b?s � w � b^kNy{g�]�y�UNY � _)Y�n�[�kN�(%5W{��h{k!Y�]?]?Y�� UNY�]^b^kNb?U'W'y<�Z�!�
M';�=�
3#=
?M���.�� g)W'`NY�[�g�U'[)]Zy{g�]Zy�s?_�b?s � w n�b � U'wxb3gAy�zFb^kNwx|~W}��kNb?|~b?U'g�YAq
|~W%��]^[ � b?c�z5Y�U'W'b��ZkNb?|~b?U'g)[�_�gCy{zFb^kNb?b�X?b^kNW'y U'b�`'c'b?_�w %�Y�b?g�U'bL]^h�[LkN��q
h'W{� � bL]�y{g)w�� � [�kNb?d�`'c'[�l'b?U'g�YV`'[�|:Y�]?]^b��Z� � g�[V]^gCY�c'wxb�|:YAkN[�|:Y�]?]^W'_�U'wxb
s?_�b?s � w � h)Y�h#h)Y�c�kNW'h'W X�k!Y�_�U'[�da`'[)]ZkNb � [�_)Y�g)b^kN��U'[)]^g)Wut�gCY�h W#h'cNY�]^U'wxb
X?W'XZY�U'g)wV�Zt:cNY�]^`'[�kN[�zFb?U'U'wxb�_a] r b?c'W'e'bL]^h�[�df]^[)]^g�Y�_�kNy{��o�b?d%UNY�%�b?d%W
� c'j�X?W{��]^`'W'cNYAkN��U'w���XZYAk!Y�h'g)W'hut!_��)[ � y�o�W'b�_�]^[)]^g�Y�_�]^g�Y�c'w�� �F;���>A@����
=���>�)8#=
?M���� �<� MN;A=�
3#=
?M���.���� [�g)U'[)]Zy{g�s?_�b?s � w ]���W'|x��]^[)]^g�Y�_�[�|xt�n�kNW's^q
h'W'|ih ]^[�kNU'b?e'U'[�|~j\� UNY � [LkN����kNb?|~b?U'g)[�_�gCy{zFb^kNb?b�X?b^kNW'y�`'c'W{�)[ � W'g�]�y
[�h�[�kN[3��� `'[�|:Y�]?]^b��Z� � g�[�s?_�b?s � w � WN]^h�[�_�[�d#]^[)]^g�Y�_�kNy{��o�b?d UNY�%5b?d W
� c'j�X?W{��]^`'W'cNYAkN��U'w��}XZYAk!Y�h'g�W'h}W}_��)[ � y{o�W'b3_a]^[)]^g�Y�_a|~[LkN[ � w�� ��;A= 

=�
1!!MNM����%=���>�)8#=
?M���� �:��Y�s�t�W's3h�[�g�[�c'[�X?[ [�n�cNY�s?j���g�]Zy}s?_�b?s � w UNY�]^b^kNb^q
U'W'y O O t:eNY�]^g�W'e'U'[ay{_�kNy{b?g�]Zy�`'c'[ � j�h'g)[�| �?_�[LkN�8l'W'W�s?_�b?s � UNY�]^b^kNb?U'W'y
O W�`'[��?g)[�|~j�[�n�[�XZY�o�b?U#gAy�zFb^kNwx|~W ��W'|~W'e'bL]^h'W'|~W ��kNb?|~b?U'g�Y�|~W

�
`'c'[�q

� j�h'g�Y�|~W3y � b?c'U'[�d �?_�[LkN�8l'W'W s?_�b?s � `'c'b � w � j�o5W{� `'[�h�[LkNb?U'W'd W�`'c'b � q%5bL]^g�_�j��8o5W{� _)]^`'w %5b?h\]^_�b?c)�{U'[�_�w��<� ��Y�%5b�/ [LkNU'l'b�`'c'W'UNY � kNb?z�W'g3h
UNY�]^b^kNb?U'W'� O O g)W'`NY{� / j�o5bL]^g�_�[�_)Y�U'W'b3s?_�b?s � t ]^[)]^g�[�y{o5W{��l'b^kNW'h�[�| W's
`'b?c'_�W'e'U'[�X?[%_�b?o�bL]^g)_)Y{t U'b `'c'[(%�b � %5b?X?[%y � b?c'U'[�d�`'b?c'b?cNY�n�[�g�h'W � UNYAq
]^b^kNb?U'W'b O O O �Zt!y{_�kNy{b?g�]Zy�`'c'b � |~b?g�[�|iUNY�j�e'U'[�X?[�`'[�WN]^h)Y{�u�V[�h)Y�W's?_�bL]^g)U'[
kNW�%5��U'bL]^h�[LkN��h�[Vs?_�b?s � U'b?n�[LkN�(%�[�d�|:Y�]?]^w�tCUNYA�)[ � y{o5W{��]�y5_xXZYAkN[ UNY�%�b?d
��YAk!Y�h'g)W'h'Wut!h�[�g)[�c'wxbH`'cNY�h'g)W'e'bL]^h'W�kNW�%�b?U'w gAy{z�b^kNw����ZkNb?|~b?U'g)[�_'�

+8W'|~W'e'bL]^h'W'd�]^[)]^g�Y�_Vs?_�b?s � [�`'c'b � b^kNy{b?g�]Zy�`'[�W{��]^`'b?h'g)cNY�|x�9/ `'b?h'g)c
_�w��)[ � y{o�b?X?[�W's^kNj�e'b?U'W'y W's�Y�g)|~[)] r b?c'w�s?_�b?s � w�sLY�_�WN]^W'g3[�g r W's?W'e'b^q
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спектральный класс
O5 B0 A0 F0 G0 K0 M0 M8

O5 B0 A0 F0 G0 K0 M0 M8
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15
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л
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ос
ти

цеф
еи

ды

W
 V

ir

Ia-0

Ia

Ib

II

III

LPV

IV

V

V

VI
VIIHZ 21

EG 159
ZZ Cet

G 140-2

G 134-22

LP658-2

L1159-16

BD +19°5116 B

BD -20°4123

Sk -69°202

HD 93129 A

BS 8752

BD +19°5116 A

LP701-29

Процион B

Солнце

Мира

Фомальгаут

Сириус

Альтаир

Капелла Арктур

Альдебаран

Полярная

Бетельгейзе
Денеб

Ригель

Антарес
Канопус

Поллукс
RR Lyr

RV Tau

R CBr

22 And

Вега

Регул

Меропа

Процион A

Проксима

звезда Барнарда

Wolf 28

Wolf 359

Wolf 630 A, B

UV Cet
WX UMa

VB 8

VB 10

Kruger 60

η Cas B

η Boo (Муфрид)

β Cas (Саф)

δ Sct δ Boo
(Принцепс)

α UMa (Дубхе)

β Lyr (Шелиак)

δ Cep 

µ Cep (Гранатовая)

π Cyg 12 RW Cep

α Per (Мирфак)

α Aqr 
(Садал-
мелик)

λ Vel

η UMa
(Алькаид)

β Car (Миаплацидус)

ρ Cas

β UMa (Мерак)θ Ori C

ζ Oph (Хан)

ζ Pup (Наос)

β UMi (Кохаб)

β Com

γ Vir A, B
(Поррима)

β Pic

η Leo

ε Ind

ε Eri

ε Peg (Эниф)

ε Aur (Маац)

µ Cas

70 Oph

α Cen (Толиман)
n3 Ori

β And (Мирак)

61 Cyg

T Tau

Сириус B

GD 358

40 Eri B
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]^h�[�X?[�]^[)]^g)[�y{U'W'y�`{k!Y�s?|~w W�b?bV�{W'|~W'e'bL]^h�[�X?[�]^[)]^g�Y�_)Y�� e'b?c'b?sHh�[�� r�r W{q
l'W'b?U'g)w�W's^kNj�e'b?U'W'y#W#`'[�X�kN[�o5b?U'W'y<�Z�~�V[3]^_�[�W'| ]^`'b?h'g)cNYAkN��U'wx| ]^_�[�d{q
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]^g)_)Y�| s?_�b?s � wm`'[ � cNY�s � b^kNy{��g�]ZyFUNY�]^`'b?h'g)cNYAkN��U'wxb�h{k!Y�]?]^w�t�[�n�[�s?UNY�eNY�b^q
|~wxb n�j�h'_)Y�|~W � t R t ��t ��t �Ft � t � t � � [)]^U'[�_�U'wxb8]^`'b?h'g)cNYAkN��U'wxb�h{k!Y�] q
]^wV��_�`'[�c�y � h�b�j�n�wx_)Y�U'W'y�� r�r b?h'g)W'_�U'[�d�g)b?|~`'b?cNY�g)j�c'w [�g ∼ 30000 �� [ ∼ 2000 �

��H � U'[�|~j�W�g)[�|~j�zFb�]^`'b?h'g)cNYAkN��U'[�|~j�h{k!Y�]?]^j�|~[�X?j�g5]^[�[�g�q
_�b?g�]^g)_�[�_)Y�g�� s?_�b?s � w cNY�s?U'w���cNY � W'j)]^[�_'�C� � [�n�U'wx|�X?cNY r W'e'bL]^h'W'|�`'c'b � q
]^g�Y�_�kNb?U'W'b?| ]^[)]^g)[Cy{U'W'yis?_�b?s � w [�h)Y�sLYAk!Y�]^�%_�_�b � b?U'UNY�yi_�UNY�eNYAkNb�+ +
_�b?h)Y � WNY�X?cNY�|~|:Yfl'_�b?g

�
]^_�b?g)W'|~[)]^g)� � W{kNW ]^_�b?g�W'|~[)]^g)�

�
� r�r b?h'g)W'_�UNY�y

g)b?|~`'b?cNY�g)j�cNY��Zt!UNY�s?wx_)Y�b?|:Y�y ,��';&: ��;�4 4V>�� � 
0�3O��2)
�+7�M�:�; � � ;�=?=�
3#!; ��� )��
� � 
 ����� � 
���
�	 �

�
� 
 � � 
	� ������]^|x�0c'WN]��,���$#A�Z� ��Y��?g)[�d � WNY�X?cNY�|~|~b�UNY�W'n�[�kNb?b

[�g)e'b?gCkNW'_�[�`'c'[)]QkNb?z�W'_)Y�b?g�]�y :<#!;�@�M';?! )'>A=1#%
-,A>�@C;�K2
3#=D)M'>A=LK D � ���Zt{_�W � q
U'w _�b?g)_�W�X?W'XZY�U'g�[�_ � O O t O O O � W�]^_�b?c)�{X?W'XZY�U'g)[�_ � O�� t O ���Zt�Y�g�Y�h'z�b�_�b?g)_��
]^j�n�h)Y�c)kNW'h�[�_m� � O � W n�b^kNw�� h)Y�c)kNW'h�[�_\� � O O �Z���<_�b?s � w�X�k!Y�_�U'[�da`'[)]ZkNb^q
� [�_)Y�g)b^kN��U'[)]^g)W�UNY�W'n�[�kNb?b�|~U'[�X?[�e'WN]ZkNb?U'U'wxb�t�gA� hu���?g)[Vs?_�b?s � w�t)_�U'b � cNYA�
h�[�g�[�c'w���W � b?g�g)b?c'|~[Cy � b?c'U'[�bFX?[�c'b?U'W'b5_�[ � [�c'[ � Y{� � g)[�]?Y�|:Y�y�`'c'[ � [�k'q
z�W'g)b^kN��UNY�y�]^g�Y � W'y��?_�[�kN��l'W'W�s?_�b?s � w��N�V[)]ZkNb � j��8o5W'b��?_�[�kN��l'W'[�U'U'wxb
]^g�Y � W'W}_�`{kN[�g�� � [#[�n�cNY�s?[�_)Y�U'W'y�h�[�|~`NY�h'g)U'[�X?[\[)]^g�Y�g)h)Y `'[ � kNW'g)b^kN��q
U'[)]^g)Wi]^[)]^g�Y�_�kNy{��g\[�h�[�kN[ #?� � _�c'b?|~b?U'Wfz�W's?U'Wis?_�b?s � w UNYaX�k!Y�_�U'[�d
`'[)]QkNb � [�_)Y�g�b^kN��U'[)]^g)Wu�

��+N/�*0"'&)(�/9���)/(�
�
[�l'b?U'W'_)Y�b?g�]�y�g)b?[�c'b?g)W'e'bL]^h'Wut�eNY�o5b8_)]^b?X?[5`'[�`'[�q

kN[�zFb?U'W'�%UNY � WNY�X?cNY�|~|~bx�8)0t�`'[)]^h�[LkN��h'jF[�U'[8|~b?U'y�b?g�]Zy5_8g)b?e'b?U'W'b�z�W's^q
U'W�s?_�b?s � w��{��UNY�%�b?d���YAk!Y�h'g)W'h�b�t{h)Y�h�W�_ � c'j�X?W{��XZYAk!Y�h'g)W'h)YA��t�UNY�n�kN��q
� Y��8g�]Zy�s?_�b?s � w�]?Y�|~w���cNY�s^kNW'e'U'w���_�[�s?cNY�]^g)[�_

�
[�g�UNYA�)[ � y�o�W{��]Zy�b?o�b

UNY ]^g�Y � W'W [�n�cNY�s?[�_)Y�U'W'y � [�]^g�Y�c'w��as?_�b?s � ]�_�[�s?cNY�]^g)[�|2#?�
�
#L
�|EkNc � �

kNb?gA����[�s?cNY�]^g�]^g�Y�c'w���s?_�b?s � W's^q sLY�W{��|~b � kNb?U'U'[�d��?_�[LkN�8l'W'W�[�l'b?U'W'_)YAq
b?g�]�y\]�n�[LkN�(%�[�d%[(%�W'n�h�[�d � U'bL]^h�[LkN��h�[\|EkNc � �EkNb?gN�Z�E��[�s?cNY�]^g�/ [�kNU'lNY
]^e'W'g�Y�b?g�]�y�cNY�_�U'wx|}`'c'W'|~b?c'U'[���|EkNc � �'kNb?gA�

� Y�]?]?Y{t���W'|x� ]^[)]^gCY�_\Wp_�[�s?cNY�]^g�[�`'c'b � b^kNy{�8g}`'[LkN[Cz�b?U'W'b s?_�b?s � w
UNY � WNY�X?cNY�|~|~b5�8)0t!Y{t']QkNb � [�_)Y�g�b^kN��U'['t!W�g�Y�h'W'b8��Y�cNY�h'g�b?c'WN]^g)W'h'W�s?_�b?s �
h)Y�hm� r�r b?h'g)W'_�UNY�ymg)b?|~`'b?cNY�g)j�cNY

Teff
WmcNY�s?|~b?c

R
�E�V[)]QkNb � U'W'd%[�l'b^q

U'W'_)Y�b?g�]�y�kNW'n�[�]�WN]^`'[�kN��s?[�_)Y�U'W'b?|}sLY�h�[�UNY / g)b r Y�UNY
�
��[LkN��l'|:Y�UNY��
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4πR2σBT
4
eff

tvX � b L � n�[LkN[�|~b?g)c'W'e'bL]^h)Y�yp]^_�b?g)W'|~[)]^g)� s?_�b?s � wV�Zt�kNW'n�[
UNY�[)]^U'[�_)Y�U'W'W `'c�y{|~w���W'U'g)b?c r b?c'[�|~b?g�c'W'e'bL]^h'W{� W's?|~b?c'b?U'W'd j�XZkN[�_�w��
cNY�s?|~b?c'[�_�� g�[LkN��h�[ � kNy�n�kNW's?h'W{�Hs?_�b?s � �Z� OVU'g)b?c'_)YAkFs?UNYLe'b?U'W'd�cNY�s?|~b?c'[�_
s?_�b?s � r Y�U'g�Y�]^g�W'e'bL]^h'W _�b^kNW'h � [�g�_�b^kNW'e'W'U'w `'[�c�y � h)Y<#?�

�
����h'| � kNy
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U'b?d'g)c'[�U'U'w���s?_�b?s �i� [mcNY�s?|~b?c'[�_'tx]^[�`'[)]^g�Y�_�W'|~w��i]�cNY�s?|~b?cNY�|~Wp_)]^b?d
/ [LkNU'b?e'U'[�d `{k!Y�U'b?g)U'[�d3]^WN]^g)b?|~w � kNy�h'cNY�]^U'w���]^_�b?c���X?W'XZY�U'g)[�_'�
� �!+ � ��� .�$�/ �3�)/���:,+!& � ��; � "��3�0+�� :,+!& � ���:+��!"'(�� � � �0+�&)('. ���V[�q

]QkNb�_�wxX?[�cNY�U'W'y�_�[ � [�c'[ � Y5s?_�b?s � Y5[�g��)[ � W'g5[�g5XZk!Y�_�U'[�d�`'[)]QkNb � [�_)Y�g)b^kN��q
U'[)]^g)Wm_ ]^g�[�c'[�U'j#h'cNY�]^U'w��\X?W'XZY�U'g�[�_'�E�Vc'Wm�?g)[�| cNY � W'j)]�s?_�b?s � w n�w�q
]^g)c'[�j�_�b^kNW'e'W'_)Y�b?g�]�y�tu� r�r b?h'g)W'_�UNY�y�g)b?|~`'b?cNY�g)j�cNY�`NY � Y�b?gA��O�]^g)[�e'U'W'h
�?U'b?c'X?W'W�h'cNY�]^U'w��}X?W'XZY�U'g�[�_

�
X?[�c'b?U'W'b _�[ � [�c'[ � Y _ ]QkN[�b�t�[�h'c'j�z5Y���q

o5b?| X?b^kNW'b?_�[�b�y � c'['� ��Y#n�[LkNb?b `'[�s � U'W{��]^g�Y � W'y����?_�[LkN�8l'W'Wi_ay � c'b
s?_�b?s � w%`'c'[�WN]Z�)[ � W'gFX?[�c'b?U'W'b�X?b^kNW'y�W�b?X?[�`'c'b?_�cNY�o�b?U'W'b8_�j�XZkNb?c'[ � t�j�X^q
kNb?c'[ � Y�_5h'WN]ZkN[�c'[ � W�gA� � �)_�`{kN[�g)� � [5�ZkNb?|~b?U'g�[�_�X?c'j�`'`'w%zFb^kNb?sLY{�9K�b?c{q
|~[�y � b?c'U'wxbVc'bLY�h'l'W'W�X?[�c'b?U'W'y�h)Y�z � [�X?[F]QkNb � j���o�b?X?[F��kNb?|~b?U'g�Y�`'c'[�WN] q
�)[ � W'g�_�[�_)]^b�_�[�s?cNY�]^g�Y��8o5b?|pg)b?|~`'b����HkNy s?_�b?s � ]�UNYLeNYAkN��U'[�da|:Y�]?]^[�d
M < 8− 10M�

�?_�[LkN�8l'W'y�sLY�h)Y�U'e'W'_)Y�b?g�]Zy�[�n�cNY�s?[�_)Y�U'W'b?|%n�b^kN[�X?[�h)Y�c{q
kNW'h)Y{�J�Vc'W��?g)[�|fs?_�b?s � Y�UNYA�)[ � W'g�]�y UNY�]?Y�|~[�|p_�b?c���j�_�b?g)_�W�X?W'XZY�U'g)[�_'�
H�n�cNY�s?[�_)Y�U'W'ban�b^kN[�X?[}h)Y�c�kNW'h)Y}]^[�`'c'[�_�[�z � Y�b?g�]Zy�[�g�U'[)]^W'g)b^kN��U'[�|~b � q
kNb?U'U'wx|�WN]^g)b?e'b?U'W'b?|�[�n�[�kN[�e'h'Wa_�[�h'c'j�z5Y��8o5j�� ]^c'b � j��!/ n�c'[(%�b?U'UNY�y
[�n�[LkN[�e'h)Y5h'cNY�]^U'[�X?[5X?W'XZY�U'g�YVeNY�]^g)[5UNY�n�kN� � Y�b?g�]Zy�_�_�W � b )�#N;�M�
?KF;��<M'>��
K27 4V;�MNM'>A=LK2� _�[�h'c'j�X�X?[�c�y{e'b?X?[�y � cNY{t<_�`'[)]QkNb � ]^g)_�W'W�[)]^g)wx_)Y��8o5b?X?[�W
[�n�cNY�s?j��8o5b?X?[�n�b^kNwxd�h)Y�c)kNW'hu�u��[LkNb?b5|:Y�]?]^W'_�U'wxb�s?_�b?s � w _�s?c'wx_)Y���g�]Zy
h)Y�h ]^_�b?c���U'[�_�wxb�g�Y�h'zFb5UNYA�)[ � y']^��UNY�]^g�Y � W'W�h'cNY�]^U'[�X?[�]^_�b?c���X?W'XZY�U'gCY{�
�\sLY�_�WN]^W'|~[)]^g)W�[�gV�{W'|~W'e'bL]^h�[�X?[�]^[)]^gCY�_)YV_)]^`'w %5h)Y5]^_�b?c���U'[�_�[�d�|~[�zFb?g
`'c'[�W's?[�d'g)Wmb?o5b�UNY�]^gCY � W'W X?[�kNj�n�[�X?[ ]^_�b?c)�{X?W'XZY�U'g�Y{tEh)Y�h\_�]QkNj�eNY�b�]^[
]^_�b?c)�{U'[�_�[�d #L
��)�AY�_���[LkN�(%�[�|�� Y�X?b^k'k!Y�U'[�_�[�| H�n�k!Y�h�b��!��c'b?s?j�kN��gCY�g)b
_)]^`'w %5b?hm]^_�b?c)�{U'[�_�w��#[�n�cNY�s?j��8g�]�y#]^_�b?c)�{`{kN[�g)U'wxb�U'b?d'g)c'[�U'U'wxb�s?_�b?s^q
� w�W{kNWae'b?c'U'wxb � wxc'w��0� Y�]?]?Y�U'b?d'g)c'[�U'U'[�das?_�b?s � w U'b�`'c'b?_�w %�Y�b?g 

M�

����[LkNb?bx`'[ � c'[�n�U'[H�?_�[LkN�8l'W'y�s?_�b?s � cNY�s?U'w��F|:Y�]?]�cNY�]?]^|:Y�g)c'W'_)Y�b?g�]�y
_�XZk!Y�_�bF���

�$#��$# ��C?),13I +?5F1�2,G,6 I�5.6 I��
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�<_�b?s � w [�n�cNY�s?j���g�]�y _ c'b?s?j�kN��g�Y�g�biX?cNY�_�W'gCY�l'W'[�U'U'[�d � � z�W'UN]^[�_�q
]^h�[�d���U'b?j)]^g�[�d'e'W'_�[)]^g)W�_m�)[LkN[ � U'w���`{kN[�g)U'w��f|~[LkNb?h'j�kNy{c'U'w���[�n�k!YAq
h)YA�<� ),Y�]?]^|~[�g)c'W'| �?g)j�U'b?j)]^g)[�d'e'W'_�[)]^g)� `'[ � c'[�n�U'b?b����Vc'[)Y�UNYAkNW's?W'c'[�q
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_)Y�_ kNW'U'bLY�c'W's?[�_)Y�U'U'j�� ]^WN]^g)b?|~j j�cNY�_�U'b?U'W'd�XZY�s?[ � W'UNY�|~W'h'W � kNy\W � b^q
YAkN��U'[�X?[�XZY�sLY{t�[�`'WN]^wx_)Y���o�j���c'[)]^g�|:YAkNw���_�[�s?|~j�o5b?U'W'da_�W � Y ρ(t) =

A exp{i(ωt + κr)} t<�5z�W'UN]�� #L
��)����_�`'b?c'_�wxb�`'[�h)Y�sLYAkJt�e'g)[3W's?UNYLeNYAkN��qU'[�[ � U'[�c'[ � UNY�y�X?cNY�_�W'g)W'c'j��8o�Y�y�]^c'b � Y�]�`{kN[�g)U'[)]^g)��� ρ0
U'b?j)]^g)[�d'e'W{q

_)Y�`'[ [�g)U'[(%�b?U'W'� h�|:YAkNwx| kNW'U'b?d'U'wx| _�[�s?|~j�o�b?U'W'y�| `{kN[�g)U'[)]^g)W}]
��Y�cNY�h'g)b?c'U'wx|f|:Y�]&%5g�Y�n�[�|xtu`'c'b?_�w %FY���o�W'|

λJ ≈ cs/
√
π/Gρ0

�J� � bL]^�
cs =

√
dP/dρ =

√
γRT/µGρo �

]^h�[�c'[)]^g)��s?_�j�h)Y�_3]^c'b � b�]�|~[LkNb?h'j�q
kNy{c'U'wx|�_�bL]^[�|

µ
tLg)b?|~`'b?cNY�g�j�c'[�d

T
W�`'[�h)Y�sLY�g�b^kNb?|�Y � WNY�n)Y�g)w γ �C��|:Y�] q%5gCY�n)YA��|~b?U'�(%5W{� � z�W'UN]^[�_)]^h�[�d � kNW'U'wi_�[LkNU'w λJ

_�[�s?|~j�o5b?U'W'y�`'c'b � q
]^g�Y�_�kNy{�8gH]^[�n�[�d�Y�h'j)]^g)W'e'bL]^h'W'b�h�[LkNb?n)Y�U'W'y�� / h�[�c'[)]^g)�Hc'[)]^gCYV_�[�s?|~j�o�b^q
U'W'd�`{kN[�g)U'[)]^g�W�[�`'c'b � b^kNy{b?g�]Zy�g�[LkN��h�[�UNYLeNYAkN��U'[�d `{kN[�g)U'[)]^g)��� ]^c'b � w
W�U'bHsLY�_�WN]^W'g�[�g�|:Y�]&%5g�Y�n)Y�_�[�s?|~j�o5b?U'W'y � δρ/ρ0 ∼ eωt t ω ' √

Gρ0
�

�V[�|~b?c'bF]�z5Y�g)W'y�`{kN[�g)U'[)]^g)��[�n�[)]^[�n�W'_(%5b?dN]�y [�n�k!Y�]^g�W3_�[�s?cNY�]^g�Y�b?gAt
� z�W'UN]^[�_)]^h)Y�y � kNW'UNY�_�[LkNU'w j�|~b?U'�(%FY�b?g�]Zy�W5`'[Cy�_�kNy{b?g�]�yH_�[�s?|~[�z�U'[)]^g)�
r cNY�X?|~b?U'g�Y�l'W'W#]^c'b � w UNY�|~b^kNh�[�|:Y�]&%�g�Y�n�U'wxb�[�n�cNY�s?[�_)Y�U'W'y����V[��?g)[�|~j
s?_�b?s � w�_)]^b?X � Y�c'[�z � Y���g�]�y�X?c'j�`'`NY�|~W ��]^h�[�`{kNb?U'W'y{|~Wut�h�[�|~`{kNb?h�]?Y�|~W��Z�
��[LkN[ � wxb�|:Y�]?]^W'_�U'wxb X?[�c�y{e'W'bxs?_�b?s � w}UNY�n�kN� � Y��8g�]Zy�`'[�e'g)W�WN]^h{kN�8e'W{q
g)b^kN��U'[�_ H8� q Y�]?]^[�l'WNY�l'W'y����

),Y�]?]^|~[�g)c'W'|R5 & � +��!.!��-�*0"�;(? �9�0(�" � .0. ]�z�W'|:Y��8o5b?X?[)]Zy�[�n�k!Y�h)Y{�
�Vj)]^g)� W � bLYAkN��U'wxdFXZY�s ]�z�W'|:Y�b?g�]�y5Y � WNY�n)Y�g)W'e'bL]^h'Wu� H�g)U'[(%5b?U'W'b�g)b?`{kN[�q
b?|~h�[)]^g�b?d

γ = Cp/Cv
���8cNY�_�U'b?U'W'bH]^[)]^g)[�y{U'W'y�|~[�z�U'[�sLY�`'WN]?Y�g)��_F_�W � b

P = Kργ �!�5z�W'UN]^[�_)]^h)Y�y�|:Y�]?]?Y MJ ∼ ρλ3
J ∼ T 3/2ρ−1/2 �POVs�j�cNY�_�U'b^qU'W'y�]^[)]^g)[Cy{U'W'y

T ∼ ργ−1 t�[�g)h'j � Y�]QkNb � j�b?gAt�e'g)[ MJ ∼ ρ(3/2)γ−2 ���:]ZkN[�q_�W'b�j)]^g�[�d'e'W'_�[)]^g)Wa[�g)U'[)]^W'g�b^kN��U'[ r cNY�X?|~b?U'g�Y�l'W'W\`'c'Wac'[)]^g)b�`{kN[�g)U'[�q
]^g)W bL]^g)�

dMJ/dρ > 0
tJgA� b��

γ > 4/3
�AK�Y�hut�W � bLYAkN��U'wxda[ � U'[)Y�g�[�|~U'wxd

XZY�s�]
γ = 5/3

j)]^g)[�d'e'W'_�[�g)U'[)]^W'g)b^kN��U'[ � z�W'UN]^[�_)]^h�[�d r cNY�X?|~b?U'g�Y�l'W'W
`'c'W�Y � WNY�n)Y�g)W'e'bL]^h�[�| ]Zz�Y�g)W'WutAY�`'c'W�W's?[�g�b?c'|~W'e'bL]^h�[�|#]Zz�Y�g)W'W�� γ = 1

�
r cNY�X?|~b?U'g�Y�l'W'y�|~[Cz�b?g�`'c'[�WN]Q�)[ � W'g��'�

)0bLYAkN��U'[5|~[Cz�U'[H[�z�W � Y�g)� γ ≈ 1
t)`'[)]^h�[LkN��h'j�_�c'b?|~y�j��)[ � YH�?U'b?c'X?W'W

W's�[�n�k!Y�h)Y�|~b?U'�(%5ba_�c'b?|~b?U'W ]Zz5Y�g�W'y<t�`'[��?g)[�|~j r cNY�X?|~b?U'g�Y�l'W'y � b?d{q
]^g)_�W'g)b^kN��U'[ � [LkNz�UNY3|~b?g)� |~bL]^g)[ `'c'W r [�c'|~W'c'[�_)Y�U'W'W�s?_�b?s � � �V[ �?g�Y
W � bLYAkNW's?W'c'[�_)Y�U'UNY�yih)Y�c'g)W'UNY j)]QkN[Cz�U'y{b?g�]Zy�g)b?|xt:e'g)[ _aU'b?d%U'b3j�e'g)b^q
UNY�`'b?c'_�[�UNYLeNYAkN��UNY�yiU'b?[ � U'[�c'[ � U'[)]^g)� ]^c'b � w�t b?b�_�cNY�o5b?U'W'b W�sLY�|:Y�X^q
U'W'e'b?U'U'[)]^g)�a��]^|x�uU'W'zFb��Z��� ]Zz�W'|:Y���o�b?|:]Zy#XZY�s?[�_�[�|�[�n�k!Y�h�b�t�h�[�g)[�c'[�b
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�?_�[LkN�8l'W'[�U'W'c'j�b?g�_�[ � W'U'[�e'U'j�� s?_�b?s � j�t r [�c'|~W'c'j�b?g�]�y n�[�kNb?b�`{kN[�g)U'[�b
W�n�w ]^g)c'[5]�z�W'|:Y��8o5b?bL]Zy�y � c'['t�[�h'c'j�z�b?U'U'[�b�`'c'[�gCy{zFb?U'U'[�d�n�[LkNb?b�cNY�s^q
c'b?z�b?U'U'[�d\� U'[�g�Y�h'zFb�U'b?[ � U'[�c'[ � U'[�d�W�]�z�W'|:Y���o�b?dN]Zy<��[�n�[LkN[�e'h�[�du�

�5[�g)b^�3`'[�cut�`'[�h)Y�l'b?U'g)cNYAkN��UNY�y g)b?|~`'b?cNY�g)j�cNY�W�`{kN[�g)U'[)]^g)��U'b � [�q
]^g�Y�g)[�e'U'w � kNy�UNY�eNYAk!Y�g)b?c'|~[Cy � b?c'U'w���c'bLY�h'l'W'd ]^W'U'g)b?sLY{tN`'c'W3]�z5Y�g)W'W
`'c'[�WN]Q�)[ � W'g�_�w � b^kNb?U'W'b�X?cNY�_�W'g�Y�l'W'[�U'U'[�di�?U'b?c'X?W'Wut�[�h�[LkN[\`'[LkN[�_�W'U'w
h�[�g)[�c'[�dut�_�]^[�[�g)_�b?g�]^g)_�W'W#]�g)b?[�c'b?|~[�d _�W'c'WNYAk!Y{t0W � b?g�UNY�j�_�b^kNW'e'b?U'W'b
g)b?`{kN[�_�[�d��?U'b?c'X?W'Wut�YV[)]^gCYAkN��UNY�y�eNY�]^g)��j��)[ � W'gH_�_�W � b W's^kNj�e'b?U'W'y�� � g�Y
r Y�sLY �?_�[LkN�8l'W'W\UNY�s?wx_)Y�b?g�]Zym]^g�Y � W'b?d |~[�kN[ � [�d�s?_�b?s � w�� / z5Y�g)W'b�|~[�q
kN[ � [�d}s?_�b?s � w [)]^gCY�UNY�_�kNW'_)Y�b?g�]Zy�]�UNYLeNYAkN[�| g)b?c'|~[�y � b?c'U'w��mc'bLY�h'l'W'd
`'c'b?_�cNY�o5b?U'W'y�_�[ � [�c'[ � Y�_�X?b^kNW'dut{h�[�X � Y�s?_�b?s � Y�[�h)Y�s?wx_)Y�b?g�]�y�UNYFX�k!Y�_�q
U'[�d�`'[)]QkNb � [�_)Y�g�b^kN��U'[)]^g)W � WNY�X?cNY�|~|~w �8)��

N:]ZkNW�n�w X?W'XZY�U'g�]^h'W'b5|~[�kNb?h'j�kNy�c'U'wxb�[�n�k!Y�h)Y�_���YAk!Y�h'g)W'h�b�� W{��U'b^q
]^h�[�kN��h�[8g)w ]Zy{e���]^_�[�n�[ � U'[�]Zz�W'|:YAkNWN]^��W's^q sLYxX?cNY�_�W'g�Y�l'W'[�U'U'[�d�U'b?j)]^g)[�d{q
e'W'_�[)]^g)Wut~g)[ sLY _�c'b?|~y ∼ 106 kNb?g�W's�U'W{�\[�n�cNY�s?[�_)YAkNWN]^�#n�w�s?_�b?s � w��K�Y�h�h)Y�h�`'[LkNUNY�y�|:Y�]?]?YV|~[�kNb?h'j�kNy�c'U'[�X?[5_�[ � [�c'[ � YH_V��YAk!Y�h'g)W'h�b MH2

∼
109M�

tAg)[8g)b?|~`Fs?_�b?s � [�[�n�cNY�s?[�_)Y�U'W'y�]^[)]^g�Y�_�W{k�n�w 109/106 = 103M�
_

X?[ � ��H � UNY�h�[FUNY�n�kN� � Y�b?|~[�b�s?UNYLe'b?U'W'bVg)b?|~`NY5s?_�b?s � [�[�n�cNY�s?[�_)Y�U'W'y�_���YAq
k!Y�h'g)W'h�b

�
U'bL]^h�[LkN��h�[

M�
_HX?[ � � � g�[HsLY�|~b � kNb?U'W'b�s?_�b?s � [�[�n�cNY�s?[�_)Y�U'W'y

[�n�j)]QkN[�_�kNb?U'[ r Y�h'g�[�cNY�|~WutC`'c'b?`'y{g�]^g)_�j��8o5W'|~W�]Zz5Y�g)W'�Ft�WF`'c'b?z � b�_)]^b^q
X?[H_�cNY�o5b?U'W'b?|\XZY�sLY�W�|:Y�X?U'W'g�U'wx|#`'[LkNb?|i� W's^q sLY�_�|~[�c'[�zFb?U'U'[)]^g)W�`'[�kNy
_�h�[)]^|~W'e'bL]^h'j�� `{k!Y�s?|~j��Z� / � c'j�X?[�d�]^g)[�c'[�U'w�t~]Zz5Y�g�W'� XZY�sLY�]^`'[)]^[�n�q
]^g)_�j���g�j � Y�c'U'wxb�_�[LkNU'w `'c'W�cNY�]&%�W'c'b?U'W'W#[)]^g�Y�g)h�[�_�_)]^`'w %�b?h ]^_�b?c)��q
U'[�_�w��<t']^`'W'cNYAkN��U'wxbH_�[�kNU'wf`{kN[�g)U'[)]^g)W�W�s?_�b?s � U'wxd�_�b?g�b?c�[�gFX?[�c�y{e'W{�H8� q s?_�b?s � ��`'c'W#�?g)W{��`'c'[�l'bL]?]?YA�#_�[�s?cNY�]^g�Y�b?g�`{kN[�g�U'[)]^g)��XZY�sLY{t�Y�n�[�kNb?b
_�w ]^[�h)Y�y�`{kN[�g)U'[)]^g)��]^`'[)]^[�n)]^g�_�j�b?g�b?X?[�n�[LkNb?b5n�w ]^g)c'[�|~j�[)]^g)wx_)Y�U'W'���
� � � � ��� � � .�$A�,.A� ��*0"' � �,.J$ �," & �3"'('.!�

��`'c'[)]^g)b?d�%5b?|}]ZkNj�eNY�b�t'[ � U'[�c'[ � U'[�bH_�cNY�oFY���o�b?bL]Zy�[�n�k!Y�h�[�|~[�zFb?g
]Zz�W'|:Y�g��)]Zy `'[�_)]^b?|fUNY�`'cNY�_�kNb?U'W'y{|pg)[�kN��h�[ � [�[�`'c'b � b^kNb?U'U'[�X?[�cNY � W{q
j)]?Y{tusLY�_�WN]Zy{o5b?X?[�[�g�j�X�kN[�_�[�X?[�|~[�|~b?U'g�Y{��N:]ZkNW#[�n�[�s?UNYLe'W'g��

αrot
[�g)U'[�q

%5b?U'W'b��?U'b?c'X?W'W3_�cNY�o5b?U'W'y3h�X?cNY�_�W'g�Y�l'W'[�U'U'[�d3�?U'b?c'X?W'W

αrot ∼
MV 2

GM2/R
∼ J2

GM3R
,
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X � b V � ]^h�[�c'[)]^g)�5UNYV�?h'_)Y�g)[�c'b�_�cNY�o5b?U'W'y�t J = IΩ ∼MRV �
j�X�kN[�_�[�d

|~[�|~b?U'gAtNg)[�j)]QkN[�_�W'b?|f]Zz5Y�g�W'y�|~[Cz�U'[�]^e'W'g�Y�g)�
αrot < 1

�
�Vc'W�]^[���cNY�U'b?U'W'W

J
]�j�|~b?U'�(%5b?U'W'b?|

R
[�g)U'[(%�b?U'W'b

αrot
cNY�]^g)b?gAt

`'[�h)Y#UNYa�?h'_)Y�g)[�c'b U'b3n�j � b?g � [)]^g)W'X?U'j�g�[#l'b?U'g)c'[�n�b?z�U'[�b�cNY�_�U'[�_�bL]^W'b
V 2/R = GM/R2 ���V[)]ZkNbx�?g)[�X?[V�?h'_)Y�g)[�c'WNYAkN��U'[�b ]Zz�Y�g)W'b�[)]^g�Y�UNY�_�kNW'_)YAqb?g�]�y<t�W�[�n�k!Y�h�[�|~[Cz�b?gF`'c'[ � [�kNz�W'g)��]Zz5Y�g)W'b�g)[LkN��h�[�_ � [�kN��|:YAkN[�d�[)]^Wu�
�Vc'W��?g)[�|m`{kN[�g)U'[)]^g)��[�n�k!Y�h)Y�_�[�s?cNY�]^g�Y�b?g�_�`'c'[�l'bL]?]^b5]^`{kN�8o5W'_)Y�U'W'y

�� [Vb?X?[ r cNY�X?|~b?U'g�Y�l'W'W�UNYV[�g � b^kN��U'wxb r cNY�X?|~b?U'g)w�t�[�n�cNY�o�Y��8o5W'bL]�y�_�[�q
h'c'j�Xxl'b?U'g)cNY8|:Y�]?]����V[)]^h�[�kN��h'jFn�[�kN�(%�Y�y�eNY�]^g��8j�XZkN[�_�[�X?[5|~[�|~b?U'g�YV`'c'W
�?g)[�|�`'b?c'b?d � b?g�h [�c'n�W'g�YAkN��U'[�|~j � _�W'zFb?U'W'�Ft�_�[�s?U'W'h�%�W'b r cNY�X?|~b?U'g)w
[�h)Y�z�j�g�]Zy � YAkNb?h'W'|~W�[�g�l'b?U'g)c'[�n�b?z�U'[�X?[�cNY�_�U'[�_�bL]^W'y�t~Wm]?Y�|~Wm|~[�X?j�g
WN]^`'wxg)wx_)Y�g)�5g)c'b^��|~b?c'U'[�b8]Zz5Y�g�W'b�t)`'[�h)YHc'[)]^g

αrot
_�U'[�_��5U'b�[)]^g�Y�U'[�_�W'g

]Zz�Y�g)W'b�� bL]ZkNW�h��?g)[�|~j�_�c'b?|~b?U'W�U'b�`'c'[�W's?[�d � b?g�j�|~b?U'�(%�b?U'W'b�|~[�|~b?U'g�Y
_�cNY�o5b?U'W'y�t0UNY�`'c'W'|~b?cutJW's^q sLY�`'b?c'b � YLe'Wa|~[�|~b?U'g�Y�[�h'c'j�z5Y���o�b?d#]^c'b � b
e'b?c'b?sH|:Y�X?U'W'g)U'[�b5`'[LkNb��Z�

�8e'b?g�U'b?[ � U'[�c'[ � U'[)]^g)W�[�n�k!Y�h)Y{t!cNY�]^g)j�o�b?d�_�`'c'[�l'bL]?]^b�]�z5Y�g)W'y�t{j)] q
kN[�z�U'y�b?g�h)Y�c'g)W'U'j��{��Y�h�`'[�h)Y�sLYAkNW�|~[ � b^kN��U'wxbVcNY�]^e'b?g)w�t�]Zz5Y�g)W'b�[�n�k!YAq
h)YHh)Y�h�l'b^kN[�X?[�_�[�s?|~[Cz�U'[5kNW�%��5`'c'W�|~b � kNb?U'U'[�| _�cNY�o�b?U'W'Wu�{�Vc'W�`'c'W{q
n�kNW'zFb?U'W'W

αrot
h5b � W'U'W'l'b�[�n�k!Y�h�[8`'b?c'bL]^gCY�b?g�_�cNY�oFY�g)�)]Zy�]v`'[)]^g�[�y{U'U'[�d

j�XZkN[�_�[�d ]^h�[�c'[)]^g)���FtJW |:Y�h�]^W'|~j�| `{kN[�g)U'[)]^g�W _�U'j�g)c'W [�n�k!Y�h)Y3[�h)Y�s?w�q
_)Y�b?g�]�yaUNY [�`'c'b � b^kNb?U'U'[�|�cNY�]?]^g)[Cy�U'W'Wm[�g [)]^Wm_�cNY�o5b?U'W'y��:��[�s?U'W'h)Y�b?g
%5W'c'[�h�[�b5h�[LkN��l'['t<h�[�g)[�c'[�b � c'[�n�W'g�]Zy�UNY�]�z�W'|:Y���o�W'bL]Zy r cNY�X?|~b?U'g�w��
� � ��� 	8� � � .�$A�,.A� ?V"�;(�,.0(��,+�;�+�:,+ � $C�," & �3"'('.A�

�Vc'W j)]QkN[�_�W'Wm_�|~[�c'[�zFb?U'U'[)]^g)W\_3`{k!Y�s?|~j |:Y�X?U'W'g)U'[�b�`'[LkNb�|~[�zFb?g
`'c'b?`'y{g�]^g)_�[�_)Y�g)�m]Zz�Y�g)W'�����Vj)]^g)�

αB − [�g)U'[(%�b?U'W'b �?U'b?c'X?W'Wf`'[LkNyfh
X?cNY�_�W'g�Y�l'W'[�U'U'[�d � U'b?c'X?W'W�[�n�k!Y�h)Y �

αB ≈
2

8π

4

3
πR3

(
3/5GM2

R

)−1

∼ myfrac
�
M 2 ,

X � b � ∼ BR2 − |:Y�X?U'W'g�U'wxd�`'[�g)[�hu�
�:]ZkN[�_�W'b?|\]�z5Y�g)W'y�y{_�kNy{b?g�]Zy

αB < 1
���Vc'W

αB = 1
W'|~b?b?| � � ∼M

�
�V[��?g)[�|~j}bL]ZkNW � ]^[���cNY�U'y{b?g�]�y�t�g�[ Wih'c'W'g)W'e'bL]^h�[�b s?UNY�e'b?U'W'b |:Y�]?]^w
n�j � b?g�]^[L�{cNY�U'y{g)�)]Zy�� � g)[F[�s?UNYLeNY�b?gAtNe'g)[F`'[LkNbVkNW'n�[�`'[�s?_�[�kNy{b?g�U'b?[�X?cNYAq
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U'W'e'b?U'U'[�bH]Zz5Y�g�W'b�t)kNW'n�[�U'b�`'[�s?_�[�kNy{b?g�U'W'h)Y�h�[�X?['���HkNy�g�W'`'W'e'U'w���s?UNYAq
e'b?U'W'd�|:Y�X?U'W'g)U'[�d�W'U � j�h'l'W'W�_V[�n�k!Y�h)YA�Fh'c'W'g)W'e'bL]^h�[�b s?UNYLe'b?U'W'b�|:Y�]?]^w
]^[)]^g�Y�_�kNy{b?g�g)w ]�y{e'W�W � bL]Zy{g)h'W�g)w ]Zy{e�|:Y�]?]�/ [LkNU'lNY{�PK�Y�h'W'|i[�n�cNY�s?[�|xt
`'[LkNb�`'c'b?`'y�g�]^g)_�j�b?g�c'[�z � b?U'W'� [ � W'U'[�e'U'w���s?_�b?s � t!U'[�U'bH`'c'b?`'y{g�]^g)_�j�q
b?g�]Zz5Y�g)W'� |:Y�]?]^wp`'[�c�y � h)Y�|:Y�]?]^wps?_�b?s � U'[�X?[�]^h�[�`{kNb?U'W'y��N�V[�kNbHn�j � b?g
`'c'b?`'y{g�]^g)_�[�_)Y�g)��W r cNY�X?|~b?U'gCY�l'W'W

�
`'[�h)Y5U'b j�|~b?U'�(%�W'g�]Zy�|:Y�X?U'W'g)U'wxd

`'[�g)[�hu�N�V[�g)[�h � |~[�zFb?g�j�|~b?U'�(%5W'g)�)]�y�sLY�]^e'b?g�h�[�U'b?e'U'[�d�`'c'[�_�[ � W'|~[�q
]^g)W�]^c'b � wfn�k!Y�X?[ � Y�c�y�`'c'[�l'bL]?]^j�t{`'[LkNj�e'W'_(%5b?|~j�UNY�s?_)Y�U'W'b�Y�|~n�W'`'[�kNy�c{q
U'[�d � W r�r j�s?W'b?du�!�V[LkNb I l'b?`{kNy{b?g�]�yNM8g)[�kN��h�[�sLY�sLY�c�y{z�b?U'U'wxb�eNY�]^g)W'l'w
[�n�k!Y�h)Y�� c'b � h'W'bxW'[�U'w�W�]^_�[�n�[ � U'wxb��ZkNb?h'g)c'[�U'wV�Zt)W�_V`'c'[�l'bL]?]^b�]�z5Y�g)W'y
[�n�k!Y�h)Y [�U'W n�j � j�g�|~b � kNb?U'U'[ I `'c'[)]?Y�e'W'_)Y�g)�)]ZyNM�]^h'_�[�s?� U'b?d'g�cNYAkN��U'j��
]^c'b � j�tv]^[)]^g�Y�_�kNy{�8o5j�� [)]^U'[�_�U'j�� |:Y�]?]^j\[�n�k!Y�h)Y{� / _�y�s?� |:Y�X?U'W'g�U'[�X?[
`'[LkNy%]�U'b?d'g)cNYAkN��U'wx|~WiY�g�[�|:Y�|~W}[)]^j�o�bL]^g)_�kNy{b?g�]Zy%e'b?c'b?s�]^g)[�kNh'U'[�_�b^q
U'W'y�Y�g)[�|~[�_�]�W'[�UNY�|~Wu�

��Y�h3`'[�h)Y�s?wx_)Y��8g�cNY�]^e'b?g�w�tN��Y�cNY�h'g)b?c'U'[�bH_�c'b?|~y � W r�r j�s?W'W3U'b?[ � q
U'[�c'[ � U'[�X?[�|:Y�X?U'W'g)U'[�X?[�`'[�kNy�W's�|~b?z�s?_�b?s � U'[�X?[�[�n�k!Y�h)Y�sLY�]^e'b?g��?g)[�X?[
`'c'[�l'bL]?]?Y�[�h)Y�s?wx_)Y�b?g�]�y�`'[�c�y � h)Y

td ≈ 5 · 1013 kNb?g (ni/nH),

X � b ni
W
nH

h�[�U'l'b?U'g)cNY�l'W'W�W'[�U'[�_HW�Y�g)[�|~[�_�_�[ � [�c'[ � Y{�G)0Y�]^e'b?g)w�`'[�h)YAq
s?wx_)Y���gAt{e'g)[Fh�[)]^|~W'e'bL]^h'W'b�kNj�e'W�W�cNY�]^`NY � cNY � W'[)Y�h'g)W'_�U'w���y � b?c�`'[ � q
� b?c�z�W'_)Y��8g�h�[�U'l'b?U'g)cNY�l'W'� W'[�U'[�_�UNY�j�c'[�_�U'b ∼ 10−7 t!g�Y�h�e'g)[�_�c'b?|~y
� W r�r j�s?W'WF|:Y�X?U'W'g)U'[�X?[�`'[LkNyH_ y � cNYA�H|~[�kNb?h'j�kNy�c'U'w���[�n�k!Y�h�[�_V]^[)]^g�Y�_�q
kNy{b?g�U'bL]^h�[LkN��h�[�|~W{k'kNW'[�U'[�_�kNb?gAt�e'g�[�`'[�`'[�c�y � h'j�_�b^kNW'e'W'U'w ]^cNY�_�U'W{q
|~[5]x_�c'b?|~b?U'b?|m]^_�[�n�[ � U'[�X?[F`NY � b?U'W'y���N:]ZkNW�[�n�k!Y�h�[�`'[ �'� b?c�z�W'_)Y�b?g�]Zy�_
X?W � c'[)]^g�Y�g)W'e'bL]^h�[�| cNY�_�U'[�_�bL]^W'Wf� UNY�`'c'W'|~b?cut�`'c'W g)j�c'n�j�kNb?U'g�U'[�| � _�W{q
z�b?U'W'W�XZY�sLY�W{kNW�_�cNY�o5b?U'W'b?|��Ztug)[�j�|~b?U'�(%5b?U'W'b�|:Y�X?U'W'g)U'[�X?[�`'[�g)[�h)Y�_
[�n�k!Y�h�bFW's^q sLY � c'b?d r Y�W'[�U'[�_�|~[�zFb?g�]^g�Y�g���_�bL]^��|:Y�sLY�|~b?g)U'wx|x� ��Y�|~W{q
h'c'[)]^h�[�`'W'e'bL]^h�[�| j�c'[�_�U'b�j�|~b?U'�(%5b?U'W'b�`'[�g)[�h)Y�|:Y�X?U'W'g)U'[�X?[�`'[LkNy�]^_�y�q
sLY�U'[F]�� r�r b?h'g)W'_�U'wx|\j)]^W{kNb?U'W'b?| � WN]?]^W'`NY�l'W'W�`'[LkNy�W's^q sLYF]^g)[�kNh'U'[�_�b^q
U'W'daW'[�U'[�_�]�U'b?d'g)cNYAkN��U'wx|~WmY�g)[�|:Y�|~Wut�h�[�g)[�c'wxb�j�|~b?U'�(%�Y��8g `'c'[�_�[�q
� W'|~[)]^g)��h�[)]^|~W'e'bL]^h�[�d `{k!Y�s?|~w��
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�$#��K# � +
�,+ � <=6 I�5.6 I�� <
��Y�e'bL]^g)_�b?U'U'[�`'c'[)]ZkNb � W'|xtCh)Y�h�`'c'[�WN]Q�)[ � W'g8]�z5Y�g)W'b:|~[�kNb?h'j�kNy�c'U'[�X?[

[�n�k!Y�h)Y{tNcNY�s?|~b?c�h�[�g)[�c'[�X?[�j � [�_�kNb?g)_�[�c�y�b?g�h'c'W'g)b?c'W'� U'b?j)]^g�[�d'e'W'_�[)]^g)W
�5z�W'UN]?Y{�

),Y�]?]^|~[�g)c'W'| ] r b?c'W'e'bL]^h�[�b�[�n�k!Y�h�[�W � bLYAkN��U'[�X?[3XZY�sLY�]�|:Y�]?]^[�d M �
KJb?`{kN[�_)Y�y��?U'b?c'X?W'y�[�n�k!Y�h)Y

Q ≈ M/µRT t~X?cNY�_�W'g�Y�l'W'[�U'UNY�y��?U'b?c'X?W'y
U ≈ −GM2/R

��/ z5Y�g�W'b�UNY�e'U'b?g�]Zy�tNbL]ZkNW�`'[LkNUNY�y��?U'b?c'X?W'y�[�n�k!Y�h)Y�]^g�YAq
U'b?g�[�g)c'W'lNY�g�b^kN��U'[�dut

E = Q + U < 0
tJgC� b���bL]QkNWacNY � W'j)]�[�n�k!Y�h)Y�j � [�q

_�kNb?g)_�[�c�y�b?g�U'b?cNY�_�b?UN]^g)_�j

R <
µGM

RT ' 0.1
`'h
T

(
M

M�

)
.

� ���$#A�
H�g�]^� � Y ]ZkNb � j�b?gCt�e'g)[ `'c'W |~W'U'W'|:YAkN��U'[ _�[�s?|~[Cz�U'[�d g)b?|~`'b?cNY�g)j�c'b
|~b?z�s?_�b?s � U'[�dm]^c'b � w�
3� � _)]^b?X � Y�bL]^g���UNY�X?c'b?_�c'b^kNW'h'g�[�_�wx| W's^kNj�e'b^q
U'W'b?| � � cNY�s?|~b?c�[�n�k!Y�h)Y � [)]^g�Y�g�[�e'U'[�n�[LkN�(%�[�dut�W � Y�zFb5`'c'W T ∼ 100 �]^[)]^g�Y�_�kNy{b?g�]^[�g)U'W�Y�]^g�c'[�U'[�|~W'e'bL]^h'W{��b � W'U'W'lu�

��+3�0('*,"'1 � .,+��!�0"�$%-�"{/�" � H�n�k!Y�h�[�UNYLe'W'UNY�b?g�]Zz�W'|:Y�g)�)]Zy�_ %�h)YAq
kNb�]^_�[�n�[ � U'[�X?[#`NY � b?U'W'y 1/

√
Gρ
t,`'[)]^h�[�kN��h'ja�)[�c'[(%FY�ym`'c'[�s?cNYLe'U'[)]^g)�

U'b?d'g)cNYAkN��U'[�X?[ _�b?o�bL]^g)_)Y � kNy r [�g)[�U'[�_�`'[�s?_�[LkNy{b?g ]�z5Y�g)W'� `'c'[�WN]Z�)[�q
� W'g)�H`'cNY�h'g�W'e'bL]^h'W�_�W's?[�g)b?c'|~W'e'bL]^h�[�|mc'b?z�W'|~bF� γ = 1

�Zt�`'[��?g�[�|~jFg�b?`{q
kN[�_�[�b � Y�_�kNb?U'W'b�U'b�`'c'b?`'y{g�]^g)_�j�b?ga]�z5Y�g)W'�F�:��`'c'[�l'bL]?]^b�]�z5Y�g)W'ym[�n�q
k!Y�h�[ r cNY�X?|~b?U'g)W'c'j�b?gA���V[ � ]^g�Y�_�kNy{y#cNY � W'j)]�W's�� ���$#A�Zt�UNYA�)[ � W'| _�c'b?|~y
]^_�[�n�[ � U'[�X?[�]Zz5Y�g�W'y�h)Y�h r j�U'h'l'W'� g)b?|~`'b?cNY�g)j�c'w �

tf '
( µ

RT
)3/2

GM ∼ 6 · 107 kNb?g (µ
T

)3/2 M

M�
.

� ���	���
�V[�h)Y8_�b?o5bL]^g)_�[�W'|~b?b?gVU'W's?h'j��%`{kN[�g)U'[)]^g���W�U'b?d'g)cNYAkN��U'[�� U'b�y{_�kNy{b?g�]Zy
`{k!Y�s?|~[�d��ZtJ[�U'[�`'c'[�s?cNY�e'U'[ � kNy�W's^kNj�e'b?U'W'y W c'[�z � Y��8o5W'bL]�y r [�g)[�U'w
U'W's?h'W{���?U'b?c'X?W'd�]^_�[�n�[ � U'[�_�w��)[ � y�g�W'sH[�n�k!Y�h)Y{t�j�U'[)]�y�eNY�]^g)��_�w � b^kNy�q
b?|~[�d��?U'b?c'X?W'Wu�{�V[F|~b?c'b8c'[)]^g�Y5`{kN[�g�U'[)]^g)W�_�c'b?|~y�]^_�[�n�[ � U'[�X?[�`NY � b?U'W'y
j�h�[�cNYLe'W'_)Y�b?g�]Zy�t:U'[�c'[)]^g `{kN[�g)U'[)]^g)W\_�b � b?g hmc'[)]^g)j#U'b?`'c'[�s?cNYLe'U'[)]^g�W
� _H[)]^U'[�_�U'[�| W's^q sLYH`'[�XZkN[�o�b?U'W'y O��8q r [�g�[�U'[�_5`'w�kN���fW�|~[LkNb?h'j�k!Y�|~W��Zt
`'[��?g)[�|~j�W's?[�g�b?c'|~W'e'bL]^h�[�b�]Zz�Y�g)W'b5`'[)]^g)b?`'b?U'U'[�]^|~b?U'y{b?g�]�y3UNY�Y � WNY�n)YAq
g)W'e'bL]^h�[�b��

γ → 5/3
�Zt,W#[�n�k!Y�h�[ `'c'W{�)[ � W'g _3cNY�_�U'[�_�bL]^U'[�b�]^[)]^g)[�y{U'W'b�t

j)]^g)[�d'e'W'_�[�bHh r cNY�X?|~b?U'gCY�l'W'Wu�
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�VbL]QkN[Cz�U'[\[�l'b?U'W'g)�acNY � W'j)]�t � [ah�[�g�[�c'[�X?[a|~[�zFb?g ]�z5Y�g)�)]�y}[�n�k!YAq
h�[�] � Y�U'U'[�d�|:Y�]?]^[�dut!`'[�h)Y�[�U'[�U'bH]^g�Y�U'b?g�W'[�U'W's?[�_)Y�U'U'wx|xt!W's�j)]ZkN[�_�W'y
sLY�g)cNY�g)w}_�w � b^kNy{b?|~[�d�X?cNY�_�W'g�Y�l'W'[�U'U'[�d��?U'b?c'X?W'W�UNY � WN]?]^[�l'WNY�l'W'��|~[�q
kNb?h'j�k3W�W'[�U'W'sLY�l'W'� _�b?o5bL]^g)_)Y{�N�Vj)]^g)��_�b?o�bL]^g)_�[�W's?UNYLeNYAkN��U'[�]^[)]^g)[�W'g
W's5|~[�kNb?h'j�kNy�c'U'[�X?[�_�[ � [�c'[ � Y{� ��Y � WN]?]^[�l'WNY�l'W'� [ � U'[�d |~[LkNb?h'j�kNw H2sLY�g)cNYLe'W'_)Y�b?g�]Zy

7 · 10−12 �?c'X�� ∼ 4
�L���Zt�UNYFW'[�U'W'sLY�l'W'� h)Y�z � [�X?[FY�g�[�|:Y

_�[ � [�c'[ � Y�g�c'b?n�j�b?g�]Zy b?o�b #L
��	���L� �
22 · 10−12 �?c'X��Zt�g)[�bL]^g�� � kNy#`'c'b^q_�cNY�o5b?U'W'y>#�X�_�b?o�bL]^g)_)Y _�`{k!Y�s?|~jaU'j�z�U'[3sLY�g)cNY�g�W'g)�

I ≈ 1.5 · 1013�?c'X��~�Vc'WN]^j�g�]^g)_�W'b�X?b^kNW'y `'[�_�w %FY�b?g �?g)j [�l'b?U'h'j#`'[�e'g)W\_��3cNY�sLY W's^q
sLY�sLY�g)cNY�gHUNYHW'[�U'W'sLY�l'W'��Y�g)[�|~[�_HX?b^kNW'y�����[�z�U'[H]^e'W'gCY�g)�'t)e'g)[H]�z5Y�g)W'b
UNYLe'W'UNY�b?g�]�y�W's ]^[)]^g)[�y{U'W'y�]�U'j�kNb?_�[�d�`'[�g)b?U'l'WNYAkN��U'[�d��?U'b?c'X?W'b?du�9KJ[�X � Y
W'sxj)]QkN[�_�W'y

∆Eg ' (3/5)GM 2/R ∼ IM
UNYA�)[ � W'|#cNY � W'j)] I U'b?`'c'[�s?cNY�e{q

U'[�dGM�`'c'[�g)[�s?_�b?s � w

R ∼ GM/I ' 80R�

(
M

M�

)
.

��Y�|~b?g)W'|xt:e'g)[ _a`'c'[�l'bL]?]?YA� � WN]?]^[�l'WNY�l'W'W%W}W'[�U'W'sLY�l'W'W��?U'b?c'X?W'y}sLYAq
g)cNYLe'W'_)Y�b?g�]Zy UNY�cNY�s?c'wx_�|~[�kNb?h'j�kNy�c'U'w�� ]^_�y{s?b?d�W{kNW�[�g)c'wx_��ZkNb?h'g�c'[�q
U'[�_�[�gHY�g)[�|~[�_�� r Y�s?[�_�wxd�`'b?c'b^�)[ � # c'[ � Y��Zt�YVs?UNYLe'W'g�`'c'W�Y � WNY�n)Y�g�W'e'b^q
]^h�[�|#]�z5Y�g)W'W5c'[)]^gVg)b?|~`'b?cNY�g�j�c'w `'c'WF`'c'[�e'W{�FcNY�_�U'w��5j)]QkN[�_�W'y���n�j � b?g
|~b?U'�(%5b�� � g)[V[�s?UNYLeNY�b?gAt)e'g)[V`'[�h)Y�sLY�g)b^kN�HY � WNY�n)Y�g)w�XZY�sLY γ n�j � b?g5|~b?U'��q%5b���	�
�� |~[Cz�b?gFn�wxg)� � Y�zFb8`'[�c�y � h)Y #�t�g)[HbL]^g)��`'c'[�WN]Q�)[ � W'g)��c'b?z�W'|~b�t
n�kNW's?h�[�|\W's?[�g)b?c'|~W'e'bL]^h�[�|~j��Zt��)[�gCy�XZY�s�[)]^g�Y�b?g�]Zy�W � bLYAkN��U'wx|x�G)0Y�]^e'b?g�w
`'[�h)Y�s?wx_)Y���gAt!e'g�[Fg�b?|~`'b?cNY�g)j�cNY�gCY�h�[�d�`{k!Y�s?|~w�U'b5`'c'b?_�w %�Y�b?g

104 � �
��[�z�U'[�[�l'b?U'W'g)��W�]^c'b � U'��� ]^_�b?g)W'|~[)]^g)��|~[LkN[ � [�d�s?_�b?s � wpUNY�]^g�YAq

� W'W ]�z5Y�g)W'y�_ %5h)YAkNb�_�c'b?|~b?U'W ]^_�[�n�[ � U'[�X?[�`NY � b?U'W'y��E�V[)]^h�[�kN��h'j#WN] q
g)[�e'U'W'h�[�|a�?U'b?c'X?W'W�]QkNj�z�W'gVX?cNY�_�W'g�Y�l'W'[�U'UNY�y��?U'b?c'X?W'y�]Zz�W'|:Y��8o5b?X?[)]�y
[�n�k!Y�h)Y{t!g)[

L =
∆E

tf
= −1

2

Ug

tf
∼ GM2

Rtf

� h�[�� r�r W'l'W'b?U'g�# 	���y{_�kNy{b?g�]�y�]QkNb � ]^g)_�W'b?|\g)b?[�c'b?|~w}_�W'c'WNYAk!Y � kNy�W � b^q
YAkN��U'[�X?[�[ � U'[)Y�g)[�|~U'[�X?[�XZY�sLY � _��?g)[�|%]ZkNj�eNY�bHg�[LkN��h�[�`'[LkN[�_�W'UNY�[)]^_�[�q
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n�[�z � Y���o�b?dN]Zy�X?cNY�_�W'g�Y�l'W'[�U'U'[�d��?U'b?c'X?W'W�_�w ]^_�b?e'W'_)Y�b?g�]Zy�t'Y5`'[�kN[�_�W'UNY
W � b?g�UNY�UNY�X?c'b?_�XZY�sLY��Z�!�V[ � ]^g�Y�_�kNy{y#� ���$#A�Zt�� ���	��� `'[LkNj�eNY�b?|

L ∼ I

G

(RT
µ

)3/2

≈ 2 · 10−3L�

(
T

µ

)3/2

�
L� = 4 · 1033 �?c'X
	A] � n�[�kN[�|~b?g)c'W'e'bL]^h)Y�y\]^_�b?g�W'|~[)]^g)� / [�kNU'lNY��Z�6K0Y�h
h)Y�h�`'[�|~b?c'bV]Zz5Y�g�W'y�g)b?|~`'b?cNY�g)j�cNYH_�[�s?cNY�]^g�Y�b?gAt � kNy�e'WN]QkN[�_�w���[�l'b?U'[�h
`'[ � ]^gCY�_�kNy�b?| _}�?g)j r [�c'|~j�kNjpg)b?|~`'b?cNY�g)j�c'j�W'[�U'W'sLY�l'W'W _�[ � [�c'[ � U'[�q
X?b^kNW'b?_�[�d�`{k!Y�s?|~w

104 � �!�Vc'W��?g)[�|m[�l'b?U'h)Y L `'[�`'c'W'_�b � b?U'U'[�d�_�w %�b
r [�c'|~j�kNb � Y�b?g L ∼ 103L�

t'g)[�bL]^g��F`'b?c'b � g)b?|xt'h)Y�h3]^g�Y�g)��U'b?`'c'[�s?cNY�e{q
U'[�d�_�[�`'g)W'e'bL]^h�[�| � WNY�`NY�s?[�U'b�t'|~[LkN[ � Y�y�s?_�b?s � YFn�j�h'_)YAkN��U'[ I sLY�X?[�cNY�b?g�q
]ZyNMxUNYVU'b?h�[�g�[�c'[�b�_�c'b?|~y�����Y�g)b?| |~[�kN[ � Y�y�s?_�b?s � Y�[�`'y{g)� I XZY�]^U'b?g(M�W's^q sLY
c'b?s?h�[�X?[�j�_�b^kNW'e'b?U'W'y U'b?`'c'[�s?cNY�e'U'[)]^g)W�`'c'W k!Y�_�W'U'[�[�n�cNY�s?U'[�d}W'[�U'W'sLYAq
l'W'Wu�

� �~.,"'�!"'('. 7 ��&)1�"�$\-�"{/�" ���5[5g)[�X?['t�h)Y�h�_�[�s?cNY�]^g�Y��8o5W'd�X?cNY � W'b?U'g
g)b?`{kN[�_�[�X?[ � Y�_�kNb?U'W'y _�U'b � cNYA� ]Zz�W'|:Y��8o5b?dN]�y `'c'[�g)[�s?_�b?s � w�j�cNY�_�U'[�q
_�bL]^W'g � b?dN]^g�_�W'b�]^W{kNwiX?cNY�_�W'g�Y�l'W'Wut�]�z5Y�g)W'b�]^[�n)]^g�_�b?U'U'[5U'b?`'c'[�s?cNYLe'U'[�d
� gA� b��,W'|~b?�8o5b?d r [�g�[)] r b?c'j�t~h)Y�h\WC/ [�kNU'l'b��5|~[LkN[ � [�d}s?_�b?s � w `'c'[�WN] q
�)[ � W'g�g�Y�h'zFb�_ � W'UNY�|~W'e'bL]^h�[�d %5h)YAkNbV_�c'b?|~b?U'Wu�3/ _�b?g)W'|~[)]^g)�F|~[LkN[ � [�d
s?_�b?s � w UNY3U'b?`'c'[�s?cNY�e'U'[�d}]^g�Y � W'Wa[�`'c'b � b^kNy{b?g�]�y n)YAk!Y�UN]^[�| _�w � b^kNy{b^q
|~[�d X?cNY�_�W'g�Y�l'W'[�U'U'[�d �?U'b?c'X?W'W#W#]^`'[)]^[�n�U'[)]^g)��� _�w ]^_�b?e'W'_)Y�U'W'y#�?U'b?c{q
X?W'Wf]3`'[�_�b?c���U'[)]^g)Wut�h�[�g)[�cNY�y�t�h)Y�hiW's?_�bL]^g)U'['t�|:Y�h�]^W'|:YAkN��UNY � kNyiY�n�q
]^[LkN�8g)U'[ e'b?c'U'[�X?[ g)b^k!Y

L = 4πR2σBT
4
eff

t,X � b Teff �
� r�r b?h'g)W'_�UNY�y

g)b?|~`'b?cNY�g)j�cNY{��K�b?|~`'b?cNY�g)j�cNY r [�g)[)] r b?c'w�s?_�b?s � w [�`'c'b � b^kNy�b?g�]Zy3j)]ZkN[�q
_�W'b?| `'c'[)]?Y�e'W'_)Y�U'W'yah'_)Y�U'g)[�_�W's�g)[�kNo5Was?_�b?s � w UNY�c'j�z�j�tJgA� b��JU'b?`'c'[�q
s?cNYLe'U'[)]^g���� s?_�b?s � U'w�� U'b � cu�D),Y�]^e'b?g)w�`'[�h)Y�s?wx_)Y���gAt0e'g�[�j |~[�kN[ � w��
s?_�b?s � �?U'b?c'X?W'y�`'b?c'b?U'[)]^W'g�]Zy3h�[�U'_�b?h'g)W'_�U'wx|~W � _�W'zFb?U'W'y�|~W _�[�n�[�kN[�e{q
h�b�� � [�s?U'W'h'U'[�_�b?U'W'b h�[�U'_�b?h'l'W'Wf]^_�y{sLY�U'[a]�j�_�b^kNW'e'b?U'W'b?| h�[�� r�r W'l'W{q
b?U'g�YmU'b?`'c'[�s?cNY�e'U'[)]^g)W ]#c'[)]^g)[�| `{kN[�g)U'[)]^g)W�_�j)]ZkN[�_�W'y���W'[�U'W'sLY�l'W'W
_�[ � [�c'[ � Y W�X?b^kNW'y�t~W's^q sLY�h�[�g)[�c'[�d�_�[�s?U'W'h)Y�b?g _�w ]^[�h'W'd%cNY � WNYAkN��U'wxd
X?cNY � W'b?U'g%g�b?|~`'b?cNY�g)j�c'w����Vc'W �?g)[�| _ r [�g)[)] r b?c'baj)]^g�Y�UNY�_�kNW'_)Y�b?g�]Zy
j�U'W'_�b?cN]?YAkN��UNY�y g)b?|~`'b?cNY�g)j�cNY�`'[�c�y � h)Y3
 � -�g)w ]�y{e � � ��Y � WNY�X?cNY�|~|~b��b?c'l�%5`'c'j�U'XZY

�
)�bL]?]^b^k!Yfs?_�b?s � Y��?_�[�kN��l'W'[�U'W'c'j�b?gi_ � [LkN�%gC� Uu�xh�[�U'_�b?h{q

g)W'_�U'[�X?[�g)c'b?h)Y +VY�yN%�Wut!h�[�g)[�c'wxd�_�`'b?c'_�wxb�h�[�kNW'e'bL]^g)_�b?U'U'[�cNY�]?]^e'W'g�YAk
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�?g)[3`'c'[�l'bL]?]�tEW\]?Y�|:Y�]^g�Y � W'y ]Zz�W'|:Y��8o5b?dN]�y h�[�U'_�b?h'g)W'_�U'[�dm|~[LkN[ � [�d
s?_�b?s � w U'[)]^W'g�UNY�s?_)Y�U'W'b =LKF;
,�������;?!��2� �

/ _�b?g)W'|~[)]^g)�%|~[LkN[ � [�d s?_�b?s � w UNYmh�[�U'_�b?h'g)W'_�U'[�d ]^g�Y � W'W +VY�yN%�W
bL]^g)��`'c'[)]^g)[

L

L�
=

(
Teff

T�

)4( R

R�

)2

' 400

(
M

M�

)2

,

Y�_�c'b?|~y�z�W's?U'W�[�`'c'b � b^kNy{b?g�]Zy3]^`'[)]^[�n�U'[)]^g���� W's^kNj�eNY�g)��_�w � b^kNy{b?|~j��
X?cNY�_�W'g�Y�l'W'[�U'U'j�� �?U'b?c'X?W'�

t ∼ GM2

RL
' GM2

4πR3σBT 4
eff

∼ 8 · 107ρ̄

(
M

M�

) kNb?g
.

��Y�h}g)[�kN��h�[#g)b?|~`'b?cNY�g�j�cNY W�`{kN[�g)U'[)]^g)��_ l'b?U'g)c'b�s?_�b?s � w � [)]^g�Y�g)[�e{q
U'[H_�[�s?cNY�]^g)j�gCt�UNYLe'U'j�g�]Zy�y � b?c'U'wxb�c'bLY�h'l'W'W�W�|~[LkN[ � Y�y�s?_�b?s � Y5`'c'b?_�cNYAq
g)W'g�]�y5_V[�n�wxe'U'j���s?_�b?s � j5UNY8XZk!Y�_�U'[�d�`'[LkNb � [�_)Y�g)b^kN��U'[)]^g)W � WNY�X?cNY�|~|~w
��b?c'l�%�`'c'j�U'XZY

�
),Y�]?]^b^k!Y{�

),Y�s?j�|~b?b?g�]�y�t5c'bLYAkN��UNY�y h)Y�c'g)W'UNYp]�z5Y�g)W'y |~[LkN[ � w���s?_�b?s � ]^j�o�b^q
]^g)_�b?U'U'[3]ZkN[�z�U'b?b���� eNY�]^g�U'[)]^g)Wutu|~w `'c'b?U'b?n�c'b?XZYAkNW � r�r b?h'gCY�|~W#|:Y�X^q
U'W'g)U'[�X?[p`'[LkNy W _�cNY�o�b?U'W'y�t5h�[�g�[�c'wxb�U'b?W's?n�b?z�U'[�`'c'WN]^j�g�]^g)_�j���gi_
Y�]^g)c'[ r W's?W'e'bL]^h'W{�}j)]QkN[�_�W'y���� ��Y�h}W�UNY#n�[LkNb?b3cNY�U'U'W{�}]^g�Y � W'y���t~[�n)Y
� r�r b?h'g�YV`'c'b?`'y{g�]^g)_�j���gV]Zz�Y�g)W'�%`'c'[�g)[�s?_�b?s � �)��Y�zFb?U�g�Y�h'zFb j�e'b?g�_�w�q
`NY � Y�U'W'yfXZY�s?[�_�[�d�[�n�[LkN[�e'h'W�U'b?[ � U'[�c'[ � U'[�d ]Zz�W'|:Y��8o5b?dN]�yp|~[LkN[ � [�d
s?_�b?s � w UNY�n�[�kNb?b5`{kN[�g)U'[�b�y � c'['�

�$#�� # � /�1��,G,+?2413);2;< 6 I�5.6�I�� <
��W's?W'e'bL]^h�[�b�]^[)]^g)[�y{U'W'b�]^g�Y�l'W'[�UNY�c'U'w���s?_�b?s � [�`'c'b � b^kNy{b?g�]�y�j)]ZkN[�q

_�W'y{|~W�X?W � c'[)]^g�Y�g)W'e'bL]^h�[�X?[�cNY�_�U'[�_�bL]^W'y�t�h�[�X � Y5|:Y�h'c'[)]^h�[�`'W'e'bL]^h'W'bV`NYAq
cNY�|~b?g)c'w

�
|:Y�]?]?Y{t~cNY � W'j)] � W's?|~b?U'y{�8g�]Zy\UNY n�[LkN�(%5W{��_�c'b?|~b?UNYA� �� W'UNY�|~W'e'bL]^h�[�X?[�_�c'b?|~b?U'W

tff ∼ 1/
√
Gρ
t�W g)b?`{kN[�_�[�X?[fcNY�_�U'[�_�bL]^W'y<�

�VbL]^|~[�g)c�yaUNY�|~[�o5U'[�b��?U'b?c'X?[�_�w � b^kNb?U'W'b�_3l'b?U'g)c'b�tJs?_�b?s � w U'b�_�s?c'w�q
_)Y���g�]Zy�tNW{��]^_�b?g)W'|~[)]^g)��|~b?U'y{b?g�]Zy�`{k!Y�_�U'['�
� � �8� E3� � .8�~*,+!&�(A"'('. 7 ��&)1u+3��*0"��3�0+3����&�.A�

),Y�]?]^|~[�g)c'W'|�[�n��ub?|%_�b?o5bL]^g)_)Y
dV

] � Y�_�kNb?U'W'b?| P
�P/ W{k!Y{t!]^g�c'b?|~y�q

o�Y�y']Zy\cNY�]&%5W'c'W'g�� [�n��ub?| ~F = −
∫
Pd~S

t0X � b d~S � ��kNb?|~b?U'g `'[�_�b?c���q
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U'[)]^g)Wu�3H�e'b?_�W � U'['t�bL]QkNW3U'b?g�X?cNY � W'b?U'g�Y � Y�_�kNb?U'W'y#� P = const
� ~F = 0

�
��[�n�o�b?|p]QkNj�eNY�b�]^W{k!Y{t � b?dN]^g)_�j��8o�Y�y UNY���kNb?|~b?U'g�[�n��ub?|:Y dV = ~rd~ScNY�_�UNY

d~Fp = −Pd~S = −~r∂P
∂~r

d~S = −∇PdV. � ���	
��

/ W{k!Y�X?cNY�_�W'g�Y�l'W'[�U'U'[�X?[�`'c'W'gAy{z�b?U'W'y
�
|:Y�]?]^[�_)Y�y<t � b?dN]^g�_�j�b?g�UNY���kNb^q

|~b?U'g |:Y�]?]^w
dm = ρdV

t
d~Fg = −∇φdm t?X � b φ(r) = −

∞∫
r
Gm(x)/x2dx−

U'���8g)[�U'[�_)]^h'W'd�X?cNY�_�W'g�Y�l'W'[�U'U'wxd `'[�g)b?U'l'WNYAkJ� K0Y�h'W'| [�n�cNY�s?[�|xt�]^j�|Eq
|:Y�c'UNY�y�]^W{k!Y{t � b?dN]^g)_�j��8o�Y�y�UNY��ZkNb?|~b?U'gCY�c'U'wxd�[�n��ub?|}_�s?_�b?s � b

d~F = −∇φdm−∇PdV. � ���.-{�
��j)]QkN[�_�W'y���cNY�_�U'[�_�bL]^W'y�]^j�|~|:Y�c'UNY�y�]^W{k!Y�cNY�_�UNY�U'j�kN�Ft'[�g)h'j � YF`'[LkNj�q
eNY�b?|}j�cNY�_�U'b?U'W'bHX?W � c'[)]^g�Y�g)W'e'bL]^h�[�X?[�cNY�_�U'[�_�bL]^W'y

1

ρ
∇P + ∇φ = 0.

� ���	���

�HkNyH] r b?c'W'e'bL]^h'W{q ]^W'|~|~b?g)c'W'e'U'[�X?[�]ZkNj�eNY�y ∇φ = GM(r)/r2 t M(r) =
r∫
0

4πx2ρ(x)dx
W

1

ρ

dP

dr
+
GM(r)

r2
= 0.

� ���	���

�HkNy�[�l'b?U'[�hF`'[ `'[�c�y � h'jH_�b^kNW'e'W'U'w |~[�z�U'[�`'[LkN��s?[�_)Y�g)�)]�y5`'c'W'n�kNW'zFb?U{q
U'[�d r [�c'|~[�d�j�cNY�_�U'b?U'W'y�X?W � c'[)]^g�Y�g)W'e'bL]^h�[�X?[�cNY�_�U'[�_�bL]^W'y

P/ρ ∼ GM/R,
� ���7���

X � b M W
R− |:Y�]?]?Y�WacNY � W'j)]�s?_�b?s � w�� � g�Y r [�c'|~j�k!Y � Y�b?g3�)[�c'[(%5b?b

`'c'W'n�kNW'zFb?U'W'b � kNy�l'b?U'g)cNYAkN��U'[�X?[ � Y�_�kNb?U'W'y�_a]?Y�|~[�X?cNY�_�W'g)W'c'j���o�b?|
XZY�s?[�_�[�| %FY�c'b��
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� � �8� ����� ��+!*!� ?V"<��.0*,.0" � " � � $%/ �3�)/���@
�Vc�y{|~wx|�]ZkNb � ]^g)_�W'b?|pj�cNY�_�U'b?U'W'y X?W � c'[)]^g�Y�g)W'e'bL]^h�[�X?[�cNY�_�U'[�_�bL]^W'y

� ���	���:y{_�kNy�b?g�]Zy K 
^>1�+
14�;�@��
� �';�#N; t']^_�y{s?wx_)Y���oFY�y�g)b?`{kN[�_�j�� � h'W'U'b?g)W{q
e'bL]^h'j����VW `'[�g)b?U'l'WNYAkN��U'j�� � X?cNY�_�W'g�Y�l'W'[�U'U'j����8�?U'b?c'X?W'� ]^g�Y�l'W'[�UNY�c{q
U'[�dps?_�b?s � w����Vb?c'b^�)[ � y hfk!Y�X?cNY�U'z�b?_�[�d�|:Y�]?]^b

dm = 4πr2ρ(r)dr
_

h)YLe'bL]^g)_�b5U'b?sLY�_�WN]^W'|~[�d�`'b?c'b?|~b?U'U'[�dut�sLY�`'W�%5b?| � ���	���

4πr2 dP

dm
= −GM(r)

r2
.

� ���	���

��|~U'[Cz�W'|m`'[LkNj�e'b?U'U'[�bHj�cNY�_�U'b?U'W'b8UNY
r dm

W�`'c'[�W'U'g�b?X?c'W'c'j�b?|�`'[FeNYAq
]^gCy{|x����c'b?s?j�kN��g�Y�g�b�`'c'W{�)[ � W'|\h�g)b?[�c'b?|~b�_�W'c'WNYAk!Y � kNy�]?Y�|~[�X?cNY�_�W'g�W{q
c'j��8o5W{��XZY�s?[�_�w���%�Y�c'[�_

U = −
∫
GM(r)dm

r
= −3

∫
PdV

� ���	
��

� `'c'W�_�wx_�[ � bFWN]^`'[LkN��s?[�_)Y�U'[�X?cNY�U'W'e'U'[�b5j)]ZkN[�_�W'b P |M(R) = 0− cNY�_�b?U{q
]^g)_�[�U'j�kN� � Y�_�kNb?U'W'y�UNY�`'[�_�b?c)�{U'[)]^g)W3] r b?c'wV�Z�

� _)Y�z�U'[�|feNY�]^g)U'[�|p]QkNj�eNY�b�`'[LkNW'g)c'[�`'U'[�X?[�j�cNY�_�U'b?U'W'y ]^[)]^g)[�y{U'W'y
��Y � WNY�n)Y�g�Y�� P = Kργ t<j � b^kN��UNY�y��?U'b?c'X?W'y�UNY #FX?cNY�|~|i_�b?o�bL]^g)_)Y�bL]^g)�
ε = 1/(γ − 1)P/ρ

tN`'[��?g)[�|~j�`'[LkNj�eNY�b?|

U = −3(γ − 1)Q ,
� ���$#?���

X � b Q =
∫
ερdV − g)b?`{kN[�_)Y�y��?U'b?c'X?W'y��

I �+��45
0� ��H�l'b?U'W'|m��Y�cNY�h'g)b?c'U'j���g)b?|~`'b?cNY�g)j�c'j / [�kNU'lNY{�N�Vj)]^g)��_)]Zy
s?_�b?s � Ym]^[)]^g)[�W'gaW's W � bLYAkN��U'[�X?[m[ � U'[)Y�g)[�|~U'[�X?[mXZY�sLY{t γ = 5/3

�
Q ∼

3/2NkT ∼ 3/2M/µRT t U ≈ −GM 2/R
WiUNYA�)[ � W'| � kNy µ ≈ 0.6��] j�e'b?g)[�| |~[LkNb?h'j�kNy{c'U'[�X?[i_�bL]?Y�`'[LkNU'[)]^g)��� W'[�U'W's?[�_)Y�U'U'[�d `{k!Y�s?|~w

]^[)]^g)[�y{o�b?d�`'[�|:Y�]?]^b�UNY����
%
W's�_�[ � [�c'[ � YFW�UNYF��� %

W's�X?b^kNW'y<� 〈T 〉 =

µGM/(RR) ∼ 3 ·107 � �)��[LkNb?b�g�[�e'U'wxbx[�l'b?U'h'W�`'c'W'_�[ � y{g�h�s?UNYLe'b?U'W'�[�h�[�kN[ #L��|EkNUu�NX?cNY � j)]^[�_ � kNy�l'b?U'g)cNY / [LkNU'lNY{�
),Y�]?]^|~[�g)c'W'| � _)Y r W's?W'e'bL]^h'W�_)Y�z�U'w���]QkNj�eNY�y<�#A�
γ = 5/3

� � g)[�g5`'[�h)Y�sLY�g)b^kN��Y � WNY�n)Y�g)wf]^[�[�g)_�b?g�]^g�_�j�b?g5W � bLYAkN��U'[�q
|~j5[ � U'[)Y�g)[�|~U'[�|~j�XZY�s?j�t)YVg�Y�h'z�b�U'b?c'b^kNy{g)W'_�WN]^g�]^h�[�|~jF_�wxc'[Cz � b?U'U'[�|~j
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r b?c'|~W{q XZY�s?j�� OVs�� ���$#?���x`'[LkNj�eNY�b?|
2Q = −U t�gC� b��<s?UNY�h�[�|~wxd#_�W � g)b?[�qc'b?|~w�_�W'c'WNYAk!Y�_�|~b^��Y�U'W'h�b � kNy � _�W'z�b?U'W'y�g�b^k�_�`'[�g)b?U'l'WNYAkNb ∝ 1/r

�
���

γ = 4/3
� � g)[�g�`'[�h)Y�sLY�g)b^kN�%Y � WNY�n)Y�g)w ��Y�cNY�h'g)b?c'b?U � kNyfXZY�sLY

W's�c'b^kNy{g)W'_�WN]^g�]^h'W{��eNY�]^g)W'l � UNY�`'c'W'|~b?cut r [�g)[�U'[�_ W{kNW}n�b?s?|:Y�]?]^[�_�w��
U'b?d'g)c'W'U'[{�Zt h�[�X � Ym]^_�y{s?�a|~b?z � j � Y�_�kNb?U'W'b?|�W}`{kN[�g�U'[)]^g)��� �?U'b?c'X?W'W
P = ε/3

tEW{kNW � kNyac'b^kNy{g)W'_�WN]^g�]^h�[�X?[ _�wxc'[�z � b?U'U'[�X?[ r b?c'|~W{q XZY�sLY{�:�
�?g)[�| ]ZkNj�eNY�b�g)b?[�c'b?|:Y _�W'c'WNYAk!Y � kNy}cNY�_�U'[�_�bL]^U'[�di]?Y�|~[�X?cNY�_�W'g�W'c'j���q
o5b?d�h�[�U r W'X?j�cNY�l'W'W � Y�b?g Q = −U t E = Q + U = 0

t�gA� b���g�Y�h)Y�y3h�[�U{q
r W'X?j�cNY�l'W'y�UNYA�)[ � W'g�]�y�_�`'[LkN[Cz�b?U'W'W �

1����;?�$#%�%��M'>�: > cNY�_�U'[�_�bL]^W'y �

U ∼ −GM2/R = −GM 5/3ρ1/3,

Q ∼MP/ρ ∼MKρ1/3.

H�e'b?_�W � U'['t!`'[�kNUNY�y��?U'b?c'X?W'y

E = U +Q = (−GM 5/3 +KM)ρ1/3

y{_�kNy{b?g�]Zy�kNW'U'b?d'U'[�d r j�U'h'l'W'b?d
ρ1/3 W�cNY�_�U'[�_�bL]^W'b�� E = 0

�:_�[�s?|~[�z�U'[
g)[�kN��h�[ `'c'W

M = M0 = (K/G)3/2 �~�Vc'W M > M0
`'[LkNUNY�ym�?U'b?c'X?W'y

`'[LkN[Cz�W'g)b^kN��UNY{t
E > 0

tugA� b��u]^WN]^g)b?|:Y�X?cNY�_�W'g�Y�l'W'[�U'U'[�U'b�]^_�y{sLY�U'UNY�y W
cNY�]^`NY � Y�b?g�]�y<�{�Vc'W M <M0

`'[�kNUNY�y��?U'b?c'X?W'y�[�g)c'W'lNY�g)b^kN��UNY{t
E < 0

t�W
`'[ �\� b?dN]^g)_�W'b?| |:YAkNw��acNY � WNYAkN��U'w��a_�[�s?|~j�o5b?U'W'y�� ]^WN]^g)b?|:Y�h�[�k'k!Y�`{q
]^W'c'j�b?g � ∂E

∂ρ < 0
�Z�u�V[�g)b?c�y�j)]^g�[�d'e'W'_�[)]^g)W�_)]^b?X � Y�`'c'[�WN]Q�)[ � W'g3_ � W'UNYAq

|~W'e'bL]^h�[�d %5h)YAkNb�_�c'b?|~b?U'Wut
td ∼ tff ∼ 1/

√
Gρ ≈ 50[

|~W'U
](ρ/ρ�)−1/2 �

� g)[�g�`'c'[�l'bL]?]�t,UNY�`'c'W'|~b?cut,W'|~b?b?g3|~bL]^g)[�`'c'Wah�[�k'k!Y�`N]^b�y � b?c |:Y�]?]^W'_�q
U'w���s?_�b?s � �

H�g)|~b?g�W'|igCY�h'z�b�t�e'g)[�g)b?[�c'b?|:Y�_�W'c'WNYAk!Y � kNy ]^WN]^g)b?|~w W's�|~U'[�X?W{�
eNY�]^g)W'lf|~[�zFb?g}n�wxg)�m`'[�kNj�e'b?UNY�U'b�g)[�kN��h�[}W's�g)b?c'|~[ � W'UNY�|~W'e'bL]^h�[�X?[
cNY�]?]^|~[�g)c'b?U'W'y�t'U'[�W'sVh{k!Y�]?]^W'e'bL]^h'W{��W�h'_)Y�U'g)[�_�w���j�cNY�_�U'b?U'W'd � _�W'zFb^q
U'W'y��PH�UNY�`'c'W'|~b?U'W'|:Y�h)Y�h � kNy � W'UNY�|~W'e'bL]^h'W j)]^g)[�d'e'W'_�w���|:Y�h'c'[)]^h�[�q
`'W'e'bL]^h'W{��]^WN]^g)b?|%� UNY�`'c'W'|~b?cut�s?_�b?s � U'w���]^h�[�`{kNb?U'W'd��Zt{g�Y�h�W � kNy�h'_)Y�U{q
g)[�_�w���]^WN]^g)b?|�� sLY�c�y{zFb?U'U'wxb5eNY�]^g)W'l'w _�h'j�kN[�U'[�_)]^h�[�|i`'[LkNb��Z�
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),Y�]?]^|~[�g)c'W'|ag)b?[�c'b?|~j�_�W'c'WNYAk!Y � kNy�[ � U'[)Y�g)[�|~U'[�X?[5W � bLYAkN��U'[�X?[�XZYAq
sLY{tuh�[�g)[�c'wxd y{_�kNy{b?g�]�y3�)[�c'[(%�W'|�`'c'W'n�kNW'z�b?U'W'b?| � kNy�_�b?o�bL]^g)_)Y�U'[�c{q
|:YAkN��U'w��}s?_�b?s � �

γ = 5/3
� � 2Q = −U t E = Q + U = −Q � H�g�]^��q� Y�]ZkNb � j�b?g�cNY�_�b?UN]^g�_�[ ∆E = −∆Q

t�gA� b��0]^[�[�n�o�b?U'W'b��?U'b?c'X?W'W\s?_�b?s � b
�
∆E > 0

��`'c'W'_�[ � W'g�h�b?b >?��#N;
@ ,�
?M���. t
∆Q < 0

t<Y�W's^kNj�e'b?U'W'b��?U'b?c{q
X?W'W �

∆E < 0
�
�
h ��;?�A>
: �+
?@�7 t

∆Q > 0
� OVU'wx|~Wf]ZkN[�_)Y�|~Wutxs?_�b?s � Y{t

UNYA�)[ � y{o�Y�y']�y\_ X?W � c'[)]^g�Y�g)W'e'bL]^h�[�| cNY�_�U'[�_�bL]^W'W�� gA� b���`'[ � e'W'U'y{��oFY�y�q
]Zy�g�b?[�c'b?|~ba_�W'c'WNYAk!Y���[�n�k!Y � Y�b?g >�K � � O';�K2
3#%D)MN>�� K 
$)�#N>�
14 ��>A=LK2D�. �
E = U + Q = −Q = −CvM〈T 〉 � s � bL]^� Cv > 0 �

j � b^kN��UNY�yig)b?`{q
kN[�b?|~h�[)]^g)� XZY�sLY�s?_�b?s � wV�Zt dE/dT = −CvM < 0

�!OVs^q sLY�[�g)c'W'lNY�g)b^kN��q
U'[�d�g)b?`{kN[�b?|~h�[)]^g)W�g)b?c'|~[Cy � b?c'U'wxb�c'bLY�h'l'W'W�_Hs?_�b?s � YA��W � j�gH_5g)b?e'b?U'W'b
|~U'[�X?W{��|~W{k'kNW'[�U'[�_�kNb?g�W�U'bHU'[)]�y{g�_�s?c'wx_�U'[�d���Y�cNY�h'g)b?cu�

9<;?4 
$��;�M���
 � g)b?[�c'b?|:Y [�n [�g)c'W'lNY�g)b^kN��U'[�d�g)b?`{kN[�b?|~h�[)]^g)W�]^`'cNY�_�b � q
kNW'_)Y � kNy�kN�8n�[�d3]^g�Y�l'W'[�UNY�c'U'[�d ]^WN]^g)b?|~w�_�`'[�kNb5gAy�X?[�g�b?U'W'y

�
UNY�`'c'W{q

|~b?cut:]^`'j�g�U'W'h UNY ]^g�Y�l'W'[�UNY�c'U'[�d�[�c'n�W'g�b�_�[�h'c'j�X��<b?|EkNW � `'c'Wmg)[�c'|~[�q
z�b?U'W'W�]^`'j�g)U'W'h)Y�_�Y�g)|~[)] r b?c'b � [�g)n�[�c �?U'b?c'X?W'W\[�g�]^WN]^g)b?|~w �<b?|EkNy

�]^`'j�g�U'W'h���[�U�`'b?c'b^�)[ � W'gFUNYVn�[LkNb?b�U'W's?h'j��f[�c'n�W'g)j�]xj�_�b^kNW'e'b?U'W'b?| ]^h�[�q
c'[)]^g)W

v ∼ 1/
√
r
��Y�UNYAkN[�X5UNY�X?c'b?_)Y�]^WN]^g)b?|~w `'c'W�`'[�g)b?c'b��?U'b?c'X?W'W��Z�

+VY�cNY�h'g)b?c'U'[�bV_�c'b?|~y�j)]^g�Y�U'[�_�kNb?U'W'y�g)b?`{kN[�_�[�X?[FcNY�_�U'[�_�bL]^W'y�_Fs?_�b?s^q
� b�� gC� Uu�{g)b?`{kN[�_�[�b�_�c'b?|~y�t'W{kNW�_�c'b?|~y D;
3#%D�@
�!M'; � � 
3#%D
4 : >-#=D�O'; �vg�Y�h'zFb
|~[�z�U'[a[�`'c'b � b^kNW'g)�#W's�g)b?[�c'b?|~w _�W'c'WNYAk!Y{t:`'c'W'cNY�_�U'y{_ b?X?[ _�c'b?|~b?U'Wut
U'b?[�n��)[ � W'|~[�|~j � kNy3`'[�g�b?c'W�sLY�`NY�]?Y�g)b?`{kN[�_�[�d��?U'b?c'X?W'W�`'c'W�sLY � Y�U'U'[�|
g)b?|~`'b3[�g�_�[ � Y#�?U'b?c'X?W'W � gA� b�� ]^_�b?g)W'|~[)]^g)W

L
�Z� OV|~b?b?| � Q = −U/2 ∼

GM2/R
t

tKH =
Q

L
=
GM2

RL
≈ 30[

|EkNUu�'kNb?g
]

(
M

M�

)−2 � ���$#(#A�

� _�[ _�g�[�c'[�| cNY�_�b?UN]^g)_�b WN]^`'[LkN��s?[�_)Y�U'[}]^[�[�g�U'[(%5b?U'W'b |:Y�]?]?YAq cNY � W'j)] W
|:Y�]?]?Y

�
]^_�b?g)W'|~[)]^g)� � kNy�U'[�c'|:YAkN��U'w��%s?_�b?s � [�h�[LkN[)]^[�kNU'b?e'U'[�dp|:Y�]?]^w �

R ∝M
t
L ∝M 3 �Z��� � O �p_'���Vb^kN��_�W'U�W���b^kN��|~X?[�kN��l�W'|~b?U'U'[�g�Y�h�[�l'b^q

U'W'_)YAkNWf_�c'b?|~y}z�W's?U'W / [LkNU'lNY{� ����n�[�`'wxg�U'['tve'g)[\�Vb^kN��_�W'U�U'b `'c'W{q
U'W'|:YAk�g)b?[�c'W'�f�?_�[LkN�8l'W'W���Y�c'_�W'UNY�� h�[�g)[�cNY�y�g)c'b?n�[�_)YAk!Y�|~W{k'kNWNY�c � [�_
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kNb?g � kNy�cNY�s?_�W'g)W'y�_�W � [�_{��W'|~b?U'U'[�UNY�[)]^U'[�_)Y�U'W'W�]^_�[�b?X?[�sLY�h{kN�8e'b?U'W'y
[�_�[�s?cNY�]^g)b / [LkNU'lNY�_�
���|EkNUu��kNb?g � � UNY�eNYAkNb + +�_'�u]^g�YAkN[�y']^U'['t�e'g)[
_�[�s?cNY�]^g��<b?|EkNWFUNY�|~U'[�X?[8`'c'b?_�[)]Q�)[ � W'g5
���|EkNUu�CkNb?g � _�[�s?U'W'h{k!Y8U'b?[�n��)[�q� W'|~[)]^g)��`'[�WN]^h)Y�WN]^g�[�e'U'W'h)YV�?U'b?c'X?W'W�UNY / [LkNU'l'b�W�s?_�b?s � YA�<� K0Y�h'W'|#WN] q
g)[�e'U'W'h�[�|}[�h)Y�sLYAkNWN]^��g)b?c'|~[Cy � b?c'U'wxb5c'bLY�h'l'W'W�]^W'U'g�b?sLY�gCy{zFb^kNw�����kNb^q
|~b?U'g)[�_�W'sH_�[ � [�c'[ � Y�W�X?b^kNW'y��

�$#��K#�� ��6�),2;<=6 ),691�J �;G,G 5DI�5.6�I���1 � #
��Y�`NY�]^w y � b?c'U'[�da�?U'b?c'X?W'Wa_�s?_�b?s � YA� UNY�|~U'[�X?[3`'c'b?_�w %FY���g�sLY�`NY�]

g)b?`{kN[�_�[�d��?U'b?c'X?W'Wu����Y�`NY�]}y � b?c'U'[�d��?U'b?c'X?W'W
∆En = ηnMcc

2 tHX � b
Mc ∼ 0.1M �

|:Y�]?]?Y5y � cNYHs?_�b?s � w�t�X � b�|~[�X?j�g�W � g)W�g)b?c'|~[Cy � b?c'U'wxb�c'b^q
Y�h'l'W'Wut

ηn − �?U'b?c'X?[�_�w � b^kNb?U'W'b�UNY�b � W'U'W'l'j�|:Y�]?]^w � � r�r b?h'g)W'_�U'[)]^g��{�
y � b?c'U'w�� c'bLY�h'l'W'du�:�Vc'W�]^W'U'g)b?s?b�X?b^kNW'y\W's�_�[ � [�c'[ � Y{t:h�[�g)[�c'wxdm`'c'[�q
WN]Q�)[ � W'g�UNY�]^g�Y � W'W3X�k!Y�_�U'[�d�`'[)]ZkNb � [�_)Y�g)b^kN��U'[)]^g)W s?_�b?s � UNY � WNY�X?cNY�|Eq
|~b���b?c'l�%5`'c'j�U'XZY

�
)0bL]?]^b^k!Y{tv]^j�|~|:Y�c'UNY�y c'bLY�h'l'W'ya]^_�[ � W'g�]Zyah [�n�cNY�s?[�q

_)Y�U'W'� [ � U'[�X?[�y � cNY�X?b^kNW'y�W's -�q���`'c'[�g)[�U'[�_'t 4p → 4
2

�Vb�����w � b^kNy{b?|:Y�y
�?U'b?c'X?W'y�`'c'W��?g)[�|�[�`'c'b � b^kNy{b?g�]�y � b r b?h'g)[�|}|:Y�]?]^w �

δE = (4mp −mHe)c
2 = 27.3

�3�L�
,

� ���$#L���
gA� b���`'c'W'|~b?c'U'[a�����L� UNY�U'j�h{kN[�Uu�E��Y�haj�_�W � W'| U'W'zFb�t,U'b�_)]Zy _�w � b^q
kNy{��oFY�y']Zy��?U'b?c'X?W'y�W � b?g�_�g)b?`{kN['t<U'b?n�[LkN�(%FY�y eNY�]^g)� ���{�	�����L����j�U'[�q
]^W'g�]�y U'b?d'g)c'W'U'['t � kNy\h�[�g)[�c'[�X?[ / [�kNU'l'b�`'c'[�s?cNYLe'U'['� � U'b?c'X?W'y\`'[�h�[Cy
U'j�h{kN[�UNY�`'[�e'g)WC#��u�L�8tJgA� b��J� r�r b?h'g)W'_�U'[)]^g��3]^W'U'g)b?sLY�X?b^kNW'y W's�_�[ � [�q
c'[ � Y ηn ≈ 0.007

� /vkNb � [�_)Y�g�b^kN��U'['t~��Y�cNY�h'g�b?c'U'[�b�_�c'b?|~y `'c'b?n�wx_)Y�U'W'y
s?_�b?s � w�UNY�]^gCY � W'W�XZk!Y�_�U'[�d3`'[)]ZkNb � [�_)Y�g)b^kN��U'[)]^g)W

tn =
ηnMcc

2

L
∼ 1010[

kNb?g
](M/M�)−2 � ���$#L
��

� s � bL]^�fj�e'g�b?U'[%�?|~`'W'c'W'e'bL]^h�[�b}]^[�[�g�U'[(%5b?U'W'b�|:Y�]?]?Y
�
]^_�b?g)W'|~[)]^g)� � kNy

s?_�b?s � X�k!Y�_�U'[�da`'[)]QkNb � [�_)Y�g�b^kN��U'[)]^g)W L ∝ M3 t � [�h)Y�sLY�g)b^kN�)]^g)_�[�h�[�g)[�qc'[�X?[�`'c'W'_�[ � W'g�]Zy�_�h�[�U'l'b5�?g)[�d�X�k!Y�_�wV�Z�
9<;?4 
$��;�M���!��
#��v��c'b?|~y�g)b?c'|~[Cy � b?c'U'[�X?[aX?[�c'b?U'W'y�_�[ � [�c'[ � Y tn ]^W{kN��U'[ sLY�_�WN]^W'g

[�g�|:Y�]?]^w s?_�b?s � w � `'c'W'|~b?c'U'[�h)Y�h
M−2 � � gCY�hut�s?_�b?s � Y�]�|:Y�]?]^[�d _ #?�

]^[LkNU'b?e'U'w����?_�[�kN��l'W'[�U'W'c'j�b?g�_ #?����cNY�sHn�w ]^g�c'b?b / [LkNU'lNY �
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��� / g�Y � W'y�g)b?c'|~[Cy � b?c'U'[�X?[FX?[�c'b?U'W'y�_�[ � [�c'[ � Y�_�y � c'b8s?_�b?s � w � ]?YAq|:Y�y � kNW'g)b^kN��UNY�y�����]^bv`'[)]ZkNb � j��8o5W'b�]^g�Y � W'W�� X?[�c'b?U'W'b X?b^kNW'yH_ j�XZkNb?c'[ �
WagA� � �G��]^[)]^g�Y�_�kNy{�8g3_)]^b?X?[�kNW�%�� 10%

[�g
tn
� � g�[3]^_�y{sLY�U'[ ]�g�b?|xtJe'g)[

]^h�[�c'[)]^g)W�g)b?c'|~[�y � b?c'U'w���c'bLY�h'l'W'd [�e'b?U'��e'j�_)]^g)_�W'g)b^kN��U'w�h3g)b?|~`'b?cNYAq
g)j�c'b�t�Y � kNy�c'bLY�h'l'W'd�]^W'U'g)b?sLYxn�[LkNb?b gCy{zFb^kNw����ZkNb?|~b?U'g)[�_�l'b?U'g)cNYAkN��UNY�y
g)b?|~`'b?cNY�g)j�cNY � [LkNz�UNY�n�wxg)��UNY�|~U'[�X?[�_�w %�b3� g)c'b?n�j�b?g�]�y�`'c'b?[ � [LkNb?U'W'b
n�[LkNb?bV_�w ]^[�h�[�X?[�h'j�kN[�U'[�_)]^h�[�X?[Fn)Y�c'��b?cNY ∼ Z2 t�X � b Z � sLY�c�y � y � cNY��Zt�W`'[��?g)[�|~j�t)h�[�X � Y��?g)W�c'bLY�h'l'W'W�UNYLe'W'UNY��8g�]Zy�t)`'c'W�_�w ]^[�h�[�d�g)b?|~`'b?cNY�g)j�c'b
[�U'W�`'c'[�g)b?h)Y��8g�[�e'b?U'��n�w ]^g)c'['�

�$# "$# �=-0+�C�6�2,2,+.-0/�G � � 6�);2,< � )46 13J �;G 
 5 I�5.6�I���1 � #
O�]^`'[LkN��s?j�y�g�b?[�c'b?|~j�_�W'c'WNYAk!Y

2E +U = 0
t���Y�cNY�h'g)b?c'UNY�y�g)b?|~`'b?cNYAq

g)j�cNY�_�s?_�b?s � bH|~[�zFb?g�n�wxg)��[�l'b?U'b?UNY�h)Y�h

Tc ∼
µGM

RR ∼ 107K ≈ 1
h'�L�

.
� � ���$#&-{�

� � bL]^� R− j�U'W'_�b?cN]?YAkN��UNY�y�XZY�s?[�_)Y�y�`'[)]^g�[�y{U'UNY�y�t
µ− |~[LkNb?h'j�kNy{c'U'wxd

_�bL]#_�b?o�bL]^g)_)Y{�x�HkNy�`'[�kNU'[)]^g)��� W'[�U'W's?[�_)Y�U'U'[�d `{k!Y�s?|~w ]^[LkNU'b?e'U'[�X?[
��W'|:]^[)]^gCY�_)Y

µ ≈ 0.6
�!K0Y�h'W'| [�n�cNY�s?[�|xt~]^c'b � U'y{yah'W'U'b?g�W'e'bL]^h)Y�y �?U'b?c{q

X?W'y�eNY�]^g)W'l�_�U'b � cNYA� / [�kNU'lNY 〈E〉 ∼ 1
h'�L�8��/ � c'j�X?[�d�]^g)[�c'[�U'w�t!e'g)[�q

n�w |~[�XZk!Y�`'c'[�WN]Z�)[ � W'g)��c'bLY�h'l'W'y ]^[�b � W'U'b?U'W'y � _�j��3`'c'[�g)[�U'[�_�_�y � c'[
� b?d'g)b?c'W'y�t g�c'b?n�j�b?g�]Zy�`'c'b?[ � [LkNb?g)�mh'j�kN[�U'[�_)]^h'W'dfn)Y�c'��b?c

UC = e2/r
�

)�bLY�h'l'W'y `'[�d � b?g�`'c'W ]^n�kNW'z�b?U'W'W `'c'[�g)[�U'[�_�UNY�cNY�]?]^g)[Cy�U'W'b � b?dN]^g)_�W'y
y � b?c'U'w�� ]^W{k�#���b?c'|~W ∼ 10−13 ]^|xt�� `'[ `'[�c�y � h'j _�b^kNW'e'W'U'w �?g)[
� kNW'UNYf_�[LkNU'w �5b^q ��c'[�d{kNy � kNy `'c'[�g)[�UNY

λp = ~/mpc)
� K0Y�h'W'| [�n�q

cNY�s?[�|xt5h'j�kN[�U'[�_)]^h'W'd n)Y�c'��b?c � kNy _�sLY�W'|~[ � b?dN]^g)_�W'y � _�j�� `'c'[�g)[�U'[�_
UC ' e2/λp = αmpc

2 ∼ 1
�3�L� �

α = e2/~c ≈ 1/137− `'[)]^g�[�y{U{q
UNY�y�g)[�U'h�[�d�]^g)c'j�h'g�j�c'wV�Z�

��Y�s _ l'b?U'g)c'b / [�kNU'lNYm_�`'[LkNU'b W � bLYAkNb?U � gC� b���h'j�kN[�U'[�_)]^h�[�d��?U'b?c{q
X?W'b?d}_�sLY�W'|~[ � b?dN]^g�_�W'y}|~[�z�U'[ `'c'b?U'b?n�c'b?e'� `'[#]^cNY�_�U'b?U'W'� ]�h'W'U'b?g)W{q
e'bL]^h�[�d#�?U'b?c'X?W'b?d g�b?`{kN[�_�[�X?[ � _�W'zFb?U'W'y<�ZtuW�eNY�]^g)W'l'w � `'c'[�g)[�U'wV� � _�W{q
z�j�g�]Zy ]^[�]^h�[�c'[)]^gAy�|~Wa_�]^[�[�g�_�b?g�]^g)_�W'W ]F|:Y�h�]^_�b^k'kN[�_)]^h'W'| cNY�]^`'c'b � b^q
kNb?U'W'b?|

f(v)dv ∝ v2e−v2/kT � H�g�]^� � Y � [LkNy�`'c'[�g)[�U'[�_�]��?U'b?c'X?W'b?d E ∼
� � �
5!�# ����! �'�!���J���
 35!��.!�#�#$�.��+�EKSB � 5!.M�! ��
.M�!�9�������#���
��������$H���EK�K ����� �
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mpv
2 > UC

[�h)Y�s?wx_)Y�b?g�]�y ∝ exp(−(1
h'�L�

/1
���L�

)2) ∼ e−1000 ∼ 10−430 te'g)[�n�b?s?UNY � b?z�U'[�|:YAkN[ � kNy�s?_�b?s � ]�e'WN]QkN[�|�eNY�]^g)W'l N ∼ 1057 ���Y�h�n�w�kN[�_�`'b?c'_�wxbH`'[�h)Y�sLY�U'[��!� � �!��Y�|~[�_�wx|xtNy � b?c'U'wxbHc'bLY�h'l'W'W�_l'b?U'g)c'b / [�kNU'lNY�_)]^bHzFb�_�[�s?|~[�z�U'w W's^q sLY�� r�r b?h'g�Y ��@C;�MNKF>�@A>$45
9��;�M���
��
^=���>
: >�K27)M!M�
3#%����>A@A;�M���! _�[�kNU'[�_�[�d r j�U'h'l'W'W\`'[ � h'j�kN[�U'[�_)]^h'W'dmn)YAq
c'��b?cu��OV|~`'j�kN�)]FeNY�]^g)W'l'w _�h'_)Y�U'g)[�_�[�d�|~b^��Y�U'W'h�b�� ���!�5b�� c'[�d{kN�'t � 

R ��� � 
 � 
��

~p = ~~k
t�X � b ~k = 2π/λ− _�[LkNU'[�_�[�b�e'WN]ZkN['���5_�W'z�b?U'W'b�eNY�]^g)W{q

l'w ]�sLY�c�y � [�| Z1e
]�W'|~`'j�kN�)]^[�|

~p
]^[�[�g)_�b?g�]^g)_�j�b?g _�[LkNU'[�_)Y�y r j�U'h{q

l'W'y
ψ ∼ eikx ∼ ei(p/~)x ∼ ei/~

R

pdx �<�VW'U'b?g)W'e'bL]^h)Y�y3�?U'b?c'X?W'y eNY�]^g)W'l'w
p2/2m = E ����� = E ���	��� −U = E0 −U

t{X � b U = Z1Z2e
2/r �

`'[�g�b?U'l'W{q
YAkN��UNY�y\�?U'b?c'X?W'y h'j�kN[�U'[�_)]^h�[�X?[#_�sLY�W'|~[ � b?dN]^g)_�W'y�]�eNY�]^g)W'l'b?d�]�sLY�c�y�q
� [�| Z2

� H�g�]^� � Y p =
√

2m(E0 − U)
����h{k!Y�]?]^W'e'bL]^h�[�d |~b^��Y�U'W'h�b�`'c'W

E0 ≤ U
`'c'[�WN]Q�)[ � W'ga[�g)cNY�zFb?U'W'b�eNY�]^g)W'l'w [�g�n)Y�c'��b?cNY{t~gA� b��EeNY�]^g)W'lNY

U'b�`'c'[�U'W'h)Y�b?g#_ [�n�k!Y�]^g)�
r < r1 = Z1Z2e

2/E0
�:� h'_)Y�U'g)[�_�[�d�|~b^��YAq

U'W'h�b3`'c'W
r < r1

W'|~b?b?|
p = i

√
2m(U −E0)

W�_�[LkNU'[�_)Y�y r j�U'h'l'W'y
ψ ∼ exp[−1/~

r1∫
r

√
2m(U −E0)dx]

� � g)[ [�s?UNYLeNY�b?gAt�e'g�[ _)]^b?X � Y bL]^g��
[�gCkNW'e'UNY�y�[�gHU'j�kNy�_�b?c'[�y{g)U'[)]^g)�5`'[ � n)Y�c'��b?c'U'[�X?[�`'b?c'b^�)[ � Y{�G)0Y�]^e'b?g�`'[�q
h)Y�s?wx_)Y�b?gAtNe'g)[�_�b?c'[�y{g)U'[)]^g���UNYA�)[�z � b?U'W'y�eNY�]^g�W'l'w�`'[ � n)Y�c'��b?c'[�|

w = |ψ|2 ∼ exp[−2/~

r1∫

0

√
2m(U −E0)dx] ∝ e

−
q

A
E0 ,

� ���$#L���
X � b

A ∼ Z1Z2e
4mp/~

2 ∼ Z1Z2α
2mpc

2 −`'[)]^g)[Cy�U'UNY�y�tEUNY�s?wx_)Y�b?|:Y�y\�?U'b?c'X?W'b?d}��Y�|~[�_)Y{��OV|~b?U'U'[�W's^q sLY |:YAkN[)]^g)W
α
_�b?c'[Cy�g�U'[)]^g)��`'[ � n)Y�c'��b?c'U'[�X?[�`'b?c'b^�)[ � Y�s?UNY�e'W'g)b^kN��UNY � kNy�eNY�]^g)W'l ]

�?U'b?c'X?W'b?d
E0 ∼ kT � UC ∼ αmpc

2 �POVU'g�b?X?c'W'c'j�y3`'[�|:Y�h�]^_�b^k'kN[�_)]^h�[�q
|~jacNY�]^`'c'b � b^kNb?U'W'� eNY�]^g)W'l�]��?U'b?c'X?W'b?d

E > E0 ∼ e−
E0
T
tE`'[LkNj�eNY�b?|

]^h�[�c'[)]^g���c'bLY�h'l'W'W

〈σv0〉[
]^| 3/ � ] ∼

∫
e−

√
A/E0−E0/T dE0 .

� ���$#L���
�Vc'W�h�[�U'l'b?U'g�cNY�l'W'W�_�sLY�W'|~[ � b?dN]^g�_�j��8o5W{��eNY�]^g)W'l n ��Y�cNY�h'g�b?c'U'[�bx_�c'b^q|~y�|~b?z � j _�sLY�W'|~[ � b?dN]^g)_�W'y{|~WabL]^g���`'c'[)]^g)[ τ ∼ 1/(nσv0)

�J��wxcNY�zFb^q
U'W'b3`'[ � �?h�]^`'[�U'b?U'g)[�diW'|~b?b?g c'b?s?h'W'di|:Y�h�]^W'|~j�|xt�`'[��?g)[�|~jmW'U'g)b?X?cNYAk
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kNb?X?h�[�n�b?c'b?g�]�y5|~b?g)[ � [�|�`'b?c'b?_)YAk!Y{� �Vb�W'|~b?y�s � bL]^�8|~bL]^gCY � kNyFn�[LkNb?b�`'[�q
� c'[�n�U'[�X?[VW's^kN[�zFb?U'W'y<t�[�g)[(%5kNb?|�W'U'g)b?c'bL]^j��8o5W{��]�y�e'W'gCY�g)b^kNb?d5h�XZkNj�n�[�q
h�[�d |~[�U'[�X?cNY r W'W ��� � � ��cNY�U'h{q ��Y�|~b?U'b?l'h�[�X?[�I ��W's?W'e'bL]^h'W'b�`'c'[�l'bL]?]^w
_�U'j�g�c'W�s?_�b?s � MZt�� � � ��W's?|:Y�g)X?W's�t #L
���
��PH�h�[�U'eNY�g)b^kN��U'wxd3[�g)_�b?g �

〈σv0〉 ∝ exp

[
−
(αG

kT

)1/3
]
,

� ���$#����
X � b αG ≈ Z1Z2A− �?U'b?c'X?W'y�t���Y�cNY�h'g�b?c'W's?j��8o�Y�y�_�sLY�W'|~[ � b?dN]^g�_�j��8o5W'b
y � cNY�]VsLY�c�y � Y�|~W Z1

t
Z2
�

�V[LkNj�e'b?U'U'wxd�sLY�h�[�U�c'[)]^g�Y�]^h�[�c'[)]^g)W�c'bLY�h'l'W'd
exp[−1/T 1/3]

]�g)b?|Eq
`'b?cNY�g)j�c'[�d [�g)cNY�z5Y�b?g�j�_�b^kNW'e'b?U'W'b�_�b?c'[�y{g)U'[)]^g)W `'c'[)]?Y�e'W'_)Y�U'W'y#e'b?c'b?s
n)Y�c'��b?cut!h�[�g)[�c'[�b5s?UNY�e'W'g)b^kN��U'[�`'c'b?_�[)]Z�)[ � W'g�j�|~b?U'�(%�b?U'W'b � [�kNW3e'WN]Zk!Y
eNY�]^g)W'la]�g�c'b?n�j�b?|~[�da�?U'b?c'X?W'b?da`'c'Wa|:Y�h�]^_�b^k'kN[�_)]^h�[�| cNY�]^`'c'b � b^kNb?U'W'W
`'[�]^h�[�c'[)]^gAy{|x�

�<UNY�U'W'b�]^h�[�c'[)]^g)Wac'bLY�h'l'W'Wa`'[�s?_�[LkNy{b?g3kNb?X?h�[3cNY�]?]^e'W'g�Y�g���W's?|~b?U'b^q
U'W'b�h�[�U'l'b?U'g)cNY�l'W'W

ni → nk
_�sLY�W'|~[ � b?dN]^g)_�j��8o5W{� y � b?c i t k `'c'W W{�]^[�j � Y�c'b?U'W'y��3]^[�_�c'b?|~b?U'b?| �

dni/dt = dnk/dt = −nink〈σv〉ik .
OVs��?g)[�X?[�]QkNb � j�b?gAtAe'g�[�_VcNY�]^e'b?g)b�UNY8b � W'U'W'l'j5|:Y�]?]^w�_�b?o�bL]^g)_)Y8�?U'b?c'X?[�q
_�w � b^kNb?U'W'b�_�y � b?c'U'w�� c'bLY�h'l'W'y���`'c'[�`'[�c'l'W'[�UNYAkN��U'[3`'b?c'_�[�d ]^g)b?`'b?U'W
`{kN[�g)U'[)]^g)W�W�U'b?h�[�g)[�c'[�d r j�U'h'l'W'W�[�g�g)b?|~`'b?cNY�g�j�c'w��

),Y�]?]^|~[�g)c'W'| g)b?`'b?c'�pU'b?h�[�g)[�c'wxb�[)]^[�n�b?U'U'[)]^g)W [)]^U'[�_�U'w�� g)b?c'|~[�q
y � b?c'U'w���c'bLY�h'l'W'dut�`'c'[�WN]Q�)[ � y�o�W{��_�s?_�b?s � YA�FXZk!Y�_�U'[�d�`'[)]QkNb � [�_)Y�g)b^kN��q
U'[)]^g)Wu�
� �$��� E3����� � � .01 � � � � ����(�� � ENF
	3F 	

)0bLYAkNW's?j�b?g�]Zy�_�s?_�b?s � YA��U'b?n�[�kN�(%5W{�3|:Y�]?] M . 1.3M�
�

1. p + p → 2D + e+ + νe(Eν,pp < 0.42MeV ) τ ∼ 1010 kNb?g
2. 2D + p → 3He+ γ τ ∼ 1.5

]^b?h
/i_�b?c'[�y{g)U'[)]^g���� ����� �

3. 3He+ 3He→ 4He + 2p τ ∼ 106 kNb?gW{kNWa� 
������
4. 3He+ 4He4 → 7Be+ γ ,
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`'[)]QkNb5e'b?X?[
4a. 7Be+ e− → 7Li+ νe , (〈Eν,Be〉 = 0.81

�3�L�
), 7Li+p → 24HeW{kNWa� X?[�cNY�s � [�|~b?U'b?b5_�b?c'[�y{g)U'[{�

4b. 7Be + p → 8B + γ , 8B → 8Be∗ + e+ + νe , (〈Eν,B〉 ∼ 8 −
14
�3�L�

), 8Be∗ → 24HeK0Y�h'W'|i[�n�cNY�s?[�|xt�_�[�_)]^b^�3_�b?g)_�y���c'bLY�h'l'W'W\� #
�

�W #

�
-{��[�UNY�sLY�_�b?c{q

%�Y�b?g�]Zy�_�[�s?U'W'h'U'[�_�b?U'W'b?|%[ � U'[�X?[�y � cNY He
W'sVe'b?g)wxc'b^��`'c'[�g)[�U'[�_�� _�w�q

� b^kNb?U'wmz�W'c'U'wx| %5c'W r g)[�|�� ��U'W'h)Y�h'W'b��ZkNb?|~b?U'g)w�t�h'c'[�|~b�_�[ � [�c'[ � Y{t)U'b
cNY�]Q�)[ � j��8g�]�y<�

9<;?4 
$��;�M���!��
� �Z�!# q y c'bLY�h'l'W'y�]?Y�|:Y�y�|~b � kNb?U'UNY�y�tugA� hu�<W � b?g�`'[�h)Y�UNYAkNj�]Zk!Y�n�[�X?[_�sLY�W'|~[ � b?dN]^g�_�W'y<t � g�Yac'bLY�h'l'W'y�[�`'c'b � b^kNy{b?gmg)b?|~`��?U'b?c'X?[�_�w � b^kNb?U'W'y

UNY�X?cNY�|~|�_�b?o�bL]^g)_)Y�W _�c'b?|~y z�W's?U'W s?_�b?s � w�UNY�X�k!Y�_�U'[�da`'[)]ZkNb � [�_)YAq
g)b^kN��U'[)]^g)Wu�

���Z���5b?d'g�b?c'W'd � �Cq y�c'bLY�h'l'W'y<�~n�w ]^g)c'[�_)]^g)j�`NY�b?g�_5c'bLY�h'l'W'� ]�[�n�cNYAq
s?[�_)Y�U'W'b?| X?b^kNW'y

�

�tJcNY�_�U'[�_�bL]^UNY�yah�[�U'l'b?U'g)cNY�l'W'y#[�`'c'b � b^kNy{b?g�]�y [�g)U'[�q%5b?U'W'b?| _�c'b?|~b?UFc'bLY�h'l'W'd�� #A�!W�� ���Zt�gA� b�� ∼ 10−18 � � g)[ _)Y�z�U'[�b ]^_�[�dN]^g)_�[

� b?d'g)b?c'W'y�n�w ]^g)c'[ � _�wxX?[�cNY�g�� � _Hs?_�b?s � YA��`'[�s?_�[LkNy{b?g�]^e'W'gCY�g)�Vn�[LkN�(%5j��
eNY�]^g)� � b?d'g)b?c'W'ym_ |~b?z�s?_�b?s � U'[�d�]^c'b � b�`'b?c'_�W'e'U'wx|xtvgA� b��~[�n�cNY�s?[�_)Y�U{q
U'wx| `'c'W `'b?c'_�W'e'U'[�| U'j�h{kNb?[)]^W'U'g)b?s?b�_3cNY�U'U'b?d���]^b^kNb?U'U'[�du��OVs?|~b?c'b^q
U'W'b�]^[ � b?c�z�Y�U'W'y%`'b?c'_�W'e'U'[�X?[ � b?d'g)b?c'W'y � _)Y�z�U'b?d�%5W'dfg)bL]^g g)b?[�c'W'W
`'b?c'_�W'e'U'[�X?[�U'j�h{kNb?[)]^W'U'g)b?sLY{�

���Z��� r�r b?h'g)W'_�U'[)]^g)���?U'b?c'X?[�_�w � b^kNb?U'W'y�UNYFX?cNY�|~|\_�b?o�bL]^g)_)YFsLY�_�W{q
]^W'g�[�g�g)b?|~`'b?cNY�g�j�c'wp_�_�w ]^[�h�[�d ]^g)b?`'b?U'W �

εn[
�?c'X
	�� X · ]A� ] ∝ ρT 4...8 � ���$#L���

�
ρ− `{kN[�g)U'[)]^g)���0_��)[ � W'g _ `'b?c'_�[�d�]^g)b?`'b?U'W gA� hu�,cNY�]^e'b?g �?U'b?c'X?[�_�w � b^q
kNb?U'W'y�_�b � b?g�]�y�UNY�b � W'U'W'l'j3|:Y�]?]^wV�Z� H�g)|~b?g)W'|%U'W's?h'j���]^c'b � U'�8� I h)YAq
kN[�c'W'd'U'[)]^g)��MHy � b?c'U'w��3c'bLY�h'l'W'd � L�/M� = 2 � �?c'X
	�� X · ]A� � � `'c'W'|~b?c'U'[g�Y�h�[�b��?U'b?c'X?[�_�w � b^kNb?U'W'b3W'|~b?b?g#|~bL]^g)[�_�`'c'[�l'bL]?]^b�X?U'W'b?U'W'y�[�`NY�_(%�b?d
kNWN]^g)_�wp_�[)]^b?U'U'b?|�]?Y � j��T�T�

�E�Z���Vc'Wp[�n�cNY�s?[�_)Y�U'W'W [ � U'[�X?[iY�g)[�|:YmX?b^kNW'ypW's e'b?g)wxc'b^�f`'c'[�g)[�q
U'[�_pU'b?d'g)c'W'U'[pj�U'[)]Zy{gp�?U'b?c'X?W'� [�h�[�kN[ �{�	�f�3�L�8���V[LkNW'e'bL]^g�_�[�U'b?d{q
g)c'W'U'[

Nν
t8W's^kNj�eNY�b?|~[�b / [�kNU'l'b?| sLYi]^b?h'j�U � j�t�[�`'c'b � b^kNy{b?g�]�y g�[LkN��q
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h�[�]^_�b?g)W'|~[)]^g)����/ [LkNU'lNY{t,gA� hu��_3g�b?c'|~[�y � b?c'U'w��ac'bLY�h'l'W'y��#_ / [�kNU'l'b
`'c'W�_�w � b^kNb?U'W'W%�����7� �3�L� c'[�z � Y�b?g�]Zy � _)Y�U'b?d'g)c'W'U'['tE[�g)h'j � Y Nν =

2L�/26.7
���L� ' 1.8 ·1038 U'b?d'g)c'W'U'[ 	A]��{�V[�g)[�h�c{q c�U'b?d'g)c'W'U'[5UNYF�<b?|EqkNb

Fν = Nν/4π(1AE)2 ∼ 1011 eNY�]^g)W'l 	A]^| 2 	 � � � |x�Ac'WN]������	���Z� H�g)|~b?g)W'|xte'g)[�]^[LkNU'b?e'U'wxb U'b?d'g�c'W'U'[�W'|~b?��g � [�_�[�kN��U'[ %5W'c'[�h'W'd��?U'b?c'X?b?g�W'e'bL]^h'W'd
]^`'b?h'g)c�_�`{kN[�g)� � [��?U'b?c'X?W'd #&-����L���
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Энергия нейтрино (МэВ)

Галлий Хлор
СуперК, SNO

� �!��T �'T � T � �#�(�!�
����R A ��5��
-���. 5!������-H� ���
	��!������R�� �!��A���.����!� �2� 02�
 3	!� � �
�(*������ �2� � � ����A!��.������ �
�
 

2
��� ��
EB � � ���6�
�
���M*:�#.����!��A  ��
*2�(	�� � ��	�� �2� ����T � ��
!� ����� �

� T ���	�!�����!��� ���!� � ��� �����#�L.��#��	�������R��L.�����-�����A
pp
@ ���!-M	2�8�6B
-'��5!�
.M�! �������RS� �(5!�#@

�
�#>#��R �%.���&
�!����.���.��#���#��F%�!��A���.����!� .!����	�������R��LB����
.�&���A �	������� ����# �
����@�� �8B
-'��@
5��
.��� ��(�!� � � ��� � � �S�#��@ � 	2�� ����
�
-��#P � � �����#�2�
	�F#�2�#P �+�#>#��.!������.M�!P:� �	
 � �8� �#-�@
���
�!�
-��#P ����A!��.������2��P��#>��
��.��H������.M�!P:��� � � � � � � � �������!P:N�� � � � � 	 � � .�����@ � ���
�
�M��S�
�
	��!P���� � 
�� ����� ��� � ��� @
� �9B
-'��5!�
.M�! ������ � � �#$M ��
����A�-X� �	
 � ��� ���! ���� @ �W��� � � �
���
.�����-'�#����-M��A?B
-'��5!��.��! ������ �2�U����*!���

2

� � ��$M5��
.�@ �+�� �����-H�
��*2�M� � 5��#���!P��Q�;�!� �#P'@
)+��	��#AC���
*!���

2

� � � ��A!��.������2��P=��>����
.����#���#.��!P � �
*!>�IU.M�Q� �+���!�
*:� ��T �S.�� �����!�
�� ��
$M-H�������!�E���
�#.��
�����!�
��-H�#P=�!���#5!.��(*2�(	!�����!������FE5������#-H� �
�#�������
���
�#��$MI �S� �8����A!��.M������T

�  T�5��
*2.��#>#���
� �2�V����A�������T � ��
!� ����� 
 ���� � ���������ST �����
T � ���
T � ���

�Vc�y{|:Y�y `'c'[�_�b?c'h)Y3g)b?[�c'W'W\]^g)c'[�b?U'W'y / [�kNU'lNY
�
UNY�n�kN� � b?U'W'b�]^[�k'q

U'b?e'U'w��5U'b?d'g)c'W'U'[8UNY�s?b?|~U'wx|~W�U'b?d'g�c'W'U'U'wx|~W � b?g�b?h'g)[�cNY�|~W�� c'WN]������	���Z�
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�vkNb?h'g)c'[�U'U'wxb U'b?d'g)c'W'U'[a_�w ]^[�h'W{�}�?U'b?c'X?W'd � c'bLY�h'l'W'y -)Y��Fc'b?X?WN]^g)c'W{q
c'j���g�]�y�_H��kN[�c{q Y�c'X?[�U'U'w����?h�]^`'b?c'W'|~b?U'gCYA� � �?h�]^`'b?c'W'|~b?U'g�w%�5�?_�WN]?Y��Zt�W
j)]^g)[�d'e'W'_�[ `'[�h)Y�s?wx_)Y���g U'b � [)]^g�Y�g)[�h U'b?d'g)c'W'U'[ `'[ ]^cNY�_�U'b?U'W'� ]�g)b?[�q
c'b?g)W'e'bL]^h'W'|#s?UNY�e'b?U'W'b?| � kNy�]^gCY�U � Y�c'g)U'[�d�|~[ � b^kNW�/ [LkNU'lNY{� �Vb?d'g)c'W'U'[
U'W's?h'W{�#�?U'b?c'X?W'dutE_�[�s?U'W'h)Y���o�W'b�U'b?`'[)]^c'b � ]^g)_�b?U'U'[�_ pp q c'bLY�h'l'W'Wut,c'b^qX?WN]^g)c'W'c'j���g�]Zy}_ XZYAk'kNW'd{q X?b?c'|:Y�U'W'b?_�w��f�?h�]^`'b?c'W'|~b?U'g�YA� � � � ��� � � _
�ucNY�UR/�Y�]?]^[a� OVg�YAkNW'y

�
��b?c'|:Y�U'W'y<�VW P � � ��UNY���Y�h�]?Y�UN]^h�[�d\U'b?d'g)c'W'U{q

U'[�d�[�n)]^b?c'_)Y�g)[�c'W'W O � O>) � � � )0[)]?]^W'y
�
/ � � �Z�N)�b?s?j�kN�Cg�Y�g)w��?g)W{�5�?h�] q`'b?c'W'|~b?U'g)[�_�g�Y�h'zFb�`'[)]^g)[Cy{U'U'[�`'[�h)Y�s?wx_)Y��8g � b r W'l'W'g�UNY�n�kN� � Y�b?|~[�X?[

`'[�g)[�h)Y�U'b?d'g)c'W'U'[�� `'[�c'b?s?j�kN�Cg�Y�g�Y�|J#L
�
��Aq #L
�
���X?X���W's?|~b?c'b?U'U'wxd `'[�g)[�h
U'b?d'g)c'W'U'[5]^[)]^gCY�_�W{k

70±15(1σ)
P�S�� � I � � � 	 � � � � 	�
 
 ����
 	�� 
�	�
 � � MQ�Zt�_Hg)[

_�c'b?|~y�h)Y�h�_�]^g�Y�U � Y�c'g)U'[�d�|~[ � b^kNW / [LkNU'lNY�[�z�W � Y�b?g�]�y<#L��� P�S�� �Z� ��Y
UNYLeNYAkN[������)��X��!c'b?s?j�kN��g�Y�g)w�]^[�n�cNY�U'w _ K�Y�n�kNW'l'b����$# �
�3�#>�	����2� �HT K�T � ����$�	�F��
����R6B
-'��5!��.��! ��������#�J5!�V5!�#���
-�$��
��	��!������R��?�!��A���.����!�
� -'��5��
.��� ����!� �V��	�P �#�W���
�#.��
�����QT

�(�2�
�!�����!P
� ���
�
�
� �S�#.��#&�� 
EB � �

Ga
�'T ��� �

±
�MT � ���

pp(55%), Be(25%),
�'T �

B(10%)

Cl
�MT � � �

±
�MT � � �

B(75%), Be(15%)
�'T �

SK
�MT � ���

±
�MT �'K �

B(100%)
�'T �

SNO(CC)
�'T � � �

±
�MT � � �

B(100%)
�'T �

N:]ZkNW�U'b?d'g)c'W'U'[ W'|~b?�8g [�gCkNW'e'U'j�� [�g�U'j�kNym|:Y�]?]^ja`'[�h�[Cy���]^[�_�c'b^q
|~b?U'U'[�b�[�X?cNY�U'W'e'b?U'W'b�W's��?h�]^`'b?c'W'|~b?U'g�Y

mνe < 3
�L���Zt0_�[�s?|~[�z�U'w [)] q

l'W{k'kNy{l'W'W � `'c'b?_�cNY�o�b?U'W'y���cNY�s^kNW'e'U'w���]^[�c'g)[�_�U'b?d'g)c'W'U'[ � c'j�X�_ � c'j�q
XZY\W{kNWf_ `'cNY�_�[�`'[�kNy�c'W's?[�_)Y�U'U'wxbf��]^g)b?c'W{kN��U'wxb���U'b?d'g)c'W'U'['t�h�[�g)[�c'wxb
U'bx_�sLY�W'|~[ � b?dN]^g�_�j��8g�]x_�b?o�bL]^g)_�[�|x� O � b?y�[)]^l'W{k'kNy{l'W'd�U'b?d'g�c'W'U'[H`'c'W{q
UNY � kNb?z�W'g _�w � Y���o�b?|~j)]Zy r W's?W'h'j%�8� �V[�U'g)b?h�[�c'_�[i� #L
������Zt cNY�n�[�g�Y�_�q
%5b?|~j _�/ / / )0���V[�s � U'b?b}n�w�kN[ `'[�h)Y�sLY�U'['t5e'g)[p[)]^l'W{k'kNy{l'W'W�|~[�X?j�g
n�wxg)�Fj)]^W{kNb?U'wf`'c'W�cNY�]^`'c'[)]^g�cNY�U'b?U'W'W�U'b?d'g)c'W'U'[�_�_�b?o�bL]^g)_�b�� � r�r b?h'g
��W{�)b?b?_)Y

�
/ |~W'c'U'[�_)Y � #L
������

�
� [�kN� r b?U�%5g)b?d'UNY � #L
)�����Q�Z�F����[�U'U'wxbiW

g�Y�j�q U'b?d'g)c'W'U'[aW'|~b?��g#X?[�cNY�s � [ |~b?U'�(%5W'b�]^b?e'b?U'W'y}_�sLY�W'|~[ � b?dN]^g�_�W'y�]
_�b?o5bL]^g�_�[�|xt'e'b?|��ZkNb?h'g)c'[�U'U'[�b�U'b?d'g)c'W'U'['t'_�[�s?U'W'h)Y��8o5b?b5`'c'W�y � b?c'U'w��
c'bLY�h'l'W'y�� _ / [LkNU'l'b�t~`'[��?g�[�|~j#UNY�n�kN� � Y�b?|~wxd � b r W'l'W'g |~[�zFb?g�n�wxg)�
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[�n��uy']^U'b?Uut,U'b�|~b?U'y{ya]^g�Y�U � Y�c'g)U'[�d\|~[ � b^kNW / [LkNU'lNY{tE`'[)]^g)c'[�b?U'U'[�d\UNY
[)]^U'[�_�b5_)]^b?d3]^[�_�[�h'j�`'U'[)]^g)W3Y�]^g�c'[�U'[�|~W'e'bL]^h'W{� � Y�U'U'w����

/�Y�|~wxb�]^b?c'��b?s?U'wxbFj�h)Y�sLY�U'W'y�UNY�c'bLYAkN��U'[)]^g)��[)]^l'W{k'kNy{l'W'd�U'b?d'g)c'W{q
U'[�n�w�kNW�`'[�kNj�e'b?U'wf_�������#�X ��UNYFU'b?d'g)c'W'U'U'[�d�[�n)]^b?c'_)Y�g)[�c'W'W /�Y � n��8c'W
� P�S � �:_���Y�UNY � b��N�:]^gCY�U'[�_�h)Y P�S � `'c'b � ]^g�Y�_�kNy{b?g�]^[�n�[�d�]^[)]^j � tN]^[ � b?c{q
z5Y�o5W'd #?�����Vg�[�U'UF]^_�b?c���e'WN]^g)[�d�gAy{z�b^kN[�d�_�[ � w D2O

] U'b?n�[�kN�(%5W'| � [�q
n)Y�_�kNb?U'W'b?|%]^[LkNW

NaCl
t�cNY�]^`'[�kN[�zFb?U'U'[�d�X�kNj�n�[�h�[�`'[ � s?b?|EkNb?du�3H�n��ub?|

`'c'[)]^|:Y�g)c'W'_)Y�b?g�]�y\
Q-���� r [�g�[�j�|~U'[Cz�W'g)b^kNy{|~W�� � �~�5�Zt0h�[�g)[�c'wxb�c'b?X?W{q
]^g)c'W'c'j���g�e'b?c'b?U'h�[�_)]^h�[�b3W's^kNj�e'b?U'W'b�n�w ]^g)c'w��#��kNb?h'g)c'[�U'[�_'tE_�[�s?U'W'h)YAq
��o�W{��`'c'W�_�sLY�W'|~[ � b?dN]^g�_�W'W��?U'b?c'X?W'e'U'w���U'b?d'g�c'W'U'[�] Y�g)[�|:Y�|~W � b?d'g)b^q
c'W'y�`'[�U'bL]^h�[�kN��h'W'|ih)Y�UNYAk!Y�| �

#A�5c'bLY�h'l'W'y�e'b?c'b?s�sLY�c�y{z�b?U'U'wxd�g)[�h�� � ���Zt:_ h�[�g)[�c'[�d}j�eNY�]^g)_�j��
g)[LkN��h�[���kNb?h'g)c'[�U'U'wxb5U'b?d'g)c'W'U'[

νe +D → p+ p+ e−.

���vc'bLY�h'l'W'y�e'b?c'b?s5U'b?d'g)cNYAkN��U'wxd3g)[�h#� S ���Zt'_�h�[�g)[�c'[�d�j�eNY�]^g)_�j��8g
U'b?d'g)c'W'U'[�_)]^b^��]^[�c'g)[�_

νx +D → νx + p+ n ,

X � b�W'U � b?h�] x [�g)U'[)]^W'g�]Zy�h��ZkNb?h'g)c'[�U'U'wx|��
e
�Zt<|~�8[�U'U'wx|��

µ
�xW{kNW gCYLj

�
τ
��q U'b?d'g)c'W'U'[�� [\_�g)[�c'[�|�]QkNj�eNY�b U'b?d'g)c'[�UisLYA��_)Y�g)wx_)Y�b?g�]Zy�Y�g�[�|:Y�|~W

NaCl
tJWa_�[�s?n�j�z � b?U'U'[�b�]^[)]^g)[�y{U'W'b�cNY�]^`NY � Y�b?g�]Zy ]�WN]^`'j)]^h)Y�U'W'b?| r [�q

g)[�UNY{t'h�[�g�[�c'wxd3W � b?g)b?h'g)W'c'j�b?g�]Zy � �E�x�

�� )0bLY�h'l'W'y�j�`'c'j�X?[�X?[�cNY�]?]^b?y{U'W'y�UNY��ZkNb?h'g)c'[�U'b�� W � b?g�e'b?c'b?s � ��W

S � � kNy�_)]^b^��]^[�c'g)[�_�U'b?d'g�c'W'U'[{�

νx + e− → νx + e−, x = e, µ, τ

� c'b?X?WN]^g)c'W'c'j�b?g�]�y�g�Y�h'z�bxy{`'[�UN]^h'W'| � b?g�b?h'g)[�c'[�|�/ j�`'b?c���Y�|~W'[�h)Y�U � Y �I P � MQ�Z�/ cNY�_�U'W'_)Y�yag�b?|~`#c'b?X?WN]^g)cNY�l'W'W ]^[�n�wxg�W'da`'[�h)Y�UNYAk!Y�| / / ��]�j�eNYAq
]^g)W'b?|�g)[�kN��h�[ �ZkNb?h'g)c'[�U'U'w��}U'b?d'g)c'W'U'[{��W S � ��]�j�eNY�]^g)W'b?| U'b?d'g)c'W{q
U'[�_)]^b^��]^[�c'g)[�_{�Zt�|~[�z�U'[�[�`'c'b � b^kNW'g)�'t!bL]^g)��kNW3_�`'[�g)[�h�b5U'b?d'g)c'W'U'[�[�g
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���
-�����@
.���� ��T �O�
�#.���P �2�W$M.��������

5.3σ
5!�
*2�#���
.')V*2�#�
��B
-'��5��
.��� ��(�!�9*!	�PE����� �=�
�#.������ ����A�@

��.M���!�M�M.���&
���
��.M�!.�$��
 3R��W$H�
�
�
�!�#��-'�#A � � � � 5����D	!�(*�����AE�
���
	�>�� ��*!�!��&�.��# � 3R ��T

/ [LkNU'lNY�|~��[�U'U'wxb�W�g�Y�j�q U'b?d'g)c'W'U'['���5b?g)b?h'g�[�c'w P � W P�S�� c'b?X?WN]^g)c'W{q
c'j���g�[ � U'W\W g)b�z�b��?U'b?c'X?W'e'U'wxb�U'b?d'g)c'W'U'['t0_�[�s?U'W'h)Y��8o5W'b�`'c'W\cNY�] q
`NY � b cNY � W'[)Y�h'g)W'_�U'[�X?[ n�[�cNY 8B → 8Be∗ + e+ + νe

��]^|x��c'WN]������	�aW
K�Y�n�kNW'l'j��Z� N:]ZkNW�n�w [)]^l'W{k'kNy{l'W'd��ZkNb?h'g�c'[�U'U'w��\U'b?d'g)c'W'U'[ U'b�`'c'[�WN] q
�)[ � W{kN['tug�['t<[�e'b?_�W � U'['tu`'[�g�[�h</ /vq U'b?d'g�c'W'U'[�W S �vq U'b?d'g)c'W'U'[�n�w�k#n�w
[ � W'UNY�h�[�_'�<�Vc'W3UNYAkNW'e'W'W�[)]^l'W{k'kNy{l'W'd νe → νµ,τ

`'[�g)[�h S �vq U'b?d'g)c'W'U'[
� [LkNzFb?U}_�[�s?cNY�]^g�Y�g��'�E��Y�h�_�W � U'[aW's K�Y�n�kNW'l'w�t S �vq ]^[�n�wxg)W'ym_ c'bLY�h{q
g)[�c'b P � _�w %�b�t!e'b?| / /vq ]^[�n�wxg)W'y�_�c'bLY�h'g)[�c'b P�S � � )0b?s?j�kN��g�Y�g�W'|~b?b?g
s?UNYLe'W'|~[)]^g��

5.3σ
W�UNY�]^b?X?[ � U'yN%�U'W'd � b?U'��y{_�kNy{b?g�]�y�]?Y�|~wx|}]^W{kN��U'wx|

`'[ � g�_�b?c�z � b?U'W'b?| [)]^l'W{k'kNy�l'W'd\�ZkNb?h'g�c'[�U'U'w���U'b?d'g�c'W'U'[3[�g / [LkNU'lNY�_
� c'j�X?W'b�]^[�c'gCY � |~�8[�U'U'wxb�W gCYLj��Z� � UNYAkNW's�`'[�h)Y�s?wx_)Y�b?gCt~e'g)[ �?g)W � Y�U{qU'wxb�kNj�e�%�b�_)]^b?X?[�]^[�[�g)_�b?g�]^g�_�j��8g#c'b %5b?U'W'� gC� Uu��`'[LkNU'[�X?[�]^|~b %�W'_)YAq
U'W'y�U'b?d'g�c'W'U'[F`'c'W�cNY�]^`'c'[)]^g)cNY�U'b?U'W'W�_F_�b?o5bL]^g)_�b�� � r�r b?h'g���W{�)b?b?_)Y

�/ |~W'c'U'[�_)Y
�
��[LkN� r b?U�%�g)b?d'UNY��Zt![)]^l'W{k'kNy{l'W'W�z�b��ZkNb?h'g)c'[�U'U'w���U'b?d'g)c'W{q

U'[a_\]^g)b?c'W{kN��U'wxb WN]^h{kN��eNY��8g�]Zy���� �����)�aX?[ � j�sLY c'b %5b?U'W'b�`'c'[�n�kNb^q
|~w�]^[�kNU'b?e'U'w���U'b?d'g)c'W'U'[ )�� �5�?_�WN]^j�� / � � t{]^[�s � Y�g)b^kN��`'b?c'_�[�X?[���kN[�c{qY�c'X?[�U'U'[�X?[�U'b?d'g�c'W'U'U'[�X?[ � b?g)b?h'g)[�cNYx��c'j�h{���?_�b?UN]^h�[�d ��Y�l'W'[�UNYAkN��U'd5k!YAq
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n�[�cNY�g)[�c'W'W���W#� �J�V[(%5W'n�b � �8`'[�U'W'y<t�[ � W'U#W's�]^[�s � Y�g)b^kNb?d � b?g)b?h'g)[�cNY/ j�`'b?c{q ��Y�|~W'[�h)Y�U � b��~n�w�k!Y�`'c'WN]^j�z � b?UNY �V[�n�b^kNb?_)]^h)Y�y�`'c'b?|~W'y�`'[ r W{q
s?W'h�b��
� �$��� ��������� � � .,1 �

)0bLYAkNW's?j�b?g�]Zy�_5s?_�b?s � YA��|:Y�]?]^W'_�U'b?b / [�kNU'lNY{�'���?g)[�d�l'b?`'[�e'h�b�c'bLY�h{q
l'W'd�j�X�kNb?c'[ � _�w ]^g)j�`NY�b?g�_�c'[LkNW�h)Y�g�YAkNW'sLY�g)[�cNY{t{gA� b���_�h�[�U'b?e'U'[�|%]^e'b?g)b
_ � S�� q l'W'h{kNbHh)Y�h�W�_�c'c{q l'W'h{kNb

4p→ 4He �

12C +
� → 13N + γ,

13N → 13C + e+ + ν,
13C +

� → 14N + γ,

14N +
� → 15O + γ,

15O → 15N + e+ + ν,
15N +

� → 12C + 4 ��� .

9<;?4 
$��;�M���!
�5�Z� � U'b?c'X?[�_�w � b^kNb?U'W'b�UNY�b � W'U'W'l'jF|:Y�]?]^w%]^W{kN��U'[HsLY�_�WN]^W'g5[�gHg)b?|Eq

`'b?cNY�g)j�c'w �
ε[
�?c'X
	CX
	A]

] ∝ ρT 16...18 .

���Z�9/ j�|~|:Y�c'U'[�b��?U'b?c'X?[�_�w � b^kNb?U'W'b�_V[�n�[�W{�Fl'W'h{k!YA��`'c'W'|~b?c'U'[H[ � W{q
UNY�h�[�_�[ �

4p→ He4 + 2e− + 2νe + 26.7
�3�L�

,

�

.

4p→ He4 + 2e− + 2νe + 25
�3�L�

,
� S �

.

� � S�� q l'W'h{kNb�U'b?d'g�c'W'U'[�j�U'[)]Zy{g U'bL]^h�[LkN��h�[ n�[LkN�(%�b��?U'b?c'X?W'Wut,e'b?| _
_�[ � [�c'[ � U'[�| � gA� hu�'c'bLY�h'l'W'W3W � j�g�`'c'W�n�[�kNb?bH_�w ]^[�h�[�d g)b?|~`'b?cNY�g)j�c'b��Z�
� �$��� 	8� �:"�? � 7 "��,.J$%+ B'"'*,"'10(���*A� ���!. ��� �,.J$}1!�!"��,('+�� ���A�(�~*,"GB

�5+ � � � "�.%/ ����/��
��[�g)[�U'w�c'[Cz � Y��8g�]Zy�_�s?[�U'bHy � b?c'U'w���c'bLY�h'l'W'd�_�U'b � cNYA� / [�kNU'lNY{�

�8kN[�g)U'[)]^g)��_�b?o�bL]^g)_)Y�l'b?U'g)c'b�/ [LkNU'lNY�[�h�[LkN[ #L����X
	A]^| 3 tNg)b?|~`'b?cNY�g)j�cNY
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[�h�[�kN[ #�h'�L�8���:]QkN[�_�W'y�]�_�w ]^[�eNY�d�%�b?d�g)[�e'U'[)]^g�����]^[�[�g)_�b?g�]^g�_�j��8g�`'[�k'q
U'[�|~j�g)b?c'|~[ � W'UNY�|~W'e'bL]^h�[�|~j�cNY�_�U'[�_�bL]^W'�Ft{`'[��?g)[�|~j��?U'b?c'X?W'y�c'[�z � Y���q
o5W{��]�y r [�g)[�U'[�_�cNY�]^`'c'b � b^kNb?UNY�`'[�sLY�h�[�U'j��8k!Y�U'h)Y � kNy � 	 Kf]8g)b?|~`'b^q
cNY�g)j�c'[�d #xh'�L�p� zFbL]^g)h'W'd�c'b?U'g)X?b?U'[�_)]^h'W'd � WNY�`NY�s?[�U��Z�0N:]QkNW�U'b?d'g)c'W'U'['t
W'|~b?�8o5b?b�U'W'e'g)[�z�U'[�b ]^b?e'b?U'W'b _�sLY�W'|~[ � b?dN]^g)_�W'y�]v_�b?o5bL]^g)_�[�|\� ≈ 10−44]^| 2 �,]^_�[�n�[ � U'[�� sLY�_�c'b?|~y R�/c ∼ 2 � �,`'[�h'W � Y���g / [LkNU'l'b�t�g)[ r [�g�[�U'w
|~U'[�X?[�h'cNY�g)U'[�`'[�XZkN[�o�Y��8g�]�y�W�cNY�]?]^b?W'_)Y��8g�]�y � t)`'[�h)Y � [)]^g)W'X?U'j�gH_�U'b %5q
U'W{��n�[�kNb?bx`'c'[�s?cNYLe'U'w���]QkN[�b?_HY�g�|~[)] r b?c'w / [LkNU'lNY{����W � W'|:Y�y I `'[�_�b?c)��q
U'[)]^g)��M / [LkNU'lNY

�
`'[�_�b?c)�{U'[)]^g)��[�`'g)W'e'bL]^h�[�d�g)[LkNo�W'U'w

τ ≈ 1
� [�`'gA�)g)[�k'q

o5W'UNYH[�g�]^e'W'g)wx_)Y�b?g�]�yF[�g�UNY�n�kN� � Y�g�b^kNyF_�X�kNj�n���/ [LkNU'lNY��
�
UNY�s?wx_)Y�b?g�]Zy

r [�g)[)] r b?c'[�dut{b?b8� r�r b?h'g)W'_�UNY�y�g)b?|~`'b?cNY�g�j�cNY{t�[�`'c'b � b^kNy{b?|:Y�y�W'sV]^[�[�g�q
U'[(%5b?U'W'y

L� = 4πR2σBT
4
eff

t
Teff (�) ≈ 5800 �

Wa[�`'c'b � b^kNy{b?g r W{q
s?W'e'bL]^h�[�b ]^[)]^g)[Cy{U'W'b _�U'b %�U'W{�i]ZkN[�b?_ / [�kNU'lNY{� KJb?|~`'b?cNY�g)j�cNY\n�w ]^g)c'[
cNY�]^g)b?g�]VX�kNj�n�W'U'[�du�

�Vc'W |:YAkNw���[�g)h{kN[�U'b?U'W'y���[�g}g)b?c'|~[ � W'UNY�|~W'e'bL]^h�[�X?[pcNY�_�U'[�_�bL]^W'y
� h�[�X � Y � kNW'UNY}]^_�[�n�[ � U'[�X?[�`'c'[�n�b?XZY r [�g)[�U'[�_ l |:YAk!Y�`'[%]^cNY�_�U'b?U'W'�]8cNY�s?|~b?cNY�|~W�cNY�]?]^|:Y�g)c'W'_)Y�b?|~[�d�[�n�k!Y�]^g)W��~`'b?c'b?U'[)]8kNj�e'WN]^g)[�d��?U'b?c'X?W'W
�)[�c'[(%5[3[�`'WN]^wx_)Y�b?g�]Zy ,�� � �(7
���'>�MNM�� 4 )
�+� �$#=� @ 
?M���
14 ��� �?g)[�|f`'c'W{q
n�kNW'zFb?U'W'W
� `'[�g)[�h��?U'b?c'X?W'W � = − � h�[�� r�r � � W r�r j�s?W'W � ×∇ � `{kN[�g)U'[)]^g����?U'b?c'X?W'W � �

F = −D∇εr.
� ���$#L
��

� � bL]^��h�[�� r�r W'l'W'b?U'g � W r�r j�s?W'W D = cl̄/3
t']^c'b � U'y�y � kNW'UNY�]^_�[�n�[ � U'[�q

X?[�`'c'[�n�b?XZY r [�g�[�U'[�_
l̄
[�`'c'b � b^kNy{b?g�]�y#h�[�� r�r W'l'W'b?U'g)[�| U'b?`'c'[�s?cNYLe'U'[�q

]^g)W
κ
� ]^| 2 	CX �

l̄ =
1

κρ
.

� ���	�����
��Y�`'c'W'|~b?cut � kNy�U'b�]QkNW�%�h�[�|mX?[�c�y{e'b?d�`{k!Y�s?|~w%[)]^U'[�_�U'j��pc'[LkN�FW'X?cNY�b?g
g)[�c'|~[�s?U'[�b���]^_�[�n�[ � U'[�q ]^_�[�n�[ � U'[�b�� `'[�X�kN[�o5b?U'W'b

lff
ν ∼

√
T

ν3

1 − e−
hν
kT

,
� ���	�G#A�

� � .��(*!��P�P *!	����2� ������>��
*��!�#&
�U5!.���>��(&�� � �!������.�� � ��	����2� 5!� ���� ��
���!�����
-'�� 3$+.��#��@
�
�
P'����I

l = 1/(nσT ) ∼ 1/40
�
 



� � ��� � ��� �	

�����	��
 � � � 
 � ��� �M� 
 � ! ����� ��� � 
�� � � � � #L�G#

W5]^c'b � U'W'dHh�[�� r�r W'l'W'b?U'g�U'b?`'c'[�s?cNY�e'U'[)]^g)W�� gA� Uu�?h'cNY�|~b?cN]^[�_)]^h)Y�y5U'b?`'c'[�q
s?cNYLe'U'[)]^g)�{�

κff ' 7 · 1022[ � | 2 	CX ]ρ
T 7/2

.
� ���	�����

� [�n�o�b?| ]QkNj�eNY�b h�[�� r�r W'l'W'b?U'g�`'[�XZkN[�o�b?U'W'yp|~[�zFb?g�n�wxg)�msLY�`'WN]?Y�U
h)Y�h�]^g)b?`'b?U'UNY�y r j�U'h'l'W'y [�gp`{kN[�g)U'[)]^g�W W g)b?|~`'b?cNY�g�j�c'w _�b?o5bL]^g�_)Y
κ = ρmT n t~X � b�`'[�h)Y�sLY�g)b^kNW%]^g)b?`'b?U'W m,n sLY�_�WN]Zy{g#[�g��{W'|~W'e'bL]^h�[�X?[
]^[)]^g�Y�_)Y `{k!Y�s?|~w W�b?b�g�b?|~`'b?cNY�g)j�c'w��v��Y�_�WN]^W'|~[)]^g��#[�g#g)b?|~`'b?cNY�g)j�c'w
|~[�zFb?g3n�wxg)��h)Y�h#[�n�cNY�g�UNY�y<t�g�Y�h�W#`'c�y{|:Y�y�tJgA� b��JU'b?`'c'[�s?cNYLe'U'[)]^g)��|~[�q
z�b?g�h)Y�h�j�|~b?U'�(%FY�g)�)]Zy�t'g�Y�h�W�j�_�b^kNW'e'W'_)Y�g)�)]�y�]�c'[)]^g)[�|mg)b?|~`'b?cNY�g)j�c'w
_�sLY�_�WN]^W'|~[)]^g)W�[�g r W's?W'e'bL]^h�[�X?[�]^[)]^g)[Cy�U'W'y�`{k!Y�s?|~w�� ��YV�?g)[�|�[)]^U'[�_)Y�U
|~b^��Y�U'W's?|�`'j�kN�)]?Y�l'W'W3U'b?h�[�g)[�c'w���`'b?c'b?|~b?U'U'w���s?_�b?s � � l'b r b?W � �Z�

��X?[�c�y{e'W{�%s?_�b?s � YA��n�[�kN�(%5[�df|:Y�]?]^w � kNW'UNY ]^_�[�n�[ � U'[�X?[\`'c'[�n�b?XZY
h'_)Y�U'g�Y�[�`'c'b � b^kNy�b?g�]Zy�g)[�|:]^[�U'[�_)]^h'W'|�cNY�]?]^b?y{U'W'b?| UNY�]^_�[�n�[ � U'w��F��kNb?h{q
g)c'[�UNYA�#� gC� b��!h{k!Y�]?]^W'e'bL]^h'W'|icNY�]?]^b?y{U'W'b?|�n�b?s5W's?|~b?U'b?U'W'y��?U'b?c'X?W'W cNY�] q
]^b?W'_)Y�b?|~[�X?[�h'_)Y�U'gCY��Z�0�V[)]^h�[�kN��h'j#_�U'b?c'b^kNy{g)W'_�WN]^g�]^h�[�| `'c'b � b^kNb�g)[�|Eq
]^[�U'[�_)]^h�[�b�cNY�]?]^b?y�U'W'b�U'b�sLY�_�WN]^W'g�[�g�eNY�]^g)[�g�w h'_)Y�U'gCY{tug)[�|:]^[�U'[�_)]^h)Y�y
U'b?`'c'[�s?cNYLe'U'[)]^g)��`'[)]^g)[Cy�U'UNY{t

κT =
σT

mp
≈ 0.4[ � | 2 	CX ]. � ���	��
��

�HkNy `{kN[�g)U'[)]^g)W �?U'b?c'X?W'W cNY�_�U'[�_�bL]^U'[�X?[ W's^kNj�e'b?U'W'y W'|~b?b?| ��]^|x�
XZk!Y�_�j���� �

εr = arT
4 ,

� ���	�Q-{�
YV`'[�g)[�h��?U'b?c'X?W'W�_H] r b?c'W'e'bL]^h'W{q ]^W'|~|~b?g)c'W'e'U'[�|m]QkNj�eNY�b�]^_�y{sLY�U�]^[H]^_�b^q
g)W'|~[)]^g)��� UNY � Y�U'U'[�|%cNY � W'j)]^b L(r)

]^[�[�g)U'[(%�b?U'W'b?|

F =
L(r)

4πr2
.

� ���	�����
�V[ � ]^g�Y�_�kNy{y � ���	�����Zt�� ���	�Q-{�FW � ���	�����F_\j�cNY�_�U'b?U'W'b � ���$#L
��Zt�`'[LkNj�eNY�b?|
[�n�wxh'U'[�_�b?U'U'[�b � W r�r b?c'b?U'l'WNYAkN��U'[�b�j�cNY�_�U'b?U'W'b � kNy\W's?|~b?U'b?U'W'y�g)b?|Eq
`'b?cNY�g)j�c'w�`'[FcNY � W'j)]^j�_F`'c'W'n�kNW'z�b?U'W'W�kNj�e'WN]^g)[�d�g)b?`{kN[�`'c'[�_�[ � U'[)]^g�W �

dT (r)

dr
= − 3

4arc

κρ(r)

T 3

L(r)

4πr2
.

� ���	�����
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��h)Y�e'bL]^g)_�bv_)Y�z�U'[�X?[�`'c'W'|~b?cNY�[�l'b?U'W'| �!*!� ?�$ �~.,-�- 5 /�.,.�-�+�('+��
�,+��m.�/ � � �,('*0" �5+ � � � " �<�V[�h)Y�g�b?|~`'b?cNY�g)j�cNY�]^c'b � w _�w ]^[�h)Y�� n�[�kN��q
%5b���|EkNUu�,X?cNY � j)]^[�_{�8�?U'b?c'X?W'y `'b?c'b?U'[)]^W'g�]ZyakNj�e'WN]^g�[�dag)b?`{kN[�`'c'[�_�[ � q
U'[)]^g)��� � r [�g)[�UNY�|~W��Z�PH8]^U'[�_�U'[�d�_�h{k!Y � _�U'b?`'c'[�s?cNY�e'U'[)]^g)��[�n�j)]ZkN[�_�kNb^q
UNY cNY�]?]^b?y�U'W'b?| r [�g�[�U'[�_\UNY\��kNb?h'g)c'[�UNYA� � g)[�|:]^[�U'[�_)]^h�[�b cNY�]?]^b?y{U'W'b�t
σT = 6.65 · 10−25 ]^|xt!U'b?`'c'[�s?cNYLe'U'[)]^g)�

κT = σT /mp = 0.4
]^| 2 	CX ��� g�Ys?[�UNY�`'c'[)]^g)W'cNY�b?g�]Zy�`'c'W'|~b?c'U'[ � [F��	�
VcNY � W'j)]?Y / [�kNU'lNY�� ∼ 4 ·1010 ]^|��Z��Vc'W�n�[LkN�(%�W{��[�`'g)W'e'bL]^h'W{��g)[LkNo�W'UNYA� � _�W'zFb?U'W'b h'_)Y�U'g�YVU'[)]^W'gV��Y�cNY�h{q

g)b?c\]QkNj�eNY�d'U'w�� n�kNj�z � Y�U'W'dut0e'g�[3|:Y�g)b?|:Y�g)W'e'bL]^h'W\h)Y�h\cNY�s�W\[�`'WN]^w�q
_)Y�b?g�]�y�j�cNY�_�U'b?U'W'b?| � W r�r j�s?W'[�U'U'[�X?[�g)W'`NY���]^|x��g�Y�h'zFbV�Vc'W{kN[�zFb?U'W'b��Z�
��c'b?|~y � W r�r j�s?W'W r [�g)[�U'[�_�W's�y � cNY � [�X?cNY�U'W'l'w s?[�U'w kNj�e'WN]^g)[�X?[
`'b?c'b?U'[)]?Y

td ∼ R2/D
t X � b D = cl/3 �

h�[�� r�r W'l'W'b?U'g � W r�r j�s?W'Wut
l = 1/(nσ) = 1/ρκ � � kNW'UNY�]^_�[�n�[ � U'[�X?[a`'c'[�n�b?XZY r [�g�[�UNY{�E�V[�kNj�eNYAqb?| �

td ∼ (4 · 1010[
]^|

])2

3 · 1010[
]^| 	A]

]
× 0.4[ � | 2/

X
] × 10[

X
/
]^| 3] ∼ 104 kNb?g .

�Vc'W `'[�U'W'z�b?U'W'W g�b?|~`'b?cNY�g)j�c'w U'b?`'c'[�s?cNYLe'U'[)]^g�� ]^[LkNU'b?e'U'[�X?[�_�b?o�b^q
]^g)_)Y�]^W{kN��U'[�_�[�s?cNY�]^g�Y�b?g���]^|x�)sLY�h�[�U��VcNY�|~b?cN]?Y � ���	�����Q�Zt�`'[��?g)[�|~j � W r q
r j�s?W'y r [�g)[�U'[�_ � kNW'g�]�y U'bL]^h�[LkN��h�[ ]^[�g)b?U#g)w ]�y�e#kNb?gC�0��Y�`'c'b � b^k!Y�|~W
y � cNYHU'b?`'c'[�s?cNY�e'U'[)]^g)��_�b?o�bL]^g)_)Y�� XZkJ��[�n�cNY�s?[�|\W's^q sLYH|~U'[�X?[�e'WN]ZkNb?U'U'w��
kNW'U'W'd�z�b^kNb?sLY5W � c'j�X?W{��gCy{zFb^kNw�����kNb?|~b?U'g)[�_{�~]^g�Y�U'[�_�W'g�]Zy�UNY�]^g)[LkN��h�[
n�[LkN�(%�[�d �

κ ∼ 40
]^| 2 	CX��Zt:e'g)[�_�[�s?U'W'h)Y��8g#h'c'j�`'U'[�|:Y�]&%�g�Y�n�U'wxb3h�[�U{q_�b?h'g)W'_�U'wxb � _�W'zFb?U'W'y����V[��?g)[�|~j `'c'W'|~b?c'U'[ # 	�
�cNY � W'j)]?Y / [�kNU'lNY�sLYAq

U'W'|:Y�b?g3h�[�U'_�b?h'g)W'_�UNY�yas?[�UNY{�,��c'b?|~y#`'[ � �ub?|:Y�h�[�U'_�b?h'g)W'_�U'[�d\y{e'b?d'h'W
]^cNY�_�U'W'g)b^kN��U'[�U'b?_�b^kNW'h�['t�U'bL]^h�[LkN��h�[ � bL]�y�g�h�[�_�kNb?gA�
� g)[�g�`'c'W'|~b?c#`'[�h)Y�s?wx_)Y�b?gAtJe'g)[�_�c'b?|~y�_�w��)[ � Y�g)b?`{kN[�_�[�d �?U'b?c'X?W'W

W'sVU'b � c / [LkNU'lNY�� kNj�e'WN]^g�Y�y�g�b?`{kN[�`'c'[�_�[ � U'[)]^g)��� h�[�U'_�b?h'l'W'y�� `'[�c�y � q
h)YmU'bL]^h�[�kN��h'W{� ]^[�g)b?Upg)w ]�y{efkNb?gC� � g)[�_�c'b?|~yp`'c'W'|~b?c'U'[�_ #?���mcNY�s
|~b?U'�(%5b�g�b?`{kN[�_�[�X?[�_�c'b?|~b?U'W �Vb^kN��_�W'UNY

�
��b^kN��|~X?[LkN��lNY{tEe'g)[�`'c'W'|~b?c'U'[

cNY�_�U'[ � [�kNW��?U'b?c'X?W'W r [�g)[�U'[�_H_�`'[LkNU'[�d��?U'b?c'X?W'W�/ [�kNU'lNY{� � g�[HU'b?g)c'W{q
_�WNYAkN��U'[�b j�g)_�b?c�z � b?U'W'b�]QkNb � j�b?gmW's3g)[�X?['t e'g)[asLYa_�c'b?|~y � W r�r j�s?W'W
h'_)Y�U'g)[�_�W's�l'b?U'g)cNY / [�kNU'lNY�`'c'W3]^_�b?g�W'|~[)]^g)W

L
_�w��)[ � W'g��?U'b?c'X?W'y3W's^q

kNj�e'b?U'W'y
Er = Ltd

t~Y sLY g)b?`{kN[�_�[�b�_�c'b?|~y
tKH �

g)b?`{kN[�_)Y�y\�?U'b?c'X?W'y
Q = LtKH

� `'[�[�`'c'b � b^kNb?U'W'� tKH
�Z���5[LkNy��?U'b?c'X?W'W r [�g�[�U'[�_�h�g)b?`{kN[�q
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_�[�d��?U'b?c'X?W'W3_�j)]QkN[�_�W'y���n�kNW's?h'W'|%h Ku� )%`'[�c�y � h)Y�[�g)U'[(%�b?U'W'y�`{kN[�g�q
U'[)]^g)W%e'WN]Zk!Y r [�g)[�U'[�_ah�`{kN[�g)U'[)]^g)W%n)Y�c'W'[�U'[�_

nγ/nb
� ��Y�`'c'W'|~b?cut�_

l'b?U'g)cNYAkN��U'w���[�n�k!Y�]^gAy�� / [LkNU'lNY
nγ ∼ (0.29/Tc)

−3 ∼ 1023 ��]^|x��XZk!Y�_�j���Zt
nb ∼ ρc/mp ∼ 1025 �<�Vc'W��?g)[�|i]QkNb � j�b?g�j�e'bL]^g)�'t!e'g�[�g)b?|~`'b?cNY�g)j�cNY_�y � c'b�W�s?[�U'bVkNj�e'WN]^g)[�d�g)b?`{kN[�`'c'[�_�[ � U'[)]^g)W3]^`NY � Y�b?g�|~b � kNb?U'U'b?b�t�e'b?|

`{kN[�g)U'[)]^g)�}��]^|x�:c'WN]������.-{�Zt:`'[��?g)[�|~j\_�|~bL]^g)[ l'b?U'g)cNYAkN��U'[�X?[as?UNY�e'b?U'W'y
`{kN[�g)U'[)]^g)W�_��?g�[�d�[�l'b?U'h�b8UNY � [�n�cNY�g)�FUNY�`'[�c�y � [�h�|~b?U'�(%5b?bVs?UNYLe'b?U'W'b
[�h�[�kN[ #?��XH]^| −3 �
� �$��� � ����*,"����!� �,.�$ ��� 5 ('*A�9�A�!� ;�+ &�('*0+3� �,.J$�/ �3�)/���. �5+ � � � "

KJb?`'b?c'��|~w |~[�zFb?|i_�wx`'WN]?Y�g)��_)]^b�[)]^U'[�_�U'wxb�j�cNY�_�U'b?U'W'y<t�h�[�g)[�c'wxb
[�`'WN]^wx_)Y���g5_�U'j�g)c'b?U'U'b?b ]^g�c'[�b?U'W'b s?_�b?s � � W / [LkNU'lNY��Zt�_8h�[�g)[�c'w����?U'b?c{q
X?W'y�`'c'[)]?YLe'W'_)Y�b?g�]�y#W's�l'b?U'g)cNY�`'j�e'b?|fkNj�e'b?WN]^`'j � h)Y�U'W'y����Vj)]^g)� L t MW
R �

]^_�b?g)W'|~[)]^g)�'t{|:Y�]?]?YFW�cNY � W'j)]Vs?_�b?s � w�t �Ft ��t�� � [�g)U'[)]^W'g�b^kN��U'[�b]^[ � b?c�z5Y�U'W'b�`'[�|:Y�]?]^bF_�[ � [�c'[ � Y{tJX?b^kNW'y W n�[LkNb?b�gCy{zFb^kNw��3�ZkNb?|~b?U'g�[�_
�
X + Y + Z = 1

�Zt0]^[�[�g)_�b?g�]^g�_�b?U'U'['t
κ �

h�[�� r�r W'l'W'b?U'g `'[�XZkN[�o�b?U'W'y
s?_�b?s � U'[�X?[�_�b?o�bL]^g)_)Y�� dτ = κρdr

�Z�
#A�Z� ��*0"��3�A�9�0.!� ;�.8�:*0+�&)(�"'('. 7 ��&)1u+3;�+�*0"��3�0+3����&�.J$��

dP

dr
= −ρGM(r)

r2
,

� ���	�)���
X � b P = Pgas + Prad

�
���Z� ��*0"��3�A�9�0.!�3&�+!&)('+�$A�,.J$��

Pgas =
ρRT

µ(X,Y,Z)
, Prad =

arT
4

3
,

� ���	�����
X � b µ � |~[LkNb?h'j�kNy{c'U'wxd�_�bL]�s?_�b?s � U'[�X?[5_�b?o�bL]^g)_)Y{� ��Y�`'c'W'|~b?cut � kNy�`'[Lk'qU'[)]^g)����W'[�U'W's?[�_)Y�U'U'[�d#`{k!Y�s?|~w

µ = 1/(2X + (3/4)Y + (1/2)Z)
� � kNy/ [LkNU'lNY

X ≈ 0.75
t
Y ≈ 0.23

t
Z ≈ 0.02

W
µ� ≈ 0.6

� sLY�WN]^h{kN��e'b?U'W'b?|
r [�g)[)] r b?c'w�t{X � b8_�[ � [�c'[ � W�X?b^kNW'd�eNY�]^g)W'e'U'[FW'[�U'W's?[�_)Y�U'wiW�y � cNY{t�X � b
��W'|~W'e'bL]^h'W'd ]^[)]^g�Y�_�W's?|~b?U'b?U3W's^q sLY�y � b?c'U'w���c'bLY�h'l'W'd��Z�


��Z� � �N$�/ � ?V"'&)& @ .C: � +�(��0+�&)('.��
dM(r)

dr
= 4πr2ρ(r).

� ���	��
��



#L�Q- � ����� � � ����� 
�� �3�

-{�Z�3� *0"��,. 7 �!@ � 5 & � +��!.�$��
R∫

0

4πr2ρ(r)dr = M ,

R∫

0

4πr2ρ(r)ε(r)dr = L ,
� ���	
����

X � b ε(r)− g�b?|~`3_�w � b^kNb?U'W'y g)b?c'|~[�y � b?c'U'[�d��?U'b?c'X?W'W�_��ZkNb?|~b?U'g�b�b � W{q
U'W'e'U'[�dm|:Y�]?]^w `'c'W\g)b^� s?UNYLe'b?U'W'y��

T
W
ρ
t,h�[�g)[�c'wxb�]^j�o�bL]^g)_�j���g UNY

cNY�]?]^g)[Cy�U'W'W
r
[�g�l'b?U'g)cNY�s?_�b?s � w��

�HkNypg)[�X?['t�e'g)[�n�w `'[LkNj�e'W'g)�}c'b %�b?U'W'b j�cNY�_�U'b?U'W'd W cNY�]?]^e'W'g�Y�g)�
`{kN[�g)U'[)]^g)��Wag)b?|~`'b?cNY�g�j�c'j�_�U'j�g)c'Was?_�b?s � w�t,ha�?g)W'| j�cNY�_�U'b?U'W'y{| � [�q
n)Y�_�kNy{��g

��� ��*,"����!� �,.!� :!��*!� �,+!&�" �?U'b?c'X?W'W�[�g8l'b?U'g)cNY�h�h'cNY�� � j�cNY�_�U'b?U'W'b
�?U'b?c'X?b?g)W'e'bL]^h�[�X?[�n)YAk!Y�UN]?Y3� ���	�����Q� W

��� ��*0"��3�A�9�0.!� �:+3:0.,& @ ��" �  <�9� = �!��*!;�+��3@ �D� � �9�0.!� � $8�~*!� �

dL(r)

dr
= 4πr2ρ(r)ε , ε = ε(T, ρ,X, Y ) .

� ���	
G#A�
),Y�]^`'c'b � b^kNb?U'W'b ρ(r) t M(r)

t
L(r)

W
T (r) � kNy�]^g�Y�U � Y�c'g)U'[�d�|~[ � b^kNW/ [LkNU'lNY}`'[�h)Y�sLY�U'w UNYmc'WN]��	���.-'� ��Y�cNY�|~b?g)c'w _�U'j�g)c'b?U'U'b?dp]^g)c'j�h'g�j�c'w

/ [LkNU'lNY�`'c'W'_�b � b?U'w _ K0Y�n�kNW'l'bF���	���
/ j�o5bL]^g)_�b?U'U'j�� c'[�kN� UNY / [LkNU'l'b�W'X?cNY�b?g |:Y�X?U'W'g)U'[�b�`'[�kNb���OVs^q sLY

_�|~[�c'[�zFb?U'U'[)]^g)W `'[LkNy _�`{k!Y�s?|~j�_�[�n�k!Y�]^g)Wa_�w��)[ � Y3]^W{kN[�_�w�� g)c'j�n�[�h
|:Y�X?U'W'g)U'[�X?[i`'[LkNy UNY%`'[�_�b?c���U'[)]^g�W h�[�U'_�b?h'l'W'y `'[ � Y�_�kNb?UNY{t�`'b?c'b?U'[)]
W's^kNj�e'b?U'W'yisLY�|~b � kNb?UpWf|~w UNY�n�kN� � Y�b?| [�n�k!Y�]^g)Wf`'[�U'W'zFb?U'U'[�dpg)b?|Eq
`'b?cNY�g)j�c'w

�
`'y{g)UNY{t8� r�r b?h'g)W'_�UNY�y g)b?|~`'b?cNY�g)j�cNY%_ih�[�g)[�c'w�� [�h�[�kN[

-)����� � ���Vc'j�`'U'[�|:Y�]&%5gCY�n�U'[�b�|:Y�X?U'W'g)U'[�b�`'[LkNb�UNY / [LkNU'l'b�X?b?U'b?c'W'c'j�b?g�q]Zy ,��NM';?4V>�
 45
9��;�M����?4V>�4 `'c'W � W r�r b?c'b?U'l'WNYAkN��U'[�| _�cNY�o5b?U'W'W / [�kNU'lNY
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� U'b � cNYA��s?_�b?s � ]^j�o5bL]^g)_�j�b?U'U'j�� c'[�kN��|~[�zFb?g�W'X?cNY�g)� � Y�_�kNb?U'W'b
W's^kNj�e'b?U'W'y<�DOVs^q sLY _�w ]^[�h�[�d%U'b?`'c'[�s?cNYLe'U'[)]^g)W�_�[�_�U'j�g)c'b?U'U'W{�aeNY�]^gAy��
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s?_�b?s � w j)]ZkN[�_�W'y�n�kNW's?h'W�h Ku� )�t<`'[��?g)[�|~j�]�_�w ]^[�h�[�d�g)[�e'U'[)]^g)��� � Y�_�q
kNb?U'W'b�W's^kNj�e'b?U'W'y [�`'c'b � b^kNy{b?g�]Zy r [�c'|~j�kN[�d � kNy#Y�n)]^[�kN��g)U'[�e'b?c'U'[�X?[
g)b^k!Y

Pr =
arT

4

3
,

� ���	
����
X � b ar = 4σB/c �

`'[)]^g)[Cy{U'UNY�y%W's^kNj�e'b?U'W'y ��]^|x�����Z� 	Vb?| |:Y�]?]^W'_�U'b?b
s?_�b?s � Y{tAg)b?|�_�w %5b�g)b?|~`'b?cNY�g)j�cNYx_�b?bvl'b?U'g)cNYAkN��U'w��HeNY�]^gAy��HWHg)b?|3n�[�kN��q%5j�� c'[LkN��UNY�e'W'UNY�b?g�W'X?cNY�g)� � Y�_�kNb?U'W'b�W's^kNj�e'b?U'W'y��/vkNb � j�y � �'� W'U'X?g�[�U'j�t�|~[�z�U'[%_�_�bL]^g)W�`NY�cNY�|~b?g�cut ��Y�cNY�h'g)b?c'W's?j���q
o5W'd3_�h{k!Y ��� Y�_�kNb?U'W'y�W's^kNj�e'b?U'W'y�_�`'[LkNU'[�b � Y�_�kNb?U'W'b

β =
Pg

Pg + Pr
,

X � b Pg �
XZY�s?[�_�[�b � Y�_�kNb?U'W'b��NH�e'b?_�W � U'['t β → 0

_�]ZkNj�eNY�b `'c'b?[�n�k!Y � Y�U'W'y
� Y�_�kNb?U'W'y�W's^kNj�e'b?U'W'y����8cNY�_�U'b?U'W'y�_�U'j�g)c'b?U'U'b?X?[H]^g)c'[�b?U'W'yFs?_�b?s � w\kNb?X^q
h�[F[�n�[�n�o�Y��8g�]�y�] j�e'b?g)[�| � Y�_�kNb?U'W'y�W's^kNj�e'b?U'W'y<���HkNy��?g)[�X?[�_�b?s � b�`'[ �
� Y�_�kNb?U'W'b?|mU'j�z�U'[H`'[�U'W'|:Y�g)�F`'[LkNU'[�b � YAkNb?U'W'b Ptot = Pg +Pr = Pg/β

�
H�g)|~b?g)W'|�U'bL]^h�[LkN��h�[�_)Y�z�U'w���]QkNb � ]^g�_�W'd�g�Y�h�[�X?[�[�n�[�n�o5b?U'W'y��#���OVs�j�cNY�_�U'b?U'W'y�X?W � c'[)]^g�Y�g�W'e'bL]^h�[�X?[�cNY�_�U'[�_�bL]^W'y � ���	�)��� � kNy�l'b?U{q
g)cNYAkN��U'w���s?UNYLe'b?U'W'd � Y�_�kNb?U'W'y�W�`{kN[�g)U'[)]^g)W

Pc

ρc
∼ GM

R

]QkNb � j�b?g�]Vj�e'b?g�[�|�sLY�|~b?U'w Pc → Pc/β

Pc ∼ GM2/3ρ4/3
c β ,

[�g)h'j � Y�]�WN]^`'[�kN��s?[�_)Y�U'W'b?|i]^[�[�g�U'[(%5b?U'W'y Pc ∼ ρcTc/µc
`'[LkNj�eNY�b?|

T 3
c

ρc
∼M2β3µ3

c .
� ���	
�
��

��Y�|~b?eNY�y�tNe'g)[
T 3

c /ρc ∼ Pr,c/Pg,c = (1 − β)/β
tN`'c'W{�)[ � W'|ih�sLY�_�WN]^W'|~[�q

]^g)W
1 − β

β4
∼M2µ4

c ,
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[�g)h'j � Y�`'c'W#|:YAkNw�� β ]ZkNb � j�b?g β ∼ 1/
√
M �

e'b?|�|:Y�]?]^W'_�U'b?b�s?_�b?s � Y{t
g)b?| n�[LkN�(%5b _\U'b?dic'[LkN� � Y�_�kNb?U'W'y�W's^kNj�e'b?U'W'y�� KJ[�e'U'[�b�_�wxcNY�zFb?U'W'b
� � �'� W'U'X?g)[�U�� sLY�`'WN]^wx_)Y�b?g�]Zy�_�_�W � b

M

M�
' 18

√
1 − β

µ2
cβ

2
.

��Y�`'c'W'|~b?cut � kNy�]?Y�|~w���|:Y�]?]^W'_�U'w���s?_�b?s � ] |:Y�]?]^[�d�[�h�[LkN[�#L���5]^[�kNU'b?e{q
U'w��#`'c'W

µc = 0.6
`'[LkNj�eNY�b?|

β ' 0.55 � � Y�z�b�_�]?Y�|~w��#|:Y�]?]^W'_�U'w��s?_�b?s � YA��UNY�XZk!Y�_�U'[�d�`'[)]QkNb � [�_)Y�g)b^kN��U'[)]^g)W�XZY�s?[�_�[�b � Y�_�kNb?U'W'b5[)]^gCY�b?g�]Zy
[�e'b?U'��]^j�o5bL]^g)_�b?U'wx| ������V[ � ]^g�Y�_�W'| Pr = (1 − β)Ptot

_�j�cNY�_�U'b?U'W'b5cNY � WNY�l'W'[�U'U'[�X?[�g)b?`{q
kN[�`'b?c'b?U'[)]?Y3� ���	�����Zt�`'b?c'b?`'WN]?Y�_�`'[)]QkNb � U'b?b�_�_�W � b

L(r)

4πr2
= − c

κρ

d

dr

(
arT

4

3

)
.

�V[LkNj�e'W'| �
L(r) = −4πr2c

κρ

d

dr
(1 − β)Ptot

��j � b?| ]^e'W'g�Y�g)�'t�e'g)[
β
U'b sLY�_�WN]^W'g}[�g�cNY � W'j)]?Y�� �?g)[�]^`'cNY�_�b � kNW'_�[�b

� [�`'j�o�b?U'W'b � kNy�]?Y�|~w�� |:Y�]?]^W'_�U'w���s?_�b?s � �Z��KJ[�X � Y{tu`'[ � ]^g�Y�_�kNy{y _��?g)j
r [�c'|~j�kNj�X?cNY � W'b?U'g�`'[�kNU'[�X?[ � Y�_�kNb?U'W'y W's�j�cNY�_�U'b?U'W'y�X?W � c'[)]^gCY�g)W'e'b^q
]^h�[�X?[�cNY�_�U'[�_�bL]^W'ya� ���	�)���ZtN`'[LkNj�eNY�b?|

L(r) = (1 − β)
4πGM(r)c

κ
.

� ���	
Q-{�
� g)[H[�s?UNY�eNY�b?gCt�e'g)[H`'c'W�`'[)]^g)[Cy{U'U'[�|a[�g)U'[(%�b?U'W'W � Y�_�kNb?U'W'y�W's^kNj�e'b?U'W'y
h�`'[LkNU'[�|~j � Y�_�kNb?U'W'� ]^_�b?g�W'|~[)]^g)��UNY�h)Y�z � [�|\cNY � W'j)]^b�[�`'c'b � b^kNy{b?g�]�y
g)[LkN��h�[�|:Y�]?]^[�dut�sLY�h{kN��e'b?U'U'[�d�_�U'j�g)c'W��?g)[�X?[8cNY � W'j)]?Y{t)W�U'b?`'c'[�s?cNYLe'U'[�q
]^g)���ps?_�b?s � U'[�X?[F_�b?o5bL]^g)_)Y{�'�Vc'W β → 0

W's8�?g)[�d r [�c'|~j�kNwi`'[LkNj�eNY�b?g�]Zy
sLY�|~b?eNY�g)b^kN��U'[�b�]^[�[�g)U'[(%�b?U'W'b � kNy ]^_�b?g)W'|~[)]^g)W�_)]^b?d s?_�b?s � w�tJh�[�g)[�c'[�b
UNY�s?wx_)Y�b?g�]Zy�� , ,��NM�: KF>AM'>�@A=�����4 )
�+
-,�
3#N>�4 �

Ledd =
4πGM(r)c

κ
' 1.4 · 1038[

�?c'X
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M

M�

)(
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W's^q sLYfg)[�|:]^[�U'[�_)]^h�[�X?[pcNY�]?]^b?y�U'W'y UNYp]^_�[�n�[ � U'w�� ��kNb?h'g)c'[�UNYA�

κT =

σT /mp ' 0.4
]^| 2 	CX��Z����W's?W'e'bL]^h'W'd�]^|~w ]Qkm� �'� W'U'X?g)[�U'[�_)]^h�[�X?[ `'c'b � b^qk!Y�`'c'[)]^g � `'c'W�j�_�b^kNW'e'b?U'W'W�]^_�b?g)W'|~[)]^g�W�_�w %5b��?g)[�X?[ s?UNY�e'b?U'W'y � Y�_�q

kNb?U'W'b8W's^kNj�e'b?U'W'b�]^g�Y�U'[�_�W'g�]�y�]^g)[�kN��n�[�kN�(%5W'|xt'e'g)[�X?W � c'[)]^g�Y�g)W'e'bL]^h�[�b
cNY�_�U'[�_�bL]^W'b5U'b?_�[�s?|~[Cz�U'[

� � Y�_�kNb?U'W'b5W's^kNj�e'b?U'W'y3]^g�Y�U'[�_�W'g�]�y�]^W{kN��U'b?bX?cNY�_�W'g�Y�l'W'[�U'U'[�X?[�`'c'W'gCy{zFb?U'W'y<�
/ _�b?g)W'|~[)]^g��5s?_�b?s � U'W'h�[�X � Y�U'b8`'c'b?_�[)]Q�)[ � W'g�`'c'b � b^k!Y � �'� W'U'X?g)[�UNY

� kNy � Y�U'U'[�d�|:Y�]?]^w��3H � UNY�h�[�n�w�kN[�n�wiU'b?_�b?c'U'[�]^e'W'g�Y�g)�'t{e'g)[�_�b?c)�{U'W'd
`'c'b � b^k�|:Y�]?]^wms?_�b?s � w�UNY�X�k!Y�_�U'[�d�`'[)]QkNb � [�_)Y�g)b^kN��U'[)]^g)W�[�`'c'b � b^kNy�b?g�]Zy
� �'� W'U'X?g�[�U'[�_)]^h'W'|p`'c'b � b^kN[�|f]^_�b?g�W'|~[)]^g)W

�
]^j�o�bL]^g)_�j���g r W's?W'e'bL]^h'W'b

`'c'W'e'W'U'w�t�`'[�h�[�g)[�c'wx| s?_�b?s � wm] ]^[LkNU'b?e'U'wx|��{W'|:]^[)]^g�Y�_�[�|�]^g�Y�U'[�_�y{g�]Zy
`'j�kN�)]?Y�l'W'[�U'U'[5U'b?j)]^g�[�d'e'W'_�wx|~W�j�zFbx`'c'W�|:Y�]?]?YA� #L���Aq #L���

M�
t�`'c'W�h�[�q

g)[�c'w��
β � YAkNb?h�[�U'b�U'[�kN�3��]^|x�N`u�8#V_�w %�b��Z� � �'� W'U'X?g)[�U'[�_)]^h'W'd�`'c'b � b^kW'X?cNY�b?g�g�Y�h'zFb�_)Y�z�U'j���c'[LkN��`'c'W�Y�h'h'c'b?l'W'W�_�b?o�bL]^g)_)Y�UNY8h�[�|~`NY�h'g�U'wxb
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��JW�[�`'c'b � b^kNy�q
b?g�|:Y�h�]^W'|:YAkN��U'j���]^_�b?g)W'|~[)]^g)��Y�h'g)W'_�U'w���y � b?c�XZYAk!Y�h'g)W'h3W�h'_)Y�sLY�c'[�_
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`'[�U'b?U'gAtve'g)[ � Y�b?g _�[�s?|~[�z�U'[)]^g��aj)]^g�Y�U'[�_�kNb?U'W'y��?|~`'W'c'W'e'bL]^h�[�dfsLY�_�W{q
]^W'|~[)]^g)W |~b?z � j |:Y�]?]^[�d W\]^_�b?g)W'|~[)]^g)���F�6H�h)Y�sLYAkN[)]^�'tEe'g)[ � kNy#s?_�b?s �
XZk!Y�_�U'[�d�`'[)]QkNb � [�_)Y�g)b^kN��U'[)]^g�W5`'[LkNUNY�y�� n�[LkN[�|~b?g)c'W'e'bL]^h)Y�y<�u]^_�b?g)W'|~[)]^g)�
L ∝ M3 � kNyfs?_�b?s � ]�|:Y�]?]^[�dJ/ [LkNU'lNY%Wp_�w %5b�t�W

L ∝ M4.5 � kNy
M <M�

��� g)W�sLY�_�WN]^W'|~[)]^g)W�n�w�kNW�g)b?[�c'b?g)W'e'bL]^h'W�[�n��uy{]^U'b?U'wpY�U'X�kNW'd{q
]^h'W'|%Y�]^g)c'[ r W's?W'h�[�| � � /�� � �'� W'U'X?g)[�U'[�|%_ #L
�����X��

H�n�cNY�g)W'|:]�y�hFj�cNY�_�U'b?U'W'�}kNj�e'WN]^g)[�d�g)b?`{kN[�`'c'[�_�[ � U'[)]^g)W3� ���$#L
��uW{kNW
b?X?[3�?h'_�W'_)YAkNb?U'g�U'[�d r [�c'|~b � ���	�����Zt0h�[�g)[�c'[�b�`'[�h)Y�s?wx_)Y�b?gAt0e'g�[ r [�g)[�U{q
UNY�y ]^_�b?g)W'|~[)]^g)��s?_�b?s � w [�`'c'b � b^kNy{b?g�]�y U'b?`'c'[�s?cNYLe'U'[)]^g)��� b?b�[�n�[�kN[�e{q
h'Wu�'�HkNy�`'[�c�y � h�[�_�w���[�l'b?U'[�h�sLY�|~b?U'W'|�`'c'[�W's?_�[ � U'wxb�`'[�cNY � W'j)]^j � b^q
kNb?U'W'b?| UNY8cNY � W'j)] � d/dr →∼ 1/R

t�Y8g)b?|~`'b?cNY�g)j�c'jHs?_�b?s � w�sLY�|~b?U'W'|#b?b
��Y�cNY�h'g)b?c'U'wx| s?UNYLe'b?U'W'b?|

T →∼ Tc
tAX � b Tc ∼ µGM/RR � g)b?[�c'b?|:Y8_�W{q
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c'WNYAk!Y��Z�3K�[�X � Y�[�`'j)]^h)Y�y�`'[)]^g)[�y{U'U'wxb�� h'c'[�|~b�`'[)]^g)[�y{U'U'[�d�gAy{X?[�g)b?U'W'y<�Zt
`'[LkNj�eNY�b?|

L ∝ µ4G4

κ
M3.

� ���	
����
N:]QkNWiU'b?`'c'[�s?cNYLe'U'[)]^g��m]Zk!Y�n�[ sLY�_�WN]^W'g\[�g#`NY�cNY�|~b?g)c'[�_m]^c'b � w ��Ya�?g)[
� b?dN]^g)_�W'g)b^kN��U'[�g�Y�h�_xX?[�c�y{e'b?dF`{k!Y�s?|~b�t�h�[�X � Y [)]^U'[�_�U'[�d�_�h{k!Y � _ `'[�X�kN[�q
o5b?U'W'b�_�U'[)]^W'g�cNY�]?]^b?y{U'W'b�UNY�]^_�[�n�[ � U'w��5�ZkNb?h'g�c'[�UNYA�<t

κT ≈ 0.4
]^| 2/

X��Zt
g)[�`'[�kNj�eNY�b?g�]�y

L ∝ M3 tJe'g)[3W#UNY�n�kN� � Y�b?g�]Zy _�|:Y�]?]^W'_�U'w��as?_�b?s � YA����HkNymh'cNY�|~b?cN]^[�_)]^h�[�X?[asLY�h�[�UNY U'b?`'c'[�s?cNYLe'U'[)]^g�W � ���	�����Zt~��Y�cNY�h'g)b?c'U'[�X?[
� kNymn�[LkNb?b�U'W's?h'W{�mg)b?|~`'b?cNY�g)j�cf� j s?_�b?s � ]�|:Y�]?]^[�d}`'[�c�y � h)Y#]^[�kNU'b?e{q
U'[�d�W�|~b?U'�(%5b��Zt�`'[LkNj�e'W'g�]Zy�n�[LkNb?b�h'c'j�g�Y�y�sLY�_�WN]^W'|~[)]^g)�F[�gH|:Y�]?]^w�t�e'g)[
g�Y�h'zFb�`'[ � g)_�b?c�z � Y�b?g�]Zy�UNY�n�kN� � b?U'W'y{|~Wm� L ∝M4...5 �Z�H�n�cNY�g)W'g)b�_�U'W'|:Y�U'W'b�UNY�h'c'j�g)j�� sLY�_�WN]^W'|~[)]^g)��_a� ���	
�����[�g�`'[)]^g)[�q
y{U'U'[�d}gCy{X?[�g)b?U'W'y �V���8g)[�UNY � L ∝ G4 �

[�UNY�|~[�zFb?g#n�wxg)� WN]^`'[LkN��s?[�q
_)Y�UNY � kNy�`'[�kNj�e'b?U'W'y}[�X?cNY�U'W'e'b?U'W'diUNY U'b?h�[�g)[�c'wxb r W's?W'e'bL]^h'W'b g)b?[�q
c'W'Wut)_Hh�[�g)[�c'w���`'[)]^g)[�y{U'UNY�y�gAy�X?[�g�b?U'W'yFW's?|~b?U'y{b?g�]�y�]^[�_�c'b?|~b?U'b?|x�0N:] q
kNWpn�w

G
W's?|~b?U'y�k!Y�]^�%]^[m_�c'b?|~b?U'b?|xt g)[m`'c'Wp`'c'[�e'W{�icNY�_�U'w��fj)]QkN[�q

_�W'y���W's?|~b?U'y�k!Y�]^��n�w ]^_�b?g)W'|~[)]^g�� / [LkNU'lNY{��/�Y�|~[�]^j�o5bL]^g)_�[�_)Y�U'W'bF|~W{q
c'[�_�[�X?[#[�h�bLY�UNY�_�g)b?e'b?U'W'b�|~W{k'kNWNY�c � [�_ kNb?g UNY#�<b?|EkNb#� U'b?[�n��)[ � W'|~[�b
j)]QkN[�_�W'b � kNyp[�c'XZY�U'W'e'bL]^h�[�d z�W's?U'W���[�X?cNY�U'W'e'W'_)Y�b?g�_)Y�c'WNY�l'W'W ]^c'b � q
U'b?dmg)b?|~`'b?cNY�g)j�c'w �<b?|EkNWmX?c'j�n�[ _�b^kNW'e'W'U'[�dm_�`'c'b � b^k!YA� ±30 �

t,gC� b��
∆T/T � . 0.1

�0�V[)]^h�[�kN��h'j
T � ∝ L

1/4
�

tJg�[�W's r Y�h'g�Y�UNYAkNW'e'W'yaz�W's?U'W
UNY �<b?|EkNb�U'b?|~b � kNb?U'U'[a`'[LkNj�eNY�b?| ∆G/G . 0.1

sLY #?� 9 kNb?gCt:g�[#bL]^g)�
(dG/dt)/G < 10−10 kNb?g −1 �KJb?`'b?c'�3cNY�]?]^|~[�g)c'W'|psLY�_�WN]^W'|~[)]^g)� 4V;�=?=Q; �9��;�,���7A= � kNy�s?_�b?s � X�k!Y�_�q
U'[�d�`'[)]QkNb � [�_)Y�g)b^kN��U'[)]^g�Wu�!��[)]^`'[LkN��s?j�b?|:]Zy�`'[LkNj�e'b?U'U'wx|%]^[�[�g)U'[(%�b?U'W{q
b?| � ���	
����Z�A��e'g�b?|xtLe'g)[�]^_�b?g)W'|~[)]^g�� s?_�b?s � w\]^_�y{sLY�UNY8]~X?b?U'b?cNY�l'W'b?d��?U'b?c{q
X?W'W�_�g)b?c'|~[Cy � b?c'U'w���c'bLY�h'l'W'y���tNg)[�bL]^g)�

L ∼ εM ∼ ρT ZeM ,

X � b � 
 ≡ d(log ε)/d(log T )− e'WN]QkN[��<b^kN� � [�_�W'eNY � `'[�h)Y�sLY�g�b^kN�3]^g)b?`'b?U{q
U'[�d sLY�_�WN]^W'|~[)]^g)W �?U'b?c'X?[�_�w � b^kNb?U'W'y#UNY�b � W'U'W'l'j |:Y�]?]^w�[�g�g)b?|~`'b?cNYAq
g)j�c'wV�Zt � 
 ∼ 4...8 � kNy `'c'[�g)[�U{q `'c'[�g�[�U'U'[�X?[�l'W'h{k!Y{�E�Vc'W'cNY�_�U'W'_)Y�ya�?g)[



#L��� � ����� � � ����� 
�� �3�

_�wxcNY�zFb?U'W'b�h�]^_�b?g)W'|~[)]^g)W�`'[�� ���	
����EW�`'[ � ]^gCY�_�kNy�y ρ ∼M/R3 _�_�W'c'W{qYAkN��U'[�b5]^[�[�g)U'[(%�b?U'W'b
Tc ∝M/R

tN`'[�kNj�eNY�b?|

R ∼MαR ,

X � ba`'[�h)Y�sLY�g)b^kN�%]^g)b?`'b?U'W 0 < αR < 1
� K�Y�hut � kNy

κ = � ��	 � � αR =

(
� 
 − 1)/(

� 

+ 3)

� 	Vb?|mn�[LkN�(%�bH|:Y�]?]?Y�s?_�b?s � wfUNYFXZk!Y�_�U'[�d�`'[)]ZkNb � [�_)YAq
g)b^kN��U'[)]^g)Wut!g)b?|�n�[LkN�(%�b�b?bHcNY � W'j)]5W3]^_�b?g)W'|~[)]^g)��W�_�w %5b�� r�r b?h'g)W'_�q
UNY�y5g�b?|~`'b?cNY�g)j�cNY{���V[8�?g)[�d�`'c'W'e'W'U'b�n�[�kNb?b�|:Y�]?]^W'_�U'wxbxs?_�b?s � wmcNY�U'U'W{�
]^`'b?h'g)cNYAkN��U'w���h{k!Y�]?]^[�_�� H�t R t �5t � ��kNb?z5Y�g5kNb?_�b?b�W�_�w %5b / [LkNU'lNYFUNY
� WNY�X?cNY�|~|~b���b?c'l�%�`'c'j�U'XZY � ),Y�]?]^b^k!Ya� l'_�b?g � ]^_�b?g�W'|~[)]^g)�{�ZtNg�Y�h�h)Y�h�l'_�b?g��]^`'b?h'g)cNYAkN��U'wxd\h{k!Y�]?]A�8s?_�b?s � w [�`'c'b � b^kNy{b?g�]Zy b?b�� r�r b?h'g)W'_�U'[�d\g)b?|Eq
`'b?cNY�g)j�c'[�du�

�$#��K#���/38:+.-�E*6�);< � +
�;2 �41 G I�5.6 I��
H8]^U'[�_�U'[�d r W's?W'e'bL]^h'W'd�`NY�cNY�|~b?g)c�]^g�Y�l'W'[�UNY�c'U'[�d�s?_�b?s � w � b?b |:Y�] q]?Y{�8H�UNY�[�`'c'b � b^kNy{b?g�]^_�b?g)W'|~[)]^g)��s?_�b?s � w UNY�XZk!Y�_�U'[�d�`'[)]QkNb � [�_)Y�g�b^kN��q

U'[)]^g)Wut{_�c'b?|~y�z�W's?U'Wut{cNY � W'j)]�tN� r�r b?h'g)W'_�U'j�� g)b?|~`'b?cNY�g)j�c'j�� /vkNb � j���q
o5W'd\`'[3_)Y�z�U'[)]^g)W#`NY�cNY�|~b?g)c

�
�{W'|~W'e'bL]^h'W'd\]^[)]^g�Y�_'t0[�`'c'b � b^kNy{��o�W'd

|~[LkNb?h'j�kNy{c'U'wxd�_�bL]�_�b?o5bL]^g)_)YFW�_�kNW'y��8o5W'd�UNY�U'b?`'c'[�s?cNYLe'U'[)]^g)�'tNY5e'b^q
c'b?sHU'W{�

�
W�UNY�[)]^g�YAkN��U'wxbH`NY�cNY�|~b?g�c'w��

� UNYAkNW's?W'c'j�y W's^kNj�e'b?U'W'b�s?_�b?s � tJ|~w `'[LkNj�eNY�b?| U'b?`'[)]^c'b � ]^g�_�b?U'U'j��
W'U r [�c'|:Y�l'W'� g)[LkN��h�[\[�nmW{��Y�g�|~[)] r b?cNYA�<� � g)|~[)] r b?c'[�dfs?_�b?s � w UNYAq
s?wx_)Y��8g�[�n�k!Y�]^g)WutJUNYLe'W'UNY��8o5W'bL]�y ] r [�g)[)] r b?c'w�tJh�[�g)[�cNY�y�[�`'c'b � b^kNy�q
b?g�_�W � W'|~wxd cNY � W'j)]�s?_�b?s � w�tug)[�bL]^g)��[�n�k!Y�]^g�W�]F[�`'g)W'e'bL]^h�[�d g)[LkNo�[�d
τ �

#��PK�b?|~`'b?cNY�g)j�cNY{t<`{kN[�g�U'[)]^g)�'t<]^h�[�c'[)]^g)��XZY�sLY�W��{W'|~W'e'bL]^h'W'd#]^[)]^g�Y�_
Y�g)|~[)] r b?c�[�l'b?U'W'_)Y��8g�]�y�`'[�]^`'b?h'g)c'j��
� r�r b?h'g)W'_�UNY�y�%5h)YAk!Y�_�w ]^[�g\� gA� b���_�w ]^[�gCY�[ � U'[�c'[ � U'[�d�Y�g)|~[)] r b^q

c'wV�
h = kT/mg = kTR2/mGM � R

tvU'[#`'[)]^h�[�kN��h'j�Y�g)|~[)] r b?c'w
U'b�W's?[�g)b?c'|~W'e'U'w�t

h
W'|~b?b?g3kN[�h)YAkN��U'wxd}]^|~w ]ZkJ� /�Y�|~wxd\g�[�U'h'W'd\]ZkN[�d

�
r [�g)[)] r b?cNY{t,Y�UNY�W'n�[LkNb?b�`'c'[�gAy{z�b?U'U'wxd

�
h�[�c'[�UNY � [ � UNY�h�[ � kNy�U'b?b

_�w %5b5`'c'W'_�b � b?U'U'[�b�U'b?cNY�_�b?UN]^g)_�[�U'bH_�wx`'[LkNU'y{b?g�]�y��Z�
� +!('+!&�-���*,+�� UNY�s?wx_)Y���g�]QkN[�dut�]^[�[�g)_�b?g�]^g)_�j���o�W'd

τ ≈ 1
_HU'b?`'c'b^q

c'wx_�U'[�|f[�`'g)W'e'bL]^h�[�|p]^`'b?h'g)c'b��8/ W{kN��U'wxbFkNW'U'W'W�`'[�XZkN[�o5b?U'W'y�[�n�cNY�s?j�q
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��g�]Zy�_�w %�b r [�g)[)] r b?c'w _�[�n�k!Y�]^g�W ]5|~b?U'�(%5b?d�� r�r b?h'g)W'_�U'[�d g)b?|~`'b^q
cNY�g)j�c'[�dut!W3UNY�n�kN� � b?U'W'y�_�U'W{��WN]^`'[LkN��s?j��8g�]Zy � kNy�WN]?]QkNb � [�_)Y�U'W'y n�[�q
kNb?bV_�w ]^[�h�[�X?[�]ZkN[�y

�
BJ*0+3?8+�&)-���*!@ �G+�c'[�|~[)] r b?cNY���Y�cNY�h'g)b?c'W's?j��8g�]Zy

`'[LkN[Cz�W'g)b^kN��U'wx|#X?cNY � W'b?U'g)[�|�g)b?|~`'b?cNY�g�j�c'wm`'[VcNY � W'j)]^j dT/dR > 0
W

]^W{kN��U'[�d�`'c'[)]^g)cNY�UN]^g�_�b?U'U'[�d�U'b?[ � U'[�c'[ � U'[)]^g)����t{]^_�y{sLY�U'U'w���]�UNYAkNW'e'W{q
b?|%XZY�s?[�_�w��3]^g)c'j�d�_�Y�h'g)W'_�U'w���[�n�k!Y�]^gCy���� � h'g)W'_�U'wxb5[�n�k!Y�]^g)W3_�[�s?U'W{qh)Y���g�_�|~bL]^g�YA��`'b?c'bL]^[�b � W'U'b?U'W'y�]^W{kN[�_�w���kNW'U'W'd � `'b?g)b^kN�{��|:Y�X?U'W'g)U'[�q
X?[�`'[�kNy�]HcNY�s?U'[�d UNY�`'cNY�_�kNb?U'U'[)]^g)���F�<�Vc'W �?g)[�|}`'c'[�WN]Z�)[ � W'g�|~[�o�U'[�b
_�w � b^kNb?U'W'b��?U'b?c'X?W'Wut'`'c'W'_�[ � y{o5b?b5h�j)]^h�[�c'b?U'W'� sLY�c�y{z�b?U'U'w���eNY�]^g)W'lu�
KJb?`{kN[�_�[�bFW�U'b?g)b?`{kN[�_�[�b�W's^kNj�e'b?U'W'b��?g)W{��eNY�]^g�W'l�UNY�n�kN� � Y�b?g�]Zy3_�cNY�s^q
kNW'e'U'w�� � WNY�`NY�s?[�UNYA�f]^`'b?h'g)cNY�� y{_�kNb?U'W'b �{c'[�|~[)] r b?c'U'[�dfY�h'g�W'_�U'[)]^g)W
/ [LkNU'lNY�W � c'j�X?W{��s?_�b?s � �Z�
��Y�h�[�U'b?lut0_�U'b %5U'W'd\]QkN[�daY�g)|~[)] r b?c'w

�
1u+!*,+��," tu_�U'b?d g)b?|~`'b?cNYAq

g)j�cNY�cNY�]^g)b?g � [�[�e'b?U'��_�w ]^[�h'W{� s?UNYLe'b?U'W'di� ≈ 106 �F�Z���V[�c'[�UNY�W's^kNj�qeNY�b?g�`'c'b?W'|~j�o�bL]^g)_�b?U'U'[�_�zFbL]^g)h�[�| j�kN�Cg)cNY r W'[LkNb?g)bVW�c'b?U'g)X?b?U'[�_)]^h�[�|
� WNY�`NY�s?[�UNYA�\� g)[�kN��h�[�_�]ZkNj�eNY�b / [LkNU'lNY�b?b�|~[�z�U'[�UNY�n�kN� � Y�g)��W�_�[�`{q
g)W'h�b��Zt<W3`'c'WN]^j�g�]^g)_�j�b?g�_�s?_�b?s � YA��_)]^b^�3]^`'b?h'g)cNYAkN��U'w��3h{k!Y�]?]?YA� � h)Y�hX?[�c�y{e'W{��t�g�Y�h�W��)[�kN[ � U'w���� / _�b?g�h�[�c'[�U'w � �?g�[HeNY�]^g)W'e'U'[�]^[�n)]^g�_�b?U'U'[�bW's^kNj�e'b?U'W'bVXZY�sLY{t�YHeNY�]^g)W'e'U'[

�
g)[�|:]^[�U'[�_)]^h�[�bVcNY�]?]^b?y�U'W'bV]^_�b?g�Y5s?_�b?s � w

UNY��ZkNb?h'g�c'[�UNYA�<�
��w ]^[�h)Y�y}g)b?|~`'b?cNY�g)j�cNY _�U'b %�U'W{�%]QkN[�b?_ Y�g�|~[)] r b?c'w

�
]QkNb � ]^g�_�W'b

U'W's?h�[�d�`{kN[�g)U'[)]^g)W�� _)]^`'[�|~U'W'| � dE/dT ∼ −n2λ(T )
t�X � b λ(T ) �

cNY�]^g�j�q
o�Y�y�� � kNy�W'[�U'W's?[�_)Y�U'U'[�X?[5XZY�sLY�� r j�U'h'l'W'y�g)b?|~`'b?cNY�g)j�c'w�t�W � kNy�UNY�X?c'b^q
_)Y � [ n�[�kN�(%5[�d�g)b?|~`'b?cNY�g)j�c'w U'b:g)c'b?n�j�b?g�]�y�_�w ]^[�h�[�d�|~[�o5U'[)]^g)W�WN]^g)[�e{q
U'W'h)YmUNY�X?c'b?_)Y��Z� )�[�kN��UNY�X?c'b?_)Y���o�b?X?[}|~b^��Y�U'W's?|:Y{tx`'[�q _�W � W'|~[�|~j�t W'X^q
cNY�b?g � WN]?]^W'`NY�l'W'y �?U'b?c'X?W'W#s?_�j�h�[�_�w�� W |:Y�X?U'W'g)[�X?W � c'[ � W'UNY�|~W'e'bL]^h'W{�
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g)b^kN��U'['t!W3n�[LkNb?b5_�w ]^[�h�[�d ]^_�b?g�W'|~[)]^g)W��Z�!� k!Y�X?[ � Y�c�y3n�[LkNb?b�U'W's?h�[�d eNYAq
]^g)[�g)b�]^g�[LkNh'U'[�_�b?U'W'd\�ZkNb?h'g)c'[�U'[�_�]�W'[�UNY�|~Wm]^g)b?`'b?U'�3W'[�U'W'sLY�l'W'W\[�h)YAq
s?wx_)Y�b?g�]Zymj U'W{� g�Y�h'zFb�n�[LkNb?b�_�w ]^[�h�[�du�v�V[��?g)[�|~ja`'c'W�[ � U'[�|�Wmg)[�|
z�bF]^`'b?h'g)cNYAkN��U'[�|ih{k!Y�]?]^b�s?_�b?s � w ]Hn�[�kNb?b�cNY�s?c'b?zFb?U'U'[�d Y�g�|~[)] r b?c'[�d
� X?W'XZY�U'g)wV��n�j � j�g3W'|~b?g��3g)b?|~`'b?cNY�g)j�c'j UNY�U'bL]^h�[�kN��h�[#]^[�g)b?UaX?cNY � j)]^[�_
U'W'z�b�t�e'b?|#s?_�b?s � w�q h)Y�c)kNW'h'Wu� � `'c'W�g)[�d�z�bxg�b?|~`'b?cNY�g)j�c'b Y�g�|~[)] r b?c'w�te'g)[�W#j h)Y�c)kNW'h)Y{t,_3]^`'b?h'g)c'b�s?_�b?s � w�q X?W'XZY�U'g�Y3n�j � j�g�sLY�|~b?g)U'b?b�kNW'U'W'W
W'[�U'[�_H]�n�[LkNb?b _�w ]^[�h'W'| `'[�g)b?U'l'WNYAkN[�|aW'[�U'W'sLY�l'W'Wut�g)[VbL]^g)��]^`'b?h'g)cNYAkN��q
U'wxd�h{k!Y�]?]�X?W'XZY�U'g�Y�n�j � b?g�U'b?|~U'[�X?[�n�[LkNb?b I cNY�U'U'W'dGMZt!e'b?|}h)Y�c�kNW'h)Y{�

�5c'j�X?[�b8_)Y�z�U'[�b�cNY�s^kNW'e'W'b�]^`'b?h'g)c'[�_FX?W'XZY�U'g)[�_�W�h)Y�c�kNW'h�[�_�sLY�h{kN��q
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g)c'b�s?_�b?s � wfW�W{��`'c'[ r W{kN��[�`'c'b � b^kNy{�8gFh)Y�h�b?bV]^`'b?h'g)cNYAkN��U'wxd�h{k!Y�]?]�t
g�Y�h�W�h{k!Y�]?] ]^_�b?g)W'|~[)]^g�Wu�)�V[)]QkNb � U'W'd�[�n�[�s?UNYLeNY�b?g�]�y�c'W'|:]^h�[�d�l'W r c'[�du�
��Y�`'c'W'|~b?cut)[�n�[�s?UNYLe'b?U'W'b��H� O O O [�s?UNYLeNY�b?g�X?W'XZY�U'g�h{k!Y�]?]?YV�H��� ��Y�W'n�[LkNb?b
eNY�]^g)[ _)]^g)c'b?eNY��8g�]Zy\s?_�b?s � w XZk!Y�_�U'[�d%`'[)]QkNb � [�_)Y�g)b^kN��U'[)]^g)Wut [�U'W�[�n�[�q
s?UNYLeNY��8g�]Zy3c'W'|:]^h�[�d3l'W r c'[�d ���3/ `'b?h'g)cNYAkN��U'wxd�h{k!Y�]?] / [LkNU'lNY ��� �F�
� �$F�� ��� � � :,*!��*!@ ���!@ �%& :!��1,('*

),Y�]?]^|~[�g)c'W'|xtCh)Y�h'W'bv`'c'[�l'bL]?]^w#[�g)_�b?g�]^g)_�b?U'U'w sLY�[�n�cNY�s?[�_)Y�U'W'b�U'b?`'c'b^q
c'wx_�U'[�X?[�]^`'b?h'g)cNY�_�s?_�b?s � YA��cNY�s^kNW'e'U'w���]^`'b?h'g)cNYAkN��U'w���h{k!Y�]?]^[�_'�
�Vb?`'c'b?c'wx_�U'wxd�]^`'b?h'g)c�� h�[�U'g)W'U'j�j�|���[�n�cNY�s?j�b?g�]Zy5_ r [�g)[)] r b?c'b���OVs^q

kNj�eNY�b?|:Y�y �?U'b?c'X?W'y3e'b?c'`NY�b?g�]Zy sLY�]^e'b?g��?U'b?c'X?W'W�g�b?`{kN[�_�[�X?[ � _�W'zFb?U'W'y
Y�g)[�|~[�_'� ��[�c'|:Y�U'b?`'c'b?c'wx_�U'[�X?[3]^`'b?h'g)cNY�[�`'c'b � b^kNy{b?g�]Zy�|~b^��Y�U'W's?|:Y�|~W
W's^kNj�e'b?U'W'y � Wi`'[�XZkN[�o�b?U'W'y���_ r [�g)[)] r b?cNYA��� H�U'Wut�_m]^_�[�� [�e'b?c'b � �'t
sLY�_�WN]Zy{g�[�g�g)b?|~`'b?cNY�g)j�c'wp_�b?o5bL]^g)_)Y�W�W's^kNj�e'b?U'W'y��

),Y�]?]^|~[�g)c'W'|%|~b^��Y�U'W's?|~w�`'[�XZkN[�o�b?U'W'y�]^_�b?g�Y�� |~b^��Y�U'W's?|~w W's^kNj�e'b^q
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c'[ � Y{t,W'[�U'W'sLY�l'W'y\|~b?g�YAk'kN[�_'�6/ _�[�n�[ � U'wxb��ZkNb?h'g)c'[�U'w _3[)]^U'[�_�U'[�| `'[�q
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� � [�U'[�c'w MQ�Z�
��+ � + ���A@ ��/9���)/(�D@ � OV[�U'W'sLY�l'W'y�[�g)c'W'lNY�g�b^kN��U'w���W'[�U'[�_�_�[ � [�c'[�q

� Y{t � WN]?]^[�l'WNY�l'W'y�|~[�kNb?h'j�kJ� /vkNW'_)Y��8o5W'bL]�y3|~[LkNb?h'j�kNy{c'U'wxbF`'[LkN[)]^w��
��YpcNY�s?U'w�� � kNW'UNYA� _�[LkNU r [�g)[)] r b?cNYpUNY�n�kN� � Y�b?g�]�y UNYpcNY�s?U'[�d

I XZkNj�n�W'U'b&MZ�0�V[)]^h�[LkN��h'j#h�[�� r�r W'l'W'b?U'g�`'[�X�kN[�o5b?U'W'y
κ
sLY�_�WN]^W'g�[�g�eNYAq

]^g)[�g)w�t r [�c'|:Y�U'b?`'c'b?c'wx_�U'[�X?[�]^`'b?h'g�cNY�|~[�zFb?g�]^W{kN��U'[�[�g�kNW'eNY�g)�)]�y�[�g
`{k!Y�U'h�[�_)]^h�[�X?['� 	Vb?|p|~b?U'�(%�b

κ
t<g�b?|�n�[�kNb?b�XZkNj�n�[�h'W'b�W�X?[�c�y{e'W'b�]ZkN[�W

]^[�[�g)_�b?g�]^g�_�j��8g
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t�g)b?| _�w %�b W'U'g�b?UN]^W'_�U'[)]^g)� W's^kNj�e'b?U'W'y�� H8]^[�q
n�b?U'U'[\n�[LkN�(%5[�dfX?cNY � W'b?U'g

κ(λ)− j�s?_�b?s � t�X � b�|~b^��Y�U'W's?| `'[�XZkN[�o�b^q
U'W'ya]^_�y{sLY�U ]�W'[�U'W'sLY�l'W'b?d _�[ � [�c'[ � Y�]�`'b?c'_�[�X?['tE]?Y�|~[�X?[ sLY�]^b^kNb?U'U'[�X?[
j�c'[�_�U'y UNY3]^[�[�g)_�b?g�]^g�_�j��8o5W{� � kNW'UNYA� _�[LkNUu�E�V[��?g)[�|~j�U'b?`'c'b?c'wx_�U'wxd
]^`'b?h'g)c�W'|~b?b?g5]^h)Y�e'h'W3� k!Y�d'|:Y�U'[�_)]^h'W'dut�n)YAkN��|~b?c'[�_)]^h'W'dut�`NY�%5b?U'[�_)]^h'W'd
W � cu�G�ZtN[�g)cNY�z�Y���o�W'bHsLY�_�WN]^W'|~[)]^g)�
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`'[�XZkN[�o�b?U'W'y�_�j)]QkN[�_�W'y�� � K )�UNYF`'c'W'|~b?c'b�`'c'[)]^g)[�d�|~[ � b^kNWut!X � b�]^_�b?g
s?_�b?s � w ]�U'b?`'c'b?c'wx_�U'wx|i]^`'b?h'g)c'[�|}`'c'[��)[ � W'g�]^h'_�[�s?��n�[LkNb?bH�)[LkN[ � U'wxd
`'[LkNj�`'c'[�s?cNYLe'U'wxd�]ZkN[�d�XZY�sLY{��N:]ZkNW�n�w��?g)[�g�|~b^��Y�U'W's?|an�w�k�b � W'UN]^g)_�b?U{q
U'wx|xt{g)[Fh�[�U'g)cNY�]^g)U'[)]^g���kNW'U'W'd�`NY � YAk!Y�n�wfh�h'cNY�� ]^[�kNU'b?e'U'[�X?[ � WN]^h)Y
� cNY�s^kNW'e'W'b�W'U'g)b?UN]^W'_�U'[)]^g�b?d#j�|~b?U'�(%FY�b?g�]Zy W's^q sLY�j�|~b?U'�(%�b?U'W'y#X?cNY � W{q
b?U'g�Y g)b?|~`'b?cNY�g)j�c'w _ � [�kN�mkNj�eNY s?c'b?U'W'y�`'c'Wf`'c'W'n�kNW'zFb?U'W'Wfhih'cNY��
� WN]^h)Y��ZtNe'g)[ � kNy�]^W{kN��U'w���kNW'U'W'd�U'b�_�wx`'[�kNU'y{b?g�]Zy��

��g)[�c'wx|f|~b^��Y�U'W's?|~[�|py�_�kNy{b?g�]�y�cNY�]?]^b?y{U'W'b�]^_�b?g�Y � n�b?s�W's?|~b?U'b?U'W'y
eNY�]^g)[�g)wV� `'j�g�b?| `'[�XZkN[�o�b?U'W'y W `'b?c'b?W's^kNj�e'b?U'W'y r [�g)[�U'[�_ ]QkN[Cy{|~Wut
`'c'[�s?cNYLe'U'wx|~W%_ U'b?`'c'b?c'wx_�U'[�| ]^`'b?h'g)c'b�WmW'|~b?��o�W'|~W�h�[�U'b?e'U'[�b
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|~[�_'t�_�`{kN[�g)� � [ � � 
 � � O O ���ZtCg�[�|:]^[�U'[�_)]^h�[�b cNY�]?]^b?y{U'W'bx[�`'g)W'e'bL]^h�[�X?[5]^_�b^qg�Y / [LkNU'lNY{t�cNY�]?]^b?y{U'W'b UNY�|~b?z�`{k!Y�U'b?g)U'[�d�`'w�kNWu���p]^g)c'j�h'g)j�c'U'wx|���kNb^q
|~b?U'g�Y�|�h�[�c'[�U'wa[�g)U'[)]�y�g�h�[�c'[�UNYAkN��U'wxb kNj�e'WutLh�[�c'[�UNYAkN��U'wxb � wxc'wi� n�[�q
kNb?b�cNY�s?c'b?zFb?U'U'wxb�t�g�b?|~U'wxb [�n�k!Y�]^g)W�_Hc'b?U'g�X?b?U'b��Z� ��Y � Y�h'g)W'_�U'wx|~W�[�n�q
k!Y�]^gCy{|~Wp_mc'b?U'g)X?b?U'[�_)]^h'W{�ikNj�eNYA�i_�W � U'w y{c'h'W'b `'y�g�UNY#q�c'b?s?j�kN��gCY�g
UNY�X?c'b?_)Y�`{k!Y�s?|~w � [ ∼ 107 ������]^`'w %�h'W UNY / [LkNU'l'b�|~[�X?j�g�`'[�c'[ � W'g��
h�[�c'[�UNYAkN��U'wxb#_�wxn�c'[)]^w _�b?o�bL]^g)_)Y{t�UNY�_)]^b?X � Ym`'[�h'W � Y��8o5b?X?[ / [�kNU'l'b��
��U'b %5U'y{yah�[�c'[�UNY3`'b?c'b^�)[ � W'g _ ]^[LkNU'b?e'U'wxdm_�b?g)b?cu�.N:X?[�`NY�cNY�|~b?g)c'w _
[�h�[�kN[�s?b?|~U'[�| `'c'[)]^g�cNY�UN]^g)_�b�� _3]^`'[�h�[�d'U'[�| ]^[)]^g)[�y{U'W'W / [�kNU'lNY�� � ]^h�[�q
c'[)]^g)��q�[�h�[LkN[�-)����h'| 	A]�t<h�[�U'l'b?U'g)cNY�l'W'y �ZkNb?h'g)c'[�U'[�_

ne ' U'bL]^h�[�kN��h�[
eNY�]^g)W'l�_�]^| 3 �
��*,+!( 5 �3��*,"�� � @

�
�?g)[Fh'c'j�`'U'[�|:Y�]&%�g�Y�n�U'wxbHj�`{kN[�g)U'b?U'W'y�`{k!Y�s?|~w

_���c'[�|~[)] r b?c'b�W h�[�c'[�U'b��
ne = 1010 − 1011 ]^| −3 �Zt<[�n�wxe'U'[�W'|~b?��o�W'br [�c'|~j � j�X �9+VY�cNY�h'g)b?c'UNY�y�g�b?|~`'b?cNY�g)j�cNYH`'c'[�g)j�n�b?cNY�U'l'b?_F[�h�[�kN[ #?�5g)w�q



#���� � ����� � � ����� 
�� �3�

]Zy{e����3O8� r [�c'|:Y{t�j)]^g)[�d'e'W'_�[)]^g)��W�]^cNY�_�U'W'g)b^kN��UNY�y � [LkNX?[Cz�W'_�j�e'bL]^g)�
[�n�j)]QkN[�_�kNb?U'w�_�|~[�c'[Cz�b?U'U'[)]^g)��� |:Y�X?U'W'g�U'[�X?[3`'[LkNy��~��Y�WN]^h{kN�8e'b?U'W'b?|
h�[�c'[�g�h�[�z�W'_�j�o�W{�<t)Y�h'g)W'_�U'w��F`'c'[�g)j�n�b?cNY�U'l'b?_'t�[)]^U'[�_�U'[�bxUNY�`'cNY�_�kNb?U'W'b
� _�W'zFb?U'W'y5XZY�sLY _8U'W{� � _�U'W's�tAh�/ [�kNU'l'j�� � g)[ [�s?UNYLeNY�b?gAt�e'g)[ [�U'WF_�[�s?U'W{q
h)Y��8g�h)Y�h�c'b?s?j�kN��gCY�gFj�`{kN[�g)U'b?U'W'y�XZY�sLY�_FcNY�s?c'b?zFb?U'U'w���Y�g)|~[)] r b?c'U'w��
]QkN[Cy��<t�b?X?[�`'[)]ZkNb � j��8o5b?X?[�[)]^g�wx_)Y�U'W'y�W�]^h)Y�g�wx_)Y�U'W'y�_�U'W's�`'[�kNW'U'W'y{|
|:Y�X?U'W'g)U'[�d�W'U � j�h'l'W'Wu�

� "�;(�0.,(��,+��R:,+ � � ��/ [LkNU'l'b
�
|~U'[�X?[�`'[�kN�8]^U'wxd}|:Y�X?U'W'gAtE`'c'W'e'b?|

h�[�U r W'X?j�cNY�l'W'yi`'[LkNy}_\Y�g)|~[)] r b?c'b�U'b?`'c'b?c'wx_�U'[\|~b?U'y{b?g�]Zy����V[�U'l'b?U{q
g)c'W'c'j�b?g�]�y3_�Y�h'g)W'_�U'w��3[�n�k!Y�]^gAy��<tuY�_�U'b�W{�

�
h�X?cNY�U'W'lNY�|�]^j�`'b?c'X?cNYAq

U'j�kJ�J�Vc'W#]^c'b � U'b?|�s?UNY�e'b?U'W'W 〈B〉 ∼ 1
��]�`'[�kNU'wxd#|:Y�X?U'W'g)U'wxd#`'[�g)[�h

/ [LkNU'lNY5_Hg)b?e'b?U'W'b #(# q�kNb?g�U'b?X?[5l'W'h{k!Y5Y�h'g�W'_�U'[)]^g)W�|~b?U'y{b?g�]Zy�_ -�q �VcNY�s�t
`'c'W'e'b?|�`'c'b?[�n�k!Y � Y�U'W'b5[�`'c'b � b^kNb?U'U'[�d3`'[LkNy{c'U'[)]^g)W�_�]^b?_�b?c'U'[�|}W��xz�q
U'[�|\`'[LkNjN%�Y�c'W'y���|~b?U'y{�8g�]Zy�]8h)Y�z � wx| `'[)]ZkNb � j��8o5W'|�l'W'h{kN[�|x�N� Y�X^q
U'W'g)U'[�b�`'[LkNb8�?U'b?c'X?b?g)W'e'bL]^h'W�`'[ � `'W'g)wx_)Y�b?g�]�y�h�[�U'_�b?h'g�W'_�U'wx|\W�g)j�c'n�j�q
kNb?U'g)U'wx| � _�W'zFb?U'W'y{| `{k!Y�s?|~w�`'[ � r [�g)[)] r b?c'[�d � g�Y�|xt�X � bx`{kN[�g)U'[)]^g)��?U'b?c'X?W'W � _�W'z�b?U'W'y#XZY�sLY�`'c'b?_)YAkNW'c'j�b?g UNY � `{kN[�g)U'[)]^g)��� �?U'b?c'X?W'W `'[�q
kNy����5W r�r b?c'b?U'l'WNYAkN��U'[�_�cNY�o5b?U'W'b / [�kNU'lNY�]^g)c'b?|~W'g�]�y�_�wxgAy{U'j�g)��kNW{q
U'W'W `'[LkNy `NY�cNYAk'kNb^kN��U'[ �?h'_)Y�g)[�c'j�tJY�h�[�U'_�b?h'g)W'_�U'wxb�`'[�g)[�h'W _�wxU'[)]�y{g
]^W{kN[�_�wxb�kNW'U'W'W�`'[�kNy�UNY�`'[�_�b?c)�{U'[)]^g)�'t:X � b�b?X?[ �?U'b?c'X?W'y}]^gCY�U'[�_�W'g�]Zy
`'c'b?[�n�k!Y � Y��8o5b?du��� [�s?U'W'h)Y�b?g�g)[�g�h�[�|~`{kNb?h�]�y{_�kNb?U'W'dutNh�[�g�[�c'wxd�UNY�s?w�q
_)Y��8g > �1��;?�A>�@C;�M��%
�;&�)K2�N@�M'>���> �$#N;�=LK2� �

�5+ � �A� 7 �!@ � ��& :!@ �#10. ���%[�n�k!Y�]^gCy����{c'[�|~[)] r b?c'w�t{X � b8_�[�s?U'W'h)YAq
�8g�[�e'b?U'��h'c'j�g)wxb8X?cNY � W'b?U'g)wp|:Y�X?U'W'g)U'[�X?[�`'[LkNy�t'`'c'[�WN]Z�)[ � W'g�]^[�kNU'b?e{q
UNY�yF_)]^`'w %5h)Y

�
]^_�[�b?X?[�c'[ � Y5]^W{kN��U'wxd�cNY�s?c�y � t)h�[�X � YVsLYVh�[�c'[�g)h�[�bx_�c'b^q

|~y5`'[�kNb�W�b?X?[8X?cNY � W'b?U'gV`NY � Y�b?gCt�X?b?[�|~b?g)c'W'y�`'[LkNy�]^W{kN��U'[8j�`'c'[�o�Y�b?g�]Zy�t
Y�b?X?[��?U'b?c'X?W'y `'b?c'b^�)[ � W'g�eNY�]^g�W'e'U'[�_�kN[�h)YAkN��U'wxd UNY�X?c'b?_�`{k!Y�s?|~w ��]
`'[)]QkNb � j��8o5W'| _�w ]^_�b?e'W'_)Y�U'W'b?|��Zt0eNY�]^g)W'e'U'[�q _��?U'b?c'X?W'� j)]^h�[�c'b?U'U'w��
`'c'[�g)[�U'[�_�W3�ZkNb?h'g�c'[�U'[�_'t�Y�eNY�]^g)W'e'U'[�q _�h'W'U'b?g�W'e'bL]^h'j�� �?U'b?c'X?W'��h�[�q
c'[�UNYAkN��U'[�X?[�_�wxn�c'[)]?Y{��K�W'`'W'e'UNY�y �?U'b?c'X?b?g�W'h)Y�]^W{kN��U'w��\_)]^`'w %5b?h�]^[�q
]^g�Y�_�kNy{b?g ∼ 1032 �?c'X�t�`'c'[ � [�kNz�W'g)b^kN��U'[)]^g)� ∼ 103 ]�t�g)b?|~`'b?cNY�g)j�cNY�UNYAqX?c'b?g)[�d�`{k!Y�s?|~w � [)]^g)W'XZY�b?g 107 − 108 ���
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��b^kNW'[)]^b?dN]^|~[LkN[�X?W'yfW's?j�eNY�b?gacNY�]^`'c'[)]^g)cNY�U'b?U'W'b3_�[�kNU'[�_�w�� � s?_�j�h�[�q

_�w��<tNY�h'j)]^g�W'e'bL]^h'W{���:h�[LkNb?n)Y�U'W'd3_�U'b � cNYA� / [LkNU'lNY�]8]?Y�|~wx|~W3cNY�s^kNW'e{q
U'wx|~W � kNW'UNY�|~Wf_�[�kNU � cNY�s^kNW'e'U'wxb�|~[ � w h�[�kNb?n)Y�U'W'd��

�
[�g U'bL]^h�[LkN��q

h'W{�Hg)w ]Zy{e�h'|�W � kNW'U'U'b?b�� � g)W5_�[LkNU'wm_�[�s?n�j�z � Y���g�]�y�h�[�U'_�b?h'g)W'_�U'wx|~W
`'[�g)[�h)Y�|~Wu�AH�n�UNY�c'j�z�b?U'W'b�s?_�j�h�[�_�w���h�[LkNb?n)Y�U'W'daW W{��W'U'g)b?c'`'c'b?g�Y�l'W'y
`'c'W{�)[ � W'g�]�y3UNY #L
����Aq #L
)�A�Aq bFX?[ � w����<_�j�h�[�_�wxb5h�[LkNb?n)Y�U'W'y3cNY�]^`'c'[)]^g�cNYAq
U'y{��g�]�y5h)Y�hF_�_�b?c)��t�_��{c'[�|~[)] r b?c'j5WFh�[�c'[�U'j�� X � b�W{�5�?U'b?c'X?W'y � WN]?]^W'`'W{q
c'j�b?g�W#`'[ �'� b?c�z�W'_)Y�b?g _�w ]^[�h'j���g)b?|~`'b?cNY�g�j�c'j�cNY�s?c'b?z�b?U'U'w��a]ZkN[�b?_{�Zt
g�Y�h�W�_�U'W's����m`'[)]QkNb � U'b?|m]QkNj�eNY�b�W{��eNY�]^g)[HUNY�s?wx_)Y��8g�]^b?dN]^|~W'e'bL]^h'W'|~W
_�[LkNUNY�|~Wu�
��Y�n�kN� � Y�g)b^kN��U'j�� [)]^U'[�_�j#X?b^kNW'[)]^b?dN]^|~[�kN[�X?W'W%]^[)]^g�Y�_�kNy{b?g�Y�UNYAkNW's

_�[LkNU'[�_�w���W's?|~b?U'b?U'W'd�y{c'h�[)]^g)W�W 	CW{kNW � [�`{kNb?c'[�_)]^h�[�d�]^h�[�c'[)]^g�W�[�g�q
� b^kN��U'w���[�n�k!Y�]^g)b?d�]^[LkNU'b?e'U'[�X?[ � WN]^h)Y�W{kNW � WN]^h)Y�_�l'b^kN[�|x� ),Y�s?j�|~b?b?g)q
]Zy�tJUNY�n�kN� � b?U'W'y � WN]^h)Y�_�l'b^kN[�|�_�wxy{_�kNy��8g�g)[�kN��h�[3h'c'j�`'U'[�|:Y�]&%5gCY�n�q
U'wxb�[)]^l'W{k'kNy�l'W'W�] � kNW'UNY�|~W�_�[LkNUut)]^[�`'[)]^gCY�_�W'|~wx|~W�]vcNY � W'j)]^[�|�/ [�kNU{q
lNY{� �V[��?g)W�W's?|~b?c'b?U'W'y�UNY�W'n�[LkNb?b g�[�e'U'w��9H�g � b^kN��U'wxb c'b?X?WN]^g�c'W'c'j�b?|~wxb
|~[ � w W'|~b?��g�Y�|~`{kNW'g)j � j�_)]^b?X?[�_�U'bL]^h�[�kN��h�[�|~b?g)c'[�_�W{kNW � Y�z�b � b?l'W{q
|~b?g)c'[�_�_�]^b?h'j�U � j�t�Y�|~`{kNW'g�j � Y�h�[LkNb?n)Y�U'W'd W's?|~b?c�y{b?g�]�y�h'W{kN[�|~b?g�cNY�|~W
W � bL]Zy{g)h)Y�|~W3h'|x�

� h'j)]^g)W'e'bL]^h'W'b�_�[LkNU'w��
p
q |~[ � wV�Zt�cNY�]^`'c'[)]^g�cNY�U'y��8o5W'bL]�y I ]^U'W's?j M `'[

UNY�`'cNY�_�kNb?U'W'� h `'[�_�b?c���U'[)]^g�W � r [�g)[)] r b?c'b��Zt8[�g)cNY�z5Y��8g�]Zyf[�g}U'b?b W
j��)[ � y{g#_ XZkNj�n�W'U'U'wxb3]QkN[�Wu� � U'b � cNYA�C/ [LkNU'lNY Y�h'j)]^g)W'e'bL]^h'W'b�_�[�kNU'w
`'[�e'g)WpU'b `'[�XZkN[�oFY���g�]Zy�t�Ym[�g)cNY�z�Y���g�]�y%UNYm[�`'c'b � b^kNb?U'U'[�d XZkNj�n�W'U'b
� h�[�g)[�cNY�y%sLY�_�WN]^W'ga[�g#UNY�`'cNY�_�kNb?U'W'y�_�[LkNU'wV��W}_�U'[�_��a_�[�s?_�cNY�oFY���g�]�y
h�`'[�_�b?c)�{U'[)]^g)Wu��)0b?s?j�kN��g�Y�g)[�| W'U'g)b?c r b?c'b?U'l'W'W}_�[LkNU%y�_�kNy{b?g�]�y `'[Cy{_�q
kNb?U'W'bHg)c'b^�{|~b?c'U'w���]^g�[�y{e'W{��_�[�kNUu� ��Y�n�kN� � Y�b?|~j�� _�[LkNU'[�_�j�� c�y{n���UNY
`'[�_�b?c)�{U'[)]^g)W3cNY�]?]^|:Y�g�c'W'_)Y���g�h)Y�h�_�[LkNU'[�_�[�d j�s?[�cutN[�n�cNY�s?j�b?|~wxd ]^g�[�y�q
e'W'|~W�_�[LkNUNY�|~W�]�c'b?s?[�UNY�UN]^U'wx|~W�eNY�]^g)[�gCY�|~W

�
c'b?s?j�kN��g�Y�gHW'U'g�b?c r b?c'b?U{q

l'W'W�Y�h'j)]^g)W'e'bL]^h'W{��_�[LkNUut)cNY�]^`'c'[)]^g�cNY�U'y��8o5W{��]�y�_H]^_�[�b?X?[�c'[ � b�] r b?c'W{q
e'bL]^h�[�| c'b?s?[�UNY�g)[�c'b�|~b?z � jm`'[�_�b?c���U'[)]^g)��� / [�kNU'lNY#W}[�`'c'b � b^kNb?U'U'w�q
|~W}]QkN[Cy�|~Wutv[�g h�[�g)[�c'w��m[�U'Wm[�g)cNY�z5Y��8g�]Zy�� H�g)cNY�zFb?U'W'b�`'c'[�WN]Z�)[ � W'g
_)]QkNb � ]^g)_�W'b�_�[�s?cNY�]^g�Y�U'W'y#]�XZkNj�n�W'U'[�d%��Y � kNy�`'[�_�b?c���U'[)]^g)U'w��#]ZkN[�b?_�q
]�_�w ]^[�g)[�d�� r Y�s?[�_�[�d ]^h�[�c'[)]^g�Was?_�j�h)Y{tJ`'c'W'e'b?| _�[�kNUNY�[�g)cNY�s?W'g�]�y g)b?|
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y���cNY�]^`'c'[)]^g)cNY�U'b?U'W'y�_�[�kNU�_�U'b � cNYA� / [�kNU'lNY{t�Y�]QkNb � [�_)Y�g�b^kN��U'['t![�b?X?[
_�U'j�g)c'b?U'U'b?| ]^g)c'[�b?U'W'Wu� � UNYAkNW's�eNY�]^g)[�g)w WfX?[�c'W's?[�U'g�YAkN��U'[�d � kNW'U'w
_�[LkNU'w ]^g)[�y{e'W{� _�[LkNUa`'[�s?_�[LkNy{b?g�_�[)]?]^gCY�U'[�_�W'g)��j)]QkN[�_�W'yacNY�]^`'c'[)]^g)cNYAq
U'b?U'W'yf_�[LkNU�_�U'b � cNYA��/ [�kNU'lNY{t�j�g)[�e'U'W'g)�mcNY�]^`'c'b � b^kNb?U'W'b ]^h�[�c'[)]^g)W
s?_�j�h)Y}��Y#]QkNb � [�_)Y�g�b^kN��U'['t � Y�_�kNb?U'W'y}XZY�sLYaW}`{kN[�g)U'[)]^g)W��5]�XZkNj�n�W'U'[�du�
�VcNY�_�W{kN��UNY�yF|~[ � b^kN�8_�U'j�g)c'b?U'U'b?X?[V]^g)c'[�b?U'W'y / [LkNU'lNY � [LkNz�UNY�U'b g�[LkN��q
h�[�[�n��uy']^U'W'g)��cNY�_�U'[�_�bL]^U'[�b�]^[)]^g)[�y{U'W'bFs?_�b?s � w W�`'b?c'b?U'[)]F�?U'b?c'X?W'W W's
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��*,+!� � �9?8"�&)+ � �A� 7 �!@�B �A� �0('*,.A�,+ � ��[ � b^kN�i]^g)c'[�b?U'W'y / [�kNU{q
lNY{t�[)]^U'[�_)Y�U'UNY�y UNY � Y�U'U'w���X?b^kNW'[)]^b?dN]^|~[�kN[�X?WutJ`'c'b?h'cNY�]^U'[�]^[�XZk!Y�]^j�b?g)q
]Zy#]�|~[ � b^kN����t0X � b�`'[�g)[�h g)b?`{k!Y�_�w � b^kNy{b?g�]�y _�y � c'b�`'c'W#`'c'b?_�cNY�o5b^q
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U'W'W�� _ � 
�� � [)]^g�W'X?U'j�g�Y�g)[�e'U'[)]^g)� �{�$# � `'[�g)b?|~`'b?cNY�g�j�c'b��Z��/ b?c'��b?s^q
U'[�bH[)]ZkN[�z�U'b?U'W'b�_�[�s?U'W'h{kN[�kNW�%5��]V[�n��uy{]^U'b?U'W'b?|�U'W's?h�[�X?[ � `'c'W'|~b?c'U'[
_�g)c'[�b��V`'[�g)[�h)Y U'b?d'g)c'W'U'[�[�g�/ [�kNU'lNY�� `'[�`'y�g�W U'b?sLY�_�WN]^W'|~wx| �?h�]^`'b^q
c'W'|~b?U'g�Y�|��Z� +�[�gAym|~[�o5U'[)]^g)�\W's^kNj�e'b?U'W'y%U'b?d'g)c'W'U'[#sLY�_�WN]^W'g\[�g#l'b?U{q
g)cNYAkN��U'[�d#g�b?|~`'b?cNY�g)j�c'w h)Y�h

T 25 tJg)[�e'U'[)]^g)��|~[ � b^kNb?d / [LkNU'lNY � [�`'j)] q
h)YAkN[ cNY�]Q�)[�z � b?U'W'b�U'b�n�[LkNb?b�e'b?| _ #��	�3cNY�sLY{�E�uc'W'n�[�_�W �V[�U'g)b?h�[�c'_�[
`'c'b � `'[LkN[Cz�W{kNW}[)]^l'W{k'kNy{l'W'Wp� `'b?c'b^�)[ � wV�5|~b?z � j#cNY�s^kNW'e'U'wx|~W�g)W'`NYAq
|~W�U'b?d'g)c'W'U'['���5b?dN]^g)_�W'g)b^kN��U'['t�_ #L
�
��5X�_ �8`'[�U'W'W � `'[�Y�g)|~[)] r b?c'U'wx|
U'b?d'g)c'W'U'[{�vn�w�kNW3sLY�`'[ � [�s?c'b?U'w [)]^l'W{k'kNy�l'W'Wut<Y�_�������# q �)��X �'_ �8`'[�U'W'W
� / j�`'b?c{q ��Y�|~W'[�h)Y�U � b���W���Y�UNY � b�� [�n)]^b?c'_)Y�g)[�c'W'y P�S � �u]^cNY�_�U'b?U'W'b � Y�U{q
U'w�� � _�j��#cNY�s?U'w��#|~b?g�[ � [�_3c'b?X?WN]^g�cNY�l'W'W\]^[�kNU'b?e'U'w��aU'b?d'g)c'W'U'[3`'[ � q
g)_�b?c � W{kN['t~e'g)[�eNY�]^g�� ��kNb?h'g)c'[�U'U'U'w���U'b?d'g)c'W'U'[�`'b?c'b^�)[ � W'g#_ � c'j�X?W'b
g)W'`'w��L�5b r W'l'W'g�U'b?d'g)c'W'U'[8WN]^e'b?s�tAU'[ � kNyH[)]^l'W{k'kNy{l'W'd�g)c'b?n�j�b?g�]�y<tCe'g)[�q
n�w ]?Y�|~[ U'b?d'g)c'W'U'[ W'|~b^kN[�U'b?U'j�kNb?_�j�� |:Y�]?]^j#`'[�h�[�yf� U'bL]^h�[�kN��h�[#�L���Z�
��[LkNb?bH`'[ � c'[�n�U'[�]^|x�'_�w %�b5_�cNY�s � b^kNb����	���

�$#&%.%�# � 1 ��1��,G
#��u�V[�h)Y�sLY�g)�'t�e'g)[�`'c'W r cNY�X?|~b?U'g�Y�l'W'W `'c'[�g)[�s?_�b?s � U'[�X?[�[�n�k!Y�h)Y�UNY

[�g � b^kN��U'wxb8s?_�b?s � wf|:Y�]?]^wf[�n�cNY�s?j���o�W{��]Zy�s?_�b?s � U'b�|~[�X?j�g�n�wxg)��U'W'zFb
U'b?h�[�g�[�c'[�X?[ r j�U � Y�|~b?U'gCYAkN��U'[�X?[�`'c'b � b^k!Y{t�sLY�_�WN]�y�o�b?X?[3g)[�kN��h�[�[�g���YAq
cNY�h'g)b?c'U'[�d�|:Y�]?]^w s?_�b?s � w MCh ≈ mp × (mpl/mp)

3 � � ���'� � 
 
 � t8#L
)�����Z�
L � �<�9�0.!� ��H�n�k!Y�h�[�] � z�W'UN]^[�_)]^h�[�d3|:Y�]?]^[�d3]Zz�W'|:Y�b?g�]Zy�]^[�_�c'b?|~b^q

U'b?|%]^_�[�n�[ � U'[�X?[�`NY � b?U'W'y�tN`'c'W��?g)[�|�`'[�_�w %�b?U'W'b�`{kN[�g�U'[)]^g)W�W�g)b?|~`'b^q
cNY�g)j�c'w _�b � b?g�h j�|~b?U'�(%�b?U'W'� s?UNY�e'b?U'W'y � z�W'UN]^[�_)]^h�[�d |:Y�]?]^w W _�[�s^q
|~[�z�UNY r cNY�X?|~b?U'g�Y�l'W'y\UNY |~b?U'�(%5W'b�|:Y�]?]^w�tEh�[�g)[�c'wxb�]?Y�|~[)]^g)[Cy{g)b^kN��q
U'[�UNYLe'W'UNY��8ga]Zz�W'|:Y�g)�)]Zy�]^[#]^_�[�W'| _�c'b?|~b?U'b?| ]^_�[�n�[ � U'[�X?[a`NY � b?U'W'y��
�Vc'[�l'bL]?] r cNY�X?|~b?U'g�Y�l'W'W�`'c'b?h'cNY�o�Y�b?g�]Zy � [F|~[�|~b?U'g�YFsLY�X?[�cNY�U'W'y�_�[ � [�q
c'[ � Y _ay � c'b�s?_�b?s � w�t h�[�X � Y\`'[�_�w %5b?U'W'b�`{kN[�g)U'[)]^g)W � b^k!Y�b?g\]�z�W'|:YAq
�8o5j��8]�y `'c'[�g)[�s?_�b?s � j�[�`'g)W'e'bL]^h'W#U'b?`'c'[�s?cNYLe'U'[�du� � g)[�[�s?UNY�eNY�b?gCt0e'g)[
_�w � b^kNb?U'W'bFX?cNY�_�W'g�Y�l'W'[�U'U'[�d��?U'b?c'X?W'W ]^_�y{s?W Eg ∼ GM2/R

UNY�_�c'b?|~b^q
UNYA��`'[�c�y � h)Y�_�c'b?|~b?U'Wa]^_�[�n�[ � U'[�X?[3`NY � b?U'W'y tff ∼ 1/

√
Gρ

]^gCY�U'[�_�W'g�q
]Zy `'[�c�y � h)Y�W's^kNj�e'b?U'W'ya]�`'[�_�b?c)�{U'[)]^g)W � 	 K�]�g)b?|~`'b?cNY�g)j�c'[�d

T
tJgA� b��

∼ σBT
4R2 � σB �

`'[)]^g�[�y{U'UNY�y / g)b r Y�UNY
�
��[LkN��l'|:Y�UNY��Z�{�8e'W'g)wx_)Y�y�t�e'g)[

|:Y�]?]?Y r cNY�X?|~b?U'g�[�_�U'b5|~[Cz�b?g�n�wxg)��|~b?U'�(%�b � z�W'UN]^[�_)]^h�[�d�|:Y�]?]^w�t<W's
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]^[�[�g)U'[(%5b?U'W'y
GM2

√
Gρ/R < xσBT

4R2 `'[�kNj�eNY�b?|f`'[)]ZkNb�U'b?h�[�g)[�c'w��
`'c'b?[�n�cNY�s?[�_)Y�U'W'd

M >MChx
−1/2

(
kT

mpc2

)1/4

,

X � b x ≤ 1 �
n�b?s?cNY�s?|~b?c'U'wxd `NY�cNY�|~b?g)cu� Kv� hu�HX?[�c'b?U'W'b%_�[ � [�c'[ � Y�_

y � c'b�|~[�kN[ � [�dms?_�b?s � w � gA� b��J`'b?c'b^�)[ � UNY�]^g�Y � W'� XZk!Y�_�U'[�d\`'[)]QkNb � [�_)YAq
g)b^kN��U'[)]^g)W���UNY�e'W'UNY�b?g�]Zy `'c'W

kT ∼ 1
h'�L� ≈ 10−6mpc

2 t�`'[LkNj�eNY�b?|
Mmin ∼ 0.05M�

�v��Y�|~b?g)W'|xt:e'g)[��?g)[�g `'c'b � b^k%n�kNW's?[�h%h�|~W'U'W'|:YAkN��q
U'[�d�|:Y�]?]^b�_�[ � [�c'[ � U'[�d�s?_�b?s � w�t!_�h�[�g)[�c'[�d�_�[�s?|~[Cz�U'w�g)b?c'|~[Cy � b?c'U'wxb
c'bLY�h'l'W'W ∼ 0.08M�

�
��� H�l'b?U'W'g)�i|~W'U'W'|:YAkN��U'[p_�[�s?|~[�z�U'[�b�_�c'b?|~y z�W's?U'W |:Y�]?]^W'_�U'[�d

s?_�b?s � wpUNY�XZk!Y�_�U'[�d�`'[)]ZkNb � [�_)Y�g)b^kN��U'[)]^g)WutNj�e'W'g)wx_)Y�y�t{e'g)[�]^_�b?g)W'|~[)]^g)�
s?_�b?s � w ]Vc'[)]^g)[�|�|:Y�]?]^w ]^g)c'b?|~W'g�]�y�h�� �'� W'U'X?g)[�U'[�_)]^h�[�|~j3`'c'b � b^kNj��

L � �<�9�0.!� ����[�c'b?U'W'ba_�[ � [�c'[ � Y�UNYmXZk!Y�_�U'[�d `'[)]QkNb � [�_)Y�g)b^kN��U'[)]^g)W
_#|:Y�]?]^W'_�U'w��}s?_�b?s � YA�}`'c'[�WN]Q�)[ � W'g _ � S � q l'W'h{kNb ]�h)YAkN[�c'W'd'U'[)]^g)���
εCNO ' 5

���L� 	CU'j�h{kN[�U ' 6 · 1018 �?c'X
	CX�� /vkNb � [�_)Y�g)b^kN��U'['t

tnuc '
εCNOM

Ledd
≈ 2.1 · 106 kNb?g

W�U'bFsLY�_�WN]^W'g�[�g�|:Y�]?]^w s?_�b?s � w�� � g)[�|~W'U'W'|:YAkN��U'[�b�_�c'b?|~y��?_�[LkN�8l'W'W
]?Y�|~w���|:Y�]?]^W'_�U'w���s?_�b?s � �
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A9B1C)DFE)G)DIH1BKJLB1C)BMJON�PRQFNTSUNTVWJ)XLG)Y,DZXL[1ELNTV\QZYKN]JLG)VWH_^_G)`FE)Ga`FH1DF`ZJLbdc
e YfBgQZH1V?`MNTE)B_QhELNMiLN]XL[1E)bjSlk1BKXL[1mnG)S�B1k1G?XLG)DFSoH1BMJLC)BMJONaprq]s

% t BuSUN1QwvQZDTx&G\k1BMXL[1mnB1y$zfN]XLB1C)G)y)E)BfQZYf[1{�p ∼ 0.007Mc2
x t C)DFH1CLNT|IDFE)G)VaH1BKJLB1C)BTv

JON}Hu~FDZXLG)y8c?�dNIJLBKXL{��FYfB1yRC)DMNTz)�)G)G t C)G?�fBMJLG)Y9Q�V�B1z,BKXLBRq]s
%

�FE)DFC)~FG)G8�
H1b�JLDZXLV?DFS�B1y�H��)D t B1i)z,D t BfQ�XLDZJLB1HfNTYfDZXL[1E)b���YfDFC)S�BKV�JLDFC)E)b�� t C)DFH1CLN]v|nDFE)G)y�H1BMJLB1C)BKJONnHd��XLDFS�DFE)Y}��ELNTG)k1BKXL[1mnDFy��FE)DFC)~FG)DFy�QZH1V?`FG_ELNdE)��z?XLB1E
56
26 ��� p ∼ 8.6 � �M�:��E)��z?XLB1E<x�c0�IB1YfB1E)ELNTVaQZH1DFY,G)S�BfQZYf[�`FH1DF`ZJ�ELN�~�XONTH1E)B1y
t BfQ�XLDZJLB1HfNTY,DZXL[1E)BfQZYfG8�<~�JLDn~FB1C)G)YRH1BMJLB1C)BKJ��<zfNTz t CLNTH1G?XLBRS�DFE)[1mnD1�=i)DFSELN t BfQ�XLDZJL��{@|IG?��QZYKN]JLG)V����FH1BMXL{h�)G)G��K�=N�G?�\E)DFy)YfC)G)E)ELNTV�QZH1YfG)S�BfQZYf[
`FELNMi)G)Y,DZXL[1E)BRS�DFE)[1mID1�8Y�c�z8c=�)DFE)YfCLN]XL[1E)bjDuYfDFS t DFCLNTYf��C)b�E)D t C)DFH1bjm}N]v{hY ∼ 4 · 107 � c" ¡B1�FYfB1S��3k"¢BTXL[1mINTV£iLN1QZYf[¤`FH1DF`ZJ�H¥A�N]XONTz)YfG)z,D�G£H1B
��QZDZXLDFE)E)B1y\V?HTXLV?{@Y9Q�V�`FH1DF`ZJONTS�G�~�XONTH1E)B1y t BfQ�XLDZJLB1HfNTYfDZXL[1E)BfQZY,G8c ¡BfQ�XLDjB1z,B1E)iLNTE)G)Vu~FB1C)DFE)G)VIH1BKJLB1C)BMJONdHhV�JLC)D�`FH1DF`ZJON@B1Yf�fBMJLG)Y¡H t CLN]vH1B:B1Y:~�XONTH1E)B1y t BfQ�XLDZJLB1HfNTYfDZXL[1E)BfQZYfG}ELN�JLGLNT~FCLNTS�S�D"�M¦d¦¡DFz)Y,G)H1ELNTV§YfDFS�v
t DFCLNTYf��CLNRP�QZH1DFYfG)S�BfQZY,[¥p¨JLGLNT~FCLNTS�SUNaA9DFC)�)m t C)��E)~�N]vr©�DMQFQZDZXON�x��"DFD_�M¦hv¦¡DFz)YfG)H1ELNTV�YfDFS t DFCLNTYf��CLN£��S�DFE)[1mINTDFY,Q�V<�dG�`FH1DF`ZJON t DFC)DFS�DF|}NTDFY,Q�V�H
B1kTXON1QZYf[�z)CLN1QZE)b���~FG)~�NTE)YfB1H)cU©0BfQZY¥CLN]JLG)�fQFN�B1k1BMXLB1i)z)G�QZH1V�`MNTE£Q�z9B1E?v
H1DFz)YfG)H1E)bjS t DFC)DFE)BfQZB1S��FE)DFC)~FG)G�B1Y§Q�XLB1DFH1B1~FBIH1BKJLB1C)BMJLE)B1~FB}GLQZYfB1i)E)G)zfN?�
CLN1Q t BMXONT~�NT{h|nDF~FBfQ�VgE)D t BfQZC)DZJOQZYfH1DFE)E)BhH1kTXLG)`FGI~FDZXLG)DFH1B1~FB¡V�JLCLN?cKªhS�DFE)[TvmnDFE)G)DoH1b�JLDZXLDFE)G)V��FE)DF~FC)G)G t B«S�DFC)D3GLQZY,B1|nDFE)G)V�JLBMXLG�H1BMJLB1C)BKJON�H
V�JLC)D t C)G)H1BMJLG)Y�z3DF~FB�~FCLNTH1G)Y�NT�)G)B1E)E)B1S���Q�^nNTYfG){}c�¬¡`Zv�`MN��FYfB1~FB$YfDFS�v

­¯®=°w±0²´³wµ�¶¸·�¹T±�³�ºT»¸¼K³w½K¾_±À¿T»´¼]»¯Á]Â�²L½M³Z»´Ã�Ä]¿T»¯¹]ÄT»´Å¡¼T·�ÁTÄ]½Z²�·8¶´³Z»¸¶rÁTÆuÄUÄT¶´ÅO»¯¹T»´¹�ÄT»¸Å¹T»¯ºT¼]±À¶¸¼T·¸¿�¹T±w²´°wÄ@³w»¸ÇU»¸²¸°w³Z·�¶´³Z»´¶¯ÁTÆ�È
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t DFCLNTYf��CLN$H�V�JLC)D t BfQZYfD t DFE)E)B¤CLN1QZYfDFY���G t C)Go`FELNMi)DFE)G)V��oYfDFS t DFCLNTYf�9vC)b
Tc ∼ 2 − 3 · 107 G t XLB1YfE)BfQZYfG ρc ∼ 103 − 104 ~��]QZS 3 ELNKi)G)ELN]v

DFY,Q�VoY,DFC)S�BKV�JLDFC)E)B1Da~FB1C)DFE)G)Da~FDZXLG)V<c10�NTz�zfNTzlH t C)G)C)BKJLDaE)DFY¤�fQZYfB1y?v
i)G)H1b��¥��XLDFS�DFE)YfB1H$Q_NTYfB1S�E)bjS�G3E)B1S�DFCLNTS�G32�G54��0E)DFH1B1`FS�BK^_ELNaC)DMNTz?v
�)G)V 4 6 � + 7 →5 . . . + . . .

�UN$V�JLC)B¥k1DFC)G?X)XLG)V�v84¥E)DF�fQZYfB1y)i)G)H1B¥Gok1b�v
QZYfC)BjCLN1Q t N]JONTDFY,Q�V§ELN:9�N]XL[f¦dN]v�iLN1QZYfG)�)b<; 4 6 ��= 4 6 � →8 >@? →8 A ��= e−+νe B
8 A � → 24 6 � � (3 · 10−16)

�Tc
�dNTG)k1BMXLDFDaHfNT^_ELNTV3C)DMNTz)�)G)Vo~FB1C)DFE)G)Vo~FDZXLG)V3H$`FH1DF`ZJON]��P¤YKNTz�ELN]v

`FbjHfNTDFS�bjy
3α

v t C)B1�)DMQFQ*; 34 6 � →12 C c e E)DFC)~FG)V�QZ��S�S�b YfC)DZ�3N]XL[f¦dN]v
iLN1QZYfG)� ELN�q9cD9�4 � �M� t C)DFH1bjmINTDFY��FE)DFC)~FG){ t B1z9BKV V�JLCLN ��~�XLDFC)BMJON]v
. 9�ch ¡B1�FY,B1S���i)YfB1k1b C)DMNTz)�)G)V��M¦d¦¡DFz)YfG)H1E)B m§XON?�hE)��^IDFEFE t BMJ)�fBKJLV9v|nG)yHG��FE)DFC)~FDFYfG)i)DMQZz)G)y ��C)B1H1DFE)[ V9JLCLN ��~�XLDFC)BKJON]v . 9�cI00NTz,B1y ��C)B1H1DFE)[
p Q}�FE)DFC)~FG)DFy3q9cDJ�2�J � �M�@xj��V�JLCLN 12 C G)S�DFDFY9Q�V�KT� t B1�FYfB1S��ML

α
v�C)DMNTz)�)G)V

H\`FH1DF`ZJON]�¥G?JLDFY$QuJLBfQZYKNTYfB1i)E)B1y3QZz,B1C)BfQZYf[1{}cONnH1D�N]XL[f¦dN]v�iLN1QZYfG)�)b B1kTv
CLNT`F�9{hY\z9B1C)B1Yfz,B�^_G)H1��|nDFD�V�JLC)B 8Be

; 4 6 ��= 4 6 � �8 A � c��&C)DFS�V¤^_G)`FE)G
8 A � B1z9BMXLB 10−16 �T�<E)BWDMQZYf[�H1DFC)B�V�Y,E)BfQZYf[ t C)GLQZB1DZJLG)E)DFE)G)V¥DF|nDgBKJLE)B1y
N]XL[f¦dN]v�iLN1QZYfG)�)b QgB1k1CLNT`FB1HfNTE)DFG)S�H1B1`Fk1�9^gJLDFE)E)B1~FBaV�JLCLN���~�XLDFC)BMJON]v . 9P;
8 A ��= 4 6 � �12(∗) C c��5B1`Fk1��^gJLDFE)G)D_V�JLCLN�QZE)G)SUNTDFY,Q�V�C)BK^gJLDFE)G)DFS t NTC)bd�NhE)D5¦¡B1YfB1E)B1Sj�TY]c�z8c]¦¡B1Y,B1E)E)bjy t DFC)DZ�fBKJ�Q"�FY,B1~FB@��C)B1H1E)Vn`MN t C)DF|IDFE t CLN]vH1G?XONTS�G�B1Yfk1B1CLN

∆s = 0
; 12∗ Q →12 Q +e+ + e−

c@R<NTS�DFYfG)Sj� i)Y,B�B1k1CLNT`F�9v
{@|IG)yLQ�V�NTYfB1S 12 C ∗ HaBfQZE)B1H1E)B1S QZCLNT`F��^IDSErCLNT`FHfN]XLG)HfNTDFY,Q�VPG�ELN A � G6 � G�Hgz,B1E)DFi)E)B1S�QZi)DFYfD¡ELNTL}N]XL[f¦dN]v�iLN1QZYfG)�)bd�OGRY,BMXL[1z,BgHuBKJLE)B1SlQ�XL�9v
iLNTD:G)`:9�2Ts1s t C)B1GLQ��fBMJLG)Y t DFC)DZ�fBMJ�ELN¡BfQZE)B1H1E)B1y��9C)B1H1DFE)[nQ�H1b�JLDZXLDFE)G)DFS�FE)DFC)~FG)G$q9cDJ�2 � �M���)�9E)BfQZG)S�B1y

e+e− t NTC)B1y8c�5b�JLDZXLDFE)G)D��FE)DFC)~FG)G¥ELN�~FCLNTS�S t C)G¤~FB1C)DFE)G)G�~FDZXLG)V t C)G)S�DFC)E)B�ELN
t B1C,V�JLB1z�S�DFE)[1mnD1�=i)DFS t C)G\~FB1C)DFE)G)G�H1BMJLB1C)BKJON?c= ¡B1�FY,B1S��WH1C)DFS�V�^_G)`Zv
E)G�G3i)GLQ�XLB�`FH1DF`ZJ£ELN��FYfB1y3QZY�N]JLG)G3�FH1BKXL{@�)G)Go`FELNKi)G)YfDZXL[1E)B¥S�DFE)[1mID1�
i)DFSl`FH1DF`ZJ\~�XONTH1E)B1y t BfQ�XLDZJLB1HfNTYfDZXL[1E)BfQZYfG8c@U JLELNTz,B t BfQZz,BMXL[1z)�\H_C)DMNTz?v
�)G)Gu�9iLN1QZYfH1��{hY YfC)G}iLN1QZYfG)�)bd�T�FE)DFC)~FB1H1b�JLDZXLE)G)D:ELN@~FCLNTS�S t C)B t B1C)�)G)BTvELN]XL[1E)Bdz)HfN]JLCLNTYf� t XLB1Y,E)BfQZYfGIGgQZYKNTE)B1H1G)Y9Q�V}`FELNMi)G)YfDZXL[1E)bjS¥H t XLB1YfE)b��V�JLCLN]�a`FH1DF`ZJ�B1YfB1mnDZJLmIG?�aB1YR~�XONTH1E)B1y t BfQ�XLDZJLB1HfNTYfDZXL[1E)BfQZYfG8c� ¡B1�FYfB1S��kTXONT~FBMJONTC9VlH1b:QZB1z,B1y«QZH1DFYfG)S�BfQZYfG£ELN�QZY�N]JLG)V9��z)CLN1QZE)B1~FB¤~FG)~�NTE)Y�N�G?XLG

V�®=°w±w°�½K¼]±À³w»´¹]Â"µFÁ1¼]·
12 WYX Æ8Ã[Z]\_^'`ba'c�d�e]d�fhg È i�±]j]ÃT±ÀÅIÁTÃ]µ5± X�k µ�²´¹]»´¹]Ä]µ�²´Ä�¹T°Z»¸¶¸·l ÃT»¸ÅL»´¹]°Z±À³�³�¶¯³Z»¸¶¯Á1·ÀÅdÄUºT±À¶¯ÁT¹]»¸» X Æ8Ã l'm ²´º]»¸¼�Ä]ÅO»¯¹T°�·�Ã�Âw¹]±8± X ¹T·À¼K½�nU»´¹po0È�g5·¸½ZÃT»´¼]±wÅ8È
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QZH1DFCf�?~FG)~�NTE)YKN?�&z,B1~�JON�H¤V�JLC)D�`FH1DF`ZJLb�G?JLDFY¤~FC)DFE)G)Da~FDZXLG)V£H¥��~�XLDFC)BKJ��
YKNTz)G)Dd`FH1DF`ZJLb��fB1C)B1mIB�G)`F��i)DFE)bdc

©0DMNTz)�)G)V<� t C)G�z9B1YfB1C)B1y�H1B1`FS�BK^�E)B�QZkTXLG)^}DFE)G)DgV�JLDFC$~FDZXLG)V\JLBRCLN]v
JLG)�fQFN�JLDFyLQZYfH1G)V\V�JLDFC)E)b��aQZG?X��=YKNTz)^}DIzfNTz�G�C)DMNTz)�)G)V

41 6 →4 6 � H1B1`ZvS�BK^�ELN�`MN�QZi)DFYaz)HfNTE)YfB1H1B1~FB\Yf��E)E)DZXL[1E)B1~FB\�M¦d¦¡DFz)Y�N�G¥YfC)DFk1�1DFYaB1i)DFE)[
H1b:QZB1z)G?�WYfDFS t DFCLNTYf��C8cQ z9B1C)BfQZYf[gJON]XL[1E)DFy)mnDFy�C)DMNTz)�)G)G

4 6 � +12 C →16 � + 7.16 � �M� p J�c . x
QZG?XL[1E)B `MNTH1GLQZG)Y.B1Y YfDFS t DFCLNTYf��C)bd�gz,B1YfB1CLNTV B t C)DZJLDZXLV?DFY,Q�V SUN1QFQZB1y
`FH1DF`ZJLbd� t B1�FYfB1S��3B1z,B1E)iLNTYfDZXL[1E)bjylC)DF`F�TXL[KYKNTY�~FB1C)DFE)G)Vo~FDZXLG)V�H$`FH1DF`Zv
JON]�WPWB1k1CLNT`FB1HfNTE)G)Dg�9~�XLDFC)BMJLE)B1~FB)�8��~�XLB1DFC)BKJLE)BTv�z)GLQ�XLB1C)BMJLE)B1~FB$G?XLG�i)G?v
QZYfBgz)GLQ�XLB1C)BMJLE)B1~FBRV9JLCLN?c

�dN t BfQ�XLDZJL��{@|IG?��QZYKN]JLG)V����FH1BMXL{h�)G)G�SUN1QFQZG)H1E)b���`FH1DF`ZJ�H��)DFE?v
YfCLN]XL[1E)b���B1kTXON1QZY]V9��`FH1DF`ZJLb t C)G�H1b:QZB1z)G?��Y,DFS t DFCLNTYf�9CLN]� t C)B1GLQ��fBTvJLV?Y¤C)DMNTz)�)G)G«E)D t BfQZC)DZJOQZYfH1DFE)E)B1~FBoQ�XLG)V?E)G)V«Y�V?^}DZXLb���V�JLDFC8c e E)DFC)~FBTv
H1b�JLDZXLDFE)G)D}H_C)DMNTz)�)G)V���~FB1C)DFE)G)V 12 C � 16 � � 20 � � � 24 ��� � 28 � ? QZCLNTH1E)G)S�BQ��FE)DFC)~FB1H1b�JLDZXLDFE)G)DFS H

3α
v�C)DMNTz)�)G)G8�UBMJLELNTz9B t C)G�H1b:QZB1z)G?�¤Y,DFS t DFCLN]vYf��CLN]� ∼ 2 × 109 � HfQZDRk1BMXLDFDWHfNT^_E)bjS�QZYKNTE)B1H1G)Y,Q�V¤E)DFy)YfC)G)E)E)B1DRG)`Zv

XL��i)DFE)G)D1c��5C)DFS�V�^_G)`FE)G�`FH1DF`ZJLb ELNa�FYfG?�¤QZYKN]JLG)V��¤ELNTS�E)B1~FB$S�DFE)[1mID1�
i)DFS�H1C)DFS�V¥~FB1C)DFE)G)V¤~FDZXLG)V=c��5DFC)BKV?YfE)BfQZYf[�B1k1ELNTC)��^}DFE)G)V¤YKNTz)G?�$`FH1DF`ZJ
z)CLNTy)E)D�SUN]XON?�UGoH$ELN1QZYfB�V?|nDFD\H1C)DFS�V�E)DFY¥E)GoE)GoBKJLE)B1~FB¤��H1DFC)DFE)E)B1~FB
B1YfB�^gJLDMQZYfHTXLDFE)G)V§`FH1DF`ZJLb3H Q t B1z,B1y)E)B1S¥QZBfQZY,BKV?E)G)G8�KH1b�JLDZXLV?{h|nDFyu�FE)DFC?v
~FG){�`MN_QZi)DFY_~FB1C)DFE)G)V 12 Q G?XLG�k1BKXLDFD§Y�V?^}DZXLb��R��XLDFS�DFE)YfB1H)c

�������
	���
5���o+:*)6&%&*���*��l*O/?; ��4
� t C)B1�)DMQFQZD:�FH1BMXL{h�)G)G t XLB1YfE)BfQZYf[¡GuYfDFS t DFCLNTYf��CLNhHd�)DFE)YfC)D�`FH1DF`ZJLbCLN1QZYf��Y�c0 ¡C)G�C)BfQZYfD t XLB1YfE)BfQZYfG�¦¡G)`FG)i)DMQZz9B1D�QZBfQZYfBKV?E)G)D�H1DF|nDMQZYfHfNaELN]v

i)G)ELNTDFY\G)`FS�DFE)V?Yf[fQ�V�P�QZELNMiLN]XON\G)`Zv�`MN�z)�TXLB1E)B1HfQZz9B1~FBaH1`MNTG)S�BKJLDFyLQZYfH1G)V
p t C)G)S�DFCWP�B1k1bji)E)bjDIY,H1DFCfJLbjDnY,DZXON�x��ONg`MNTYfDFS£G)`Zv�`MN�z)HfNTE)YfB1H1B1S�DZ�1NTE)G?v
i)DMQZz)G?�¥�M¦d¦¡DFz)YfB1H3p H1bjC)BK^gJLDFE)G)DR��XLDFz)YfC)B1E)E)B1~FB�~�NT`MN�x�cONnDFyLQZYfH1G)YfDZXL[Tv
E)B)�=zfNTz$Q�XLDZJL�1DFYWG)`gN1QZYfC)B1E)B1S�G)i)DMQZz)G?�aELNTkTXL{�JLDFE)G)y8��z9B1S t NTz)YfE)bjDuk1DZvXLbjDWzfNTCfXLG)z)GlG)S�DF{@Y�CLN]JLG)�fQ�B1z9BMXLB¤s?c s . QZBKXLE)DFi)E)B1~FB t C)G�SUN1QFQZD t BTvC,V�JLzfNRSUN1QFQZb Q BMXLE)�LN?�8Y]c�D1c=G?�aQZC)DZJLE)V?V t XLB1YfE)BfQZY,[ ∼ 104 ~��]QZS 3 c< ¡C)G
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YKNTz,B1y t XLB1YfE)BfQZYfG�S�DF^nNTYfB1S�E)bjD�CLN1QFQZYfBKV?E)G)V�S�DFE)[1mnD�CLNT`FS�DFC)B1H\��XLDFz?v
YfC)B1E)E)b��\B1C)k1G)Y�HWNTYfB1SUN]�\G���XLDFz)YfC)B1E)b QZYKNTE)B1H1V?Y,Q�VaQZH1B1k1BKJLE)bjS�G�JON]v
^ID t C)G�E)�TXLDFH1B1y�YfDFS t DFCLNTYf��C)D T = 0

G�QZBM�?CLNTE)V?{@Y}H1b:QZB1z)G)D¡QZz,B1C)BfQZYfG
JLH1G)^IDFE)G)V<c

A�NT`§S�BK^}DFYgCLN1QFQZSUNTYfC)G)HfNTYf[fQ�VWzfNTzWG?JLDMN]XL[1E)bjy t B1zfNu�FE)DFC)~FG)VWH1`MNTG?v
S�BMJLDFyLQZYfH1G)V$S�DF^gJL�aDF~FB�iLN1QZYfG)�LNTS�G t C)DFE)DFk1C)DF^_G)S�B�SUN]XON t BWQZCLNTH1E)DZv
E)G){�Q¡Y,D t XLB1H1B1yW�FE)DFC)~FG)DFy8cO ¡C)G)kTXLG)^IDFE)G)DnG?JLDMN]XL[1E)B1~FB�BMJLE)BfNTY,B1S�E)B1~FB
~�NT`MNaQ��FE)DFC)~FG)DFy�ELN�BMJLE)�¤iLN1QZYfG)�)�

E = 3/2kT t C)DFz)CLN1QZE)B$B t GLQZbjHfN]vDFY t B1H1DZJLDFE)G)D t XONT`FS�b H¤�)DFE)YfC)D Q BMXLE)�LN3Glk1BKXLDFDaSUN1QFQZG)H1E)b��«`FH1DF`ZJ
~�XONTH1E)B1y t BfQ�XLDZJLB1HfNTYfDZXL[1E)BfQZYfG8cQ t B1H1bjmIDFE)G)DFS t XLB1YfE)BfQZYfG�QZC)DZJLE)G)DnCLN1QFQZYfBKV?E)G)VWS�DF^gJL��iLN1QZYfG)�LN]v
S�Gg�9S�DFE)[1m}NT{@Y9Q�V<�

δl ∼ ρ−1/3 �TG}z9B1~�JONdB1E)GgQZYKNTE)��YdQZB t BfQZYKNTH1G)S�b£Q NnDZv

5C)B1y?XLDFHfQZz,B1y�J)XLG)E)B1yWH1BKXLE)b�iLN1QZYfG)�8�

λ = ~/p
p
p
P�G)S t �TXL[fQ¡iLN1QZYfG)�<x��ELNMi)E)��YWQZzfNT`FbjHfNTYf[fQ�Vaz)HfNTE)YfB1H1BTv�S�DZ�TNTE)G)i)DMQZz)G)D_QZH1B1yLQZY,HfN?c=��NT^_E)DFy)mIDFD

G)`g�FYfG?�aQZH1B1yLQZYfHWQZH1V?`MNTE)B�Q}Y�c�E8c���
������������������ ~�NT`MNRG)`giLN1QZYfG)��Q t BTvXL�9�)DZXLbjS�Q t G)E)B1Sj�fG)`Zv�`MN¡z,B1YfB1C)B1~FBdCLN]JLG)zfN]XL[1E)bjS�B1k1CLNT`FB1G)S¥S�DFE)V?{@Y9Q�V
YfDFC)S�BMJLG)ELNTS�G)i)DMQZz)G)DuQZH1B1yLQZYfHfNgH1DF|IDMQZYfHfN?c

� t C)G)S�DFE)DFE)G)G�z3iLN1QZYfG)�LNTS�Q t BMXL���)DZXLbjS�Q t G)E)B1S�P$¦¡DFC)S�G)B1ELNTS
p � � �8� 7 x�JLDFyLQZYfH1�1DFY t C)G)E)�)G t  dNM�TXLG�p �@cf dNK�TXLG8� . /�9�29x�;fiLN1QZY,G)�)b£G?JLDFE?v
YfG)i)E)bd��DMQ�XLG£B1E)G�G)S�DF{hY�BMJLG)ELNTz9B1H1bjy�Q t G)E8��NaJ)XLV3G?�3z,B1B1C,JLG)ELNTY¥G
G)S t �TXL[fQZB1H�QZ��|nDMQZYfH1��{hY_z)HfNTE)YfB1H1BTv�S�DZ�1NTE)G)i)DMQZz)G)DnB1~FCLNTE)G)i)DFE)G)V ;

δpxδx = h , δpyδy = h , δpzδz = h .

U@Y,QZ{�JON_Q�XLDZJL�1DFY��Li)Y,BgBMJLELN_V?i)DFy)zfN_¦dNT`FB1H1B1~FB t C)BfQZYfCLNTELQZYfHfN

δxδyδzδpxδpyδpz = h3

S�BK^}DFY_QZBMJLDFC9^nNTYf[uE)D¡k1BMXLDFD¡JLH1�9�R¦¡DFC)S�G)B1E)B1H�p DMQ�XLGWG?��Q t G)E)b t C)B1YfG?vH1B t BMXLB�^_E)b¡x�c= ¡C)G)E)�)G t  dNM�TXLG t B1`FH1BMXLG?X$B1k"!8V?QZE)G)Y,[ t DFC)G)BMJLG)i)DMQZz)��{YKNTkTXLG)�)�R��XLDFS�DFE)YfB1H � DFE?JLDZXLDFDFHfN?c
 ¡C)G�CLNTH1E)B1H1DFC)BKV?YfE)B1y¤B1C)G)DFE)YKNT�)G)G�H1DFz)YfB1CLNRG)S t �TXL[fQFN�B1k"!8DFS�¦dN]v

`FB1H1B1~FB t C)BfQZYfCLNTELQZY,HfN?� t C)G?�fBMJLV?|nG)yLQ�V�ELN . ��XLDFz)YfC)B1E8�9z,B1YfB1C)bjy�H t C)DZvJLDZXL[1E)B1S«Q�XL�9iLNTD}CLNTH1DFE
h3/2

�=QZBfQZYKNTHTXLV?DFY
(1/ne)(4/3πp

3)
c R JLDMQZ[ t DFC?vH1bjyoi?XLDFE£H�QZz,B1k1zfN]��v t C)BfQZYfCLNTELQZYfH1DFE)E)bjyoB1k"!8DFS ELN$BMJLE)�3iLN1QZYfG)�)�1�
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~�JLD
ne = ρ/(µemp)

��N�H1Y,B1C)B1y�B1k"!8DFS�mINTCLNWH t C)BfQZYfCLNTELQZY,H1DgG)S t �TXL[TvQZB1H)�fCLN]JLG)�fQjz9B1YfB1C)B1~FB t C)G)S�DFC)E)BICLNTH1DFE_H1DFC)BKV?YfE)B1S��u`FELNMi)DFE)G){ t BKXLE)BTv~FBWG)S t �TXL[fQFNWiLN1QZYfG)�
pF = (p2

x + p2
y + p2

z)
1/2 J)XLV�CLN1QFQZSUNTY,C)G)HfNTDFS�B1~FB

t C)DZJLDZXL[1E)B1~FB�Q�XL�9iLNTV¥p Y]c�E8cLG)S t �TXL[fQI�IDFC)S�G<x�cN§XLV�G?JLDMN]XL[1E)B1~FB«~�NT`MN�ELNTG)k1BMXLDFD3H1DFC)BKV?YfE)B1D3`FELNMi)DFE)G)D3G)S t �TXL[fQFN
p = me

√
2kT/me

cL ¡B1�FYfB1S���ELNIBKJLE)��iLN1QZY,G)�)� t C)G?�fBMJLG)Y9Q�V�H_QZC)DZJLE)DFS
¦dNT`FB1H1bjy\B1k"!8DFS

(1/ne)(4π/3)(2kTme)
3/2 t C)G\CLNT`FC)DFmnDFE)E)B1S B1k"!8DFS�D1�

QZBfQZYKNTHTXLV?{h|nDFS£HfQZDF~FB
h3/2

ELNuBKJLE)��iLN1QZY,G)�)�1cL�lE)B1C)SUN]XL[1E)b��W`FH1DF`ZJON]�
t BfQ�XLDZJLE)V?V�H1DZXLG)i)G)ELN t C)DFE)DFk1C)DF^�G)S�BaSUN]XON t BaQZCLNTH1E)DFE)G){ Q t DFC)H1B1y8�Y]c�D1c�z)HfNTE)Y,B1H1bjS�GW�M¦d¦¡DFz)YKNTS�GWS�BK^_E)B t C)DFE)DFk1C)DFi)[)c�� kfQZBKXL{@YfE)B1Ddk1BKXL[TvmnG)ELQZY,H1BWz)HfNTE)YfB1H1b��aV?i)DFDFz�Q}B1k"!8DFS�B1S

h3/2
E)Duk1�TJLDFY�QZBMJLDFC,^INTYf[WE)G

BMJLE)B1yaiLN1QZYfG)�)bdc
U JLELNTz9B t C)G�H1B1`FCLN1QZYKNTE)G)G

ne
G?XLGa��S�DFE)[1mnDFE)G)G

T
JLBKXL^IDFE�ELN1QZYf�9v

t G)Yf[ t C)DZJLDZX t C)G)S�DFE)G)S�BfQZYfG t C)G)kTXLG)^IDFE)G)V£G?JLDMN]XL[1E)B1~FB¤~�NT`MN?�Uz,B1~�JON
QZ��|nDMQZYfH1DFE)ELNTV JLBKXLV�HfQZDZ�«V?i)DFDFz�¦dNT`FB1H1B1~FB t C)BfQZY,CLNTELQZYfHfNoB1zfNT^}DFY,Q�V
`MN t BMXLE)DFE)E)B1y8�8G t XLB1YfE)BfQZYf[�iLN1QZYfG)�\H�¦dNT`FB1H1B1S t C)BfQZY,CLNTELQZYfH1DI��^}DnE)DS�BK^}DFY�k1bjYf[���H1DZXLG)i)DFELN?c��d{hk1B1y t C)B1�)DMQFQ_Q�^INTYfG)V$~�NT`MN�k1�TJLDFY t C)G)H1BTvJLG)Yf[RzaC)BfQZY,�\QZC)DZJLE)G?�\`FELNMi)DFE)G)y¤G)S t �TXL[fQZB1H¥p QZz,B1C)BfQZYfDFy<xjiLN1QZYfG)�8�<E)D
QZH1V?`MNTE)E)�9{ QgG)`FS�DFE)DFE)G)DFS�YfDFS t DFCLNTYf��C)bd�8G8��Q�XLDZJLB1HfNTY,DZXL[1E)B)�0z¥C)BfQZY,�
JONTHTXLDFE)G)V<� t C)D t V?Y,QZYfH1��{h|nDFS��gQ�^nNTY,G){Icf ¡C)G)CLNTH1E)G)HfNTV h3/2

QZC)DZJLE)DFS��
B1k"!8DFS��¥¦dNT`FB1H1B1~FB t C)BfQZY,CLNTELQZYfHfN?� t C)G?�fBKJLV�|IDFS��fQ�V�ELN�BKJLE)�$iLN1QZYfG)�)�1�
t BMXL��iLNTDFSj�Ui)YfB$z)C)G)YfG)i)DMQZzfNTVoY,DFS t DFCLNTYf�9CLN�p YfDFS t DFCLNTY,�9CLN$H1bjC)B�^gJLDZv
E)G)V=x"CLNTH1ELNH;

Tc =

(
h3ne

8π/3

)2/3

(2kme)
−1 ∼ EF /k ,

~�JLD
EF = p2

F/2me
v&�FE)DFC)~FG)V��IDFC)S�G\J)XLV\E)DFC)DZXLV�Y,G)H1GLQZY,QZz)G?��iLN1QZYfG)�8c

U t �fQZzfNTV_z9B1ELQZYKNTE)Yfbd�fJ)XLV�`FELNMi)DFE)G)yRYfDFS t DFCLNTYf��C)b Tc
G t XLB1YfE)BfQZYfG ρc

�
t C)G}z,B1YfB1C)b�� t C)B1GLQ��fBMJLG)Yd`MN t BMXLE)DFE)G)DjV?i)DFDFzu¦dNT`FB1H1B1~FB t C)BfQZY,CLNTELQZYfHfN?�
t BMXL��iLNTDFS ;

Tc ∼ n
2/3
e m−1

e h2 �9G?XLG ρc ∼ (Tme/h
2)3/2 c,�5bjC)BK^gJLDFE)G)D@ELN]vQZYf� t NTDFY t C)G T < Tc

G?XLG
ρ > ρc

c8¬¡S t �TXL[fQZb p QZz,B1C)BfQZYfG<x:��XLDFz)YfC)B1E)B1H
QZYKNTE)B1H1V?Y,Q�V_H1bjmnD¡YfD t XLB1H1b��ap HfQZDhCLNT`FC)DFmnDFE)E)bjDd`FELNKi)DFE)G)V�J)XLV�YfD t XLBTvH1b��WQZz,B1C)BfQZYfDFya�9^}D¡`MNTE)V�Y,b¡x�c
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� � � � � � c�©0N1QFQZS�B1Y,C)G)S�~�NT`_H\�)DFE)YfC)D Q BMXLE)�LN?� t XLB1YfE)BfQZYf[ ρ = 120~��]QZS 3 �OH1DF|IDMQZYfH1B t BMXLE)BfQZYf[1{ G)B1E)G)`FB1HfNTE)B)�8G)`Zv�`MN���XLDFz)YfC)B1E)DFy)YfCLN]XL[1E)BTv
QZYfG t XONT`FS�boz,B1E)�)DFE)YfCLNT�)G)V}`MNTC,V�JLB1HdB1YfC)G)�LNTYfDZXL[1E)B1~FB¡`FELNTzfNup ��XLDFz)Y,C)BTv
E)B1H?x CLNTH1ELNWz9B1E)�)DFE)YfCLNT�)G)G t BMXLB�^_G)YfDZXL[1E)b���G)B1E)B1H)�8J)XLV$i)GLQZYfBWH1BKJLBTv
C)BMJLE)B1y t XONT`FS�b ne ≈ np = ρ/mp ≈ 6 · 1023 · 120 ∼ 1026 QZS −3 �8YfDFS�v
t DFCLNTYf��CLN T� ∼ 1

z)�M�
> T

H1bjC ≈ 3 · 10−11(1026)2/3 ≈ 3 · 106 � �<Y]c�D1c
��XLDFz)YfC)B1E)b�Hg�)DFE)YfC)D Q BKXLE)�LNgE)DFH1bjC)BK^gJLDFE)bdc�5bjC)BK^gJLDFE)G)DoS�B�^IDFY�k1bjY,[�CLNT`ZXLG)i)E)bjS�P�B1Y�Q�XONTk1B1~FB JLB C)DZXLV�v
YfG)H1GLQZY,QZz9B1~FB)c@� t BfQ�XLDZJLE)DFS Q�XL��iLNTD t C)G�B1i)DFE)[lH1b:QZB1z,B1y t XLB1YfE)BfQZYfG
ρ� ρc

p¨J)XLV�H1DF|IDMQZYfHfNuQ@Y,DFS t DFCLNTYf�9C)B1yRH t XLB1Yf[IJLB}�TNTCLNTz)YfDFC)E)b��R`FELN]vi)DFE)G)y$H1E)�9YfC)Ga`FH1DF`ZJ��FYKN t XLB1YfE)BfQZY,[ ρc ' 106 ~��]QZS 3 x5��XLDFz)YfC)B1E)b QZYKN]v
E)B1H1V?Y,Q�VWC)DZXLV?YfG)H1GLQZY,QZz)G)S�G8�?J)XLVWE)G?���FE)DFC)~FG)Va�IDFC)S�G

EF
QZYKNTE)B1H1G)Y9Q�V

S�E)B1~FB�k1BKXL[1mnD
mec

2 c Q z,B1C)BfQZYfG t C)B1YfB1E)B1H t C)G��FYfB1SlBfQZYKNT{@Y9Q�VRYfD t XLBTvH1bjS�G8� t BfQZz9BMXL[1z)�1�8zfNTzak1b�XLB t B1zfNT`MNTE)BRH1bjmnD1�=z)C)G)YfG)i)DMQZz,B1D}`FELNMi)DFE)G)D
ρc ∼ m3/2 �)G t C)B1YfB1E)E)bjy�~�NT`dBfQZYKNTDFY,Q�V�E)DFH1bjC)BK^gJLDFE)E)bjSjc

��NT^_E)DFy)mnG)S3B1Y�XLG)i)G)DFS�H1bjC)B�^gJLDFE)E)B1~FBu~�NT`MN§B1YnG?JLDMN]XL[1E)B1~FBuV?HTXLV�v
DFY,Q�V�YfB)��i)YfB���CLNTH1E)DFE)G)D\QZBfQZYfB�V?E)G)V t C)GoH1bjC)BK^gJLDFE)G)G�G)E)B1D1c NINTHTXLDZv
E)G)D_��XLDFz)Y,C)B1E)E)B1~FB\~�NT`MN���^IDgB t C)DZJLDZXLV?DFY,Q�V�E)DgYfDFS t DFCLNTYf��C)B1y¥QZC)DZJLbd�
N¤QZz9B1C)BfQZY�V?S�G

Ve
E)DFYfD t XLB1H1b��oJLH1G)^IDFE)G)y���XLDFz)YfC)B1E)B1H)��QZH1V?`MNTE)E)b��lQ

z)HfNTE)YfB1H1BTv�S�DZ�1NTE)G)i)DMQZz)G)S�H1bjC)B�^gJLDFE)G)DFS

Pe ∼ ρV 2
e = (neme)V

2
e .

 ¡BfQZz,BKXL[1z)��ELN¤BMJLG)E«��XLDFz)YfC)B1E t C)G?�fBMJLG)Y9Q�V�¦dNT`FB1HfNTV«V?i)DFy)zfN�Q\B1k"!<v
DFS�B1Sj� t C)B t B1C)�)G)B1ELN]XL[1E)bjS n−1

e (meVe)
3 �Uz9B1YfB1CLNTV£B1~FCLNTE)G)i)DFELN�H1DZXLG?v

i)G)E)B1y
h3/2

� S�b�G)S�DFDFS
Ve ∼ hn

1/3
e m−1

e

�LNgQ�XLDZJLB1HfNTYfDZXL[1E)B

Pe ∼ h2n5/3
e m−1

e .

� B1E)�)DFE)YfCLNT�)G)VR��XLDFz)YfC)B1E)B1H t C)B t B1C)�)G)B1ELN]XL[1ELN t BMXLE)B1y t XLB1YfE)BfQZYfG�H1DZv|nDMQZYfHfN?�,B1Yfz)�TJON¡S�BK^_E)Bn`MNTz?XL{@i)G)Yf[)�1i)Y,B¡JONTHTXLDFE)G)D:��XLDFz)YfC)B1E)E)B1~FBI~�NT`MN
t C)B t B1C)�)G)B1ELN]XL[1E)B ρ5/3 cO ¡C)GaC)DZXLV?YfG)H1GLQZY,QZz,B1S«H1bjC)BK^_JLDFE)G)G�QZC)DZJLE)V?V
�FE)DFC)~FG)V���XLDFz)YfC)B1E)B1HaQZYKNTE)B1H1G)Y,Q�V$QZB t BfQZYKNTH1G)S�B1y¤QZB�QZz9B1C)BfQZYf[1{ QZH1DFYKN?�
G��FYfB\E)DFS�E)B1~FB�BfQ�XONTkTXLV�DFY¥QZY,D t DFE)[a`MNTH1GLQZG)S�BfQZYfG�JONTHTXLDFE)G)V3B1Y t XLB1Y1vE)BfQZYfG8c 
5BMXLDFD§S�DZJ)XLDFE)E)bjy�C)BfQZYg�FE)DFC)~FG)GWC)DZXLV?YfG)H1GLQZY9QZz)G?����XLDFz)Y,C)B1E)B1H
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Q�H1B1`FCLN1QZYKNTE)G)DFS.G?��G)S t �TXL[fQFN Pe ∼ pF c t C)G)H1BKJLG)Y�zlk1BMXLDFD�S�V?~Fz,B1y
`MNTH1GLQZG)S�BfQZYfGWJONTHTXLDFE)G)V\B1Y t XLB1YfE)BfQZYfG@;

Pe ∼ ρ4/3 .

��B1k1|nDFS�Q�XL��iLNTD_ELN]JLBWCLN1QFQZSUNTYfC)G)HfNTYf[WJONTHTXLDFE)G)D�~�NT`MNWzfNTz¥QZBfQZYfBTv
V?|nDFD�G)`RJLH1�,��z,B1S t B1E)DFE)Y ; Pg = Pth + Pe

�0~�JLD
Pth

P�YfD t XLB1H1B1DRJONTHTvXLDFE)G)D1�TB1k1�fQ�XLB1HTXLDFE)E)B1D �TNTB1YfG)i)DMQZz)G)S�JLH1G)^}DFE)G)DFS$E)DFH1bjC)BK^gJLDFE)E)b��uiLN]v
QZYfG)�8c-N§XLVIG?JLDMN]XL[1E)B1~FBnG)B1E)G)`FB1HfNTE)E)B1~FB§~�NT`MNhB1E)B¡QZH1V?`MNTE)BdH¡CLNTH1E)B1yuS�DZv
C)D:zfNTz�Q t C)B1Y,B1ELNTS�G8�,YKNTzgGg��XLDFz)YfC)B1ELNTS�G8�9E)BnH§Q�XL��iLNTD H1bjC)BK^_JLDFE)E)B1~FB~�NT`MNg��XLDFz)YfC)B1E)ELNTV\QZBfQZYKNTHTXLV?{h|INTVWJONTHTXLDFE)G)V

Pe
`FELNMi)G)YfDZXL[1E)B t C)DFH1BfQwv�fBMJLG)Y

Pth
c

NINTHTXLDFE)G)D5H1bjC)BK^gJLDFE)E)B1~FB¡E)DFC)DZXLV?YfG)H1GLQZY,QZz9B1~FB}p G?XLGuQ�XONTk1BhC)DZXLV?YfG?v
H1GLQZY,QZz9B1~FB?x@��XLDFz)Y,C)B1E)E)B1~FBa~�NT`MN\�TJLDFC,^_G)HfNTDFYak1DZXLbjD�zfNTCfXLG)z)G3B1YaQ�^nN]v
YfG)V<�1JONT^}D DMQ�XLG�G?�_YfDFS t DFCLNTY,�9CLNdk1�TJLDFYuQZz,BKXL[u�9~FBKJLE)BIE)G)`Fz9B1y@;,JLH1G)^}DZvE)G)V3��XLDFz)YfC)B1E)B1H¥H$`FH1DF`ZJLDWE)D t C)DFz)CLNTY]V�Y9Q�V�G t C)G£NTkfQZBMXL{hYfE)B1S E)�TXLD
p zfNTz�B1E)G�E)D t C)DFz)CLNT|}NT{@Y9Q�V�HgB1k1bji)E)b��\NTYfB1SUN]��XL{@k1B1~FB�H1DF|nDMQZYfHfN�x�c

 ¡B1zfNT^}DFSj�8i)YfB��\`FH1DF`ZJLbd�8JONTHTXLDFE)G)D�H1DF|nDMQZYfHfN�H�z,B1Y,B1C)B1y¥B t C)DZJLDZvXLV?DFY,Q�V3E)DFC)DZXLV?YfG)H1GLQZY,QZz)G)S H1bjC)B�^gJLDFE)E)bjS ��XLDFz)Y,C)B1E)E)bjS ~�NT`FB1S p k1DZv
XLbjyRzfNTCfXLG)z<x��?G)S�DFDFYIS�DMQZY,BnB1k1CLNTYfE)B1DhQZB1B1YfE)B1mnDFE)G)D¡SUN1QFQFN]v�CLN]JLG)�fQTcL¬¡`
��CLNTH1E)DFE)G)V¤~FG?JLC)BfQZYKNTYfG)i)DMQZz9B1~FB$CLNTH1E)B1H1DMQZG)V¥JONTHTXLDFE)G)D�H\�)DFE)YfC)D�DMQZYf[
P ∼ (GM/R)ρ ∼ GM 2/3ρ4/3 c Q CLNTH1E)G)HfNTVoz

P = Kρ5/3 ��ELN]�fBKJLG)Sj�i)YfB_CLN]JLG)�fQnYKNTz,B1y\`FH1DF`ZJLb
R ∼ (M/ρ)1/3 JLBKXL^IDFE�`MNTH1GLQZDFYf[_B1Y�SUN1QFQZb

zfNTz
R ∼ KM−1/3 HuB1Y�XLG)i)G)D¡B1YuQZY�NT�)G)B1ELNTC)E)b���`FH1DF`ZJW~�XONTH1E)B1y t BfQ�XLDZvJLB1HfNTYfDZXL[1E)BfQZYfG8��CLN]JLG)�fQ@z,B1YfB1C)b�����H1DZXLG)i)G)HfNTDFY,Q�VRQ SUN1QFQZB1y

R ∝M0.8 c
©�N]JLG)�fQZb.Y,G t G)i)E)b��$k1DZXLb��¥zfNTC,XLG)z,B1H$QgSUN1QFQZB1y Q BMXLE)�LN t B1C9V�JLzfN. � . s1s3CLN]JLG)�fQFN Q BMXLE)�LN?c U@k1CLNTYfELNTV«`MNTH1GLQZG)S�BfQZYf[�SUN1QFQFN]v�CLN]JLG)�fQ$J)XLV

k1DZXLb���zfNTC,XLG)z,B1H t BMXLE)BfQZY,[1{ t BMJLYfH1DFC9^gJONTDFY,Q�V�ELNTkTXL{�JLDFE)G)V?S�G8c�U@YfS�DZvYfG)Sj�Mi)Y,BjJ)XLV§k1BMXLDFD5Y]V�^}DZXLb��§¦¡DFC)S�G)B1E)B1H:P¡E)DFy)YfC)B1E)B1HjPdNTELN]XLB1~FG)i)ELNTV
z,B1EL¦¡G)~F��CLNT�)G)V�p E)DFy)YfC)B1E)ELNTVu`FH1DF`ZJON�x��1JLBKXL^_ELNhG)S�DFYf[¡CLN]JLG)�fQ t C)G)S�DFC?vE)BgH

mn/me ∼ 2000
CLNT`§S�DFE)[1mID1�OY]c�D1c t B1C,V�JLzfN_E)DMQZz9BMXL[1z)G?��z)G?XLB1S�DFY1v

C)B1H)c e YfB_Q�XLDZJOQZYfH1G)DnQZB1B1YfE)B1mIDFE)G)V
K ∝ m−1

n

x�c
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 ¡C)Gg��H1DZXLG)i)DFE)G)G t XLB1YfE)BfQZYfG}H1DF|nDMQZYfHfNhJLB¡`FELNMi)DFE)G)y ρ > 106 ~��]QZS 3H1bjC)BK^gJLDFE)E)bjD���XLDFz)YfC)B1E)b QZY�NTE)B1H1V�Y9Q�V�C)DZXLV?YfG)H1GLQZY,QZz)G)S�G8��G?�$JONTHTXLDZv
E)G)D

P → Kρ4/3 �]GuG)`��9CLNTH1E)DFE)G)Vu~FG?JLC)BfQZYKNTYfG)i)DMQZz9B1~FBdCLNTH1E)B1H1DMQZG)V�p QZSjc
H1bjmnDTxUELN]�fBKJLG)Sj�)i)YfBICLNTH1E)B1H1DMQZG)DdH1B1`FS�B�^_E)BuYfBMXL[1z9B t C)GRBKJLE)B1yWSUN1QFQZD
p t C)DZJLDZX��dNTE?JLCLN1QZDFzfNTCLN�x

Mh ≈ (K/G)3/2

0�B1i)E)B1D�`FELNMi)DFE)G)D t C)DZJLDZXON��dNTE?JLCLN1QZDFzfNTCLN�J)XLV$C)DZXLV?YfG)H1GLQZY,QZz9B1~FB�H1b�v
C)BK^gJLDFE)E)B1~FB���XLDFz)YfC)B1E)E)B1~FB�~�NT`MN t C)G�E)�TXLDFH1B1y�Y,DFS t DFCLNTYf�9C)D

MCh = 5.83M�Y
2
e ≈ 1.46M�(Ye/0.5)

2 p J�cD99x
~�JLD

Ye
P�i)GLQ�XLB���XLDFz)YfC)B1E)B1H)� t C)G?�fBMJLV?|IDFDMQ�V�ELN_BMJLG)EaE)�9z?XLB1E)B1H�GWJ)XLV

��XLDFS�DFE)YfB1HIY�V?^}DZXLDFD:~FDZXLG)V
Y ≤ 0.5

p¨J)XLV 56
26Fe Ye = 26/56

x�c��UQ�XLG�SUN1Qwv
QFN�k1DZXLB1~FBWzfNTCfXLG)zfN t C)DFH1bjm}NTDFY MCh

�<YfB�B1E�k1�TJLDFYWk1DF`F�TJLDFC9^_E)B\Q�^_G?v
SUNTYf[fQ�V�JLB t XLB1YfE)BfQZY,G�NTYfB1S�E)b��_V�JLDFC8�9z9B1~�JONIE)D@Y,BMXL[1z,B}��XLDFz)Y,C)B1E)E)bjy8�E)B_GWE)DFy)YfC)B1E)E)bjya~�NT`§QZYKNTE)DFYgH1bjC)BK^gJLDFE)E)bjSjc

� � � � � � c� ¡B1zfNT^}DFSj�)i)YfB t C)DZJLDZXL[1ELNTV�SUN1QFQFN��dNTE?JLCLN1QZDFzfNTCLN_S�BK^}DFY
k1bjYf[}H1bjCLNT^IDFELN}YfBKXL[1z,Bgi)DFC)DF`d¦¡�9E?JONTS�DFE)Y�N]XL[1E)bjDhS�G)C)B1H1bjD t BfQZY,BKV?E?vE)bjDhP_SUN1QFQZ� t C)B1YfB1ELN}G t XONTE)z,B1HfQZz)��{�SUN1QFQZ�1cL¬¡S t �TXL[fQn�IDFC)S�GWH1bjC)BTv
^gJLDFE)E)b��u��XLDFz)YfC)B1E)B1H t C)GgE)�TXLDFH1B1y_YfDFS t DFCLNTYf��C)DjB t C)DZJLDZXLV?DFY,Q�VgYfBKXL[Tvz,BRG?��z,B1E)�)DFE)YfCLNT�)G)DFy8�=z,B1Y,B1CLNTV\H1bjCLNT^nNTDFY,Q�V�i)DFC)DF` t XLB1YfE)BfQZYf[_H1DF|IDZvQZYfHfN

ρ
GWXLD t Y,B1E)E)bjy t NTCLNTS�DFYfC Ye

;

pF ∼ ~(Yeρ/mp)
1/3

0�B1~�JONgJONTHTXLDFE)G)DnH1bjC)B�^gJLDFE)E)B1~FB�~�NT`MN_C)DZXLV�Y,G)H1GLQZY,QZz)G?�W��XLDFz)YfC)B1E)B1H�;

Prel ∼ (Ye
ρ

)
mpEF ∼ (Ye

ρ

mp
)pF c ∼

c~

m
4/3
p

(Yeρ)
4/3 = Krelρ

4/3

~�JLDIz,B1�M¦d¦¡G)�)G)DFE)Y
Krel ∼

c~Y
4/3
e

m
4/3
p
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G8�)YKNTz)G)S£B1k1CLNT`FB1Sj� t C)DZJLDZXL[1ELNTV�SUN1QFQFN

MCh ∼
(

c~

Gm
4/3
p

)3/2

Y 2
e = mp

(
mP l

mp

)3

~�JLD
mP l =

√
~c/G ≈ 1019 A8�M� ≈ 10−5 ~hP t XONTE)z9B1HfQZzfNTV�SUN1QFQFN?c

 ¡C)G�k1BMXLDFD\H1b:QZB1z)G?� t XLB1YfE)BfQZY]V���~FCLNTH1G)YKNT�)G)B1E)E)B1S���Q�^nNTY,G){ S�BTv
^}DFY t C)B1YfG)H1BfQZYfB�V?Yf[¥JONTHTXLDFE)G)D$H1bjC)BK^_JLDFE)E)b��lE)DFy)YfC)B1E)B1H p E)DFy)YfC)B1E?v
ELNTVW`FH1DF`ZJON�x�c � NTzaGWJ)XLVWk1DZXLB1~FB�zfNTC,XLG)zfN?� S�B�^_E)B t BKXL�9i)G)Yf[ t C)DZJLDZXL[TvE)��{�SUN1QFQZ�RJ)XLV�E)DFy)Y,C)B1E)E)B1y\`FH1DF`ZJLb.p G)E)B1~�JON�DFDnELNT`FbjHfNT{@Y t C)DZJLDZXLB1SU t)t DFE)~FDFy)S�DFCLN]vr�5BMXLz9B1HfN?��p � 7�7 � ��� � ?�� ��� ���	��
��
�����´x0z9B1YfB1C)bjD¡H . /�L�/n~FBTv
JL��CLN1QFQZS�B1YfC)DZXLG QZYfC)B1DFE)G)D t C)BfQZYfDFy)mIDFy�E)DFy)Y,C)B1E)E)B1y�`FH1DF`ZJLbd��QZBfQZYfBTv
V?|nDFy�YfBKXL[1z,BoG)`�H1bjC)B�^gJLDFE)E)b��«E)DFy)Y,C)B1E)B1H?x�c:� B1Y�XLG)i)G)D�B1Y t C)DZJLDZvXON �dNTE?JLCLN1QZDFzfNTCLN�J)XLV�k1DZXLb���zfNTC,XLG)z,B1H)�¡z,B1Y,B1C)bjy�`MNTH1GLQZG)Y«YfBMXL[1z9B
B1Y3��G)S�G)i)DMQZz9B1~FBlQZBfQZYKNTHfN3H1DF|nDMQZY,HfN�p �FYfG)S.B t C)DZJLDZXLV?DFY,Q�V«XLD t YfB1E)E)B1Di)GLQ�XLB

Ye
x�� t C)DZJLDZX U t)t DFE)~FDFy)S�DFCLN]vr�5BKXLz,B1HfN `MNTH1GLQZG)Y�B1Y t XLBM�fB�G)`Zv

H1DMQZYfE)B1~FB���CLNTH1E)DFE)G)V£QZBfQZYfBKV?E)G)V�SUNTYfDFC)G)G t C)G£V�JLDFC)E)b�� t XLB1YfE)BfQZY]V9�
ρ > 1014 ~��]QZS 3 c Q B1H1C)DFS�DFE)E)bjD�CLN1QZi)DFYfb t B1zfNT`FbjHfNT{hY���i)Y,B\J)XLV3CLNT`Zv
XLG)i)E)b��£��CLNTH1E)DFE)G)y«QZBfQZYfB�V?E)G)y��FYfB1Y t C)DZJLDZX«ELN]�fBKJLG)Y,Q�V�H t C)DZJLDZXON]�
∼ 1.5 − 3M�

�?G�DF~FBuB t C)DZJLDZXLDFE)G)D§V?HTXLV�DFY9Q�VRBMJLE)B1y�G)`d¦¡��E?JONTS�DFE)YKN]XL[Tv
E)b���`MN]JONMia¦¡G)`FG)z)G\E)DFy)YfC)B1E)E)b��W`FH1DF`ZJ�c

�����"�
	���
5���o+:*)6&%&*���*��l*O/?; ��4£� #&*L6&; 
&*3()��*)(,+ � ��()��*)(,+

&4=()�&%��"6 ��� �g4</)/

UhQZE)B1H1ELNTV t C)G)i)G)ELN?� t C)G)H1BMJLV?|}NTV�z�CLNT`ZXLG)i)G){ �FH1BMXL{h�)G)G�`FH1DF`ZJ
CLNT`FE)b��aSUN1QFQ t BfQ�XLDg~�XONTH1E)B1y t BfQ�XLDZJLB1HfNTY,DZXL[1E)BfQZYfG8�8z)C)B1DFY,Q�V�H�CLNT`ZXLG?v
i)G)G�¦¡G)`FG)i)DMQZz)G?� �fQ�XLB1H1G)y�HoV�JLC)D�`FH1DF`ZJLbdc e YfG CLNT`ZXLG)i)G)V<�:zfNTz S�b
QZDFy)iLN1Qj��H1G?JLG)Sj�fQZH1V?`MNTE)blQ�~�XONTH1E)bjS¥SUNTz)C)BfQZz9B t G)i)DMQZz)G)S t NTCLNTS�DFYfC)B1SE)B1C)SUN]XL[1E)B1y\`FH1DF`ZJLb�P�DFD t BMXLE)B1yaSUN1QFQZB1y

M
c

©�N1QFQZS�B1YfC)G)S `FH1DF`ZJL��QZC)DF`F� t BfQ�XLD¥B1z9B1E)iLNTE)G)V�~FB1C)DFE)G)V H1BMJLB1C)BMJON
H�V�JLC)D1��Y]c�D1c t B t C)B1mIDMQZYfH1G)G¤V�JLDFC)E)B1~FB�H1C)DFS�DFE)G

tn t BfQ�XLD t B t N]JONTE)G)V`FH1DF`ZJLb ELN£~�XONTH1E)��{ t BMXLDZJLB1HfNTY,DZXL[1E)BfQZYf[)cd� QZB1B1YfH1DFY,QZYfH1G)G�Q¤YfDFB1C)DZv
S�B1y H1G)C)GLN]XON3J)XLV�`FH1DF`ZJLbd�:QZBfQZY,BKV?|nDFy�G)`$G?JLDMN]XL[1E)B1~FBoBMJLE)BfNTY,B1S�E)BTv
~FBo~�NT`MN?�

2Eth + U = 0
�jDFD�YfD t XLB1HfNTV �FE)DFC)~FG)V

Eth = 3/2RMT̄ ∼
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−1/2U ∼ GM 5/3ρ1/3 p `ZJLDMQZ[ R P���E)G)H1DFCLQFN]XL[1ELNTV ~�NT`FB1HfNTV t BfQZY,BTvV?E)ELNTV x�c 00NTz�zfNTz3`FH1DF`ZJON t C)BKJLBMXL^nNTDFY�G)`ZXL��iLNTYf[)��DFD t BMXLELNTV��FE)DFC)~FG)V
Etot = 1

2U ∼ −GM5/3ρ1/3 ��S�DFE)[1mINTDFY,Q�VWp BfQZYKNTHfNTV)QZ[hB1Y,C)G)�LNTYfDZXL[1E)B1y�� x
G£QZB1B1YfB1H1DFY,QZYfH1DFE)E)Bop t C)G t BfQZY,BKV?E)E)B1yoSUN1QFQZDTx§JLBMXL^�ELN$�9H1DZXLG)i)G)HfNTY,Q�V
QZC)DZJLE)V?V t XLB1YfE)BfQZYf[)c �"Q�XLG3k1b ~�NT`�HfQZD�H1C)DFS�V�BfQZYKNTHfN]XOQ�V¥G?JLDMN]XL[1E)bjSj�
YfDFS t DFCLNTYf��CLNWG t XLB1YfE)BfQZY,[�H\�)DFE)YfC)D�H1B1`FCLN1QZYKN]XLG¤k1b t C)G3Q�^nNTY,G)G�JLB
YfDZ� t B1C8� t B1zfN¥QZB1`ZJON]JL��Y,Q�Vl�fQ�XLB1H1G)VoJ)XLVo`MNT~FB1CLNTE)G)V£k1BKXLDFDaY]V?^IDZXLb��
��XLDFS�DFE)YfB1H�HgV�JLC)D§`FH1DF`ZJLb p QZSjcLH1bjmIDTx�c

U JLELNTz,B�H�C)DMN]XL[1E)BfQZYfG8�OzfNTz�k1b�XLB t B1zfNT`MNTE)BRH�BfQZE)B1H1B t BKXONT~�NT{@|IG?�CLNTk1B1YKN]� �dNTE?JLCLN1QZDFzfNTCLN?�j�}NK�TXLDFCLN¥G�JLC8c �UQZ�)DFELNTC)G)y8�"B t GLQFNTE)E)bjy�H1b�v
mnD1�jC)DMN]XLG)`F�1DFY,Q�V�YfBMXL[1z9B�J)XLV«JLBfQZYKNTYfB1i)E)B�SUN1QFQZG)H1E)b��«`FH1DF`ZJ�Q t BKX)vE)B1y SUN1QFQZB1y ELN�~�XONTH1E)B1y t BfQ�XLDZJLB1HfNTYfDZXL[1E)BfQZYfG E)D«S�DFE)DFD 4�v . s�QZBKX)v
E)DFi)E)b��=cU ¡C)G���H1DZXLG)i)DFE)G)GoYfDFS t DFCLNTYf��C)b QZC)DZJLE)DFz)HfN]JLCLNTY,G)i)E)bjy£CLNT`Zv
k1C)BfQ�G)S t �TXL[fQZB1H3Y,D t XLB1H1b��£��XLDFz)YfC)B1E)B1H

∆pe ∼ ±
√

3mekT
�"CLN1QFQZY,BTv

V?E)G)D3S�DF^_JL��QZBfQZDZJLE)G)S�G ��XLDFz)YfC)B1ELNTS�G
∆qe ∼ (mp/ρ)

1/3 � t B1�FYfB1S��B1k"!8DFS ¦dNT`FB1H1B1~FB t C)BfQZYfCLNTELQZYfHfN?� t C)G?�fBMJLV?|nG)yLQ�V�ELN3BMJLG)E ��XLDFz)Y,C)B1E8�
(∆pe∆qe)

3 ∼ [T 1/2/ρ1/3]3 ∝ M1/2R3/2 p `ZJLDMQZ[�S�b GLQ t BMXL[1`FB1HfN]XLG
ρ ∼M/R3 G�H1G)C)GLN]XL[1E)B1D}QZB1B1YfE)B1mnDFE)G)D

T ∼M/R
x�cL� i)GLQ�XON]�WG)S�DFDFS

(∆pe∆qe)
3 ≈ 180h3

(
M

M�

)1/2 ( R

R�

)3/2 p J�cDL9x

~�JLD
h
P t BfQZY,BKV?E)ELNTVW hXONTE)zfN?c U@Y,QZ{�JON}H1G?JLE)B)�Li)YfB t C)G�Q�^nNTY,G)GRSUN1QFQZb

Q BMXLE)�LNuJLBuCLNT`FS�DFC)B1H ∼ 0.03R�
QZ��|nDMQZYfH1DFE)E)bjS�G�QZY�NTE)B1H1V�Y9Q�VRz)HfNTE)YfBTv

H1bjDg�M¦d¦¡DFz)Yfb�H1bjC)BK^gJLDFE)G)V���XLDFz)YfC)B1E)B1H)�8G$~�NT` t DFC)DMQZYKNTDFYWk1bjYf[�G?JLDZv
N]XL[1E)bjSjc

UhQZYKNTDFY,Q�V t B1E)V?Yf[)��i)YfB t C)B1G)`FB1y?JLDFY�Erk1b:QZYfC)DFD�G}PaH1bjC)BK^gJLDFE)G)D�H1DZv
|nDMQZYfHfN t C)GoQ�^INTYfG)G�G?XLG�ELNKiLN]XLB�~FB1C)DFE)G)V3B1i)DFC)DZJLE)B1~FB$�?G)S�G)i)DMQZz,B1~FB
��XLDFS�DFE)YKN_H}V�JLC)Dd`FH1DF`ZJLbdcO¬¡S�DFE)E)Bg�FY,G�¦¡G)`FG)i)DMQZz)G)DI¦dNTz)YfB1C)b�GWB t C)DZvJLDZXLV?YlJON]XL[1E)DFy)mI�9{ �FH1BKXL{@�)G){}c �dDF~Fz,B«zfNMi)DMQZYfH1DFE)E)B t B1zfNT`MNTYf[)�hi)YfBG)S�DFE)E)B t BKXLELNTV£SUN1QFQFN¥`FH1DF`ZJLb

M
V?HTXLV?DFY,Q�VoC)DFm}NT{@|IG)S ¦dNTz)Y,B1C)B1Sjc

N§XLVu�FYfB1~FB¡CLN1QFQZS�B1YfC)G)S�k1BMXLDFDjC)DMN]XLGLQZYfG)i)E)bjy t DFC)DZ�fBMJLE)B1y�Q�XL�9iLNTy8�1z9BTv~�JON§JONTHTXLDFE)G)D@B t C)DZJLDZXLV?DFY,Q�V_E)D:YfBKXL[1z,BnY,D t XLB1H1bjS�G_JLH1G)^}DFE)G)V�S�G�G?JLDZvN]XL[1E)B1~FBo~�NT`MN?�jE)B�G«HoQZ��|nDMQZYfH1DFE)E)B1y�QZY,D t DFE)G«H1bjC)B�^gJLDFE)E)bjS ��XLDFz?v
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YfC)B1E)E)bjS�~�NT`FB1Sjc9��YKNTz9B1S¤~�NT`FD t BKXLE)B1D:JONTHTXLDFE)G)DhB t C)DZJLDZXLV?DFY,Q�V�JLH1�9S�VQ�XONT~�NTDFS�bjS�G@;
P ≈ ρRT +KΓρ

Γ p J�c �?x
p t B1zfNT`MNTYfDZXL[hN]JLGLNTkfNTYfb Γ = 5/3

J)XLVdE)DFC)DZXLV�Y,G)H1GLQZY,QZz,B1~FBhG �9�*L5J)XLVdC)DZv
XLV?YfG)H1GLQZY,QZz9B1~FBgH1bjC)BK^gJLDFE)E)B1~FB���XLDFz)YfC)B1E)E)B1~FB_~�NT`MNgQZB1B1Y,H1DFY,QZYfH1DFE)E)B�x�c
ªUQ�XLB1H1G)Vu~FG?JLC)BfQZYKNTY,G)i)DMQZz,B1~FB§CLNTH1E)B1H1DMQZG)VgQF¦¡DFC)G)i)DMQZz)G?vrQZG)S�S�DFYfC)G)i)E)B1y
`FH1DF`ZJLb�YfC)DFk1��{hYgH1b t BMXLE)DFE)G)V\QZB1B1YfE)B1mIDFE)G)V

Pc/ρc = GM/R = GM 2/3ρ1/3
c

p J�cD29x
p zfNTz G�H1bjmnD1�dB t ��|nDFE)b�QZY,C)�9z)Yf��C)E)bjD3i)GLQ�XLB1H1bjD£S�E)B�^_G)YfDZXLG<x�c§¬¡`
�FYfG?�oQZB1B1YfE)B1mnDFE)G)y«ELN]�fBMJLG)S t B1H1DZJLDFE)G)Da�)DFE)Y,CLN]XL[1E)B1ylYfDFS t DFCLNTYf��C)bQ¡C)BfQZYfB1S t XLB1Y,E)BfQZYfG@;

RTc = GM2/3ρ1/3
c −KΓρ

Γ−1 p J�cDJ9x
�5G?JLE)B)�)i)YfBuHu`MNTH1GLQZG)S�BfQZYfG�B1YgSUN1QFQZbd�)�)DFE)YfCLN]XL[1ELNTV�YfDFS t DFCLNTYf��CLN}H1DZvJLDFY�QZDFk1V t BTv�CLNT`FE)B1S��1c

�UQ�XLG H1bjC)BK^gJLDFE)G)D�E)DMQZ��|nDMQZYfH1DFE)E)B p t C)G�k1BKXL[1mnG?��SUN1QFQFN]� � x��¡YfB
Tc ∝ ρ

1/3
c

�OY�c�D1cLY,DFS t DFCLNTYf�9CLN t B1H1bjm}NTDFY,Q�V�Q¡C)BfQZYfB1S t XLB1YfE)BfQZY,GWG�H1B1`Zv
S�BK^�E)BdYfDFC)S�BKV�JLDFC)E)B1D:~FB1C)DFE)G)DjXL{hk1B1~FBd~FB1C){hi)DF~FB)cf ¡C)GgSUN]XLb��}SUN1QFQFN]�
G

Γ > 4/3
C)DFmINT{h|nG)S�¦dNTz)YfB1C)B1S�QZYKNTE)B1H1G)Y9Q�V$JONTHTXLDFE)G)DRH1bjC)BK^gJLDFE?v

E)b�����XLDFz)YfC)B1E)B1H)c5¬¡`�¦¡B1C)S��TXLb H1bjmnD\H1G?JLE)B)�Ui)YfB�YfDFS t DFCLNTYf��CLNaJLBTv
QZYfG)~�NTDFYgE)�TXLV t C)G t XLB1Y,E)BfQZYfG

ρcr ≈
(
GM2/3

KΓ

)1/(Γ−4/3) p J�c q,x

N§XLV�YKNTz)G?�«z,B1EL¦¡G)~F��CLNT�)G)y�Ho�fBKJLD¤Q�^INTYfG)V«JLBfQZYfG)~�NTDFY,Q�V�E)DFz9B1YfB1CLNTV
SUNTz9QZG)SUN]XL[1ELNTV\YfDFS t DFCLNTYf��CLN?c? ¡C)GRJON]XL[1E)DFy)mIDFS t B1H1bjmnDFE)G)G t XLB1YfE)BTvQZYfG t C)B1GLQ��fBKJLG)Y¥BM��XONT^gJLDFE)G)D1��N�~FG?JLC)BfQZYKNTYfG)i)DMQZz,B1DWCLNTH1E)B1H1DMQZG)D t BKJ)vJLDFC,^�G)HfNTDFY,Q�Va`MN�QZi)DFYRH1bjC)BK^gJLDFE)E)b�����XLDFz)YfC)B1E)B1H)c8©�N1QZi)DFY t B1zfNT`FbjHfN]vDFY]�Oi)YfB t C)Ga~FCLNTH1G)YKNT�)G)B1E)E)B1S�Q�^nNTY,G)G t C)B1YfB1`FH1DF`ZJLE)B1~FBRB1kTXONTzfN�QnSUN1QwvQZB1y

> 0.08M�
YfDFS t DFCLNTY,�9CLN�G t XLB1Y,E)BfQZYf[�HRYfB1i)z9D}SUNTz�QZG)S��9SUN�k1BKXL[Tv

mnD1�1i)DFS�Y,C)DFk1�1DFY,Q�VIJ)XLVuYfDFC)S�BKV�JLDFC)E)B1~FB§~FB1C)DFE)G)VgH1BKJLB1C)BMJON?� t B1�FY,B1S��nH
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t C)G)C)BMJLDdE)D@k1bjHfNTDFY}SUN1QFQZG)H1E)b��Rk1DZXLb���zfNTCfXLG)z9B1H_Q t C)DFG)S���|nDMQZYfH1DFE)E)BH1BMJLB1C)BKJLE)bjS QZBfQZY�NTH1B1Sjc
�5B1`FS�BK^_E)BfQZY,[gH1bjC)BK^gJLDFE)G)V���XLDFz)Y,C)B1E)E)B1~FBg~�NT`MNIHuV�JLC)D¡`FH1DF`ZJLb�ELN

~�XONTH1E)B1y t BfQ�XLDZJLB1HfNTY,DZXL[1E)BfQZYfG$G?XLG�QZCLNT`F� t BfQ�XLDIDFDI`MNTH1DFC)mnDFE)G)V$`MNTH1G?v
QZG)Y£B1Y£z)C)G)YfG)i)DMQZz9B1y�SUN1QFQZbd�:B t C)DZJLDZXLV?DFS�B1y��fQ�XLB1H1G)DFS

Tc = 0 t C)G
Γ = 4/3

c(U@i)DFH1G?JLE)B)�=�FY�N_z)C)G)YfG)i)DMQZzfNTV�SUN1QFQFN�DMQZYf[ t C)DZJLDZXL[1ELNTV\SUN1QFQFN
�dNTE?JLCLN1QZDFzfNTCLN§J)XLV t BKXLE)BfQZYf[1{ H1bjC)BK^gJLDFE)E)B1~FBIC)DZXLV?YfG)H1GLQZY,QZz,B1~FBI~�NT`MN

MCh =

(
K4/3

G

)3/2

Y 2
e ≈ 5.83M�Y

2
e

p J�cD49x
p `ZJLDMQZ[WH1BfQFQZYKNTE)B1HTXLDFE¥¦dNTz)YfB1C

Ye = ne/n
P�i)GLQ�XLBW��XLDFz)YfC)B1E)B1HWELNRE)�9v

z?XLB1E8� `MNTH1G)V?|IG)y�B1Y���G)SUQZBfQZY�NTHfN B J)XLV t BKXLE)BfQZYf[1{ G)B1E)G)`FB1HfNTE)E)B1~FB�i)G?v
QZYfB1~FBg~FDZXLG)VWG?XLG���~�XLDFC)BKJON

Ye = 0.5
x�c

0�NTz)G)S�B1k1CLNT`FB1Sj�LDMQ�XLG t BMXLELNTVWSUN1QFQFNg`FH1DF`ZJLb�E)D t C)DFH1BfQ��fBMJLG)Y t C)DZvJLDZXON �dNTE?JLCLN1QZDFzfNTCLN
M ≤ 1.2 − 1.3M�

�LV�JLDFC)E)B1Dn~FB1C)DFE)G)D§E)D§JLBM�fBMJLG)Y
JLB�`MNTH1DFC)mnDFE)G)V�p ��XLDFS�DFE)Yfb ~FC)� t)t b ^}DZXLDF`MN�x�� t BfQZz,BKXL[1z)�oYfC)DFk1�1DFS�bjD
J)XLVu�FYfB1~FBdH1b:QZB1z)G)D:YfDFS t DFCLNTYf��C)boE)D�JLBfQZYfG)~�NT{hY,Q�V}G)`Zv�`MNdH1bjC)B�^gJLDFE)G)V
��XLDFz)YfC)B1E)B1H)c � B1E)DFi)E)bjS t C)BMJL��z)YfB1S��FH1BMXL{h�)G)G�YKNTz)G?�\`FH1DF`ZJ�JLBKXL^_E)b
k1bjYf[�k1DZXLbjD�zfNTCfXLG)z)G8��QZBfQZYfBKV?|nG)D�G)`�QZS�DMQZG¤E)DMQZ~FB1C)DFH1mIG?�¤��XLDFS�DFE)Y,B1H
12C

� 16O
c

� `MNTz?XL{hi)DFE)G)D�Q�JLDZXONTDFS.BKJLE)B¤`MNTS�DFiLNTE)G)D$¦¡G)`FG)i)DMQZz,B1~FB3�1NTCLNTz)YfDZv
CLN�B1YfE)BfQZG)YfDZXL[1E)B t C)B1Y,DFzfNTE)G)VoV9JLDFC)E)b��oC)DMNTz)�)G)y�H��fQ�XLB1H1G)V��oH1bjC)BTv
^gJLDFE)G)V«��XLDFz)YfC)B1E)B1H)c � NTz B1kfQZ��^gJON]XLBfQZ[�H�~�XONTH1D 2���V�JLDFC)E)bjD�C)DMNTz?v
�)G)G_HdV�JLC)Dj`FH1DF`ZJLb£~�XONTH1E)B1y t BfQ�XLDZJLB1HfNTYfDZXL[1E)BfQZYfG t C)B1YfDFzfNT{hYdS�DZJ)XLDFE?vE)BnG)`Zv�`MNIB1YfC)G)�LNTYfDZXL[1E)B1y�YfD t XLB1DFS�z,BfQZYfG8�9z,B1YfB1CLNTV�V�HTXLV?DFY,Q�V�Q�XLDZJOQZY,H1G?vDFS£YfDFB1C)DFS�b�H1G)C)GLN]XON?c �UQ�XLG\~�NT`§��XLDFz)YfC)B1E)B1H�H1bjC)B�^gJLDFE8�OY,BuJONTHTXLDFE)G)D
B t C)DZJLDZXLV?DFY,Q�Va~�XONTH1E)bjS«B1k1CLNT`FB1S t XLB1YfE)BfQZY,[1{�H1DF|IDMQZYfHfN?�=G�H�`FH1DF`ZJON]�
SUN]XLB1y�SUN1QFQZb�G)S�DFE)E)B¥JONTHTXLDFE)G)D$H1bjC)B�^gJLDFE)E)B1~FB���XLDFz)YfC)B1E)E)B1~FB�H1E)BTv
QZG)Y_BfQZE)B1H1E)B1y\H1z?XON]J�Hgz,B1S t DFELQFNT�)G){ ~FCLNTH1G)Y�NT�)G)B1E)E)B1~FBRQ�^nNTYfG)V<cL ¡C)G
�FYfB1S t CLNTz)YfG)i)DMQZz)GlHfQ�V£YfD t XLB1HfNTV��FE)DFC)~FG)VlQZBfQZC)DZJLB1Y,B1i)DFELN¥H�JLH1G)^}DZv
E)G)G\G)B1E)B1H\p Y,D t XLB1DFS�z,BfQZYf[�H1bjC)BK^gJLDFE)E)B1~FBR��XLDFz)YfC)B1E)E)B1~FB�~�NT`MN_`FELNKi)G?vYfDZXL[1E)B�S�DFE)[1mnDTx�c � B1~�JON�YfDFS t DFCLNTYf��CLN t C)G�Q�^nNTYfG)G�JLBfQZYfG)~FE)DFYo`FELN]v
i)DFE)G)y8� t C)G)~FBMJLE)b��«J)XLV t C)B1Y,DFzfNTE)G)V�V�JLDFC)E)b�� C)DMNTz)�)G)y p ELN t C)G)S�DFC8�
3α
v t C)B1�)DMQFQd~FB1C)DFE)G)V�~FDZXLG)V�Q B1k1CLNT`FB1HfNTE)G)DFSl�9~�XLDFC)BMJON�x��)ELNMi)E)DFYgH1b�JLDZv

XLV?Yf[fQ�V£Y,D t XLB1HfNTVo�FE)DFC)~FG)V=c e YKN��FE)DFC)~FG)V£H t DFC)H1�9{ B1i)DFC)DZJL[ t B1y?JLDFY
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ELN�CLNT`FB1~FC)DFHWG)B1E)B1H�G$G)`Zv�`MN�H1b:QZB1z,B1y3QZYfD t DFE)E)B1y�`MNTH1GLQZG)S�BfQZYfG¥QZz9B1C)BTv
QZYfG3V�JLDFC)E)b���C)DMNTz)�)G)y�B1Y$YfDFS t DFCLNTYf��C)b t C)G)H1DZJLDFY�z3DF|nDWk1BKXL[1mnDFS��
�FE)DFC)~FB1H1b�JLDZXLDFE)G){}c �«E)DFH1bjC)BK^gJLDFE)E)b����fQ�XLB1H1G)V���Y,D t XLB1H1B1D¡JONTHTXLDFE)G)DE)DFS�DZJ)XLDFE)E)BWk1b t C)G)H1DZXLBWza��H1DZXLG)i)DFE)G){ CLN]JLG)�fQFN�`FH1DF`ZJLb�G�za��S�DFE)[Tv
mnDFE)G){��)DFE)YfCLN]XL[1E)B1yRYfDFS t DFCLNTYf��C)b�p B1YfC)G)�LNTY,DZXL[1ELNTV�YfD t XLB1DFS�z9BfQZYf[ � x�c0�NTz)G)S�B1k1CLNT`FB1Sj�8�fQ�XLB1H1G)D_B1YfC)G)�LNTYfDZXL[1E)B1y$YfD t XLB1DFS�z9BfQZYfG�`FH1DF`ZJLb t C)G
t BMJ)JLDFC9^nNTE)G)G}~FG?JLC)BfQZYKNTYfG)i)DMQZz,B1~FBhCLNTH1E)B1H1DMQZG)V§JONTHTXLDFE)G)DFS$H1bjC)B�^gJLDFE?v
E)b��l��XLDFz)YfC)B1E)B1H t DFC)DMQZYKNTDFY�H1b t BKXLE)V?Yf[fQ�V<c: ¡B1�FYfB1S��oV�JLDFC)E)bjD$C)DMNTz?v
�)G)G�H_H1bjC)B�^gJLDFE)E)B1S«H1DF|nDMQZYfH1DIV9JLCLN_`FH1DF`ZJLb�ELNMi)G)ELNT{hY t C)G)B1k1C)DFYKNTYf[H1`FC)bjH1E)B1y��1NTCLNTz)YfDFC�JLB�YfDZ� t B1C8� t B1zfN�YfD t XLB1H1B1DuJLH1G)^}DFE)G)DgG)B1E)B1H�E)D
ErCLN1QZzfNMiLNTDFY_G§��XLDFz)YfC)B1E)b�G)`Zv�`MN_z)�TXLB1E)B1HfQZz)G?�\H1`MNTG)S�BKJLDFyLQZYfH1G)y�JLB�QZE)V�v
YfG)V�H1bjC)BK^gJLDFE)G)V�G�H1BfQFQZYKNTE)B1HTXLDFE)G)V�B1YfC)G)�LNTYfDZXL[1E)B1y�YfD t XLB1DFS�z9BfQZYfG8c ¡C)G£�FH1BKXL{@�)G)G�`FH1DF`ZJ�SUN]XLB1y£SUN1QFQZb�`MNT~FB1CLNTE)G)D\~FDZXLG)VoH¥H1bjC)B�^gJLDFE?v
E)B1S V�JLC)DWELNTkTXL{�JONTDFY,Q�VoH�H1G?JLDWC)DF`Fz9B1ylz)CLNTYfz9B1H1C)DFS�DFE)E)B1ylHfQ t bjmIz)Gp Y]c�E8cL~FDZXLG)DFHfNTV�HfQ t bjmnzfN�x�� t BfQ�XLDIz,B1YfB1C)B1yaH1bjC)BK^gJLDFE)G)D}��XLDFz)Y,C)B1E)B1H�H
H1DF|nDMQZY,H1DaQZE)G)SUNTDFY,Q�V£G£~FB1C)DFE)G)D t C)G)B1k1C)DFY�NTDFY�Q t B1z,B1y)E)bjy«�1NTCLNTz)YfDFC8c
 ¡BfQ�XLD�~FDZXLG)DFH1B1y¤HfQ t bjmIz)G¤`FH1DF`ZJLb SUN]XLb���SUN1QFQgB1zfNT`FbjHfNT{hY,Q�V¥ELN�~FBTv
C)G)`FB1E)YKN]XL[1E)B1y�H1DFY,H1GWJLGLNT~FCLNTS�S�b�A9DFC)�)m t C)��E)~�N]vr©�DMQFQZDZXON?ce H1BKXL{@�)G)Vu`FH1DF`ZJLboQ5SUN1QFQZB1y Q BMXLE)�LN¡ELN@JLGLNT~FCLNTS�S�D:A,DFC)�)m t C)�9E)~�N]v©0DMQFQZDZXON¥Q��fDFSUNTYfG)i)DMQZz)G t B1zfNT`MNTELN$ELN�©UGLQTc J�c . c e H1BMXL{h�)G)B1E)E)bjy£YfC)DFz
`FH1DF`ZJLb QRSUN1QFQZB1y 2�QZBMXLE)DFi)E)b��£QR�9zfNT`MNTE)G)DFS BfQZE)B1H1E)b��o¦¡G)`FG)i)DMQZz)G?�
t C)B1�)DMQFQZB1H�GWH1C)DFS�DFE t C)G)H1DZJLDFE\ELN_©�GLQTc J�cD9�c

���������u�O�&>�-5��;=* 
"% �g48/)/ � ���?�0�O�&!�#&%"% ()��*L(,+ �
�UQ�XLG�k1blSUN1QFQFNI`FH1DF`ZJLb�BfQZYKNTHfN]XON1QZ[ t BfQZYfB�V�E)E)B1y8��SUN1QFQFN��dNTE?JLCLN1QZDZvzfNTCLN ∼ 1.3M�

B t C)DZJLDZXLV9XON�k1b ~FCLNTE)G)�)�¥�FH1BMXL{h�)G)GoSUN]XLB1SUN1QFQZG)H1E)b��
`FH1DF`ZJ��TJONT{h|nG?�gH¡z,B1E)DFi)E)B1S�QZi)DFY,D5k1DZXLbjDjzfNTC,XLG)z)G8�,Gu`FH1DF`ZJ��fH1bjC)B�^gJLDZv
E)G)D¡HIz9B1YfB1C)b���E)D¡ELN1QZYf� t NTDFYIGRV�JLDFC)E)B1Dd~FB1C)DFE)G)D t C)B1GLQ��fBMJLG)Y_JLB}z9B1E?v�LN?�1YfB¡DMQZYf[¡JLBdB1k1CLNT`FB1HfNTE)G)V_��XLDFS�DFE)YfB1H§^}DZXLDF`FE)B1~FB t G)zfN?cPU JLELNTz9B§H1YfBTvC)B1y t BfQ�XLD�ELNKiLN]XL[1E)B1y�SUN1QFQZb ELN�~�XONTH1E)B1y t BfQ�XLDZJLB1HfNTYfDZXL[1E)BfQZYfG�¦dNTz?v
YfB1C_�FH1BKXL{@�)G)GRE)B1C)SUN]XL[1E)b���`FH1DF`ZJ�P t B1YfDFC9V_SUN1QFQZb�G)`@B1k1BMXLB1i)z)GR`FH1DF`Zv
JLbdc �UQZYf[dE)DMQZz9BMXL[1z9B t C)G)i)G)E8� t C)G)H1BKJLV?|nG?��zg�FYfB1S��1c �UQ�XLG�`FH1DF`ZJONdBKJLG?vE)B1i)ELNTV<�9Y,BnGLQZYfDFi)DFE)G)DhH1DF|nDMQZYfHfNIG)`hB1k1BMXLB1i)z)G8�?ELNT`FbjHfNTDFS�B1D¡`FH1DF`ZJLE)bjS
H1DFYfC)B1Sj��QZH1V?`MNTE)BaQuGLQ t NTC)DFE)G)DFS�`FH1DF`ZJLE)B1y�NTYfS�BfQF¦¡DFC)b G£p BfQZB1k1DFE)E)B\H
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=±�Ã]¹��T·&¹1·UÁTÄ1·���¼T·�ÅLÅO»��M»¸¼�����ºT¼K½K¹��r·�� � »¸²¸²´»´Ã1·MÈ
Q�XL��iLNTDdSUN1QFQZG)H1E)b���`FH1DF`ZJWCLNTE)E)G?�RQ t DFz)Y,CLN]XL[1E)b���z?XON1QFQZB1H?x t DFC)DZJONMi)DFyG)S t �TXL[fQFN3H1DF|nDMQZYfH1��JONTHTXLDFE)G)DFS G)`ZXL�9i)DFE)G)V�H¤C)DF`FB1ELNTELQZE)b��£XLG)E)G)V��
S�DFYKN]X)XLB1H)c ��YfDMQZE)b��«JLH1B1y)E)b���QZGLQZYfDFSUN]� t B�V?HTXLV�DFY9Q�V�H1B1`FS�BK^�E)BfQZYf[
B1i)DFE)[$�M¦d¦¡DFz)YfG)H1E)B1y t B1YfDFC)G�SUN1QFQZb `FH1DF`ZJLB1y�G)`Zv�`MN t C)G?XLG)H1E)B1~FB�H1B1`Zv
JLDFyLQZYfH1G)V�QZBfQZDZJLE)DFy�z9B1S t B1E)DFE)Yfbdc��&H1G?JL�¤HfNT^_E)b��¥BfQZk1DFE)E)BfQZYfDFy8���FH1BTv
XL{@�)G)V�JLH1B1y)E)b��$`FH1DF`ZJ�JLBMXL^_ELN�CLN1QFQZSUNTY,C)G)HfNTYf[fQ�V�B1Y�JLDZXL[1E)B)��N�`ZJLDMQZ[
S�b�BfQZYKNTE)B1H1G)SUQ�V�YfBMXL[1z9B_ELN t B1YfDFC)D§SUN1QFQZb�BMJLG)E)B1i)E)bjS�G�`FH1DF`ZJONTS�G8c

������� �!�#"�$!%'&�(�)+*-,.$/%102%435)�687:9;62$!)�<!,>=+</?�9;%@(A<!$/6202%@9AB/)+</?402C

 ¡B1YfDFC9VgSUN1QFQZbd�f�9E)BfQZG)S�B1y�`FH1DF`ZJLE)bjS¤H1DFYfC)B1Sj�1E)D B1i)DFE)[§HfNT^_ELNhJ)XLV
`FH1DF`ZJ\~�XONTH1E)B1y t BfQ�XLDZJLB1HfNTYfDZXL[1E)BfQZY,G t B1`ZJLE)G?�WQ t DFz)YfCLN]XL[1E)b��Wz?XON1QFQZB1H
pED}� � � � x G)`Zv�`MN:G?�dE)DFH1b:QZB1z9B1y}QZH1DFYfG)S�BfQZY,G8�MSUN]XLB1yIC)BKXLGIQZH1DFYfB1H1B1~FB JONTHTv
XLDFE)G)V�G�B1YfE)BfQZG)Y,DZXL[1E)B}SUN]XLb��RCLN]JLG)�fQZB1H�p t B1C,V�JLzfNgCLN]JLG)�fQFN Q BMXLE)�LN�x�cU JLELNTz,Bo`FH1DF`ZJLb CLNTE)E)G?�«Q t DFz)Y,CLN]XL[1E)b���z?XON1QFQZB1H�p BfQZB1k1DFE)E)B U G �@x
G)E)YfDFELQZG)H1E)B\Y,DFC,V?{@YWSUN1QFQZ�1c U t B1YfDFC)D_SUN1QFQZb `FH1DF`ZJONTS�G�QZ�TJLV?Y t B��1N]v
CLNTz)YfDFC)E)bjS�BfQZB1k1DFE)E)BfQZY]V�S�Q t DFz)YfCLN]XL[1E)b��IXLG)E)G)ygH¡B t YfG)i)DMQZz9B1S¥GuBfQZBTv
k1DFE)E)B§Hdª@�nv JLGLN t NT`FB1E)DIp t C)Bf¦¡G?XLG�YfG t NGF CIH � Pn�FS�GLQFQZG)V_QjNTkfQZB1C)k1�)G?v
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5M�

¹T·�ÁTÄT·���¼]·ÀÅLÅL» �K»´¼�����º]¼�½M¹��r·�� � »´²¸²¸»´ÃT·KÈ
B1E)E)B1yaJLDFYKN]XL[1{ H�QZG)E)DFS«z)C)b�XLD1�8QZSjc ©�GLQTc(J�cDL9x&G t B�H1`MNTG)S�BKJLDFyLQZYfH1G){`FH1DF`ZJLE)B1~FBoH1DFYfCLN�Q�B1z)C)�9^INT{@|IDFy«S�DF^�`FH1DF`ZJLE)B1y�QZC)DZJLB1y p z,BMXL[1�)DFH1bjD
Yf��SUNTE)E)BfQZYfG�H1B1z)C)��~ � ��G����jv�`FH1DF`ZJ8x���B1k1BMXLB1i)z)GWGRQZH1DFCf�fB1k1BKXLB1i)z)G�H1BTv
z)C)��~IUh�"vrN1QFQZB1�)GLNT�)G)y3p QZSjc t BMJLC)B1k1E)DFDIHgS�B1E)B1~FCLN1¦¡G)GM0Uc �Ic �dB1`FG)ELQZz,B1y
E Q H1DFCf�?E)B1H1bjDh`FH1DF`ZJLb£G_`FH1DF`ZJLE)bjy�H1DFY,DFC8c,�5`MNTG)S�BMJLDFyLQZYfH1G)D¡Q�~�NT`FB1S�A�N]v
XONTz)YfG)z)GHG�� � c�; �dNM��zfN?� . /�4�J9x�c

UhQZE)B1H1ELNTV t C)G)i)G)ELN t B1YfDFC)G�SUN1QFQZb `FH1DF`ZJONTS�G�CLNTE)E)G?�¥Q t DFz)YfCLN]XL[TvE)b���z?XON1QFQZB1H�P�JONTHTXLDFE)G)DuG)`ZXL��i)DFE)G)VaHRQ t DFz)YfCLN]XL[1E)b���XLG)E)G)V��\Y]V�^}DZv
XLb�����XLDFS�DFE)Y,B1Hap ELN t B1S�E)G)Sj�<i)YfB_H��)DFE)YfC)D§C)DF`FB1ELNTELQZE)b��\XLG)E)G)y�QZDFi)DZv
E)G)D ¦¡B1YfB t B1~�XLB1|nDFE)G)V t B1C,V�JLzfN§z)HfN]JLCLNTYKN§CLNT`FS�DFCLN t DFC)H1B1y 
5B1C)B1HfQZz9B1y
B1C)k1G)YfboNTYfB1SUN ≈ 10−18 QZS 2 x�cTªUQZz9B1C)DFE)G)D ~�NT`MN t C)B1GLQ��fBKJLG)YnHdC)DF`F�TXL[�YKN]vYfD t DFC)DZJONKi)GaG)S t �TXL[fQFN t C)G�C)DF`FB1ELNTELQZE)B1S�CLN1QFQZDFV?E)G)G�H�QZG?XL[1E)b��Wª@�nv
XLG)E)G)V�� � ?�� � p . L�/��Tv . �fs_L	�nx�� C
� � p . 2���4�v . 2�2 . �nx�� � � p . 9��fs��§x¡G
JLC8c Q z,B1C)BfQZY,[§`FH1DF`ZJLE)B1~FBnH1DFYfCLN v∞ B t C)DZJLDZXLV?DFY,Q�V t BdH1DFC,��E)DFy�~FCLNTE)G)�)D
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� ÄT²wÈ��KÈ �KÈ�� g � ²´º]» m °w¼@±¸ÁT¹]± j¡Ä]¶Uµ�¼K¿1·]j���Ä	� ¶´³Z»´¶¯Án¼T·�¹]¹T» ��±�²´º]» m °Z¼]·�Ã�Âw¹T±���± m Ã1·À²´²�·

���
�������� ²¯³Z»¸¼��:�¸Ä��r·�¹T°�·

ζPuppis
� Ä]¶&¼]· X ±w°wÆ�� ���������������! ���#"	$&%&% 	('*)�) � È�i�·À¼]· m °Z»¸¼��¹�Æ@j�º]¼]±*+�Ä]Ã]ÂnÃ]Ä�¹]Ä�j_°wÄ]ºT·-, W �/. � · X ²¸±w¼ X �]Ä]» jR³ ��±�Ã]½ X ±wÅ m ¼KÆ8ÃT»:Ä l Å)Ä]²¸²´ÄT»8j³ m ¼]·À²´¹]±wÅ m ¼�Æ8Ã]»�Ã]Ä�¹]Ä#jh²´³wÄKÁ1»¸°w»´Ã]Âw²¸°w³w½Z»¸°j±�¹1·�Ã]Ä]¿�Ä]ÄhÅO±ÀÇ�¹T± j§Ä]²¸°Z» m ·�¾�ÇU» j§± X ± �Ã]±À¿ m Ä�È

NTkfQZB1C)k1�)G)B1E)E)B1yRXLG)E)G)G�HIQ t DFz)Y,C)D:G_J)XLVgCLNT`ZXLG)i)E)b���`FH1DF`ZJ�QZBfQZYKNTHTXLV?DFY
B1Y§E)DMQZz,BKXL[1z)G?��QZB1YfDFEuJLB§E)DMQZz9BMXL[1z)G?��Y,b:Q�V?i_z)S&�]QTc e S t G)C)G)i)DMQZz)GRELNTy?vJLDFE)B)�?i)YfB

v∞ ≈ 3vp
�,~�JLD

vp =
√

2GM/R
P t NTCLNTk1BKXLG)i)DMQZzfNTV�QZz9B1C)BfQZYf[

ELNg~FCLNTE)G)�)Dn¦¡B1YfBfQF¦¡DFC)b�`FH1DF`ZJLbdc
A9B1CLNT`ZJLB�YfC)�TJLE)DFDoB t C)DZJLDZXLG)Yf[ YfDFS t�t B1YfDFC)G�SUN1QFQZbdcdªhCLNTH1E)DFE)G)D

E)DFCLNT`FC)bjH1E)BfQZYfG\Y,DFi)DFE)G)VRH_QF¦¡DFC)G)i)DMQZz)G?vrQZG)S�S�DFY,C)G)i)E)B1S Q�XL�9iLNTDI`MN t G?vQZbjHfNTDFY,Q�VWH�H1G?JLD
Ṁ = 4πR2ρ(R)v(R)

p J�cD/9x
~�JLD

ρ(R)
P t XLB1YfE)BfQZYf[�G

v(R)
P£QZz,B1C)BfQZYf[3H1DFYfCLN¥ELN�CLN1QFQZYfB�V�E)G)G

RB1Y¤�)DFE)YfCLN¥`FH1DF`ZJLbdc&¬¡`FS�DFE)DFE)G)D$QZz,B1C)BfQZYfG«QWCLN1QFQZYfBKV?E)G)DFS ELN]�fBMJLG)Y,Q�V
G)`§ELNTkTXL{�JLDFE)G)V�XLG)E)G)yaCLNT`FE)b��W��XLDFS�DFE)YfB1H)�=NgH1B1Y�G)`FS�DFE)DFE)G)D t XLB1YfE)BTvQZYfG_B t C)DZJLDZXLG)Yf[}Q�XLB�^_E)DFD1c�N§XLVg�FYfB1~FBnYfC)DFk1�1DFY,Q�Vg`MN]JONTY,[§S�BMJLDZXL[uNTYfS�BTvQF¦¡DFC)b�`FH1DF`ZJLbd� �?G)S�G)i)DMQZz)G)y$QZBfQZY�NTHfN_GaQZY,D t DFE)[�G)B1E)G)`MNT�)G)G$G�JLC)��~FG)D
t XLBM�fB�B t C)DZJLDZXLDFE)E)bjD t NTCLNTS�DFYfC)B1H)c
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5BMXLDFDhELN]JLDF^_E)bjy�Q t BfQZB1kIE)D t BfQZC)DZJOQZY,H1DFE)E)B1~FB}B t C)DZJLDZXLDFE)G)V Ṁ JON]v
{hYnELNTkTXL{�JLDFE)G)V�QZH1B1k1BMJLE)BTvrQZH1B1k1BMJLE)B1~FB�G)`ZXL�9i)DFE)G)VRGLQZYfDFzfNT{h|nDFy�NTYfS�BTv
QF¦¡DFC)b�HW¬ � G$CLN]JLG)BRJLGLN t NT`FB1E)D1�8H�z,B1YfB1C)b��\H1DZXLG)z9B t B1~�XLB1|IDFE)G)D1�0NQ�XLB1y8�9QZB1B1YfH1DFY,QZYfH1��{@|IG)ygDZJLG)E)G)i)E)B1y�B t YfG)i)DMQZz9B1y�YfBKXL|nD τ = 1

�1XLDF^�G)Y
HhB1kTXON1QZYfG}QF¦¡B1C)S�G)C)B1HfNTH1mIDF~FBfQ�V_H1DFY,CLN?c]¬¡`FS�DFC9V�VuCLN]JLG)B t B1YfB1zuELNh¦¡G)z?vQZG)C)B1HfNTE)E)B1y¤iLN1QZY,B1YfDIG�B1�)DFE)G)HfNTV�CLN1QFQZY,BKV?E)G)DgJLBW`FH1DF`ZJLbd��S�B�^_E)B t BTvXL��i)G)Yf[IB1�)DFE)z)�

Ṁ
c�0�NTz�k1b�XLGWB t C)DZJLDZXLDFE)b�YfDFS t b t B1YfDFC)GRSUN1QFQZb J)XLV

S�E)B1~FG?��`FH1DF`ZJWYfG t Nu�5BMXL[f¦dN]vr©�NTy)D�p ���dx�G�Uh�"vrQZH1DFC,��~FG)~�NTE)Y,B1H)cO¬¡S�DFE?v
E)B¡�FYfGu`FH1DF`ZJLboELNTG)k1BMXLDFD:G)E)Y,DFELQZG)H1E)BdYfDFC,V?{hYhSUN1QFQZ� ;

Ṁ ∼ 10−5−10−4

�
�
��~FBKJ�c
R<NTH1GLQZG)S�BfQZYf[uYfDFS t N t B1YfDFC)GRSUN1QFQZb U v�`FH1DF`ZJONTS�GWB1YuQZH1DFYfG)S�BfQZYfG

L
�

E)D t XLBM�fBgB t GLQZbjHfNT{h|INTVWELNTkTXL{�JONTDFS���{�QZG)Yf�fNT�)G){I��S�BK^}DFYgk1bjYf[ t C)DZJ)vQZYKNTHTXLDFELNuH t BKXL�9�FS t G)C)G)i)DMQZz9B1y�¦¡B1C)S�DnA9NTC)SUNTE)G3p DMQZYf[gG�JLC)��~FG)D t C)G?vkTXLG)^}DFE)G)V x�;

lg

(
Ṁ

M�/
~FBMJ
)

= −7.15 + 1.73 lg

(
L

105L�

) p J�c . s�x

U@i)DFH1G?JLE)B)�LYfDFS tWt B1Y,DFC)GWSUN1QFQZb JLBMXL^}DFE�k1bjYf[gzfNTzWS�G)E)G)S���S t C)B t B1C?v�)G)B1ELN]XLDFEuª@�nvrQZH1DFYfG)S�BfQZYfGRp t C)GIC)DF`FB1ELNTELQZE)B1S$CLN1QFQZDFV?E)G)Guª@�nv�z)HfNTE)YfB1H
t DFC)DZJONTE)E)bjy�G)S t �TXL[fQ L/c G?JLDFYRELNR�fQZz9B1C)DFE)G)D_~�NT`MN�JLB�QZz9B1C)BfQZYfG

v∞
;

Ṁ ∝ L/(cv∞)
c

e S t G)C)G)i)DMQZz)GuELNTy?JLDFE)E)bjy}YfDFS t§t B1YfDFC)GISUN1QFQZb¤S�BMXLBKJLbjS�GgSUN1QFQZG)HTv
E)bjS�G$`FH1DF`ZJONTS�G ∼ 10−5 − 10−6M�

��~FBMJ¥QZH1G?JLDFYfDZXL[fQZYfH1�1DFY�BRk1BMXL[1mnB1y
HfNT^_E)BfQZYfG¤�9i)DFYKN�`FH1DF`ZJLE)B1~FBaH1DFYfCLN\�9^}D_ELNaQZYKN]JLG)G¤~�XONTH1E)B1y t BfQ�XLDZJLBTvHfNTYfDZXL[1E)BfQZYfG8�?YKNTzRzfNTz t C)GWYKNTz,B1y�H1b:QZB1z9B1yWG)E)YfDFELQZG)H1E)BfQZYfG�GLQZYfDFi)DFE)G)V
`FH1DF`ZJLE)B1~FBuH1DFYfCLNI`FH1DF`ZJONIS�B�^IDFY t B1YfDFC9V?Yf[IB1Y . snJLBT2Ts t C)B1�)DFE)YfB1HuQZH1BTvDFy t DFC)H1B1ELNMiLN]XL[1E)B1y$SUN1QFQZbdc�
5BKXLDFD t BMJLC)B1k1E)B�QZSjc)S�B1E)B1~FCLN1¦¡G){ � cHNnD
�h~FDFCLN E R=H1DF`ZJLb�ELNTG)k1BMXL[1mnDFy$QZH1DFYfG)S�BfQZYfGHG�� � c�; � G)C8� . /�4��?x�c
����������� "�$!%'&�(�)+*-, $!%402%43 =�<!?:9A% 7:9;62$!)�<!,.=+</?�9;%@(A<!$/6202%'9;B!)�<!?'02C �

� ?4C��G=+02</02C���%1?	�/6�
.$!%402$/B 7@C�7 62)+02</$8C5<
�/3+6 &4<!$/62)+C�%
= 9A62)+%40�623�)+*�� 0����G62)�)+</?'02%1,

R=H1DF`ZJLE)bjy�H1DFYfDFC_V?HTXLV?DFY,Q�VgQZ��|nDMQZYfH1DFE)E)bjS�G_H§C,V�JLD Q�XL�9iLNTDFHIB t C)DZvJLDZXLV?{@|IG)S ¦dNTz)YfB1C)B1S��FH1BMXL{h�)G)G `FH1DF`ZJ t BfQ�XLDo~�XONTH1E)B1y t BfQ�XLDZJLB1HfN]v
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YfDZXL[1E)BfQZYfG8c e Y,B�QZH1V?`MNTE)B�Q§Y,DFSj�)i)YfB_ELN�QZY�N]JLG)G�z)CLN1QZE)B1~FB�~FG)~�NTE)Y�NgCLN]v
JLG)�fQ_`FH1DF`ZJLb JLBfQZYfG)~�NTDFY�E)DMQZz,BKXL[1z)G?�¤Yfb:Q�V�i�G�k1BMXLDFDRCLN]JLG)�fQZB1H Q BKXLE?v�LN?�&N t NTCLNTk1BKXLG)i)DMQZzfNTV«QZz9B1C)BfQZYf[�QZE)G)^nNTDFY,Q�V�JLB . s¥z)S&�]QTc& ¡C)G��FYfB1S
YfDFS t$t B1YfDFC)G$SUN1QFQZb B1Y�SUN1QFQZG)H1E)b��a�fBKXLBMJLE)b���`FH1DF`ZJ)v�z)CLN1QZE)b���~FG)~�NTE?v
YfB1HnG�QZH1DFCf�?~FG)~�NTE)YfB1H}S�BK^}DFY}JLBfQZYfG)~�NTYf[

10−6M�
��~FBMJ�c e YfBIE)G)^ID1��i)DFS

�l~FB1C9V�i)G?�«SUN1QFQZG)H1E)b��«`FH1DF`ZJ��jE)B t XLB1YfE)BfQZY,[�H1DF|IDMQZYfHfN�H1DFYfCLN3H1DZXLG?v
zfN_G)`Zv�`MN�SUN]XLB1y�QZz9B1C)BfQZYfG8c UhQZE)B1H1E)B1y$S�DZ�1NTE)G)`FSlH1DFYfCLN�H��FYfB1S�Q�XL��iLNTD
P�~FG?JLC)BMJLG)ELNTS�G)i)DMQZz9B1DIGLQZYfDFi)DFE)G)D§NTY,S�BfQF¦¡DFC)b�H}S�DF^�`FH1DF`ZJLE)�9{�QZC)DZJL�1c
e E)DFC)~FG)VdJ)XLVdGLQZYfDFi)DFE)G)V§NTYfS�BfQF¦¡DFCn`FH1DF`ZJ t B1`ZJLE)G?�§Q t DFz)YfCLN]XL[1E)b��§H1B1`ZvS�BK^_E)B)��i)DFC t NTDFY,Q�V$`MNWQZi)DFY�CLNT`ZXLG)i)E)b�� � A�N§v�E)DF�fQZYfB1y)i)G)H1BfQZY,DFy¥G�`MN]v
Yf�9�TNTE)G)V§H1BKXLE)B1H1b��}H1B1`FS���|nDFE)G)ygH1B¡H1E)DFmIE)DFyuNTY,S�BfQF¦¡DFC)D1c Q ��|nDMQZY,H1DFE?vE)bjSlYKNTz)^}DdB1zfNT`FbjHfNTDFY,Q�VWJONTHTXLDFE)G)DnG)`ZXL��i)DFE)G)V�ELN t b�XLDFH1bjDIiLN1QZYfG)�)b�fBMXLBKJLE)B1y�`FH1DF`ZJLE)B1y3NTYfS�BfQF¦¡DFC)b G�SUNTz)C)B1Yf��C)k1�TXLDFE)YfE)bjDgJLH1G)^}DFE)G)V�H
��C)B1S�BfQF¦¡DFC)D1c

e H1BMXL{h�)G)B1E)E)B HfNT^_E)bjy Q�XL��iLNTy P t B1YfDFC9V SUN1QFQZb `FH1DF`ZJONTS�G ELN
N1QZG)S t YfB1YfG)i)DMQZz9B1ylH1DFYfH1Go~FG)~�NTE)YfB1H)c&�dN¥N1QZG)S t YfB1YfG)i)DMQZz)��{ H1DFYfH1[�~FG?v
~�NTE)YfB1H ELN JLGLNT~FCLNTS�S�DjA,DFC)�)m t C)�9E)~�N]vr©0DMQFQZDZXON t B t N]JONT{hYh`FH1DF`ZJLb�Q"SUN1Qwv
QZB1yWB1Y ∼ 3

JLB ∼ 8− 10
SUN1QFQ Q BMXLE)�LN t BfQ�XLD§QZYKN]JLG)G�E)DFH1bjC)BK^_JLDFE)E)B1~FB

~FB1C)DFE)G)V�~FDZXLG)V3G3DF~FB t C)DFH1CLNT|IDFE)G)VoHa��~�XLDFC)BKJ£G���~�XLDFC)BKJON$Haz)GLQ�XLBTv
C)BMJ�c Q H1DFYfG)S�BfQZYf[�`FH1DF`ZJLb ELN��FY,B1y¤QZYKN]JLG)G¥B1k1�fQ�XLB1HTXLDFELNaH1BKJLB1C)BMJLE)bjS
G�~FDZXLG)DFH1bjSoQ�XLB1DFH1bjS3GLQZY,B1i)E)G)z,B1Sj�?B1z)C)�9^INT{@|IG)S3H1bjC)B�^gJLDFE)E)B1D Q U v
V�JLC)B)c 
5BKXL[1mnB1y�~FCLN]JLG)DFE)Y�YfDFS t DFCLNTYf��C)b�HRB1k1BMXLB1i)z9D t C)G)H1BMJLG)YWz�G)E?v
YfDFELQZG)H1E)B1yuz,B1E)H1DFz)�)G)G�p B1k1|IDFD�QZH1B1yLQZY,H1B J)XLVIHfQZDZ�IQZYKN]JLG)yIQZB¡Q�XLB1DFH1bjS�G
GLQZYfB1i)E)G)zfNTS�G<x�c?A,B1C)DFE)G)D¡H1BMJLB1C)BKJLE)B1~FBuG�~FDZXLG)DFH1B1~FBuQ�XLB1DFH1B1~FB}GLQZYfB1i)E)G?v
zfN t BMJLH1DFC,^}DFE)B�YfD t XLB1H1B1y$E)DF�fQZYfB1y)i)G)H1BfQZY,G8c"NnDFyLQZY,H1G)YfDZXL[1E)B)�<~FB1C)DFE)G)D
H1BMJLB1C)BKJONuH1BIH1E)DFmIE)DFS£Q�XLB1DFH1B1S�GLQZYfB1i)E)G)z,DdQZB t C)B1H1B�^gJONTDFY,Q�V�Q�^INTYfG)DFS
G�iLN1QZYfG)i)E)bjS3H1bjC)BK^_JLDFE)G)DFS3E)G)^}DZXLDF^nNT|IG?��Q�XLB1DFH}~FDZXLG)V<�9i)YfB t C)G)H1BTvJLG)Y�z��fQZz,B1C)DFE)G){ YfDFC)S�BKV�JLDFC)E)B1~FB¥~FB1C)DFE)G)V�H$~FDZXLG)DFH1B1S Q�XLB1DFH1B1S GLQwv
YfB1i)E)G)z,D¡ELNI~FCLNTE)G)�)D§Q H1bjC)B�^gJLDFE)E)bjS Q U v�V�JLC)B1Sjc) ¡C)GR�FY,B1S3Q�XLB1DFH1bjD
GLQZYfB1i)E)G)z)G$CLN1QZmnG)C9V�{hY,Q�V=�<YfDFS t DFCLNTY,�9CLN�G t XLB1YfE)BfQZY,[�HRE)G?� t N]JONT{@Y]�G�Y,DFS t ~FDFE)DFCLNT�)G)GW�FE)DFC)~FG)G���S�DFE)[1mINTDFY,Q�V=c Q XLB1G�ELNKi)G)ELNT{@YgQ�^�G)SUNTYf[Tv
Q�V<�fG t C)B1�)DMQFQ t B1H1YfB1C,V?DFY,Q�V<c�0�NTz9B1D E)DF�fQZYfB1y)i)G)H1B1D@~FB1C)DFE)G)D t C)G)H1BMJLG)YIz
t DFC)G)BMJLG)i)DMQZz9B1y t BMJLzfNKi)z,D§�FE)DFC)~FG)G�H1B}H1E)DFmnE){h{�B1k1BKXLB1i)z)��GRHIz9B1E)DFi?v
E)B1S�QZi)DFY,D_z¤DFD�G)E)YfDFELQZG)H1E)B1S��¥GLQZYfDFi)DFE)G){ Q�YfDFS t B1S t B1YfDFC)G�SUN1QFQZbd�
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JLBM�fBKJLV?|nG)S�JLB
10−4M�

��~FBKJ�c��hC)z)G)y t C)DZJOQZY�NTH1G)YfDZXL[�`FH1DF`ZJ�ELNRN1QZG)S�v
t YfB1YfG)i)DMQZz9B1y�H1DFY,H1G¤~FG)~�NTE)YfB1H\P�JLBKXL~FB t DFC)G)BMJLG)i)DMQZz)G)D�E)D t CLNTH1G?XL[1E)bjD
t DFC)DFS�DFE)E)bjD�YfG t N � G)C)b � G)YKN?c5�dN��FY,B1y�QZYKN]JLG)G ¦dNTz)YfG)i)DMQZz)G t C)BTvGLQ��fBKJLG)Y�¦¡B1C)S�G)C)B1HfNTE)G)D t XONTE)DFY�NTC)E)B1y�Yf��SUNTE)E)BfQZYfG¥H1B1z)C)��~�~FB1C9V?i)DF~FB
H1bjC)BK^_JLDFE)E)B1~FB�V�JLCLNg`FH1DF`ZJLb P�k1�TJL��|nDF~FB�k1DZXLB1~FB�zfNTCfXLG)zfN?c

��� ���������?+ �04 
&*L(����"><;,4<;=�8� �?���O�&!$#"%"% �?+j%&6&� �&6 ����()��*)(,+
-&�0/1�&*321�54 ��6&�87 -5��/1�5*,+:����4<; *)�&>�6&�0/?;O%

�o`MNTz?XL{hi)DFE)G)Dd�FYfB1~FBICLNT`ZJLDZXON t C)G)H1DZJLDFS�z)CLNTYfz)��{�QZH1BMJLz)��C)DF`F�TXL[Tv
YKNTYfB1Hj�FH1BKXL{@�)G)G}BMJLG)E)B1i)E)b��I`FH1DF`ZJ}QZBMXLE)DFi)E)B1~FB@�?G)SUQZBfQZYKNTHfN?�KG)S�DF{h|nG?�
CLNT`ZXLG)i)E)bjD�SUN1QFQZb�ELN ~�XONTH1E)B1y t BfQ�XLDZJLB1HfNTYfDZXL[1E)BfQZYfG8c Q XLDZJL�1DFY¡G)S�DFYf[hHH1G?JL��E)DFz9B1YfB1C)��{��TXLB1H1E)BfQZYf[ t C)G)H1BKJLG)S�b���~FCLNTE)G)�8�)`MNTH1GLQ�V?|nG?�WB1YuH1b�v
k1CLNTE)E)b�� t NTCLNTS�DFY,C)B1H�GaJLBWQZG?� t B1C$QZ��|nDMQZY,H1�9{h|nG?�\E)DFB t C)DZJLDZXLDFE)E)BTvQZYfDFy�`FH1DF`ZJLE)B1y��FH1BMXL{h�)G)G£p NTz)z)�9CLNTY,E)bjy��9i)DFYRz,B1E)H1DFz)�)G)G¥H�`FH1DF`ZJLE)b��
E)DZJLCLN]�<�LH1CLNT|nDFE)G)DIG�Y�c J�c x�c
� c M < 0.08M�

c e YKNlSUN1QFQFNlQ�XLG)mIz,B1S SUN]XON£J)XLV�ELNMiLN]XON�YfDFC?v
S�BKV�JLDFC)E)B1~FB�~FB1C)DFE)G)V�H1BMJLB1C)BMJON?ch���)DFE)YfC)D�YKNTz,B1y Er`FH1DF`ZJLbpG£p G)E)B1~�JON
t C)G)S�DFE)V?{@Y�YfDFC)S�G)E�Erz,B1C)G)i)E)DFH1bjy�zfNTCfXLG)zHG�xdQZ�9|IDMQZYfH1DFE)E)b �M¦d¦¡DFz)Yfb
H1bjC)BK^_JLDFE)G)V¥��XLDFz)YfC)B1E)B1HaG¥z)�TXLB1E)B1HfQZz)G)DRH1`MNTG)S�BMJLDFyLQZYfH1G)V�G¥B1k"!8DFz)Y
t C)DZJOQZYKNTHTXLV?DFYoQZB1k1B1y t C)B1S�DF^��9YfB1i)E)bjy Q�XL��iLNTy S�DF^gJL� t XONTE)DFYKNTS�G G
`FH1DF`ZJONTS�G8c< hXONTE)DFYfb�v�~FG)~�NTE)Yfb�Y,G t N�� t G)YfDFCLN\p

M ≈ 0.001M�
x"S�B1~F��Y

Q�XL��^_G)Yf[ t C)G)S�DFC)B1Sjc
� � c 0.08M� < M < 0.5M�

c R=H1DF`ZJLb QISUN1QFQZB1y
< 0.5M�

ELN�~�XONTHTv
E)B1y t BfQ�XLDZJLB1HfNTYfDZXL[1E)BfQZYfG t BMXLE)BfQZY,[1{ z,B1E)H1DFz)YfG)H1E)bd��i)YfB t C)DZJLB1YfH1CLN]v|INTDFY¤`MNT~FB1CLNTE)G)D\Q�XLB1DFH1B1~FB�GLQZYfB1i)E)G)zfN t BfQ�XLD\H1bj~FB1CLNTE)G)VoH1BMJLB1C)BMJON�H
V�JLC)D1c�00NTz)G)D}`FH1DF`ZJLb�E)DIQZY�NTE)B1H1V�Y9Q�VWz)CLN1QZE)bjS�G$~FG)~�NTE)YKNTS�G\GaB1Y�~�XONTHTv
E)B1y t BfQ�XLDZJLB1HfNTYfDZXL[1E)BfQZY,G¥ELN�JLGLNT~FCLNTS�S�D�A,DFC)�)m t C)�9E)~�N]vr©�N1QFQZDZXONaJLH1G?v
^_��Y,Q�VlELN]XLDFH1B)�:Q�^_G)SUNTV)QZ[oG ELNT~FC)DFHfNTV)QZ[)c:0�DFS t DFCLNTYf��CLN�H3~FDZXLG)DFH1B1S
V�JLC)D�BfQZYKNTDFY9Q�V¥E)G)^}D�YfDFS t DFCLNTY,�9C)b QZE)V�Y,G)V¥��XLDFz)YfC)B1E)E)B1~FB$H1bjC)B�^gJLDZv
E)G)V<� t B1�FYfB1S��¤H�z,B1E)DFi)E)B1S QZi)DFY,DRG)`�YKNTz)G?��`FH1DF`ZJ3JLBKXL^_E)b k1b�XLGok1b
B1k1CLNT`FB1H1bjHfNTYf[fQ�V£H1bjC)BK^gJLDFE)E)bjD�~FDZXLG)DFH1bjD\k1DZXLbjDazfNTCfXLG)z)G«QWSUN1QFQZB1y
∼ 0.5M�

c9�oC)DMN]XL[1E)BfQZY,G�H1C)DFS�V�~FB1C)DFE)G)V�H1BMJLB1C)BKJON}ELNn~�XONTH1E)B1y t BfQ�XLDZvJLB1HfNTYfDZXL[1E)BfQZYfGo��BMJLG)E)B1i)E)b��o`FH1DF`ZJ�QRSUN1QFQZB1y
> 0.8M� t C)DFH1bjm}NTDFYH1B1`FCLN1QZY¥��QZDZXLDFE)E)B1y8� t B1�FYfB1S��¥G)`�BMJLG)E)B1i)E)b���`FH1DF`ZJo~FDZXLG)DFH1bjDWk1DZXLbjD
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zfNTCfXLG)z)G�B1k1CLNT`FB1HfNTY,[fQ�V E)D$�fQ t DFHfNT{@Y]c U JLELNTz,BoDMQ�XLG�SUN]XLB1SUN1QFQZG)H1ELNTV
`FH1DF`ZJONRV�HTXLV?DFY,Q�V�z,B1S t B1E)DFE)Y,B1S�JLH1B1y)E)B1y�QZGLQZYfDFS�bd� H1B1`FS�BK^_E)B���S�DFE)[Tv
mnDFE)G)D}DFD§SUN1QFQZbd�OG\B1k1ELNT^IDFE)E)B1D}H1bjC)BK^gJLDFE)E)B1D}~FDZXLG)DFH1B1DnV�JLC)BRQdSUN1Qwv
QZB1y�B1z,BKXLB t BKXLB1H1G)E)b�QZBMXLE)DFi)E)B1y t C)GWBfQZYfbjHfNTE)G)G t C)DFH1CLNT|}NTDFY,Q�VaHg~FDZv
XLG)DFH1bjy\k1DZXLbjy�zfNTC,XLG)z8c
� � c 0.5M� . M . 2.5M�

c� ¡BfQ�XLD�~FB1C)DFE)G)VoH1BKJLB1C)BMJON¤B1k1CLNT`F�1DFY1v
Q�VaH1bjC)BK^gJLDFE)E)B1Du~FDZXLG)DFH1B1DuV�JLC)B�Q§SUN1QFQZB1y$B1z9BMXLBWs?cD2

M�
c �dN�QZYKN]JLG)G

z)CLN1QZE)B1~FBd~FG)~�NTE)YKN@~FB1C)G)Y@H1BKJLC)BMJLE)bjy�Q�XLB1DFH1B1ygGLQZYfB1i)E)G)z8c]�dNKiLN]XLBd~FB1C)DZv
E)G)Vu~FDZXLG)V}GuDF~FB t C)DFH1CLNT|IDFE)G)D H¡�9~�XLDFC)BMJ�ELNdQZY�N]JLG)G}z)CLN1QZE)B1~FBn~FG)~�NTE)YKN
t C)B1GLQ��fBKJLG)Y¤H�H1bjC)BK^gJLDFE)E)b����fQ�XLB1H1G)V���G t B1�FYfB1S���QZB t C)B1H1BK^gJONTDFY,Q�VC)DF`Fz)G)S�z)CLNTY,z,B1H1C)DFS�DFE)E)bjS �FE)DFC)~FB1H1b�JLDZXLDFE)G)DFS p ~FDZXLG)DFHfNTV\HfQ t bjmnzfN�x�c ¡BfQ�XLDd~FDZXLG)DFH1B1yWHfQ t bjmIz)G�`FH1DF`ZJONuELNIJLGLNT~FCLNTS�S�D§A�©�JLH1G)^}DFY,Q�VRHTXLDFH1B
t C)G)S�DFC)E)BaQ t BfQZYfB�V?E)E)B1y¤QZH1DFYfG)S�BfQZYf[1{ p Y�c�E8c8~FB1C)G)`FB1E)Y�N]XL[1ELNTV�H1DFYfH1[?x�c
U@k1BMXLB1i)zfN t BfQZYfD t DFE)E)BICLN1QFQZDFG)HfNTDFY,Q�V<��G�z,B1E)DFi)E)bjS t C)BMJL��z)YfB1S��FH1BMXL{@v
�)G)G�V?HTXLV�DFY9Q�V�BfQZYfbjHfNT{@|IG)y¥��~�XLDFC)BMJLE)BTv�z)GLQ�XLB1C)BMJLE)bjyok1DZXLbjy�zfNTC,XLG)z
QdSUN1QFQZB1y�B1z9BMXLB�s?cD2

M�
c

� � � c 2.5M� . M . 8M�
c] ¡BfQ�XLDj~FB1C)DFE)G)VIH1BKJLB1C)BMJON¡~FDZXLG)DFH1B1DjV�JLC)B

E)DFH1bjC)BK^gJLDFE)BWG t BfQ�XLDuQZY�N]JLG)G�z)CLN1QZE)B1~FB�~FG)~�NTE)YKN$p H1BKJLB1C)BMJLE)bjy¤Q�XLB1DZv
H1B1y�GLQZYfB1i)E)G)z<x t C)B1GLQ��fBMJLG)Y�E)DFH1bjC)BK^gJLDFE)E)B1DW~FB1C)DFE)G)DW~FDZXLG)V�QRB1k1CLN]v
`FB1HfNTE)G)DFSo�9~�XLDFC)BMJONuGRz)GLQ�XLB1C)BKJON?cO�£C)DF`F�TXL[�YKNTYfDhH1E)�9YfC)G�z)CLN1QZE)B1~FBg~FG?v
~�NTE)YKNIB1k1CLNT`F�1DFY,Q�VRH1bjC)BK^gJLDFE)E)B1D Q U v�V�JLC)BgQ SUN1QFQZB1y

< 1.2MCh
c?¬¡`Zv�`MN

YfD t XLB1H1b��gE)DF�fQZYfB1y)i)G)H1BfQZYfDFy_B1k1BKXLB1i)zfNIQZk1CLN1QZbjHfNTDFY9Q�V_ELN§QZY�N]JLG)G�N1QZG)S�v
t YfB1YfG)i)DMQZz9B1y�H1DFYfH1Gg~FG)~�NTE)YfB1H}Q�B1k1CLNT`FB1HfNTE)G)DFS t XONTE)DFY�NTC)E)B1y�Yf��SUNTE)E)BTvQZYfG8�,QZH1DFY]V?|nDFyLQ�V�`MN§QZi)DFY t BKJOQZH1DFYfz)G�~FB1C9V?i)G)S«p

T ≈ 105 � x0V�JLC)B1Sj�fz9BTvYfB1C)B1D t BfQZYfD t DFE)E)BgBfQZYfbjHfNTDFYgG t C)DFH1CLNT|}NTDFY,Q�VWHu�fBKXLBMJLE)bjy Q U v�k1DZXLbjy
zfNTCfXLG)z8c Q C)DZJLE)V�VWSUN1QFQFN�YKNTz)G?��k1DZXLb��WzfNTC,XLG)z,B1H�s?cDJ�vrs?c q

M�
c

� �Ic 8M� . M . 10 − 12M�
c5� �FYfB1S ��`Fz,B1S.JLGLN t NT`FB1E)D$SUN1QFQ

YfDFC)S�BKV�JLDFC)E)B1DW~FB1C)DFE)G)DRJLBM�fBKJLG)Y�JLB$QZS�DMQZG3z)GLQ�XLB1C)BMJON?�UE)DFB1ELN�G3SUNT~Zv
E)G)V<c�NIN]XL[1E)DFy)mnG)D�YfDFC)S�BKV�JLDFC)E)bjDaC)DMNTz)�)G)G£E)D t C)B1GLQ��fBKJLV?Y��&YKNTzozfNTz
B1k1BMXLB1i)zfNI`FH1DF`ZJLblCLN1QFQZDFG)HfNTDFY,Q�V_H§H1G?JLD t XONTE)DFY�NTC)E)B1y�Yf��SUNTE)E)BfQZYfG8cf©0DZv`F�TXL[KYKNTY}�FH1BMXL{h�)G)G t BfQ�XLDdQZk1C)BfQFNnB1k1BKXLB1i)z)G�P � v � � v ��� k1DZXLbjy�zfNTC,XLG)zQdSUN1QFQZB1y�H1kTXLG)`FG�iLNTE?JLCLN1QZDFzfNTC)B1HfQZz9B1~FB t C)DZJLDZXON�p ∼ 1.2M�

x�c
�}c

10 − 12M� . M . 30 − 40M�
c�0�DFC)S�B�V9JLDFC)ELNTV��FH1BKXL{@�)G)V3H

V�JLC)D t C)B1GLQ��fBMJLG)Y t C)G«E)DFH1bjC)BK^gJLDFE)E)b��«�fQ�XLB1H1G)V���H t XLB1Y,[¤JLB3B1k1CLN]v
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`FB1HfNTE)G)V ��XLDFS�DFE)YfB1Hl^IDZXLDF`FE)B1~FB t G)zfN�p ��� � C �)� � ? x�c �@JLC)B£Q$SUN1QFQZB1y
. cD2�v89

M� t BKJLH1DFC,^}DFE)BgC,V�JL�gE)DF�fQZYfB1y)i)G)H1BfQZYfG$p QZSjc,E)G)^}DTx0G�z,BMX)XON t QZG?vC)�1DFY_QhB1k1CLNT`FB1HfNTE)G)DFSlE)DFy)YfC)B1E)E)B1yW`FH1DF`ZJLbdc  ¡C)B1�)DMQFQdQZB t C)B1H1BK^gJONTDFY,Q�VHfQ t bjmnz9B1y¥QZH1DFCf�?E)B1H1B1y$YfG t N � � p DMQ�XLG$QZBM�?CLNTE)G?XON1QZ[ t C)B1Y�V?^}DFE)ELNTV�H1BTv
JLB1C)BMJLELNTV�B1k1BKXLB1i)zfN�x G?XLG ��� �]QWp z,BMX)XON t Q_V9JLCLN�`FH1DF`ZJLb.�&BKXL[f¦hvr©0NTy)DTx�c
Q k1CLN1QZbjHfNTDFSUNTV\B1k1BKXLB1i)zfN�H1`MNTG)S�BKJLDFyLQZYfH1�1DFY�QdS�DF^_`FH1DF`ZJLE)B1y$QZC)DZJLB1y\G
H�YfDFi)DFE)G)D�E)DMQZz,BMXL[1z)G?�¤JLDMQ�V?Yfz,B1HaYfb:Q�V?i¤XLDFY\QZ�9|IDMQZYfH1�1DFY\H\H1G?JLD�QZH1DZv
Y]V�|IDFyLQ�VWYf��SUNTE)E)BfQZYfGRP�BfQZYKNTY,zfNgQZH1DFCf�?E)B1H1B1y8c

� � c M & 30 − 40M�
cL�5B1`FS�BK^�E)B)�O`FH1DF`ZJLb�Q¡YKNTz)G)S�G\SUN1QFQFNTS�G�z,BKX)v

XON t QZG)C)��{@Y¤Q�B1k1CLNT`FB1HfNTE)G)DFS.i)DFC)E)B1yoJLbjC)b Q�SUN1QFQZB1y£B1z9BMXLB . s
M�

c
 ¡B1zfNRE)DFY�ELN]JLDF^_E)b��\YfDFB1C)DFYfG)i)DMQZz)G?��CLN1QZi)DFYfB1H��FYfB1~FB t C)B1�)DMQFQFN?�<�fB1Y�V�FS t G)C)G)i)DMQZz)GWQZ�9|IDMQZYfH1B1HfNTE)G)Dhi)DFC)E)b��gJLbjC�`FH1DF`ZJLE)b���SUN1QFQ E)DMQZB1S�E)DFE?v
E)B)c

e H1BKXL{@�)G)B1E)E)bjD«YfC)DFz)G `FH1DF`ZJ CLNT`ZXLG)i)E)B1y SUN1QFQZb t C)G)H1DZJLDFE)b ELN
©�GLQTc�J�c �)c

��� � � � ���">0/?4=#&%"% ()��*L(,+§���¤* �¤*)%�+ �¤�
U@i)DFE)[ HfNT^_E)bjS ¦¡G)`FG)i)DMQZz)G)S �M¦d¦¡DFz)YfB1Sj�gELNTkTXL{�JONT{h|nG)SUQ�V ELN

t B1`ZJLE)G?�nQZYKN]JLG)V��d�FH1BMXL{h�)G)Gu`FH1DF`ZJ��KV?HTXLV?{@Y,Q�V§z)C)� t E)B1SUN1QZmnYKNTk1E)bjD5CLN]vJLGLN]XL[1E)bjD3z,BMXLDFkfNTE)G)V�`FH1DF`ZJLb zfNTz��)DZXLB1~FB)c@©�N]JLGLN]XL[1E)bjD t �TXL[fQFNT�)G)G
t C)GLQZ��|nG�HfQZDFSl`FH1DF`ZJONTSjc=BMJLELNTz,BRYfBKXL[1z,BR�RE)DFz9B1YfB1C)b���`FH1DF`ZJ��OELN]�fBKJLV�v
|nG?�,Q�VgELN t B1`ZJLE)G?�uQZYKN]JLG)V��}�FH1BMXL{h�)G)G t BfQ�XLD:~�XONTH1E)B1y t BfQ�XLDZJLB1HfNTY,DZXL[TvE)BfQZYfG8�)�FYfG t �TXL[fQFNT�)G)G t C)G)B1k1C)DFYKNT{hY_z)C)� t E)B1SUN1QZmIYKNTk1E)bjy��1NTCLNTz)YfDFC8c

 ¡DFC)H1bjD t �TXL[fQZG)C)��{@|IG)D t DFC)DFS�DFE)E)bjD�k1b�XLG�B1k1ELNTC)��^IDFE)b QZC)DZJLG
z)CLN1QZE)b�� ~FG)~�NTE)YfB1H)c � XON1QFQZG)i)DMQZz)G)S B1k1CLNT`F�)B1S JLBMXL~FB t DFC)G)BKJLG)i)DMQZz)G?�
t �TXL[fQFNT�)G)y�V?HTXLV?DFY,Q�Vg`FH1DF`ZJON � G)CLN_p � C ��� ? x�� t DFC)DFS�DFE)E)BfQZY,[nkTXLDMQZzfN§z9BTvYfB1C)B1y¥Q t DFC)G)BMJLB1S .�. S�DMQ�V?�)DFH�p Y,B1i)E)DFD1�OL�9�9�JLE)V x:k1b�XON�B1k1ELNTC)�9^}DFELN
H . 2�/�Jn~�c_N�c)�}NTk1C)G)�)G)�fQZB1Sjc)�oS�G)E)G)S���S�DhkTXLDMQZzfNIB1E�ELNTkTXL{�JONTDFY,Q�V�zfNTz
`FH1DF`ZJON = /�`FH)cUH1DZXLG)i)G)E)b�GlE)D�H1G?JLELN¥E)DFH1B1B1C)��^IDFE)E)bjS ~�XONT`FB1S�p QZSjc
 ¡C)G?XLBK^}DFE)G)DTx��"N$H$SUNTz9QZG)S���S�D�DFDWV?C)z,BfQZY,[$JLBfQZYfG)~FDFY = L�cD2�`FH1DF`ZJLE)B1y
H1DZXLG)i)G)E)bd�"Y,B�DMQZYf[�`MN$BMJLG)E t DFC)G)BMJ«QZH1DFY,G)S�BfQZYf[ � G)C)b G)`FS�DFE)V�DFY9Q�V
k1BMXLDFDWi)DFS H . s1s�CLNT`1cU ¡B1`ZJLE)DFD¤p . q*4���~Àc x t DFC)G)BMJLG)i)DMQZz)G)D t �TXL[fQFNT�)G)GkTXLDMQZzfNRQnNTS t XLG)Yf�TJLB1y�H . v89�`FH)cOH1DZXLG)i)G)E)b�G t DFC)G)BKJONTS�G�H�E)DMQZz9BMXL[1z,B
JLE)DFy\k1b�XLGaB1k1ELNTC)�9^}DFE\��HfNT^_E)B1~FB�z?XON1QFQFN t DFC)DFS�DFE)E)b��\`FH1DF`ZJ�YfG t N δ
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�� �(� È

�¡DM¦¡DFV3p B1Y9QZ{�JONgPWELNT`FHfNTE)G)DgHfQZDF~FB�z?XON1QFQFN�x�c(UhQZE)B1H1E)B1D_QZH1B1yLQZY,H1B��FYfG?�
t DFC)DFS�DFE)E)b���`FH1DF`ZJ�QZBfQZYfB1G)YoHl�FS t G)C)G)i)DMQZz,B1y�`MNTH1GLQZG)S�BfQZYfG t DFC)G)BKJ)vQZH1DFYfG)S�BfQZYf[§Pui)DFS�V�C)i)Dh`FH1DF`ZJON?��YfDFS¤k1BKXL[1mnD t DFC)G)BMJWDFD t DFC)DFS�DFE)E)BfQZY,GkTXLDMQZzfN�p . / . 9��fB1k1ELNTC)��^}DFELN§NTS�DFC8c,N1QZYfC)B1E)B1S�B1S¤A9DFE)C)G)DFYfYfB1y �dDFH1G)YfY t BELNTkTXL{�JLDFE)G)V?S 9�2}�)DM¦¡DFG?J�H � N]XLB1S � NT~FDZX)XONTE)B1H1B1S U@kTXONTz9DTx�;

log

(〈L〉
L�

)
= 1.15 log

(
TQZ��Y
)

+ 2.47 ,
p J�c .�. x

~�JLD 〈L〉 PWQZC)DZJLE)V?VaQZH1DFY,G)S�BfQZYf[)�
T
P t DFC)G)BKJ t �TXL[fQFNT�)G)y8c e YKN_`MNTH1GLQZG?v
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104L�

�LG?� t DFC)G)BMJLb t �TXL[fQFNT�)G)y\XLDF^nNTY�H t C)DZJLDZXON]� . v . s1s
JLE)DFy8c��dNWz?XON1QFQZG)i)DMQZz)G)D��)DM¦¡DFG?JLb t BM�fB�^_G t DFC)DFS�DFE)E)bjD_YfG t N � NnDZv
H1bd�)BMJLELNTz9B�G?�RkTXLDMQZz\Q�XONTk1DFD1� t DFC)G)BMJLb t �TXL[fQFNT�)G)y�XLDF^nNTYgH t C)DZJLDZXON]�. v82TsjJLE)DFy8�KSUN1QFQZb�S�DFE)[1mID"SUN1QFQZb Q BKXLE)�LN B B1E)GIV?HTXLV�{hY,Q�VdSUN]XLB1SUN1QFQZG)HTvE)bjS�Gg`FH1DF`ZJONTS�G?v�~FG)~�NTE)YKNTS�G_G t C)G)ELN]J)XLDF^INTY§QF¦¡DFC)G)i)DMQZz,B1y�QZBfQZY�NTHTXLV�{@v|nDFy¥p `FH1DF`ZJLE)B1DdELN1QZDZXLDFE)G)D � � x�c � t �TXL[fQZG)C)��{@|IG)S t DFC)DFS�DFE)E)bjS£YKNTz)^}D
B1YfE)BfQ�V�Y�`FH1DF`ZJLb Y,G t N � � �dG)C)b�P\SUN]XLB1SUN1QFQZG)H1E)bjD_`FH1DF`ZJLb ELNR~FB1C)G?v
`FB1E)YKN]XL[1E)B1y�H1DFY,H1G�JLGLNT~FCLNTS�S�b�A�©0c

�IG)`FG)i)DMQZzfNTV t C)G)i)G)ELN t DFC)DFS�DFE)E)BfQZYfGokTXLDMQZzfN��)DM¦¡DFG?J3P t DFC)G)BKJLG?vi)DMQZz)G)DdG)`FS�DFE)DFE)G)VWCLN]JLG)�fQFNu`FH1DF`ZJLb�G�DFDd�M¦d¦¡DFz)YfG)H1E)B1yWYfDFS t DFCLNTYf��C)bHd�fBKJLD DFD:CLN]JLGLN]XL[1E)b�� t �TXL[fQFNT�)G)y8c e YKN¡G?JLDFVgJ)XLVgB1k"!8V)QZE)DFE)G)V_ELNTkTXL{@vJLDFE)G)y\�)DM¦¡DFG?Jak1b�XON_B t ��kTXLG)z,B1HfNTELN�H . / . �_~�c 
hc�� D t XLG8� N�QFNTSUNgH1B1`ZvS�BK^�E)BfQZYf[$CLN]JLGLN]XL[1E)b�� t �TXL[fQFNT�)G)yl`FH1DF`ZJ£H t DFC)H1bjDWB1kfQZ�9^gJON]XON1QZ[ �Ic
©�G)YfY,DFC)B1S�H . 4fq*/a~�c �Ic e J)JLG)E)~FY,B1E t C)DZJ t BMXLBK^�G?X��Ui)YfB�CLN]JLGLN]XL[1E)bjD
z,BKXLDFkfNTE)G)V£`FH1DF`ZJLb E)BfQ�V�Y$�1NTCLNTz)YfDFCo`FH1��z,B1H1b���H1BMXLE8�UH1B1`Fk1��^gJONTDFS�b��
t C)G t DFC)DFE)BfQZD�Y,D t XON¤G)`aE)DZJLC«`FH1DF`ZJLb�ELNTC)��^_�1c e Y,B t B1`FH1BMXLG?XLBoDFS��
t CLNTH1G?XL[1E)B}B1�)DFE)G)Yf[ t DFC)G)BMJ�z,BKXLDFkfNTE)G)y�G�ELNTy)YfG_DF~FBIQZH1V?`F[nQZB}QZC)DZJLE)DFy
t XLB1YfE)BfQZYf[1{ `FH1DF`ZJLbdc�©0N1QZS�B1Y,C)G)S�� t C)B1|IDFE)E)�9{ S�BMJLDZXL[aQF¦¡DFC)G)i)DMQZz)G?v
QZG)S�S�DFYfC)G)i)E)B1yu`FH1DF`ZJLboQ"SUN1QFQZB1y

M
G}CLN]JLG)�fQZB1S

R
�]QZBfQZY,BKV?|nDFyuG)`5G?JLDZv

N]XL[1E)B1~FBh~�NT`MN?c� ¡DFC)G)BMJgBfQZE)B1H1E)B1y}S�BMJLb3`FH1�9z9B1H1b��nz,BKXLDFkfNTE)G)yuB1i)DFH1G?JLE)B
k1�TJLDFYRCLNTH1DFE

T = 2R/vs
� ~�JLD

vs =
√
γP/ρ

P�QZz9B1C)BfQZYf[�`FH1��zfN?�
P
JONTHTv

XLDFE)G)D1�
ρ t XLB1YfE)BfQZY,[)� γ = cP /cV t B1zfNT`MNTYfDZXL[§N]JLGLNTkfNTYfbdcf¬¡`j��CLNTH1E)DFE)G)V~FG?JLC)BfQZYKNTYfG)i)DMQZz9B1~FB�CLNTH1E)B1H1DMQZG)VaELN]�fBMJLG)S

P/ρ ∼ GM/R
�OB1Yfz)�TJONuJ)XLV
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t DFC)G)BMJON t �TXL[fQFNT�)G)y t BMXL��iLNTDFS�B1�)DFE)z)�
T ∼ 1/

√
γGρ

�,z9B1YfB1CLNTV_kTXLG)`FzfN
z�k1BMXLDFDnYfB1i)E)B1S��RQZB1B1Y,E)B1mnDFE)G){

T ≈
√

3π

2Gρ
.

e YfB¥QZB1B1YfE)B1mIDFE)G)D�ELN]�fBMJLG)Y,Q�V£H$�fB1C)B1mnDFS.QZB1~�XON1QZG)G�Q�ELNTkTXL{�JONTY,DZXL[Tv
E)bjS�GWJONTE)E)bjS�G8c

e J)JLG)E)~FYfB1E t C)DZJ t BKXLBK^_G?X��hi)YfB t �TXL[fQFNT�)G)B1E)ELNTV�E)DF�fQZY,B1y)i)G)H1BfQZYf[
H1B1`FE)G)zfNTDFY���z9B1~�JON t B1YfB1z��FE)DFC)~FG)G8��G?JL�9|IG)y�G)`RV�JLCLNa`FH1DF`ZJLb ELNTC)�9^_�
QZz)H1B1`F[ B1k1BMXLB1i)z)�1�d��S�DFE)[1mINTDFY,Q�V�G)`Zv�`MN«H1B1`FCLN1QZYKNTE)G)V�z,B1�M¦d¦¡G)�)G)DFE)YKN
E)D t C)B1`FCLNMi)E)BfQZYfG\H1DF|nDMQZYfHfN

κ
c)�£B1k1|IDFSlQ�XL��iLNTDdz,B1�M¦d¦¡G)�)G)DFE)Y_E)D t C)BTv`FCLNMi)E)BfQZYfG�V?HTXLV?DFY,Q�V\¦¡��E)z)�)G)DFy�YfDFS t DFCLNTYf��C)b�G t XLB1YfE)BfQZY,G8�ON_YKNTz)^}DB t C)DZJLDZXLV?DFY,Q�V���G)SUQZBfQZY�NTH1B1S ;
κ(ρ, T, Z)

c Q ��Yf[�S�DZ�1NTE)G)`FSUN�H1B1`FE)G)z)E)BTv
H1DFE)G)V t �TXL[fQFNT�)G)y8�)ELNT`FbjHfNTDFS�B1~FB E

κ
v�S�DZ�1NTE)G)`FS�B1S�G��?QZBfQZY,B1G)YIHgQ�XLDZJL��{@v

|nDFSjc �UQ�XLG t BgzfNTz9B1y?v�YfB t C)G)i)G)E)D κ H1B1`FCLN1QZYKNTDFY_HgE)DFz9B1YfB1C)B1SlQ�XLB1D1�OYfB
t B1YfB1znG)`ZXL��i)DFE)G)VnzfNTz}k1b�Er`MN t G)CLNTDFY9Q�VPG��1QZB1`ZJONTDFY JLB t BKXLE)G)YfDZXL[1E)B1D�JONTHTvXLDFE)G)D1�9z9B1YfB1C)B1DhELNMi)G)ELNTDFYuG)~FCLNTYf[nC)BKXL[ t B1C)mIE)V<c e YfB t C)G)H1DZJLDFY}z�CLN1QwvmnG)C)DFE)G){ B1k1BKXLB1i)z)G8�0DFD�BM��XONT^gJLDFE)G){ G¥��S�DFE)[1mnDFE)G){ DFD t XLB1YfE)BfQZYfG8c�UQ�XLG t C)G§�FYfB1SWz9B1�M¦d¦¡G)�)G)DFE)Y@E)D t C)B1`FCLNKi)E)BfQZYfGI��S�DFE)[1mINTDFY9Q�V<�KG)`ZXL��i)DZvE)G)DI�M¦d¦¡DFz)Y,G)H1E)DFD t C)BfQFNKi)G)HfNTDFY,Q�V$i)DFC)DF`uQ�XLB1y�G\B1k1BMXLB1i)zfN�QZYfC)DFS�G)Y9Q�V
Q�^nNTY,[fQ�V_JLBu`FELNKi)DFE)G)y t XLB1YfE)BfQZYfGRG�YfDFS t DFCLNTY,�9C)bd�?QZB1B1YfH1YfDMQZYfH1��{h|nG)S~FG?JLC)BfQZYKNTYfG)i)DMQZz9B1S��nCLNTH1E)B1H1DMQZG){}c Q ^nNTY,G)D t B G)E)DFC)�)G)G t C)B1GLQ��fBKJLG)Y¡JLBE)DMQZz,BKXL[1z,B¡k1BMXL[1mIG?� t XLB1YfE)BfQZYfDFy8�MB1k1BKXLB1i)zfN B1H1E)B1H1[:CLNT`FB1~FC)DFHfNTDFY9Q�V<�Kz9BTv�M¦d¦¡G)�)G)DFE)Y�E)D t C)B1`FCLNKi)E)BfQZYfG��9H1DZXLG)i)G)HfNTDFY,Q�V<�OG t C)B1�)DMQFQ§�)G)z?XLG)i)DMQZz)G
t B1H1YfB1C,V?DFY,Q�V<cU JLELNTz,B�z,B1�M¦d¦¡G)�)G)DFE)Y_E)D t C)B1`FCLNKi)E)BfQZYfG�HuB1k1BMXLB1i)z9D§`FH1DF`ZJLb �fB1C)BTv
mnBoB t GLQZbjHfNTDFY,Q�V `MNTz,B1E)B1S

κ ∼ ρ/T 7/2 p `MNTz,B1E � CLNTS�DFCLQFN�x�� QZB1~�XON1Qwv
E)B$z,B1YfB1C)B1S��¥G)`FS�DFE)DFE)G)DWY,DFS t DFCLNTYf�9C)b.k1BMXLDFDWQZ��|nDMQZYfH1DFE)E)B)��i)DFS�G)`Zv
S�DFE)DFE)G)D t XLB1YfE)BfQZYfG8�0G�k1b�XLB$E)DFV)QZE)B)��zfNTz)G)S�B1k1CLNT`FB1S E

κ
v�S�DZ�TNTE)G)`FS�G

S�BK^}DFYoELNMiLNTYf[�CLNTk1B1YKNTY,[�H�C)DMN]XL[1E)b����fQ�XLB1H1G)V��=c 0�BMXL[1z,B�H . /�2Ts�~F~Àc
H¥CLNTk1B1YKN]�£QZB1H1DFY,QZz9B1~FB�¦¡G)`FG)zfN Q c �Ic�� DFHfNTz)G)ELN�k1b�XLB t B1zfNT`MNTE)B)�5i)YfBE
κ
v�S�DZ�1NTE)G)`FS�GaHo`FH1DF`ZJLE)b�� B1k1BMXLB1i)zfN]� JLDFyLQZYfH1G)YfDZXL[1E)BoCLNTk1B1Y�NTDFYoG)`Zv

`MN\ELN]XLG)i)G)V3`FB1E¤iLN1QZY,G)i)E)BaG)B1E)G)`FB1HfNTE)E)B1~FB�H1BKJLB1C)BMJON$G3~�XONTH1E)bjS�B1kTv
CLNT`FB1S�~FDZXLG)V<c<��S�DZ�TNTE)G)`FS�D�� DFHfNTz)G)ELN t C)G�Q�^nNTY,G)GaB1k1BKXLB1i)z)G t XLB1Y1vE)BfQZYf[�H1B1`FCLN1QZYKNTDFY���N�Y,DFS t DFCLNTYf�9CLN\E)DRQ�XLDZJL�1DFY�N]JLGLNTkfNTYfG)i)DMQZz,B1S��3C)BTv
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QZYf��G)`Zv�`MN_Y,B1~FB)�Oi)YfB_iLN1QZY,[�YfD t XLB1H1B1ya�FE)DFC)~FG)G8�=H1b�JLDZXLV?DFS�B1y t C)G�Q�^nN]v
YfG)G8�UY,CLNTYfG)Y,Q�V�ELN�G)B1E)G)`MNT�)G){ NTYfB1S�B1H¤H1BKJLB1C)BMJON�G?XLGl~FDZXLG)V<c100NTz)S�G
B1k1CLNT`FB1Sj��z9B1�M¦d¦¡G)�)G)DFE)Y$E)D t C)B1`FCLNMi)E)BfQZYfG3H�`FB1E)D_iLN1QZYfG)i)E)B1y�G)B1E)G)`MN]v
�)G)GaJLDFyLQZYfH1G)YfDZXL[1E)B�H1B1`FCLN1QZYKNTDFY t C)G���H1DZXLG)i)DFE)G)G t XLB1YfE)BfQZYfG8c(U@k1CLNTY1vE)B)� t C)G}CLN1QZmnG)C)DFE)G)G t XLB1YfE)BfQZY,[ ��S�DFE)[1mINTDFY,Q�V=�TN:Y,DFS t DFCLNTYf�9CLN t N]JONTDFYS�DZJ)XLDFE)E)DFD_N]JLGLNTkfNTYfG)i)DMQZz9B1~FB\`MNTz,B1ELN t C)G�C)DFz9B1S�k1G)ELNT�)G)G¤S�DZJ)XLDFE)E)b��
��XLDFz)Y,C)B1E)B1HRH�NTYfB1S�b�H1BMJLB1C)BMJON�G?XLGa~FDZXLG)VaGaH1b�JLDZXLDFE)G)G$H1E)��YfC)DFE)E)DFy
�FE)DFC)~FG)G�G)B1E)B1H}H§H1G?JLD@C)DFz,B1S�k1G)ELNT�)G)B1E)E)B1~FBgG)`ZXL��i)DFE)G)V=�9G�z9B1�M¦d¦¡G)�)G?v
DFE)Y_E)D t C)B1`FCLNKi)E)BfQZYfG\��S�DFE)[1mINTDFY,Q�V<c

R=B1ELN�iLN1QZYfG)i)E)B1y�G)B1E)G)`MNT�)G)G�H1BMJLB1C)BKJONlB1k1CLNT`F�1DFY,Q�V H�JLGLN t NT`FB1E)DYfDFS t DFCLNTYf��C¤p . v . cD29x ·104 � GaCLN1Q t BMXONT~�NTDFY,Q�V\E)DZJON]XLDFz,B�B1YR¦¡B1YfBfQF¦¡DFC)b
`FH1DF`ZJLbd��iLN1QZY,G)i)ELNTV�G)B1E)G)`MNT�)G)V¤~FDZXLG)V�G)S�DFDFY\S�DMQZY,B t C)G¤k1BMXLDFD�H1b:QZBTv
z)G?��YfDFS t DFCLNTY,�9CLN]�_H1kTXLG)`FG 4 · 104 � HIk1BKXLDFD¡~�XL��k1B1z)G?� t BMJO¦¡B1Y,BfQF¦¡DFC?vE)b���Q�XLBKV��=c� ¡BfQ�XLDZJLE)DFDWB1kfQZYfBKV?YfDZXL[fQZYfH1B�G3B1k"!8V?QZE)V?DFY]� t B1i)DFS���G)S�DFE?v
E)B}iLN1QZYfG)i)ELNTV�G)B1E)G)`MNT�)G)VR~FDZXLG)V�H}BfQZE)B1H1E)B1S�B1YfH1DFiLNTDFYu`MN§z)C)� t E)B1SUN1QwvmnY�NTk1E)bjD�CLN]JLGLN]XL[1E)bjD t �TXL[fQFNT�)G)G��)DM¦¡DFG?J�c Q JLC)��~FB1y�QZYfB1C)B1E)bd�0CLN1Qwv
i)DFYfb t B1zfNT`FbjHfNT{@Y]�&i)Y,B�J)XLVl`FH1DF`ZJ Q��M¦d¦¡DFz)YfG)H1E)bjS�G YfDFS t DFCLNTYf��CLN]vS�GlH1bjmID ∼ 7500 � `FB1E)b�iLN1QZYfG)i)E)B1ylG)B1E)G)`MNT�)G)G Q�XLG)mIz,B1S kTXLG)`Fz)G
z t B1H1DFCf�?E)BfQZYfG8��NaJ)XLV�`FH1DF`ZJlQ��M¦d¦¡DFz)YfG)H1E)bjS�G£YfDFS t DFCLNTY,�9CLNTS�G3S�DZv
E)DFD ∼ 5500 � B1E)G�`MN]XLDF~�NT{hY�Q�XLG)mIz,B1S�~�XL��k1B1z,BWG8�<i)YfB�k1BMXLDFDgHfNT^_E)B)�
H��fBKXLBMJLE)b��3`FH1DF`ZJON]�¥C)DMN]XLG)`F�9{hY,Q�V¤�fQ�XLB1H1G)V�J)XLV¥B1k1CLNT`FB1HfNTE)G)V�z)C)� t vE)B1SUN1QZmnY�NTk1E)B1y}z9B1E)H1DFz)�)G)GuH1DF|nDMQZYfHfN?�Tz,B1Y,B1CLNTV§�9S�DFE)[1m}NTDFY¡~FCLN]JLG)DFE)Yfb
JONTHTXLDFE)G)y_GgYfDFS t DFCLNTY,�9CgHTJLBKXL[§CLN]JLG)�fQFN?�,YKNTzui)YfBdz)C)� t E)B1SUN1QZmnY�NTk1E)bjDCLN]JLGLN]XL[1E)bjD t �TXL[fQFNT�)G)GgE)D&CLNT`FH1G)HfNT{hY,Q�V=c e YfBhB1k"!8V)QZE)V�DFY]� t B1i)DFS��n¦¡DZvE)B1S�DFE¥`FELNKi)G)YfDZXL[1E)b�� t �TXL[fQFNT�)G)y�`FH1DF`ZJ�ELNTkTXL{�JONTDFY,Q�V¥ELNWJLGLNT~FCLNTS�S�D
A9DFC)�)m t C)��E)~�N]vr©�DMQFQZDZXON�H�JLBfQZYKNTYfB1i)E)BW��`Fz,B1y t BKXLBfQZD1�0ELNT`FbjHfNTDFS�B1y t BTvXLBfQZB1yWE)DMQZYKNTk1G?XL[1E)BfQZYfG8c � XON1QFQZG)i)DMQZz)G)DI�)DM¦¡DFG?JLb�GW`FH1DF`ZJLb�YfG t N � �NnDFH1b G � � �dG)C)b ELN]�fBKJLV�Y9Q�V�H��FYfB1y t BMXLBfQZD�H1bjmIDW~�XONTH1E)B1y t BfQ�XLDZvJLB1HfNTYfDZXL[1E)BfQZYfG8c  ¡BMXLBfQFN_E)DMQZY�NTk1G?XL[1E)BfQZYfG t DFC)DMQZDFzfNTDFY�~�XONTH1E)�9{ t BfQ�XLDZvJLB1HfNTYfDZXL[1E)BfQZYf[uHgCLNTy)B1E)Dd`FH1DF`ZJ\QhSUN1QFQZB1yWE)DMQZz,BKXL[1z,B�H1bjmnDnQZBKXLE)DFi)E)B1y
p t �TXL[fQZG)C)��{@|IG)Dn`FH1DF`ZJLb�Y,G t N δ � G)Y�N�x�c

� `MNTz?XL{@i)DFE)G)DoB1Y,S�DFYfG)Sj�¡i)YfB�S�E)B1~FG)DoH1B t C)BfQZb t �TXL[fQFNT�)G)B1E)E)B1yE)DF�fQZYfB1y)i)G)H1BfQZYfG�`FH1DF`ZJ�DF|ID�JON]XLDFz)G«B1Y¤C)DFmnDFE)G)V<�5G£H¤�FY,B1S ELN t CLNTHTvXLDFE)G)G\H1DZJL��Y,Q�V�G)E)YfDFELQZG)H1E)bjD}GLQFQ�XLDZJLB1HfNTE)G)V<�<zfNTz\YfDFB1C)DFYfG)i)DMQZz)G)D1� YKNTz
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2×6 = 12
³w»´Ã]Ä�¿]Ä]¹T·ÀÅ)Ä�È��U· m ÄT»²´³wµ�¶¯Ä¡³5ÁT³w± j�¹T± jh²´ÄT²´°Z»¸ÅL»�¹]½-n&¹]±&½M¿T»´²¸°wÂ � ¿]°Z± X Æ\º]±�Ã]½M¿]Ä]°wÂ )��V �UÃ]µ&°w»´Ãj²¸±�Ã]¹]»´¿]¹]± jj²¯ÄT²¸°Z»´ÅLÆ l °Z± � Á]³F·�½:�¯ÃT· � +0Ä m ²´Ä]¼�½K¾�Ç�Ä]»<º]ÃT±À² m ±w²¸°ÀÂU±w¼ X Ä��°wÆ�³@ºT¼�±w²¸°Z¼]·�¹]²¸°w³Z» � ½��¸±�Ã � �Z·�¼T· m °Z»¸¼KÄT¶´½K¾�Ç�Ä�jd¹1·�º]¼T·�³wÃT»¯¹]ÄT»5±w° 
=±�Ã�¹��1·:¹1·:ºT»¸¼KÄ��

��»¯Ã]Ä#j � X ±�Ã�Â �"·Àµdº]±�Ã�½F±w²¯Â � l m ² �T»´¹]°Z¼�Ä]²´ÄT°Z»´° � Ä¡º]±�Ã]±�n"»¯¹]ÄT»"°Z»´ÃT·5¹1·�±À¼ X Ä]°Z»�³:±Àº]¼]» �ÁT»´ÃT»´¹�¹]Æ@jhÅO±ÀÅL»´¹T°5³w¼]»¸ÅL»´¹�Ä
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SUN�k1BMXL[1mnG?� t BMXL�1BfQZDFy�B1C)k1G)YRz,B1S t B1E)DFE)YWB1YfE)BfQZG)Y,DZXL[1E)B��)DFE)YfCLN�SUN1QFQ
QZGLQZYfDFS�b

a1 +a2 = a
�f�Fz�QZ�)DFE)YfC)GLQZG)YfDFYIB1C)k1G)Yfb

e
�9ELNTz?XLB1E)DFE)G)D@B1C)k1G)Y,b

zIXL�9i)�§`FC)DFE)G)V
i
p YKNTzni)YfB t C)G i = 90o B1C)k1G)YKN@H1G?JLELN@Q&C)DFk1CLN�x�� t B1`FG)�)G?vB1E)E)bjy_��~FBMX�H1BfQ��fBMJLV?|nDF~FBu��`ZXON¡B1C)k1G)Yfb

Ta
G_��~FBMX��1�1NTCLNTz)YfDFC)G)`F��{@|IG)y

t BMXLB�^IDFE)G)D t DFC)GLN1QZYfCLN ω p¨JLBKXL~FB1YKN t DFC)GLN1QZY,CLN�x�c�U@C)k1G)YKN]XL[1E)bjy t DFC)G?vBMJ�B1k1CLNT|nDFE)G)V�QZH1V?`MNTE«Q�SUN1QFQFNTS�Glz,B1S t B1E)DFE)Y3G£k1BKXL[1mnB1y t BMXL�1BfQZ[1{B1YfE)BfQZG)YfDZXL[1E)B1y\B1C)k1G)Yfb
a = a1 + a2

YfC)DFYf[1G)S�`MNTz9B1E)B1S � D t XLDFCLN

P = 2π
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a3

G(M1 +M2)

]1/2

.
prq9c . x

�UQ�XLG_`FH1DF`ZJLboH1G?JLE)b t B¡B1Y�JLDZXL[1E)BfQZYfG�p Y�c�E8c1H1G)`F�fN]XL[1E)BTv JLH1B1y)E)bjDhQZG?v
QZYfDFS�b¡x��TYfBhELNTkTXL{�JLDFE)G)V t B1`FH1BMXLV?{hYdH1BfQFQZYKNTE)B1H1G)Yf[¡B1C)k1G)Yfb�zfNT^gJLB1ygG)`
E)G?�\G$B1�)DFE)G)Yf[RG?�aSUN1QFQZ�1cOU JLELNTE)BWiLN1QZYfBRB�JLH1B1yLQZY,H1DFE)E)BfQZYfG¥QZGLQZYfDFS�b
S�BK^�E)B¤QZ�TJLG)Yf[ t B�ELN]XLG)i)G){ BMJLE)B1y�G?XLG�JLH1�,�oQZGLQZYfDFS�XLG)E)G)ylH¥QZ��S�v
SUNTC)E)B1S�Q t DFz)YfC)D1��z,B1Y,B1C)bjD t DFC)G)BKJLG)i)DMQZz)G�QZS�DF|}NT{@Y9Q�V¥G)`Zv�`MNa�M¦d¦¡DFz?v
YKN<NnB t)t XLDFCLN t C)G�JLH1G)^}DFE)G)G�z,B1S t B1E)DFE)YgH1B1z)C)��~¡B1k1|nDF~FBg�)DFE)YfCLNISUN1QFQp Q t DFYfz)CLN]XL[1E)BTv JLH1B1y)E)bjD}`FH1DF`ZJLb¡x�cQ t B1S�B1|n[1{�Q t DFz)Y,C)BfQZz,B t G)i)DMQZz)G?��ELNTkTXL{�JLDFE)G)y t BI�M¦d¦¡DFz)Yf� NnB t v
t XLDFCLN¡G)`FS�DFC,V?{hY,Q�VuXL��i)DFH1bjD:QZz,B1C)BfQZY,GgBMJLE)B1y_G?XLGgB1k1B1G?�u`FH1DF`ZJ�H¡`MNTH1G?vQZG)S�BfQZYfG}B1Y@B1C)k1G)Y�N]XL[1E)B1y}¦dNT`Fb�GnY�NTz)G)SaB1k1CLNT`FB1S t BMXL��iLNT{hY,Q�V�� � ����
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Vr(M1)
G
Vr(M2)

p QZSjc=©�GLQTc=q9c . x�c  ¡BKXL�fNTS t XLG)Yf�9vJLblz)C)G)H1b��gXL��i)DFH1b���QZz,B1C)BfQZY,DFy�`FH1DF`ZJ
Ki

p
i = 1, 2

x t B1`FH1BMXLV?{hYIELNTy)YfG
t C)B1DFz)�)G)GWk1BMXL[1mIG?� t BMXL�1BfQZDFy�B1C)k1G)Ygz9B1S t B1E)DFE)Y_ELN}zfNTC)YfG)E)E)�9{ t XLBfQwvz,BfQZY,[

ai sin i =
P

2π
Ki

√
1 − e2

prq9cD99x
p QZSjc,H1bjH1BKJ��FYfB1y�¦¡B1C)S��TXLb�HnQ t DF�)GLN]XL[1E)b���S�B1E)B1~FCLN1¦¡G)V9�<��ELN t C)G)S�DFC8�
�Ic�
&�FY,YfDFE8c
NnH1B1y)E)bjDnGWz)CLNTYfE)bjD§`FH1DF`ZJLbdc � c�; � G)C8� . /fq*J9x�c

00NTz)G)S�B1k1CLNT`FB1Sj��BMJLE)B1H1C)DFS�DFE)E)B1DWG)`FS�DFC)DFE)G)D
K1

G
K2 t B1`FH1BKXLV?DFYE)D t BfQZC)DZJOQZYfH1DFE)E)BgB t C)DZJLDZXLG)Yf[}B1YfE)B1mIDFE)G)DdSUN1QFQ z9B1S t B1E)DFE)Y M2/M1 =

a1/a2 = K1/K2
��NWQ t B1S�B1|I[1{ Y,C)DFYf[1DF~FBW`MNTz,B1E � D t XLDFCLN¤prq9c . x ELN]�fBTv

JLV?Y,Q�V�H1DZXLG)i)G)E)b

M1 sin3 i =
P (1 − e2)3/2

2πG
K2(K1 +K2)

2
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G
M2 sin3 i =

P (1 − e2)3/2

2πG
K1(K1 +K2)

2 .

UhQZYKNTDFY,Q�V\E)DFB t C)DZJLDZXLDFE)E)BfQZYf[WH�ELNTz?XLB1E)DFE)G)G�B1C)k1G)Yfb�P t BKXL�fNTS t XLG)Yf�9vJLb�z)C)G)H1b��\XL�9i)DFH1b��aQZz9B1C)BfQZYfDFy�S�B1~F�9YRk1bjYf[�BKJLG)ELNTz,B1H1bjS�G�J)XLVaCLNT`Zv
E)b��WB1C)k1G)Y��)ELNTz?XLB1E)DFE)E)b�� t BKJaCLNT`FE)bjS�G���~�XONTS�G8c

�dN1QZYfBhELNTkTXL{�JONTDFY,Q�V}Q t DFz)YfC}YfBMXL[1z9B@BKJLE)B1y}G)`5`FH1DF`ZJ�c*0�B1~�JONhG)`5z)C)G?vH1B1y�XL��i)DFH1b���QZz,B1C)BfQZYfDFy��FYfB1y�`FH1DF`ZJLb S�BK^�E)B t BfQZYfC)B1G)Yf[	� � � ��
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�
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f1(M) =
(M2 sin i)3

(M1 +M2)2
=
P (1 − e2)3/2

2πG
K3

1 ,
prq9cDL9x

z,B1YfB1CLNTVaG)S�DFDFY�CLNT`FS�DFC)E)BfQZY,[�SUN1QFQZbdc ��DIHfNT^_E)DFy)mnDFDgQZH1B1yLQZYfH1BRQZBfQZYfBTv
G)Y�H�YfB1Sj�Oi)Y,B�B1ELN�E)DMQZDFY�G)EL¦¡B1C)SUNT�)G){.B�SUN1QFQZD}H1YfB1C)B1y�p E)DFH1G?JLG)S�B1y<x
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z,B1S t B1E)DFE)Y,bd��JLH1G)^IDFE)G)D\z,B1YfB1C)B1yoE)DWB t C)DZJLDZXLV?DFY,Q�VoG)`WELNTkTXL{�JLDFE)G)y8c
NnDFyLQZYfH1G)YfDZXL[1E)B)�?`FELNKi)DFE)G)D§¦¡�9E)z)�)G)G�SUN1QFQ@JONTDFY ��� � ��� ����� ����� � SUN1Qwv
QZb�H1YfB1C)B1y�z9B1S t B1E)DFE)Yfbd� t BfQZz9BMXL[1z)�WG)`�prq9cDL9x5Q�XLDZJL�1DFY ;

M2 = f1(M)
(1 +M1/M2)

sin3 i
≥ f1(M)

e YfB�QZH1B1yLQZYfH1B¥¦¡��E)z)�)G)GoSUN1QFQ�GLQ t BMXL[1`F�1DFY,Q�V t C)GoGLQFQ�XLDZJLB1HfNTE)G)G�YfDMQwv
E)b��¥JLH1B1y)E)b���QZGLQZY,DFS�Q�C)DZXLV?YfG)H1GLQZY,QZz)G)S�G3`FH1DF`ZJONTS�G p E)DFy)Y,C)B1E)E)bjS�G
`FH1DF`ZJONTS�G¥G�i)DFC)E)bjS�G�JLbjCLNTS�G<x���z,B1YfB1C)bjD�QFNTS�G�E)DgG)`ZXL��iLNT{hYWXLG)E)DFy?v
iLNTYfb��_Q t DFYfz)C)B1H}G�ELNTkTXL{�JONT{hY,Q�V�zfNTz�C)DFE)Yf~FDFE)B1HfQZz)G)D¡GLQZYfB1i)E)G)z)G8c��dN]v
t C)G)S�DFC8�8¦¡�9E)z)�)G)V�SUN1QFQ}E)DFz,B1YfB1C)b���C)DFE)Yf~FDFE)B1HfQZz)G?�\JLH1B1y)E)b��$QZGLQZYfDFS
P�zfNTE?JLG?JONTYfB1H�Hgi)DFC)E)bjD§JLbjC)b P�B1zfNT`FbjHfNTY,DMQ�V\QZH1bjmID L}SUN1QFQ Q BKXLE)�LNp NTkfQZBMXL{hYfE)bjyIH1DFCf�?E)G)y t C)DZJLDZX}SUN1QFQZb¤E)DFy)YfC)B1E)E)b��§`FH1DF`ZJ}H CLNTS�zfN]�dB1kTv
|nDFygY,DFB1C)G)GgB1YfE)BfQZG)YfDZXL[1E)BfQZYfG<x�c e YfBdQ�XL�9^_G)YdHfNT^�E)DFy)mnG)S¥��zfNT`MNTE)G)DFSj�
i)YfB¡z,B1S t NTz)Y,ELNTVg`FH1DF`ZJONdHd�FYfG?�}QZGLQZY,DFSUN]�}E)DjS�B�^IDFY§k1bjY,[dE)DFy)YfC)B1E)E)B1y`FH1DF`ZJLB1y�G8� t BTv�H1G?JLG)S�B1S��1� V?HTXLV�DFY9Q�VWi)DFC)E)B1yWJLbjC)B1y8c

 ¡BKJLi)DFC)z)E)DFS�H@`MNTz?XL{@i)DFE)G)D5�FYfB1~FB t NTCLNT~FCLN1¦dN?��i)YfB G)`FS�DFC)DFE)G)D5z9D t vXLDFC)B1HfQZz)G?�WB1C)k1G)YgH_Q t DFz)YfC)BfQZz,B t G)i)DMQZz)G?�WJLH1B1y)E)b���QZGLQZYfDFSUN]� t Bgz)C)G?vH1bjS�XL��i)DFH1b���QZz9B1C)BfQZYfDFyoE)D t B1`FH1BMXLV?DFY¤B t C)DZJLDZXLG)Y,[�HfQZD t NTCLNTS�DFYfC)bJLH1B1y)E)B1y�QZGLQZYfDFS�bd� t BfQZz9BMXL[1z)� E)DFG)`FH1DMQZYfDFE���~FBMX�ELNTz?XLB1ELNoB1C)k1G)Yfb z
XL��i)�R`FC)DFE)G)V<c@U JLELNTz,B�`MN]JONMiLN�S�BK^}DFY�k1bjYf[�C)DFmnDFELN�J)XLV�C)DZXLV?YfG)H1GLQZY1v
QZz)G?�\YfDMQZE)b��WJLH1B1y)E)b��$QZGLQZYfDFS«G)`nJLH1�9�\E)DFy)YfC)B1E)E)b��\`FH1DF`ZJ�� t BRz)CLNTy?vE)DFy¥S�DFC)D_BKJLELN�G)`gz9B1YfB1C)b���H1G?JLELN�zfNTz�CLN]JLG)B t �TXL[fQFNTC8c����FYfB1S�Q�XL�9v
iLNTDIJLDFYKN]XL[1E)bjy�NTELN]XLG)`}H1C)DFS�DFE t C)G?�fBKJON�G)S t �TXL[fQZB1HRz�ELNTkTXL{�JONTYfDZXL{
t B1`FH1BMXLV?DFY�QuGLQ t BMXL[1`FB1HfNTE)G)DFS�C)DZXLV�Y,G)H1GLQZY,QZz)G?���M¦d¦¡DFz)Y,B1H�ELNTy)YfG$HfQZD
t NTCLNTS�DFYfC)b�JLH1B1y)E)B1y�QZGLQZY,DFS�boGgYfB1i)E)BdB t C)DZJLDZXLG)Yf[dSUN1QFQZb£z9B1S t B1E)DFE)Yp QZSjcLE)G)^}DdH_CLNT`ZJLDZXLDI/9x�c

� ����� �\/?� ��*)6&6&��/?; % �?��� �"!$#"%&% ()��*)(,+ ����� �
e H1BKXL{@�)G)V `FH1DF`ZJ H�JLH1B1y)E)b�� QZGLQZYfDFSUN]� B1Y�XLG)iLNTDFY,Q�V B1Y��FH1BMXL{@v

�)G)G�BKJLG)E)B1i)E)b���`FH1DF`ZJ��:DMQ�XLG t C)G?XLG)H1E)B1D�HTXLG)V?E)G)D�QZBfQZDZJLE)DFy�z9B1S t BTvE)DFE)Yfb QZ�9|IDMQZYfH1DFE)E)B)c NnDFyLQZYfH1G)YfDZXL[1E)B)� t C)G?XLG)H1E)B1DR�fQZz9B1C)DFE)G)D1�UQZB1`ZJON]vHfNTDFS�B1DWH1B1`FS���|INT{h|nDFylSUN1QFQZB1y
M2

ELN�`FH1DF`ZJLD�Q�SUN1QFQZB1y
M1

G�CLN]JLG?v
�fQZB1S

R
Q�CLN1QFQZYfBKV?E)G)V

d
CLNTH1E)B p ��~�XLB1HfNTV `MNTH1GLQZG)S�G)BfQZYf[�B t ��|nDFELN�x
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at ≈ 2GM1M2R/d
3 c=�dNgJLBfQZYKNTYfB1i)E)B�SUN]XLb���CLN1QFQZYfBKV?E)G)V��=� B t C)DZJLDZXLV�vDFS�b��aG)`u�fQ�XLB1H1G)V
at ∼ g = GM2

1 /R
� t C)G?XLG)H1E)bjD_QZG?XLb QZ��|nDMQZYfH1DFE)E)B

GLQZzfNT^nNT{hYI¦¡B1C)S�� t B1H1DFCf�?E)BfQZYfGR`FH1DF`ZJLb M1
G t C)G)H1BMJLV?YIz t BKV?HTXLDFE)G){E)B1H1B1~FB�¦¡G)`FG)i)DMQZz9B1~FBR�M¦d¦¡DFz)Y�N?�LB1Y,QZ��Y,QZYfH1��{@|IDF~FBg��BKJLG)E)B1i)E)b��\`FH1DF`ZJ

G?XLGa��z9B1S t B1E)DFE)YRmIG)C)B1z)G?�\`FH1DF`ZJLE)b�� t NTC�PRz\H1B1`FS�B�^_E)BfQZYfG t DFC)DFYfDZvzfNTE)G)VWH1DF|nDMQZYfHfN�Q¡BMJLE)B1ya`FH1DF`ZJLb�ELNuH1YfB1C)��{Ic
� � ��� �!��� 3+C�� 9;C�� %1)�C+%�� <
	 6 C5=�<19A</?'02B�� <
	 6

U@k1bji)E)B�H�Y,DFB1C)G)G.�FH1BKXL{@�)G)G YfDMQZE)b�� JLH1B1y)E)b��.QZGLQZY,DFS p 0@N Q x
t BMXL[1`F��{@Y9Q�V ��� �
� � � � ��������������� ����������������� t C)G z,B1YfB1C)B1S `FH1DF`ZJLb
QZi)G)YKNT{hY,Q�V�YfB1i)DFi)E)bjS�G�SUN1QFQFNTS�G�G3G?��QZB1kfQZYfH1DFE)E)bjS�S�B1S�DFE)YfB1S�H1CLN]v
|nDFE)G)V�S�BK^_E)B t C)DFE)DFk1C)DFi)[ t BRQZCLNTH1E)DFE)G){ Q§B1C)k1G)YKN]XL[1E)bjSjc e YfB t C)G?vkTXLG)^IDFE)D¡H t BMJONTHTXLV?{h|nDFS£k1BKXL[1mnG)ELQZYfH1D§Q�XL�9iLNTDFHgH t BKXLE)D@JLBfQZY�NTYfB1i)E)B)�
t BfQZz,BKXL[1z)�¤B1k1bji)E)B t BKXLYfE)BfQZYf[a`FH1DF`ZJLb�p `MN�GLQZz?XL{hi)DFE)G)DFS�E)DFz,B1YfB1C)b��
S�BMJLDZXLDFy�E)DFy)YfC)B1E)E)b��W`FH1DF`ZJ�Q¡BKJLE)B1C)BMJLE)B1y t XLB1YfE)BfQZYf[1{Ix"QZG?XL[1E)B���H1DZvXLG)i)G)HfNTDFY,Q�VWzW�)DFE)Y,C)�1c �U|nD§BKJLE)B_B1~FCLNTE)G)i)DFE)G)DIQZH1V?`MNTE)B_QdQZG)E?�?C)B1E)E)BTv
QZYf[1{�H1CLNT|nDFE)G)VIz,B1S t B1E)DFE)Y<0 N Q �]i)YfBjB1k1DMQ t DFi)G)HfNTDFY,Q�VIH:k1BKXL[1mnG)ELQZYfH1DQ�XL��iLNTDFH¥G?���M¦d¦¡DFz)Y,G)H1E)B1y t C)G?XLG)H1E)B1ylQZG)E?��C)B1E)G)`MNT�)G)DFy�p QZC8cUQ�XL��iLNTy
QZGLQZYfDFS�b R=DFS�XLV�v �d��ELN?�OH_z9B1YfB1C)B1y�H1CLNT|nDFE)G)D �d��E)b��9^}D§QZG)E?�?C)B1E)G)`FBTv
HfNTE)BIQjB1C)k1G)Y�N]XL[1E)bjS�B1k1CLNT|IDFE)G)DFS�E)DMQZS�B1YfC9V_ELN§SUN]XLbjy�CLN]JLG)�fQ �d��E)b
t B�QZCLNTH1E)DFE)G){ Q}DFD t BMXLBfQZY,[1{ ©0B1mIN�x�c��dNTz9B1E)DF�8���M¦d¦¡DFz)Yfb U�0:U J)XLV
~FCLNTH1G)YKNT�)G)B1E)E)B1~FBgH1`MNTG)S�BMJLDFyLQZY,H1G)VRHfNT^�E)b�YfBKXL[1z,B}J)XLV�B1i)DFE)[uYfDMQZE)b��
t NTC�E)DFy)YfC)B1E)E)b��$`FH1DF`ZJ¥G�i)DFC)E)b���JLbjC�ELN t BfQ�XLDZJLE)G?�¥QZYKN]JLG)V��aQ�XLG)V�v
E)G)V<c Q XLG)V?E)G)DgYKNTz)G?�a`FH1DF`ZJ�QZH1V?`MNTE)B�QIH1B1`FCLN1QZYKNT{h|nG)S t B�S�DFC)D_QZkTXLG?v
^IDFE)G)V�z9B1S t B1E)DFE)Y¥YfDFS t B1S��9E)BfQFN�B1C)k1G)YKN]XL[1E)B1~FB¤S�B1S�DFE)YKN�G)S t �TXL[fQFN~FCLNTH1G)YKNT�)G)B1E)E)bjS�G)`ZXL�9i)DFE)G)DFSjc e ¦d¦¡DFz)Yfb U�0:U QZYKNTE)B1H1V?Y,Q�V�B t C)DZJLDZvXLV?{@|IG)S�G8�jz,B1~�JON3CLNT`FS�DFC B1C)k1G)Yfb QZYKNTE)B1H1G)Y,Q�V t B1C,V�JLzfN3E)DMQZz,BKXL[1z)G?�
~FCLNTH1G)YKNT�)G)B1E)E)b���CLN]JLG)�fQZB1HIz,B1S t B1E)DFE)Y]c���JON]XL[1E)DFy)mnDFS�S�b£k1�TJLDFS t BTvXONT~�NTYf[ t C)G)kTXLG)^}DFE)G)D\©�B1m}N¤Q t CLNTH1DZJ)XLG)H1bjSjc e YfB1~FB$JLBfQZYKNTYfB1i)E)B�J)XLV
t B1E)G)SUNTE)G)V�BfQZE)B1H1E)b�� t C)B1�)DMQFQZB1H)� B1Y�XLG)iLNT{@|IG?���FH1BMXL{h�)G){ `FH1DF`ZJ�H
0 N Q B1YgBMJLG)E)B1i)E)b���`FH1DF`ZJ�c

©�N1QFQZS�B1YfC)G)S50@N Q G)` `FH1DF`ZJ
M1

G
M2

ELNdz)C)��~FB1H1B1y�B1C)k1G)YfD Q CLN]JLG?v
�fQZB1S

a
c��5bjk1DFC)DFS�QZGLQZY,DFS���z9B1B1CfJLG)ELNTY]��QZG)E?��C)B1E)E)��{ Q_B1C)k1G)YKN]XL[1E)bjS

B1k1CLNT|nDFE)G)DFS 0 N Q G�ELNMiLN]XLB1S«H��)DFE)Y,C)D§`FH1DF`ZJLb
M1

�LH_z9B1YfB1C)B1y\BfQZ[
x
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ELN t CLNTHTXLDFELN�B1Y$`FH1DF`ZJLb
1
z
M2

G3BfQZ[
z
ELN t CLNTHTXLDFELN$HTJLBMXL[¤H1DFz)YfB1CLN

H1CLNT|nDFE)G)V<c=���FY,B1y�QZGLQZYfDFS�D t B1YfDFE)�)GLN]Xa©0B1mIN�`MN t GLQZbjHfNTDFY,Q�V\HgH1G?JLD

Φ = − GM1√
x2 + y2 + z2

− GM2√
(x− a)2 + y2 + z2

− 1

2
Ω2[(x− µa)2 + y2]

prq9c �?x
~�JLD

µa = M2/(M1 + M2)a
�1NTCLNTz)YfDFC)G)`F�1DFY t BMXLB�^IDFE)G)D\�)DFE)YfCLN�SUN1QFQ

QZGLQZYfDFS�bdc: ¡BfQ�XLDZJLE)DFD3Q�XONT~�NTDFS�B1D¤B t GLQZbjHfNTDFY t B1YfDFE)�)GLN]X��)DFE)YfC)B1k1DF^gv
E)B1y�QZG?XLbdc R<NTS�DFYfG)Sj��i)YfB3QZG?XLb � B1C)G)BKXLGLQFN?�:z,B1Y,B1C)bjD�H1B1`FE)G)zfNT{hYoH
E)DFG)E)DFC)�)GLN]XL[1E)B1y�H1CLNT|INT{h|nDFyLQ�V�QZGLQZYfDFS�D�z9B1B1CfJLG)ELNTY]��B1Y,QZ��Y,QZYfH1��{@Y
G)`Zv�`MN t C)DZJ t BKXLBK^}DFE)G)V\Bgz,B1C)B1Y�NT�)G)G\HfQZDZ��YfB1i)DFzW`FH1DF`ZJLbdc

e z)H1G t B1YfDFE)�)GLN]XLG�ELN]�fBMJLV?Y,Q�VoG)`W�9CLNTH1E)DFE)G)V
Φ(x, y, z) = const

G
t C)DZJOQZYKNTHTXLV?{hY¡QZB1k1B1y_QZDFS�DFyLQZY,H1B§QZG)S�S�DFYfC)G)i)E)b��}B1Y,E)BfQZG)YfDZXL[1E)B¡BfQZDFy xG
y
p E)B:E)DUBfQZDMQZG)S�S�DFYfC)G)i)E)b�� � x t B1H1DFC,��E)BfQZYfDFy8c e YfG t B1H1DFCf�?E)BfQZYfGIH1kTXLG?v`FG��)DFE)Y,C)B1HI`FH1DF`ZJ�SUN]XLBIB1Y�XLG)iLNT{hY,Q�V�B1Y}QF¦¡DFC)G)i)DMQZz)G?�<�?H1B1z)C)�9~h`FH1DF`ZJLb

k1BMXL[1mIDFy�SUN1QFQZb CLNT`FS�DFC��Fz)H1G t B1YfDFE)�)GLN]XLG�k1BKXL[1mnD1�:BKJLELNTz,B t B�S�DFC)D
C)BfQZYKN�G?��CLN]JLG)�fQFNWB1Y�XLG)i)G)V¥B1Y�QF¦¡DFC)G)i)DMQZz,B1yoQZG)S�S�DFYfC)G)G�QZYKNTE)B1H1V?Y,Q�V
HfQZDR`MNTS�DFYfE)DFD1��G t C)G¤E)DFz9B1YfB1C)B1S�`FELNMi)DFE)G)G t B1YfDFE)�)GLN]XONaB1k1D t BKXLBfQZYfGzfN1QFNT{hY,Q�VIHhE)DFz9B1YfB1C)B1yuYfB1i)z,D¡p H1E)��YfC)DFE)E)V?VIYfB1i)zfN �§NT~FCLNTE)^nN

L1
x��]CLN1Qwv

t BMXLB�^IDFE)E)B1y�ELNIBfQZG�S�DF^_JL�}SUN1QFQFNTS�G8c e YfG�z)C)G)YfG)i)DMQZz)G)D t B1H1DFCf�?E)BfQZYfGE)BfQ�V?YgELNT`FHfNTE)G)D � � � ���
� ��� � ��� �Tc)©0DFmINTV��9CLNTH1E)DFE)G)DdY,C)DFYf[1DF~FB t B1C,V�J)vzfN
∂Φ/∂x = 0

�
y = z = 0

�OS�B�^_E)BRB t C)DZJLDZXLG)Yf[ t BKXLBK^}DFE)G)DgYfB1i)DFz L1
�

L2
��G
L3

ELN:BfQZG
x
�KH@z,B1YfB1C)b�� t B1YfDFE)�)GLN]Xu©�B1m}N@JLBfQZYfG)~�NTDFY@�Fz�QZYfC)DFS���SUNp SUNTz9QZG)S���SUN�x�c"R<NTS�DFYfG)Sj�?i)YfB}CLN1QFQZYfBKV?E)G)VRS�DF^gJL�_SUN1QFQFNTS�G�G�YfB1i)zfNTS�G

�§NT~FCLNTE)^nN p¨J)XLV«B t C)DZJLDZXLDFE)E)BfQZYfG�k1�TJLDFS QZi)G)YKNTYf[3H1DF`ZJLD
M1 ≥ M2

x
�TJLB1HTXLDFYfH1B1C9V�{hY�E)DFCLNTH1DFELQZYfHfNTS

L3M1 ≥ L2M2 ≥ L1M1 ≥ L1M2
p CLN]v

H1DFELQZYfH1BgG)S�DFDFY_S�DMQZY,B}Y,BMXL[1z,B�H_Q�XL��iLNTD§CLNTH1E)b��RSUN1QFQ]x�c Q DFi)DFE)G)D§�Fz)H1G?v
t B1YfDFE)�)GLN]XL[1E)b�� t B1H1DFC,��E)BfQZYfDFy�H_S�BKJLDZXLG�©0B1mIN�H�B1C)k1G)YKN]XL[1E)B1y t XLBfQwvz,BfQZY,G�JLH1B1y)E)B1yaQZGLQZYfDFS�D§G)`FB1k1CLNT^}DFE)B_ELN_©UGLQTc=q9cD9

� Q�XL��iLNTD§`FH1DF`ZJ\QdQZG?XL[1E)B_B1Y�XLG)iLNT{h|nG)S�GLQ�V\SUN1QFQFNTS�GWJ)XLVWCLN]JLG)�fQFN
t BMXLBfQZY,G_©�B1m}NdH1B1z)C)�9~�`FH1DF`ZJLboS�DFE)[1mIDFy_SUN1QFQZb

M2
iLN1QZYfBhGLQ t BMXL[1`F��{hY

t C)G)kTXLG)^}DFE)E)�9{ ¦¡B1C)S��TXL�

RL

a
= 0.49

(
M2

M1 +M2

)1/3

.
prq9cD29x
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� ÄT²wÈ )MÈ � È 
=»¯¿T»´¹�ÄT»�ºT±�³Z»¸¼��M¹T±À²¸°Z» j}¼T·�³w¹T±���±¡ºT±À°Z»´¹��]Ä1·�Ã1·:³§ÅO±¸ÁT»´Ã]Ä � ± �"·¡³§±w¼ X Ä��°�·�Ã]Âw¹]± juº�ÃT±À² m ±w²¸°wÄIÁT³Z±]j]¹]± jg²´Ä]²¸°Z»¸Å)Æ�È ��± m ·�¶�·�¹�Æ�°Z±�¿ m Ä � ·���¼]·�¹#n�·
L1

�
L2

�
L3

�
L4

Ä
L5

È ��±�ÃT±w²´°wÂ � ± �&·j¶�·��U°Z¼�Ä �F±À³Z·�¹1·MÈ
� � ��� ����� %43+%4)+</? � 62?4?

0�D t DFC)[3CLN1QFQZS�B1YfC)G)Sj�&zfNTz£H1DZJL�9Y�QZDFk1Vo`FH1DF`ZJLb H¥YfDMQZE)B1y£JLH1B1y)E)B1y
QZGLQZYfDFS�bdcU� QZYKNT�)G)B1ELNTC)E)B1S Q�XL�9iLNTDWCLNT`FS�DFC£zfNT^_JLB1yo`FH1DF`ZJLb B1~FCLNTE)G?v
i)DFE BMJLE)B1y�G)`$�Fz)H1G t B1YfDFE)�)GLN]XLDFy8�jG t B1zfN3`FH1DF`ZJLb JON]XLDFz)G«B1Y�`MN t BKX)vE)DFE)G)V¤z)C)G)YfG)i)DMQZz9B1y t BKXLBfQZYfG�©�B1m}N?��G?�¥¦¡B1C)SUNaSUN]XLBaB1Y�XLG)iLNTDFY,Q�V¥B1Y
QF¦¡DFC)G)i)DMQZz,B1y8c N§XLV�`FH1DF`ZJ���`MN t BKXLE)V�{h|nG?� t B1i)YfG�HfQZ{ t BMXLBfQZYfG¤©0B1mIN?�
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t C)G?XLG)H1E)bjD��M¦d¦¡DFz)Yfb ��^}D�QZG?XL[1E)B¤GLQZzfNT^nNT{@Y¥¦¡B1C)S��3`FH1DF`ZJLbdc �UQ�XLG
^}D:CLNT`FS�DFC�`FH1DF`ZJLb QZCLNTH1E)V?DFY,Q�VRQ:CLNT`FS�DFC)B1S t BMXLBfQZYfGR©�B1m}N?�)QZYKNTE)B1H1G)Y1vQ�V�H1B1`FS�BK^_E)bjS t DFC)DFS�DF|}NTYf[�iLN1QZYfG)�)b Q t B1H1DFC,��E)BfQZY,G3BKJLE)B1yo`FH1DF`ZJLb
H1E)��YfC)[d�Fz)H1G t B1YfDFE)�)GLN]XL[1E)B1y t B1H1DFCf�?E)BfQZYfG�QZBfQZDZJLE)DFy�k1DF`:G)`FS�DFE)DFE)G)V_DFD�FE)DFC)~FG)G8��YKNTz�zfNTz t C)G t C)G)kTXLG)^}DFE)G)G�z�YfB1i)z9D

L1
H1b:QZB1YKN t B1YfDFE)�)GLN]XL[TvE)B1~FBRkfNTC)[1DFCLN?� B1Y�JLDZXLV?H1mnDF~FB�YfB1i)z)G t B1H1DFCf�?E)BfQZYfGa`FH1DF`ZJLb�ELN�BfQZG

x
B1Y

QZBfQZDZJLE)DFy t BMXLBfQZYfG8�<QZYfC)DFS�G)Y,Q�V�z�E)�TXL{ p YfB1i)zfN
L1

V?HTXLV?DFY,Q�VaQZDZJ)XLB1H1B1y
YfB1i)z9B1y t B1YfDFE)�)GLN]XONR©0B1mIN?�8H�E)DFy ∇Φ(L1) = 0

x�c 0�NTz)G)S B1k1CLNT`FB1Sj� iLN]v
QZYfG)�)b NTYfS�BfQF¦¡DFC)b `FH1DF`ZJLbd��JLH1G)^_��|nG)DMQ�V£Q�Y,D t XLB1H1bjS�GlQZz,B1C)BfQZY]V?S�G
HuB1z)C)DMQZYfE)BfQZYfG�H1E)��YfC)DFE)E)DFyWYfB1i)z)G �§NT~FCLNTE)^nN?�LQ t BfQZB1k1E)b t C)B1E)G)z)E)��Yf[H1E)��YfC)[ t BMXLBfQZYfGa©�B1m}N�QZBfQZDZJLE)DFy\z9B1S t B1E)DFE)Yfbdc©�N1QFQZS�B1YfC)G)S¥YfD t DFC)[hJLH1B1y)E)��{«QZGLQZY,DFS��1�TQZBfQZY,BKV?|n��{�G)`j`FH1DF`ZJ_~�XONTHTv
E)B1y t BfQ�XLDZJLB1HfNTYfDZXL[1E)BfQZYfG M1

G
M2

ELN_z)C)��~FB1H1B1y�B1C)k1G)YfD1c�
5BMXLDFD}SUN1Qwv
QZG)H1ELNTV£`FH1DF`ZJON��FH1BMXL{h�)G)B1E)G)C)�1DFY�k1b:QZYfC)DFD1�5N¥`FELNMi)G)Y t DFC)H1B1ylELNKi)E)DFY
��H1DZXLG)i)G)HfNTYf[\CLN]JLG)�fQ�G¤`MN t BKXLE)V�Y,[�QZH1B1{ t BKXLBfQZYf[a©0B1mIN?c e YfBaS�BK^}DFY
t C)G)H1DMQZYfGgzuB1k1S�DFE)�}SUN1QFQ�S�DF^gJL�§z,B1S t B1E)DFE)Y�NTS�G8c9 ¡C)Gu�FYfB1Sj�TzfNTz t B1zfN]v`FbjHfNTDFYWNTELN]XLG)`uGai)GLQ�XLDFE)E)B1DgS�BMJLDZXLG)C)B1HfNTE)G)D1� t DFC)DFYfDFzfNTE)G)DuH1DF|IDMQZYfHfNk1�TJLDFY t C)B1GLQ��fBMJLG)Y,[}H}CLNT`ZXLG)i)E)b���mIzfN]XON]��H1C)DFS�DFE)G�Hn`MNTH1GLQZG)S�BfQZYfG�B1Y
p . x"�FH1BKXL{@�)G)B1E)E)B1~FB�QZBfQZYfBKV?E)G)V�`MN t BKXLE)V?{@|IDFy t BKXLBfQZYf[�©0B1mIN�`FH1DF`ZJLbd�p 99x"B1YfE)B1mIDFE)G)VWSUN1QFQdz,B1S t B1E)DFE)YRG¥p L9x"ELN]XLG)i)G)V�JLB t BKXLE)G)YfDZXL[1E)b���GLQwv
YfB1i)E)G)z9B1Hh��S�DFE)[1mnDFE)G)VgB1C)k1G)Y�N]XL[1E)B1~FBdS�B1S�DFE)YKNhG)S t �TXL[fQFNgp ELN t C)G)S�DFC8�H_Q�XL��iLNTD§B1i)DFE)[gYfDMQZE)b��WQZGLQZYfDFSj�)`MNgQZi)DFY_G)`ZXL��i)DFE)G)VW~FCLNTH1G)YKNT�)G)B1E)E)b��
H1BMXLE�JLH1B1y)E)B1yaQZGLQZYfDFS�B1y<x�c

N§XLV�zfNMi)DMQZYfH1DFE)E)B1~FB t B1E)G)SUNTE)G)V3�FH1BMXL{h�)G)G 0 N Q iLN1QZYfBaCLN1QFQZSUNTY1v
C)G)HfNT{hYhY�NTzIELNT`FbjHfNTDFS�bjy_z9B1ELQZDFC)HfNTYfG)H1E)bjy_B1k1S�DFEuSUN1QFQFNTS�G8�1z,B1~�JON t BTvQZYf�TXLG)C)�1DFY,Q�V<�9i)YfB t DFC)DFE)BfQhSUN1QFQZb«S�DF^_JL�gz,B1S t B1E)DFE)YKNTS�GRJLH1B1y)E)B1yWQZG?v
QZYfDFS�b Q}z)C)�9~FB1H1B1y¤B1C)k1G)YfB1y t C)B1GLQ��fBMJLG)Y�z,B1ELQZDFC)HfNTY,G)H1E)B�k1DF`gG)`FS�DFE)DZv
E)G)V t BMXLE)B1y¥SUN1QFQZb�JLH1B1y)E)B1y¥QZGLQZYfDFS�b G�QuQZBM�?CLNTE)DFE)G)DFS t BKXLE)B1~FBWS�BTv
S�DFE)YKN�G)S t �TXL[fQFN J � z9B1YfB1C)bjy�H�BfQZE)B1H1E)B1S�QZBfQZC)DZJLB1YfB1i)DFE�H�B1C)k1G)Y�N]XL[Tv
E)B1S JLH1G)^IDFE)G)G�`FH1DF`ZJ�c: ¡BfQZz9BMXL[1z)����~�XLB1HfNTV�QZz,B1C)BfQZY,[oB1C)k1G)YKN]XL[1E)B1~FB
JLH1G)^}DFE)G)V}B1k1DFG?�u`FH1DF`ZJ�BKJLG)ELNTz,B1HfN?�9N¡`FH1DF`ZJON§S�DFE)[1mnDFy_SUN1QFQZb

M2
JLH1G?v

^}DFY,Q�V t BdB1z)C)��^_E)BfQZYfGgk1BMXL[1mIDF~FBICLN]JLG)�fQFN§H1B1z)C)�9~:�)DFE)Y,CLN¡SUN1QFQ:QZGLQZYfDZvS�bd�TS�B1S�DFE)Y¡H1CLNT|nDFE)G)VuH¡CLN1QZi)DFYfD&ELNhDZJLG)E)G)�)�ISUN1QFQZb�J)XLV}�FYfB1y}`FH1DF`ZJLb
H1bjmnD1��i)DFS�J)XLV$k1BMXLDFD_SUN1QFQZG)H1E)B1y¥`FH1DF`ZJLb

M1
c Q i)G)YKNTV<�8i)YfBWQZ��S�SUNTC?v
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E)bjy�S�B1S�DFE)Y_H1CLNT|IDFE)G)V\QZBM�?CLNTE)V?DFY,Q�V�H t C)B1�)DMQFQZD t DFC)DFE)BfQFNgH1DF|nDMQZY,HfN?�
t BMXL��iLNTDFSj�?i)YfB t C)G t DFC)DFE)BfQZD@H1DF|IDMQZYfHfNnB1Y}`FH1DF`ZJLb«k1BMXL[1mnDFy�SUN1QFQZb«ELN
S�DFE)[1mn��{�k1BKXL[1mINTV t BKXL�1BfQZ[gB1C)k1G)Yfb«JLH1B1y)E)B1y�JLBMXL^_ELNu��S�DFE)[1mINTYf[fQ�V<�
G¥B1k1CLNTYfE)B)�8DMQ�XLG¥YfDFC,V?DFY�SUN1QFQZ��k1BMXLDFD�XLDF~FzfNTV$`FH1DF`ZJON?��YfB t BMXL�1BfQZ[aB1C?v
k1G)Yfb t BfQ�XLD t DFC)DFYfDFzfNTE)G)V�JLBKXL^_ELN�H1B1`FCLN1QZYfG8c U JLELNTz,B¤B1Y,S�DFYfG)Sj��i)YfB
z,B1ELQZDFC)HfNTYfG)H1E)bjy t DFC)DFE)BfQaSUN1QFQ�V?HTXLDFY,Q�V£z)CLNTy)E)D\G?JLDMN]XLG)`FG)C)B1HfNTE)E)B1y
S�BMJLDZXL[1{}c)�&BTv t DFC)H1b��<���9^}D QFNTS�¦dNTz)Y}B1k1S�DFELN§SUN1QFQ@S�DF^gJL�uz,B1S t B1E)DFE?vYKNTS�G�V�HTXLV?DFY,Q�V�JLGLQFQZG t NTYfG)H1E)bjS t C)B1�)DMQFQZB1Sj�<z9B1YfB1C)bjy$E)DZXL[1`FV t BKXLE)BTvQZYf[1{«B t GLQFNTYf[d�9CLNTH1E)DFE)G)V?S�G�H t C)G)kTXLG)^IDFE)G)GR©�B1m}N?c9�5BTv�H1YfB1C)b��<�fHdC)DZvN]XL[1E)b���JLH1B1y)E)b��¤QZGLQZYfDFSUN]�¥HfQZDF~�JONaDMQZYf[W`FH1DF`ZJLE)bjy3H1DFYfDFC8����E)BfQ�V?|IG)y
S�B1S�DFE)Y�G)S t �TXL[fQFN?��N�HWQ�XL��iLNTDgB1i)DFE)[WYfDMQZE)b���QZGLQZY,DFS QZ��|nDMQZY,H1DFE)E)bjS
QZYKNTE)B1H1G)Y,Q�V���S�DFE)[1mnDFE)G)D§B1C)k1G)Y�N]XL[1E)B1~FBgS�B1S�DFE)YKN}H1CLNT|nDFE)G)V�G)`Zv�`MNuG)`Zv
XL�9i)DFE)G)V}~FCLNTH1G)YKNT�)G)B1E)E)b��nH1BKXLE8c1 ¡B1�FYfB1S��§G)`FS�DFE)DFE)G)D t NTCLNTS�DFYfC)B1H¡B1C?vk1G)Yfb t C)G�B1k1S�DFE)D§SUN1QFQ§V�HTXLV?DFY,Q�VWB1i)DFE)[�Q�XLB�^_E)B1y\`MN]JONKi)DFy8c

N§XLV_�fQZYfB1y)i)G)H1BfQZY,G t DFC)DFYfDFzfNTE)G)V_E)��^_E)B§YKNTz)^}D t B1YfC)DFk1B1HfNTYf[)�9i)YfBTvk1boH1BdH1C)DFS�V t DFC)DFYfDFzfNTE)G)Vu`FH1DF`ZJONdHfQZD�H1C)DFS�VgELN]�fBMJLG?XON1QZ[§Hdz9B1E)YKNTz)YfDjQ
t BMXLBfQZYf[1{.©�B1m}NH;

R(t) = RL(t)
BKJLE)B1H1C)DFS�DFE)E)B�Q

ṘL = ṘL
c  ¡DFC)DZ�fBKJLV

z t DFC)DFS�DFE)E)B1y\SUN1QFQZD1�O�FYfGWCLNTH1DFELQZYfHfNgS�B�^_E)B_`MN t GLQFNTYf[gH_H1G?JLD
d lnR

d lnM
=
d lnRL

d lnM
�UQ�XLGW�FY,BICLNTH1DFELQZYfH1BuELNTC)��mINTDFY,Q�V<��Y,B t DFC)DFYfDFzfNTE)G)DhXLG)k1B t C)DFz)CLNT|INTDFYfvQ�V<��XLG)k1BuC)DF`Fz,BuH1B1`FCLN1QZYKNTDFY]c��dN t C)G)S�DFC8�)HuQ�XL��iLNTD t B1YfDFC)G�SUN1QFQZb k1BKXLDFD
SUN1QFQZG)H1E)B1y�z9B1S t B1E)DFE)YfB1y£J)XLVo�fQZY,B1y)i)G)H1B1~FB t DFC)DFYfDFzfNTE)G)VoYfC)DFk1�1DFY9Q�V<�
i)YfB1k1b CLN]JLG)�fQ_`FH1DF`ZJLb t C)G��9S�DFE)[1mIDFE)G)G¤DFD_SUN1QFQZb Y,BK^}DuJLBfQZYKNTYfB1i)E)B
k1b:QZYfC)B_��S�DFE)[1mIN]XOQ�V=c e YfBg�fQ�XLB1H1G)DnH1b t BMXLE)V?DFY,Q�V�JON]XLDFz,B�E)D¡J)XLV�HfQZDZ�
`FH1DF`ZJuPnELN t C)G)S�DFC8�fB1E)B¡B1i)DFH1G?JLE)B§E)DjH1b t BMXLE)V?DFY,Q�VuJ)XLVIH1bjC)B�^gJLDFE)E)b��`FH1DF`ZJaQhB1k1CLNTYfE)B1y�`MNTH1GLQZG)S�BfQZYf[1{�SUN1QFQFN]v�CLN]JLG)�fQT� NuY�NTz)^IDhJ)XLV�`FH1DF`ZJ\Q
t C)B1Y�V?^}DFE)E)bjS�Gaz9B1E)H1DFz)YfG)H1E)bjS�G$B1k1BMXLB1i)zfNTS�G�p ~FG)~�NTE)Yfbd� QZH1DFC,��~FG)~�NTE?v
Yfb�G?XLG�`FH1DF`ZJLb�~�XONTH1E)B1y t BfQ�XLDZJLB1HfNTYfDZXL[1E)BfQZYfG\B1i)DFE)[�SUN]XLB1y\SUN1QFQZb¡x�c

�¡NTCLNTz)YfDFC)ELNTV mnzfN]XON�H1C)DFS�DFE)G.B1k1S�DFELN�SUN1QFQ£B t C)DZJLDZXLV?DFY,Q�V zfNTz
τṀ = M/Ṁ

c N§XLVlz9BMXLG)i)DMQZYfH1DFE)E)B1~FBoB t GLQFNTE)G)V«�FH1BMXL{h�)G)G«JLH1B1y)E)b��
`FH1DF`ZJgYfC)DFk1�1DFY,Q�V§JLDFYKN]XL[1E)B@��i)G)YfbjHfNTYf[ ErB1Yfz?XLG)zHG"H1E)��YfC)DFE)E)DFyuQZYfC)�9z)Y,�,v
C)b�`FH1DF`ZJLboELN@G)`FS�DFE)DFE)G)DjDFD�SUN1QFQZbd�Ti)YfBhH1B1`FS�BK^_E)BdY,BMXL[1z,B t ��YfDFS�i)GLQwv
XLDFE)E)B1~FB�C)DFmIDFE)G)V\QFNTS�BfQZB1~�XON1QZB1HfNTE)E)B1y�`MN]JONKi)G8c U JLELNTz,B�B1i)DFE)[�Q��fDFSUN]v



9 . � � �"!#��! � ��� �
	�%�$ � �[���
�������

YfG)i)DMQZz)GRS�BK^_E)B}CLNT`ZXLG)iLNTYf[gQ�XLDZJL��{h|nG)D§Q�XL��iLNTG8�?B1YfCLNT^nNT{h|nG)DhBfQZE)B1HTv
E)bjDn¦¡G)`FG)i)DMQZz)G)DIBfQZB1k1DFE)E)BfQZYfG t DFC)DFE)BfQFN_SUN1QFQ§HuJLH1B1y)E)b���`FH1DF`ZJON]�<c

. c R=H1DF`ZJON�~�XONTH1E)B1y t BfQ�XLDZJLB1HfNTYfDZXL[1E)BfQZYfGlS�DFE)[1mIDFylSUN1QFQZb `MN t BKX)vE)V?DFY t BKXLBfQZYf[}©0B1mIN?c) ¡DFC)DFYfDFzfNTE)G)D t C)B1GLQ��fBKJLG)YgHnS�DZJ)XLDFE)E)B1y�V�JLDFC)E)B1y
mnzfN]XLDIH1C)DFS�DFE)G8�OB t C)DZJLDZXLV?{h|nDFy�C)BfQZY_CLN]JLG)�fQFNg`FH1DF`ZJLb�ELN�QZYKN]JLG)GW~FBTv
C)DFE)G)VWH1BMJLB1C)BKJON?�

τṀ ≈ τn ' 1010 (M/M�)

(L/L�)

XLDFY prq9cDJ9x
�oQ�XL��iLNTD k1BKXLDFD SUN1QFQZG)H1E)B1yR`FH1DF`ZJLbd�9`MN t BKXLE)V?{@|IDFy t BKXLBfQZYf[I©0B1mIN?� t DZvC)DFYfDFzfNTE)G)D t C)B1GLQ��fBKJLG)Y¥Hak1BKXLDFD�z,B1C)B1Yfz9B1yoYfD t XLB1H1B1y�mIzfN]XLDWH1C)DFS�DFE)G
`FH1DF`ZJLb p H1C)DFS�V � DZXL[1H1G)ELN]vrA9DZXL[1S�~FBMXL[1�LN�x

τṀ ≈ τKH ' GM2

RL
∼ 3 · 107(

XLDFY
)

(M/M�)2

(R/R�)(L/L�)

prq9c q,x
9�c�R=H1DF`ZJON t BfQ�XLDI~�XONTH1E)B1y t BfQ�XLDZJLB1HfNTYfDZXL[1E)BfQZY,G�QnB1k1BMXLB1i)z,B1y$HgXL�9v

i)GLQZYfB1S�CLNTH1E)B1H1DMQZG)G8c� ¡DFC)DFYfDFzfNTE)G)D�G?JLDFY\H�YfD t XLB1H1B1y�mnzfN]XLDRH1C)DFS�DFE)G
B1k1BMXLB1i)z)G8�

τṀ ≈ τKH
c?©�N1QZi)DFYfb t B1zfNT`FbjHfNT{hY]�9i)YfBnJ)XLV_`FH1DF`ZJWk1BMXL[1mIDFy

SUN1QFQZbd�,`MN t BKXLE)V?{@|IG?� t BMXLBfQZY,[I©0B1mIN?�?G?XLG_J)XLVg`FH1DF`ZJWQjz,B1E)H1DFz)Y,G)H1E)b�v
S�G3B1k1BMXLB1i)zfNTS�G�p t C)G�XL{@k1B1S�B1YfE)B1mnDFE)G)G�SUN1QFQ]x t DFC)DFYfDFzfNTE)G)D t C)B1GLQwv�fBMJLG)YW`MN�B1i)DFE)[Wz9B1C)B1Yfz,B1DgH1C)DFS�V$H�mnzfN]XLD1��kTXLG)`Fz,B1y¥z$~FG?JLC)BMJLG)ELNTS�G?v
i)DMQZz,B1y

τṀ ≈ τd ∼ 1/
√
Gρ

c
L�cL� Q t DF�)GLN]XL[1E)B1Sj�OE)B�HfNT^_E)B1S£Q¡YfB1i)z)GW`FC)DFE)G)VWELNTkTXL{�JONTYfDZXL[1E)b��

t C)BKV?HTXLDFE)G)y8�=Q�XL��iLNTDdYfDMQZE)b���JLH1B1y)E)b��WQZGLQZYfDFSj�)Huz,B1Y,B1C)b��RHfNT^}DFEW�M¦hv
¦¡DFz)Y��9E)BfQFNaB1C)k1G)YKN]XL[1E)B1~FB$S�B1S�DFE)YKNaG)S t �TXL[fQFNa`MN�QZi)DFY�`MNTSUNT~FE)G)i)DFE?v
E)B1~FB¡`FH1DF`ZJLE)B1~FB§H1DFYfCLNhG?XLGu~FCLNTH1G)YKNT�)G)B1E)E)B1~FB§G)`ZXL��i)DFE)G)V<� t DFC)DFYfDFzfNTE)G)DiLN1QZYfB�B t C)DZJLDZXLDFV?DFY,Q�V¥G)S�DFE)E)B\��S�DFE)[1mnDFE)G)DFS�B1C)k1G)YKN]XL[1E)B1~FB�S�B1S�DFE)YKN
H1CLNT|nDFE)G)VaQZGLQZYfDFS�bd�LYfBuDMQZYf[g��S�DFE)[1mnDFE)G)DFS�CLNT`FS�DFC)B1H�QFNTS�B1y t BKXLBfQZYfG©0B1mINuG)`Zv�`MNIH1DFz,B1H1B1~FBg��S�DFE)[1mnDFE)G)V�k1BMXL[1mIB1y t BMXL�1BfQZG�JLH1B1y)E)B1yWQZGLQZYfDZv
S�bdc9��NT^_E)DFy)mIG)S�G t C)G)S�DFCLNTS�G�YKNTz)G?�_QZGLQZYfDFS¤V�HTXLV?{hY,Q�V�SUN]XLB1SUN1QFQZG)HTv
E)bjD&0@N Q ;"H1`FC)bjH1E)bjD�p zfNTY�NTz?XLG)`FS�G)i)DMQZz)G)DTx t DFC)DFS�DFE)E)bjD1�5H¥z,B1YfB1C)b��
t BMXLBfQZY,[¡©0B1mIN§`MN t BMXLE)V?DFYd`FH1DF`ZJON¡~�XONTH1E)B1y t BfQ�XLDZJLB1HfNTYfDZXL[1E)BfQZYfG�Q&SUN1QwvQZB1y�B1z,BKXLB\SUN1QFQZb Q BKXLE)�LN�G?XLG�S�DFE)[1mID1�0N�H1YfB1C)bjS�z9B1S t B1E)DFE)YfB1S�V?HTv
XLV?DFY,Q�V�k1DZXLbjS zfNTCfXLG)z B SUN]XLB1SUN1QFQZG)H1E)bjD�C)DFE)Yf~FDFE)B1HfQZz)G)DuJLH1B1y)E)bjD_QZG?v
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QZYfDFS�b P¤NTELN]XLB1~�zfNTYKNTz?XLG)`FS�G)i)DMQZz)G?� t DFC)DFS�DFE)E)b��<�UE)B�H t NTC)D�Q�E)DFy?v
YfC)B1E)E)B1y£`FH1DF`ZJLB1y�G?XLGli)DFC)E)B1y£JLbjC)B1y8c U@C)k1G)YKN]XL[1E)bjD t DFC)G)BKJLb �FYfG?�
QZGLQZYfDFS B1z9BMXLB¤E)DMQZz9BMXL[1z)G?�liLN1QZB1H)c NnBfQZYfB1H1DFC)E)B¤S�G)E)G)SUN]XL[1E)B�G)`FH1DMQZY1v
E)bjy_B1C)k1G)YKN]XL[1E)bjy t DFC)G)BMJ��}SUN]XLB1SUN1QFQZG)H1E)B1yRC)DFE)Yf~FDFE)B1HfQZz,B1y�JLH1B1y)E)B1yH_mINTC)B1H1B1S«QZz,B t XLDFE)G)G � D C J�J�9���QZBfQZYKNTHTXLV?DFY_B1z,BKXLB . sgS�G)E)��Y�c

� �
��� ��;94?+:%"% �?��� �"!$#&%"%�+j�0�87"6 ����()��*L(,+
� `MNTH1GLQZG)S�BfQZYfG£B1Y�QZYfD t DFE)G£`MN t BMXLE)DFE)G)V t BMXLBfQZYfDFy�©�B1m}N¤z9B1S t BTvE)DFE)YKNTS�G�CLNT`ZXLG)iLNT{hY�Q�XLDZJL��{h|nG)D}YfG t b JLH1B1y)E)b��W`FH1DF`ZJ(;
. cf©�NT`ZJLDZXLDFE)E)bjD:JLH1B1y)E)bjD:QZGLQZYfDFS�bdc�U@k1Dj`FH1DF`ZJLboE)D�`MN t BMXLE)V?{hY t BTvXLBfQZYf[�©0B1mIN?c8�5z?XL{@iLNT{hY_HfQZDIH1G)`F�fN]XL[1E)BTv JLH1B1y)E)bjD}`FH1DF`ZJLb�G�mnG)C)B1z)G)D

Q t DFz)YfC)BfQZz,B t G)i)DMQZz)G)D§JLH1B1y)E)bjD t NTC)b�p ELN t C)G)S�DFC8� t C)DZJLzfNTYKNTz?XLG)`FS�G)i)DZvQZz)G)D t DFC)DFS�DFE)E)bjDTx��0JLH1B1y)E)bjD�CLN]JLG)B t �TXL[fQFNTC)bd��JLH1B1y)E)bjD�k1DZXLbjD�zfNTC?vXLG)z)G8c
9�c� ¡BKXL�9CLNT`ZJLDZXLDFE)E)bjD5JLH1B1y)E)bjD5QZGLQZYfDFS�bdc*U JLELN G)`U`FH1DF`ZJI`MN t BKXLE)V�DFY

t BMXLBfQZYf[$©0B1mIN?c Q {�JON�HT�fBKJLV�Y�`MNTYfS�DFE)E)bjD t DFC)DFS�DFE)E)bjDRY,G t N �:XL~FBKXLVp B1C)k1G)YKN]XL[1E)bjD t DFC)G)BMJLblE)DMQZz,BMXL[1z9BdJLE)DFy<x��fQZGLQZYfDFS�b�YfG t N ζ �&B1`FE)G)i)DF~FBp B1C)k1G)YKN]XL[1E)bjD t DFC)G)BKJLb t B1C,V�JLzfNg~FBKJON�x��LzfNTYKNTz?XLG)`FS�G)i)DMQZz)G)D t DFC)DFS�DFE?vE)bjDgp B1C)k1G)YKN]XL[1E)bjD t DFC)G)BMJLb�E)DMQZz9BMXL[1z,B�iLN1QZB1H?x��)C)DFE)Yf~FDFE)B1HfQZz)G)D¡JLH1B1y?v
E)bjDgp SUN1QFQZG)H1E)bjDdGRSUN]XLB1SUN1QFQZG)H1E)bjDTx�� QZG)S�k1G)B1YfG)i)DMQZz)G)Dd`FH1DF`ZJLb p B1C)k1G?v
YKN]XL[1E)bjD t DFC)G)BMJLb t B1C,V�JLzfNdE)DMQZz,BKXL[1z)G?�uXLDFY)x�c1¬¡`Zv�`MN t DFC)DFE)BfQFNdSUN1QFQ�ELNH1YfB1C)G)i)E)bjyWz,B1S t B1E)DFE)Y t BKXL�9CLNT`ZJLDZXLDFE)E)bjDnJLH1B1y)E)bjDdQZGLQZYfDFS�b B1kTXON]JON]v
{@YgELNTG)k1BKXL[1mnG)S ELNTkTXL{�JONTDFS�bjSlCLNT`FE)B1B1k1CLNT`FG)DFSjc

L�c � B1E)Y�NTz)YfE)bjD_JLH1B1y)E)bjD�QZGLQZYfDFS�bdc�U@k1D�`FH1DF`ZJLb.`MN t BKXLE)V?{@Y$QZH1B1G
t BMXLBfQZYfGR©�B1m}N?c � �FYfB1S��}z?XON1QFQZ� t C)G)ELN]J)XLDF^nNTY}`FH1DF`ZJLblYfG t N W 
5BMXL[Tv
mnB1y � DZJLH1DZJLG)�)b p SUN]XLB1SUN1QFQZG)H1E)bjDdJLH1B1y)E)bjDdG)`@`FH1DF`ZJW~FBfNTH1E)B1y t BfQ�XLDZvJLB1HfNTYfDZXL[1E)BfQZYfG8�)B1C)k1G)YKN]XL[1E)bjD t DFC)G)BMJLb�S�DFE)[1mIDnQZ��YfB1z<x��)QZGLQZYfDFS�b�YfG?v
t N β �dG)C)b�p SUN1QFQZG)H1E)bjD¡z9B1E)YKNTz)YfE)bjD@JLH1B1y)E)bjD@G)`h`FH1DF`ZJRCLNTE)E)G?�RQ t DFz?vYfCLN]XL[1E)b��Wz?XON1QFQZB1H �I�L�@��U Q t DFC)G)BMJONTS�G�E)DMQZz,BMXL[1z9B�JLE)DFyWP�E)DZJLDZXLV x�c


5BMXLDFD}¦¡G)`FG)i)DMQZz)G\B1k1BfQZE)B1HfNTE)E)B1y\V?HTXLV?DFY,Q�VRz?XON1QFQZGL¦¡G)zfNT�)G)VaH1`MNTG?v
S�BMJLDFyLQZYfH1��{h|nG?�gJLH1B1y)E)b�� t B§�FH1BKXL{@�)G)B1E)E)bjS�QZYKN]JLG)V?S¥z,B1S t B1E)DFE)Y,B1H)�YKNTz�zfNTzoH t C)B1�)DMQFQZD��FH1BMXL{h�)G)G£ELNKiLN]XL[1ELNTVoCLNT`ZJLDZXLDFE)ELNTV£QZGLQZYfDFSUN$G)`
JLH1�,��`FH1DF`ZJ3~�XONTH1E)B1y t BfQ�XLDZJLB1HfNTYfDZXL[1E)BfQZYfG t C)BK�fBMJLG)Y�CLNT`ZXLG)i)E)bjDW¦dN]v
`Fbdc 0�DFS�QFNTS�bjS��FH1BKXL{@�)G)VaJLH1B1y)E)B1y�QZGLQZYfDFS�b�JLH1��S�DFC)ELN�GaH�zfNT^gJLbjy
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S�B1S�DFE)YnH1C)DFS�DFE)GRB t C)DZJLDZXLV?DFY,Q�V��FH1BMXL{h�)G)B1E)E)bjSoQZYKNTYf�fQZB1S¥`FH1DF`ZJRG_B1C?v
k1G)YKN]XL[1E)bjS�G t NTCLNTS�DFYfCLNTS�GoQZGLQZYfDFS�b p k1BMXL[1mnB1y t BKXL�1BfQZ[1{ a

G?XLG t DZvC)G)BMJLB1S
P
Ga�Fz9QZ�)DFE)YfC)GLQZG)Y,DFYfB1S

e
B1C)k1G)Yfb¡x�c R<NTS�DFiLNTYfDZXL[1E)B)� i)Y,B_`FELNTV

t NTCLNTS�DFYfC)b B1C)k1G)Yfb�G�SUN1QFQZb z9B1S t B1E)DFE)Y\H�S�B1S�DFE)YWB1k1CLNT`FB1HfNTE)G)V¥QZG?v
QZYfDFS�bd�5S�BK^_E)BoQak1BMXL[1mIB1y�QZYfD t DFE)[1{ ��H1DFC)DFE)E)BfQZYfG CLN1QFQZi)G)YKNTYf[3�FH1BTv
XL{h�)G){ QZGLQZYfDFS�b H1BaH1C)DFS�DFE)G�p ~FB1H1B1C,V?Y]��CLN1QFQZi)G)YKNTYf[ Er�FH1BKXL{@�)G)B1E)E)bjy
YfC)DFzHG¡QZGLQZYfDFS�b¡x�c
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A9B1C)DFE)G)D z)C)DFS�E)G)V 32 � ? Q�B1k1CLNT`FB1HfNTE)G)DFS¤G)`FB1YfB t B1Hd��XLDFS�DFE)YfB1H§~FC)� t v
t b ^IDZXLDF`MN 56 ��� � 58 ��� � 60 �0� � 62 � ? G3Y]c J�c�`MNTS�bjzfNTDFY¥�)D t B1i)z)�3YfDFC)S�BTv
V�JLDFC)E)b��$C)DMNTz)�)G)y�H�E)DFH1bjC)BK^_JLDFE)E)B1S�V�JLC)D_SUN1QFQZG)H1E)B1y¤`FH1DF`ZJLbdc� ¡C)G
�FYfB1S t XLB1YfE)BfQZYf[dH¡�)DFE)YfC)Dj`FH1DF`ZJLb�JLBfQZYfG)~�NTDFYd`FELNKi)DFE)G)y ∼ 3 ·109 ~��]QZS 3 �YfDFS t DFCLNTYf��CLN 8 · 109 � ∼ 0.7 � �M� t C)GRSUN1QFQZD¡V�JLCLN . cD2�v89

M�
c� ¡C)GRH1b�v

QZB1z)G?�_YfDFS t DFCLNTYf��CLN]�}G t XLB1YfE)BfQZY]V9� t C,V?S�bjDhG_B1k1CLNTYfE)bjD@V9JLDFC)E)bjD@C)DZvNTz)�)G)G8� G?JL��|nG)D t B���XLDFz)YfC)B1SUNT~FE)G)YfE)B1S���zfNTELN]XL��p Q§GLQ t �fQZzfNTE)G)DFS G?XLG
t B1~�XLB1|IDFE)G)DFS«¦¡B1YfB1ELN�x��OELN]�fBMJLV?Y,Q�VWHgCLNTH1E)B1H1DMQZG)G8�OY�c�D1c)i)GLQ�XLB t C,V?S�b��C)DMNTz)�)G)y$H�DZJLG)E)G)�)��H1C)DFS�DFE)G�CLNTH1E)B�i)GLQ�XL��B1k1CLNTYfE)b��<c �UQ�XLG$k1b�V�JLC)B
`FH1DF`ZJLb�E)DhQ�^_G)SUN]XLBfQZ[)�9YfB§HIE)DFS�QZB§H1C)DFS�DFE)DFS3�fQZYKNTE)B1H1G?XLBfQZ[}k1blV�JLDFC?v
E)B1DhQZY�NTYfGLQZYfG)i)DMQZz,B1DhCLNTH1E)B1H1DMQZG)D1�?G�H1DF|IDMQZYfH1B t C)DZJOQZYKNTHTXLV�XLBIk1b QZS�DMQZ[
¦¡B1YfB1E)B1H)�OE)DFy)Y,C)B1E)B1H)�=N]XL[f¦dN]v�iLN1QZYfG)�aG\V�JLDFC��?G)S�G)i)DMQZz)G?����XLDFS�DFE)Y,B1H)�
z,B1E)�)DFE)YfCLNT�)G)V3z,B1Y,B1C)b��¥H1bji)GLQ�XLV�XON1QZ[�k1b t B�G)`FH1DMQZYfE)bjS�¦¡B1C)S��TXONTS
QZYKNTYfGLQZYfG)i)DMQZz9B1yl¦¡G)`FG)z)G8cpU JLELNTz9B��FY,B1~FB�E)D t C)B1GLQ��fBKJLG)Y3G)`Zv�`MN¤YfB1~FB)�
i)YfBgV�JLC)B�Q�^_G)SUNTDFY,Q�V<�LG\`MNTYfCLNMi)G)HfNTDFSUNTV�ELNgJLGLQFQZB1�)GLNT�)G){ V9JLDFCa�FE)DFC?v
~FG)Voi)DFC t NTDFY,Q�VlG)`�BfQZH1B1k1BK^gJONTDFS�B1y t C)GlQ�^nNTYfG)G£B1YfC)G)�LNTY,DZXL[1E)B1y t BTvYfDFE)�)GLN]XL[1E)B1y\~FCLNTH1G)Y�NT�)G)B1E)E)B1y\�FE)DFC)~FG)G8c  ¡C)G\�FYfB1S£Q�^nNTY,G)DdE)D§QZB t C)BTvH1BK^gJONTDFY9Q�V��9H1DZXLG)i)DFE)G)DFS�JONTHTXLDFE)G)V<�)zfNTz��FYfBuk1b�XLBuHgQ�XL��iLNTDd�fQZYfB1y)i)G?v
H1B1yu`FH1DF`ZJLbd� t BfQZz9BMXL[1z)�IJLGLQFQZB1�)GLNT�)G)VuV9JLDFC t C)DZJOQZYKNTHTXLV?DFYdQZB1k1B1yu¦dNT`FBTvH1bjy t DFC)DZ�fBMJ t DFC)H1B1~FBdC)BKJON@P¡�FE)DFC)~FG)VuCLN1Q��fBKJL�1DFY,Q�VgELNhG)`FS�DFE)DFE)G)DjH1E)�9vYfC)DFE)E)G?�aQZYfD t DFE)DFy$QZH1B1k1BMJLb iLN1QZY,G)�8�=N�E)DIELN���H1DZXLG)i)DFE)G)D}�FE)DFC)~FG)G�G?�
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YfD t XLB1H1B1~FB¤JLH1G)^IDFE)G)V<�5z,B1YfB1C)B1D�B t C)DZJLDZXLV?DFY�JONTHTXLDFE)G)D�E)DFH1bjC)BK^_JLDFE?v
E)B1~FB\~�NT`MN?c0 ¡B1�FYfB1S��$G)`Zv�`MNWJLGLQFQZB1�)GLNT�)G)G�V�JLDFC¥�9H1DZXLG)i)DFE)G)D�JONTHTXLDFE)G)V
t C)G}C)BfQZYfD t XLB1YfE)BfQZY,GnBfQZYKNTDFY,Q�V§E)DZJLBfQZYKNTYfB1i)E)bjS�J)XLV§z9B1S t DFELQFNT�)G)G_QZG?X~FCLNTH1G)YKNT�)G)G8c�©�BfQZY t XLB1YfE)BfQZYfG3QZB t C)B1H1BK^gJONTDFY9Q�V¤H1z?XL{hi)DFE)G)DFS�JLC)�9~FG?�
¦¡G)`FG)i)DMQZz)G?� t C)B1�)DMQFQZB1H�p HRiLN1QZYfE)BfQZYfG8� E)DFy)YfC)B1E)G)`MNT�)DFy$H1DF|nDMQZYfHfN t C)G`MN]�?HfNTYfD:QZH1B1k1BMJLE)b��_��XLDFz)YfC)B1E)B1H t C)B1YfB1ELNTS�G8�9QZSjcfE)G)^IDTx�� t C)G_z,B1YfB1C)b��E)DFy)YfC)G)E)B¡��E)BfQ�V?Yd�FE)DFC)~FG){�G)`�`FH1DF`ZJLbd�1i)YfB¡DF|IDjk1BMXL[1mnD �fQZz,B1C,V?DFYnQ�^nN]v
YfG)DdV�JLCLNu`FH1DF`ZJLbdc

��NT^_E)bjS�G¥¦¡G)`FG)i)DMQZz)G)S�G t C)B1�)DMQFQFNTS�G8��z,B1YfB1C)bjD_B1Y,H1DFiLNT{@Y�`MN t BTvYfDFC){ �fQZYfB1y)i)G)H1BfQZY,G�^}DZXLDF`FE)B1~FB$V9JLCLNa`FH1DF`ZJLb G�ELN1QZY,� t XLDFE)G)DR~FCLNTH1G?vYKNT�)G)B1E)E)B1~FB$z,BKX)XON t QFN?�UV?HTXLV?{@Y,Q�V t C)B1�)DMQFQZb ¦¡B1YfBKJLGLQFQZB1�)GLNT�)G)G£V�JLDFC
^}DZXLDF`MNgGWE)DFy)YfC)B1E)G)`MNT�)G)V�H1DF|IDMQZYfHfN?cO©�N1QFQZS�B1YfC)G)SlG?� t BMJLC)B1k1E)DFD1c
��� �!� �!��� <!02<'(�C+?'?'<��+C+6���C 


�IB1YfBKJLGLQFQZB1�)GLNT�)G)V ^IDZXLDF`MN P �FY,B CLNT`FHfN]X V9JLCLN ^}DZXLDF`MN ELN . L
N]XL[f¦dN]v�iLN1QZYfG)�@;

γ +56
26 Fe→ 132

4He+ 4n
p 4�c . x

N§XLV��FYfB1~FB t C)B1�)DMQFQFNgY,C)DFk1�1DFY,Q�V�`MNTYfCLNTYfG)Y,[}�FE)DFC)~FG){

χ = (13mα + 4mn −mFe)c
2 ≈ 120 � �M�

N§XLV«ELNMiLN]XON t C)B1�)DMQFQFN£¦¡B1Y,BMJLGLQFQZB1�)GLNT�)G)G�QZB1HfQZDFS E)D$E)��^_E)B3JLBfQZYfG?v
~�NTYf[$YfDFS t DFCLNTYf��C T ∼ χ

c"�IG)`FG)i)DMQZzfNTV t C)G)i)G)ELN$YfB1S��¤Y�N\^}D1��i)YfB$G
t C)GRG)B1E)G)`MNT�)G)G�NTY,B1S�B1H�p ¦¡B1C)S��TXON Q N]�TN�x�P t C)G�CLNTH1E)B1H1DMQZE)B1SoCLN1Q t C)DZvJLDZXLDFE)G)G_G)S�DFDFY,Q�Vuk1BMXL[1mnB1D@z,BKXLG)i)DMQZYfH1BIQZH1B1k1BKJLE)b��_iLN1QZYfG)�_Q5�FE)DFC)~FG)DFy
H1bjmnD�QZC)DZJLE)DFy8c�0�NTz8��J)XLV¤YfB1~FB)��i)YfB1k1b.H1DF|nDMQZYfH1BaELNM2Ts�� p t BaSUN1QFQZDTx
QZBfQZYfB�V9XLB}G)`¡NTYfB1S�B1HI^}DZXLDF`MNIG�ELNT2Ts�� G)`¡N]XL[f¦dN]v�iLN1QZYfG)��GRE)DFy)YfC)B1E)B1H
t C)G t XLB1YfE)BfQZYfG ρ ∼ 4 · 109 ~��]QZS 3 YfC)DFk1�1DFY,Q�VRYfDFS t DFCLNTYf��CLN ∼ 1.1 · 1010

� �)Y]c�D1c)XLG)mn[_E)DFELNTS�E)B1~FB�H1bjmnDIYfDFS t DFCLNTYf��C)b�Hgz)C)DFS�E)G)DFH1B1SlV�JLC)D1c
��� �!�����	� %4,+023+</)+C &46��+C 
.$/%�
 %4?'02$!6 C�����
 ��� =+3+<��+%4?'?'*

�@JLDFC)ELNTVu�FH1BMXL{h�)G)VuH@E)DZJLCLN]�}`FH1DF`ZJ_H@�)DZXLB1S¥QZB t C)B1H1B�^gJONTDFY,Q�V}��H1DZvXLG)i)DFE)G)DFS B1Y,E)BfQZG)YfDZXL[1E)B1~FB�QZBKJLDFC,^nNTE)G)V�E)DFy)YfC)B1E)B1H�; DMQ�XLG�H£ELNKiLN]XLD
�FH1BMXL{h�)G)G�H\H1DF|IDMQZYfH1D1��QZBfQZYfBKV?|nDFS t B�SUN1QFQZD�ELN�q*2�� G)`�H1BKJLB1C)BMJON$G
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9�2�� G)`�~FDZXLG)V<�&ELN5J t C)B1YfB1E)B1H t C)G?�fBMJLG)Y9Q�V . E)DFy)YfC)B1E8�5YfB¥��^ID t BTvQ�XLDdB1k1CLNT`FB1HfNTE)G)V�~FDZXLG)VR�FYfB}QZB1B1Y,E)B1mnDFE)G)Dd��S�DFE)[1mINTDFY,Q�V�JLB . ; . c Q C)BTv
QZYfB1S t XLB1Y,E)BfQZYfGlG�ELNMiLN]XLB1S H1bjC)BK^gJLDFE)G)V«��XLDFz)YfC)B1E)b t C)G)B1k1C)DFYKNT{hYG)`Zv�`MN t C)G)E)�)G t NR dNM�TXLG�C)DZXLV?YfG)H1GLQZY,QZz)G)DnQZz9B1C)BfQZYfG�p �9^}D t C)G ρ > 106~��]QZS 3 x�c?�dNMi)G)ELNTV�Q E)DFz9B1YfB1C)B1y t B1C)B1~FB1H1B1yR�FE)DFC)~FG)G���XLDFz)YfC)B1E)B1HWp �FE)DFC?v
~FG)Ga�IDFC)S�G EF

xUQZYKNTE)B1H1V?Y,Q�V�H1B1`FS�B�^_E)bjS�G t C)B1�)DMQFQZb ����� � � ������� � 
����
H1DF|nDMQZYfHfNH;

He3 + e− → H3 + νe, EF = 18 � �M�
, ρ > 106 ~��]QZS 3

He4 + e− → H4 + n+ νe. EF = 20 � �M�
, ρ > 1011 ~��]QZS 3

Fe56 + e− →Mn56 + νe, EF = 4 � �M�
, ρ > 1011 ~��]QZS 3

R<NTS�DFYfG)Sj�?i)YfB
β
v�CLN1Q t N]J�B1k1CLNT`F��{h|nG?�,Q�VWCLN]JLG)BfNTz)Y,G)H1E)b���V�JLDFC�`MN t C)DZv|nDFE t C)G)E)�)G t B1S� dNK�TXLG8�=Y]c�z8c<��XLDFz)YfC)B1E)b�H1bjC)B�^gJLDFE)b GaHfQZDuH1B1`FS�B�^gv

E)bjD§�FE)DFC)~FDFYfG)i)DMQZz)G)D}QZBfQZYfBKV?E)G)VW`MNTE)V?Yfbdc
Q C)DZJLE)V?Vn�FE)DFC)~FG)VIE)DFy)YfC)G)E)B)��B1k1CLNT`F��{h|nG?�,Q�V t C)Gn��XLDFz)YfC)B1E)E)B1S$`MN]v

��HfNTY,D1� t B1C,V�JLzfN_�FE)DFC)~FG)G�`MN]�?HfNMi)G)HfNTDFS�B1~FBR��XLDFz)Y,C)B1ELN
〈Eν〉 ∼ 〈Ee−〉 ∼ EF ≈ 51.6(Yeρ12)

1/3 � �M� p 4�cD99x
~�JLD

Ye = ne/nb
Pui)GLQ�XLBu��XLDFz)YfC)B1E)B1HuELN§kfNTC)G)B1E�p s?c ��9IELN§ELNKiLN]XLBg~FB1C)DZv

E)G)VWz)C)DFS�E)G)V=x��
ρ12 = ρ/(1012 ~��]QZS 3 x�P t XLB1Y,E)BfQZYf[)c ¡C)G�E)DFy)YfC)B1E)G)`MNT�)G)Ga� t C)��~FBfQZYf[gH1bjC)B�^gJLDFE)E)B1~FB�H1DF|IDMQZYfHfN_��S�DFE)[TvmINTDFY,Q�V<� YKNTz zfNTz���S�DFE)[1mINTDFY,Q�V�z,B1E)�)DFE)Y,CLNT�)G)V���XLDFz)YfC)B1E)B1H t C)G�QZBTv

��CLNTE)DFE)G)G t XLB1YfE)BfQZYfGgkfNTC)G)B1E)B1H�p¨XLD t Y,B1E)E)bjy t NTCLNTS�DFYfC Ye
x��1Y]c�D1cfB t V?Yf[

t C)B1GLQ��fBKJLG)Y£¦dNT`FB1H1bjy t DFC)DZ�fBKJ . v�~FB�C)BMJON?�5G£�M¦d¦¡DFz)YfG)H1E)bjy t B1zfNT`MN]vYfDZXL[�N]JLGLNTkfNTYfb H1DF|IDMQZYfHfN
Γ = d log P/d log ρ

��S�DFE)[1mINTDFY9Q�V¤QS2f�*LRJLB
�9�*L�c � G)`�YfDFB1C)DFS�b H1G)C)GLN]XON3p G?XLG��fQ�XLB1H1G)V¤~FG?JLC)BfQZYKNTY,G)i)DMQZz,B1~FB$CLNTHTv
E)B1H1DMQZG)V�`FH1DF`ZJLb¡xdG)`FH1DMQZYfE)B)��i)YfB t C)G�YKNTz9B1S t B1zfNT`MNTY,DZXLD�ELNTC)��mINTDFY,Q�VS�DZ�TNTE)G)i)DMQZzfNTV �fQZYfB1y)i)G)H1BfQZY,[�`FH1DF`ZJLbdc: ¡B1�FYfB1S�� ����� � ��������� � 
����������
� � �
� � �	��� � ����� �
� ������� � ��� ��� � ������
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NnB t BKXLE)G)YfDZXL[1ELNTV t C)G)i)G)ELN t B1YfDFC)GR~FG?JLC)BfQZYKNTYfG)i)DMQZz9B1y��fQZYfB1y)i)G)H1BTv
QZYfGg`FH1DF`ZJLb�Pn�M¦d¦¡DFz)Y,b£B1k1|nDFy�YfDFB1C)G)GgB1YfE)BfQZG)YfDZXL[1E)BfQZYfG@;,HIU�0:U�JONTHTv
XLDFE)G)D�H1DF|IDMQZYfHfN$JONTDFY¥H1z?XON]JlH�QZG?XL� t C)G)Y]V?^IDFE)G)V�p B1k1CLNT`FE)B¥~FB1H1B1C9V<�
JONTHTXLDFE)G)D$B1kTXON]JONTDFY ErH1DMQZB1S�G�x�� t B1�FYfB1S�� t C)Glk1BMXL[1mIG?� t XLB1Y,E)BfQZY�V��£G
JONTHTXLDFE)G)V��¤H1bjC)BK^_JLDFE)E)B1~FB�~�NT`MN\�M¦d¦¡DFz)Yfb U�0:U t C)G)H1BMJLV?Y�z¤��H1DZXLG?v
i)DFE)G){ QZG?XLbd�OQZYfC)DFS�V?|nDFyLQ�V\Q�^INTYf[u`FH1DF`ZJLE)B1DnH1DF|nDMQZY,H1B)c

 ¡C)G§E)DFy)Y,C)B1E)G)`MNT�)G)GnH1DF|nDMQZY,HfNj`FH1DF`ZJONjB1i)DFE)[:k1b:QZYfC)BjY,DFC,V?DFY:�fQZYfB1y?v
i)G)H1BfQZYf[�; t B1YfDFC,V�� t C)��~FBfQZYfG t C)G)H1BKJLG)Ygz�Q�^nNTYfG){�GRELNT~FC)DFH1�1�9E)B}B1YfC)G?v
�LNTYfDZXL[1ELNTV$YfD t XLB1DFS�z9BfQZYf[WB1k1bji)E)b���`FH1DF`ZJ¥`ZJLDMQZ[ t DFC)DMQZY�NTDFY�QZCLNTkfNTYfb�v
HfNTYf[)�8YKNTz$zfNTz�JONTHTXLDFE)G)D�~�NT`MN?� t C)B1YfG)H1BMJLDFyLQZY,H1�9{h|nDFDRQ�^nNTYfG){}� t B1i)YfGE)Dh`MNTH1GLQZG)YgB1YIYfDFS t DFCLNTY,�9C)bdc 
5BMXL[1mINTV�iLN1QZYf[}�FE)DFC)~FG)GWB1Y}~FCLNTH1G)YKNT�)G?v
B1E)E)B1~FBgQ�^nNTY,G)V���E)BfQZG)Y,Q�VRE)DFy)YfC)G)E)B)�?B1k1CLNT`F�9{h|nG)S�GLQ�V t C)G�E)DFy)YfC)B1E)G?v
`MNT�)G)G8��G¥JONT^}D�DMQ�XLG�C)BfQZYaYfDFS t DFCLNTYf��C)b t C)G3z,BMX)XON t QZDWQZE)G)SUNTDFY�H1b�v
C)BK^_JLDFE)G)D@��XLDFz)YfC)B1E)E)B1~FBu~�NT`MN?�9�FE)DFC)~FG)V t C)BMJLBMXL^INTDFY}��E)BfQZG)Yf[fQ�V�NTE)YfG?vE)DFy)YfC)G)E)B�H��fBMJLD t C)B1�)DMQFQZB1H�k1DFYKN]v�CLN1Q t N]JLB1H t DFC)DF~FC)��^IDFE)E)b��$E)DFy)YfC)BTv
ELNTS�G�V�JLDFC8c �¡DFB1k1CLNTY,G)S�bjD t B1YfDFC)G��FE)DFC)~FG)G t C)G t C,V?S�b���G�B1k1CLNTYfE)b��
k1DFYKN]v�CLN1Q t N]JON]� t BMXL��i)G?XLG¤ELNT`FHfNTE)G)D�ªh© � � v t C)B1�)DMQFQZB1H)��H t DFC)H1bjD_CLN1QwvQZS�B1YfC)DFE)E)b��§A�NTS�B1H1bjS�G � DFE)k1DFC)~FB1Sjc�U@k"!8DFS�E)bjD t B1YfDFC)G§�FE)DFC)~FG)G t C)Gª¡© � �:v t C)B1�)DMQFQFN]�\QZG?XL[1E)B�`MNTH1GLQ�V?Y�B1YgYfDFS t DFCLNTY,�9C)b�G\QZBfQZY�NTHTXLV�{hY

Q
�
�
�

 ≈ (8 · 1011 �FC)~���p QZS 3· Q]x )ρ(T/109 � )6 ,

N�Qn�9i)DFY,B1S£C)DMNTz)�)G)y8�<G?JL�9|IG?��i)DFC)DF`IB1k1S�DFE�E)DFy)YfCLN]XL[1E)bjS��Ov�k1B1`FB1E)B1S
e− → Z0 → e− + νe + ν̃e

G
e+ + e− → νe + ν̃e

Q
�
�
�

 ∼ (4 · 1015 �FC)~���p QZS 3· Q )ρ(T/109 � )9 .

0�NTz)G)S.B1k1CLNT`FB1Sj�UELN�`MNTz?XL{hi)G)YfDZXL[1E)b��£QZYKN]JLG)V��3�FH1BKXL{@�)G)GlE)DFy)YfC)G)E?v
ELNTV�QZH1DFY,G)S�BfQZYf[�`FH1DF`ZJ p QZBfQZYKNTHTXLV?{h|INTV«ELN3~�XONTH1E)B1y t BfQ�XLDZJLB1HfNTY,DZXL[TvE)BfQZYfGWE)DMQZz9BMXL[1z,B t C)B1�)DFE)YfB1HgB1Y�¦¡B1Y,B1E)E)B1y�QZH1DFYfG)S�BfQZYfG<xU`FELNMi)G)Y,DZXL[1E)B
H1B1`FCLN1QZYKNTDFY_G�QZY�NTE)B1H1G)Y,Q�V t C)DFB1kTXON]JONT{h|nDFy8c
��� �!��� � "�6�� $!6208)�%1,�023+C+)�<8C </?'0�62)+</$
�!6 ��<19�9A62=�?46

�dN�ELNMiLN]XL[1E)b���QZY�N]JLG)V9�Wz9BMX)XON t QFNRE)DFYfD t XLB1H1bjD}E)DFy)YfC)G)E)B�QZH1B1k1BKJ)vE)B_H1b��fBKJLV�Y�G)`§V�JLCLN?�OE)B t B�S�DFC)D§ELNTCLN1QZYKNTE)G)V t XLB1YfE)BfQZY,G�QZYKNTE)B1H1V?Y,Q�V
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HfNT^_E)b t C)B1�)DMQFQZb.� t C)�9~FB1~FB�CLN1QFQZDFV?E)G)V¤E)DFy)YfC)G)E)B�ELN\QZH1B1k1BKJLE)b���E)�9v
z?XLB1ELN]�=�?ELNIV�JLCLN]�_Y�V?^}DZXLb���NTYfB1S�B1HnGRELNI��XLDFz)YfC)B1ELN]�<�9G?JL��|nG)D t B}zfN]vELN]XL�_Q�XONTk1B1~FBIH1`MNTG)S�BMJLDFyLQZYfH1G)V�i)DFC)DF` E)DFy)YfCLN]XL[1E)bjD}p Y�c�D1c t BfQZC)DZJOQZY,H1B1S
Z
v�k1B1`FB1E)B1HdPdCLN1QFQZDFV?E)G)D:ELNhE)��z?XLB1ELN]�}Gu��XLDFz)YfC)B1ELN]� x0G?XLGg`MNTC,V?^IDFE)E)bjD

p t BfQZC)DZJOQZYfH1B1S W+/− k1B1`FB1E)B1H}P t B1~�XLB1|nDFE)G)DnE)�9z?XLB1ELNTS�GWGRCLN1QFQZDFV?E)G)D
ELN���XLDFz)Y,C)B1ELN]� xnY,B1z)G8c N§XLV3E)DFy)Y,C)G)E)B¥E)G)`Fz)G?�o�FE)DFC)~FG)y

Eν � mnc
2

t BMXLE)B1D}QZDFi)DFE)G)DnCLN1QFQZDFV?E)G)VWE)DFy)YfC)G)E)B_ELNgQZH1B1k1BKJLE)b���E)�9z?XLB1ELN]�

σn ≈ 1

4
σ0

(
Eν

mec2

)2 p 4�cDL9x

~�JLD
σ0 = 1.76 · 10−44 QZS 2 P�¦¡�9E?JONTS�DFE)Y�N]XL[1E)B1DIQZDFi)DFE)G)D§HuYfDFB1C)G)G�Q�XON]v

k1b��RH1`MNTG)S�BKJLDFyLQZYfH1G)y8c�N§XLVRz,B1~FDFC)DFE)Y,E)B1~FB�CLN1QFQZDFV?E)G)V�ELNuV9JLCLN]��Y]V�^}DZv
XLb��§NTYfB1S�B1HjH:QZDFi)DFE)G)G t B�V�HTXLV?DFY,Q�VdS�E)BK^_G)Y,DZXL[ t B1C,V�JLzfN A2 � A P¡NTYfB1S�v
E)bjyuH1DMQTc]©0DMNTz)�)G)Gg� t C)��~FB1~FB¡CLN1QFQZDFV?E)G)VIE)DFy)YfC)G)E)B)�TY]c�D1cKG?JL��|nG)Djk1DF`5G)`ZvS�DFE)DFE)G)V��FE)DFC)~FG)GRE)DFy)Y,C)G)E)B)����H1DZXLG)i)G)HfNT{hYgE)D t C)B1`FCLNMi)E)BfQZYf[uJ)XLVRE)DFy?vYfC)G)E)BRk1DF`n`MNTS�DFYfE)B1~FBRG)`FS�DFE)DFE)G)VaG)E)Y,DFELQZG)H1E)BfQZYfGaE)DFy)Y,C)G)E)E)B1~FB�G)`ZXL�9v
i)DFE)G)V3NTELN]XLB1~FG)i)E)B 0�B1SUQZB1E)B1HfQZz,B1S���CLN1QFQZDFV?E)G){ ELN$QZH1B1k1BKJLE)b��3��XLDFz?v
YfC)B1ELN]�<c

�.B1YKXLG)i)G)D�B1Y$� t C)��~FB1~FB$CLN1QFQZDFV?E)G)V�ELN�E)��z?XLB1ELN]�=��CLN1QFQZDFV?E)G)DW~FBTv
C,V?i)G?��E)DFy)Y,C)G)E)B�ELNaH1bjC)BK^_JLDFE)E)b��3��XLDFz)YfC)B1ELN]�¤G)`Zv�`MN�SUN]XLB1y�SUN1QFQZb
t BfQ�XLDZJLE)G?��p

Eν � mec
2 xIE)BfQZG)Y3E)DF� t C)�9~FG)yl�TNTCLNTz)YfDFC8�&Y�c�z8c&�FE)DFC)~FG)V

E)DFy)YfC)G)E)BWHWzfNT^gJLB1S�NTz)YfDuCLN1QFQZDFV?E)G)V���S�DFE)[1mINTDFY,Q�V t C)G)S�DFC)E)BaHTJLH1B1D
p `MNTS�DFYfG)Sj�?i)YfB}H1bjC)BK^gJLDFE)E)bjy���XLDFz)YfC)B1EWQ

Ee < EF
H1B1B1k1|nDdE)DhS�BK^}DFY

YfDFC,V?Yf[}�FE)DFC)~FG){Ix�c e Y,BIQ t BfQZB1kfQZYfH1�1DFYgYfDFC)SUN]XLG)`MNT�)G)G�E)DFy)YfC)G)E)BuG t C)G?vH1DZJLDFE)G){lG?�nH@XLB1zfN]XL[1E)B1DjCLNTH1E)B1H1DMQZG)D:Q&H1DF|nDMQZYfH1B1S$`FH1DF`ZJLbd�1z,B1~�JON¡E)DFy?v
YfC)G)E)BuG)`Zv�`MN}k1BMXL[1mnB1y\B t YfG)i)DMQZz,B1yWYfBKXL|nG�B1zfNT`FbjHfNT{hY,Q�V Er`MN t DFC)YfbjS�GHGH1E)�9Y,C)G}V�JLCLNh`FH1DF`ZJLbdc�R<N]�?HfNTYdE)DFy)YfC)G)E)B¡�M¦d¦¡DFz)YfG)H1DFE t C)G t XLB1YfE)BfQZY]V9�
t B1C,V�JLzfN 3×1011 ~��]QZS 3 cf©�NTH1E)B1H1DMQZELNTV_YfDFS t DFCLNTYf��CLN¡`MN]�?HfNMi)DFE)E)b�� t C)Gz,BKX)XON t QZDIE)DFy)YfC)G)E)B�B1zfNT`FbjHfNTDFY,Q�VWB1z9BMXLB . s � �M�hc

� BMX)XON t Q�V�JLCLN�BfQZYKNTELNTHTXLG)HfNTDFY,Q�V t C)G t XLB1YfE)BfQZY]V�� t B1C9V9JLzfN t XLB1Y1vE)BfQZYfGnNTYfB1S�E)B1~FB V9JLCLN
ρnuc = 2.8·1014 ~��]QZS 3 � t C)Gnz9B1YfB1C)b��§QZ�9|IDMQZYfH1DFE?vE)bjS�GIQZYKNTE)B1H1V?Y,Q�Vd�M¦d¦¡DFz)Yfb¥H1bjC)B�^gJLDFE)G)VnE)DFy)YfC)B1E)B1H)��GnQ�^�G)SUNTDFS�BfQZYf[

H1DF|nDMQZYfHfN�B t V?Yf[WQ t BfQZB1k1ELN t C)B1Y,G)H1BfQZYfBKV?Yf[RJLDFyLQZYfH1G){ QZG?X¥Y�V?~FB1YfDFE)G)V<c
N§XLVuSUN1QFQZb Q BMXLE)�LNnCLN]JLG)�fQ�BMJLE)B1C)BMJLE)B1yRz,B1EL¦¡G)~F��CLNT�)G)Gap E)DFy)Y,C)B1E)E)B1y
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`FH1DF`ZJLb¡x}Q t XLB1YfE)BfQZYf[1{}�UCLNTH1E)B1ylV�JLDFC)E)B1y8��QZBfQZYKNTHTXLV?DFY¤B1z9BMXLB . 9$z)Sjc
©0DMNTz)�)G)DFy�QZH1B1k1BMJLE)B t N]JONT{h|nG?��H1E)DFmIE)G?��Q�XLB1DFHu`FH1DF`ZJLb«ELNIC)DF`Fz,Bg��H1DZv
XLG)i)G)H1mn��{¡Q�V$� t C)��~FBfQZYf[Rz,BKX)XON t QZG)C)�9{h|nDF~FB�V�JLCLNRV?HTXLV?DFY,Q�V&ErB1Y,QZz,B1zHG
H1E)DFmnE)G?�uQ�XLB1DFH)�Tz,B1Y,B1C)bjy8��zfNTz t C)DZJ t BMXONT~�NTDFY,Q�V<�1GIV?HTXLV?DFY,Q�V t C)G)i)G)E)B1yQZk1C)BfQFNgB1k1BKXLB1i)z)G�GWELNTkTXL{�JONTDFS�B1~FB��M¦d¦¡DFz)YKNgQZH1DFC,��E)B1H1B1ya`FH1DF`ZJLb p QZSjc
E)G)^}DTx�c

�UQ�XLGWk1b `MN]��HfNTYuE)DFy)YfC)G)E)B}B1Y,QZ��Y,QZYfH1B1HfN]X���HfQ�VR�FE)DFC)~FG)VRQZH1V?`FG�z,BKX)v
XON t QZG)C)��{@|IDF~FBoV9JLCLN3G)`ZXL��iLN]XON1QZ[oH�H1G?JLD�E)DFY,D t XLB1H1b���E)DFy)YfC)G)E)B�`MN
�1NTCLNTz)YfDFC)E)B1D§H1C)DFS�VWz,BKX)XON t QFN tcoll ∼ 1/

√
Gρ ∼ 4 · 10−3ρ

−1/2
12

�*;

Lnu,max ∼
(
GM2/Rnuc

tcoll

)
∼ 1057 �FC)~��]Q

� C)DF`F�TXL[�YKNTYfD�`MN]��HfNTYKN�E)DFy)YfC)G)E)B3V�JLC)B3QZYKNTE)B1H1G)Y9Q�VoJ)XLV�E)G?�lE)D t C)BTv`FCLNMi)E)bjSj�¡G�E)DFy)Y,C)G)E)ELNTV�QZH1DFYfG)S�BfQZYf[lC)DF`Fz,B t N]JONTDFY�c¡�dN£E)DFz9B1YfB1C)B1D
H1C)DFS�V}H1B1z)C)�9~:QZz9BMX)XON t QZG)C)B1HfNTH1mnDF~FBuV�JLCLNhB1k1CLNT`F�1DFY,Q�VuB t YfG)i)DMQZz)GgY,BMX)vQZYKNTV ErE)DFy)YfC)G)E)BfQF¦¡DFCLN#G�c  ¡B£QZ��|nDMQZYfH1�1��ELN3�FYfB1y�QZYKN]JLG)G E)DFy)YfC)G)E)ELNTV
QZH1DFYfG)S�BfQZYf[�B t C)DZJLDZXLV?DFY,Q�V3JLGL¦d¦¡��`FG)DFyoYfDFC)SUN]XLG)`FB1HfNTE)E)b���E)DFy)YfC)G)E)B
G)`§Q�^INTH1mnDF~FBfQ�VaV�JLCLN}P�~FB1C,V?i)DFy t C)B1Y,B1E)DFy)YfC)B1E)E)B1y�`FH1DF`ZJLbdc


5BMXLB1S�DFY,C)G)i)DMQZzfNTV�E)DFy)YfC)G)E)ELNTV_z)C)G)HfNTVgkTXLDMQZzfNnz,BKX)XON t QZG)C)�9{h|nDF~FBV�JLCLN_SUN1QFQZG)H1E)B1y�`FH1DF`ZJLb t B1zfNT`MNTELN�ELN_©�GLQTc@4�c . cO�¡DFYfD t XLB1H1bjD}E)DFy)YfC)G?vE)B)��C)BK^gJLDFE)E)bjD�H��fBKJLD�E)DFCLNTH1E)B1H1DMQZE)B1yoE)DFy)YfC)B1E)G)`MNT�)G)G�H1DF|nDMQZYfHfN�p H
BfQZE)B1H1E)B1Sj�

νe
� 〈εν,e〉 ' 15− 20 � �M�@x��,GLQ t �fQZzfNT{hY,Q�V�H t DFC)H1��{�QZDFz)��E?JL�

t BfQ�XLD�ELNMiLN]XON�z9BMX)XON t QFN�p t B1zfNWV�JLC)BWBfQZYKNTDFY,Q�V t C)B1`FCLNKi)E)bjS�J)XLV$E)DFy?v
YfC)G)E)B?x}G���E)BfQ�V?Y3S�DFE)DFD . s�� t BMXLE)B1y �FE)DFC)~FG)G8��H1b�JLDZXLV?DFS�B1y«H�H1G?JLD
E)DFy)YfC)G)E)B

Etot
ν ' 3− 5× 1053 �FC)~�c 
&BKXL[1mINTV�iLN1QZYf[IE)DFy)YfC)G)E)B§PuYfD t XLBTvH1bjD}E)DFy)YfC)G)E)B�G$NTE)YfG)E)DFy)YfC)G)E)B�HfQZDZ�\YfC)DZ��QZB1C)YfB1Hap

νeν̃e
�
νµν̃µ

�
ντ ν̃τ

x��
GLQ t �fQZzfNT{hY,Q�VRQ t B1H1DFCf�?E)BfQZYfGRB t YfG)i)DMQZz)GRYfBMXOQZYfB1y ����� � � ������� ��� � 
�H1BTv
z)C)��~@~FB1C9V�i)DFy t C)B1Y,B1E)DFy)YfC)B1E)E)B1y�`FH1DF`ZJLb�H t DFC)H1bjD . s]v89TsuQ t BfQ�XLD¡z,BKX)vXON t QFN?c Q B1~�XON1QZE)BnCLN1QZi)DFYKNTSj�1CLNTH1E)B1H1DMQZELNTVgYfDFS t DFCLNTYf��CLNhE)DFy)YfC)G)E)BfQF¦¡DZvC)b.J)XLV¤��XLDFz)Y,C)B1E)E)b���E)DFy)YfC)G)E)B

Tν,e ' 4 � �M� G3B1z,BKXLB�4 � �M� J)XLV
S�{hB1E)E)b���G$YKNK�,v�E)DFy)YfC)G)E)B)c Q B1B1Y,H1DFY,QZYfH1DFE)E)B)�8QZC)DZJLE)V?V��FE)DFC)~FG)V���XLDFz?v
YfC)B1E)E)b���G¥S�{hB1E)E)b��£p YKNM� x E)DFy)YfC)G)E)BaG¤NTE)YfG)E)DFy)YfC)G)E)B�k1�TJLDFYaB1z,BKXLB
. 9 � �M� G&9�2 � �M� p t B1i)DFS����Tx�c�¡DFy)YfC)G)E)E)bjyRG)S t �TXL[fQ J)XLG)YfDZXL[1E)BfQZYf[1{�B1z,BKXLB . snQnp QZBfQZY,BKV?|nG)y�G)`
JLDMQ�V?YfzfN�NTE)YfG)E)DFy)Y,C)G)E)B�QI�FE)DFC)~FG)V?S�G�B1Y . sRJLB�LTs � �M�@xjk1b�X¥`MNTC)DF~FG?v
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Thermal
νν∼

Nonthermal
νe

� ÄT²wÈ��KÈ
	wÈ � ±�ÃT±wÅL»¸°w¼�Ä]¿]»¸² m ·�µ"¹]» jT°w¼�Ä]¹�¹1·�µ m ¼�Ä�³F·�µ X ÃT»¸² m · m ±�Ã�Ã1·�ºT²´Ä]¼�½K¾�ÇU» j&²´³Z»´¼ �:�¹]±À³ jhºT±5¼T·À²¯¿T»¸°�·�Å �:È ��È��U·�ÁT»'n&Ä�¹1· ��� �"�������	" � � È ���
	���� � �($ È
� � � 	(��	 � 	 '�)�� � È
QZYfC)G)C)B1HfNTE3B1YaQZH1DFCf�?E)B1H1B1y . /�4fq � H 
5BMXL[1mIB1S � NT~FDZX)XONTE)B1H1B1S U@kTXON]v
z,DRp 9�Lg¦¡DFH1CLN]XLV . /�4fq}~Àc x"ELNgE)DMQZz,BKXL[1z)G?�\E)DFy)YfC)G)E)E)b���B1kfQZDFC)HfNTYfB1C)G)V��
P � NTS�G)B1zfNTE?JLD � � p � � � � � t B1E)G)V=x��U¬¡C)H1G)E?v � G)i)G)~�NTE?v 
5C)�9z?�?�FH1DFE�p � � A �
Q � �nx���G3N t BfQZYfDFC)G)B1C)E)BaP$ELN 
�NTz9QFNTELQZz9B1y£�¡DFy)YfC)G)E)E)B1y U@kfQZDFC)HfNTYfBTv
C)G)G¤¬ �¡¬ © �@�uc e Y,G�C)DF`F�TXL[KYKNTYfb ELN���C)B1H1E)D_`FELNKi)G)S�BfQZYfG

1σ
S�BK^�E)B

QZB1~�XON1QZB1HfNTYf[£QaYfDFB1C)DFYfG)i)DMQZz)G)S�G CLN1QZi)DFYKNTS�G z9BMX)XON t QFNoV�JLCLN�SUN1QFQZG)HTv
E)B1y�`FH1DF`ZJLb p ©�GLQTc 4�cD99x�c U JLELNTz9B¤JLB3QZG?� t B1ClBfQZYKNTDFY,Q�V£E)DFC)DFmnDFE)E)bjS
C,V�J£H1B t C)BfQZB1H)�"QZH1V?`MNTE)E)b��oQ�C)DF~FGLQZY,CLNT�)G)DFyo�FYfG?�¤E)DFy)YfC)G)E)B)cU�.iLN1QZY1v
E)BfQZYfG8�UELN t BMJL`FDFS�E)B1S.JLDFYfDFz)YfB1C)D > ��
 t BKJ � B1E)kTXONTE)B1S `MN �)c q�iLN1QFN
JLBgC)DF~FGLQZYfCLNT�)G)G�E)DFy)YfC)G)E)B)� t C)B1G)`FH1DZJLDFE)E)B1y\JLDFYfDFz)YfB1CLNTS�G � � � G � � A �k1b�XR`MNTC)DF~FGLQZY,C)G)C)B1HfNTER`FELNKi)G)S�bjyWQZG)~FELN]X�cP00NTz�zfNTzR�FYKNdH1C)DFS�DFE)ELNTVR`MN]v
JLDFC,^_zfN�S�E)B1~FB\k1BMXL[1mnD_�TNTCLNTz)YfDFC)E)b��$H1C)DFS�DFE t C)G�z,BKX)XON t QZD1� t BKXONT~�N]v
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� ÄT²wÈ �MÈ � È 
=¼T·�³w¹]»´¹]Ä]» l ¹]»¸¼��¸Ä�Ä ·�¹]°wÄ]¹]» jT°Z¼KÄ]¹]±�±w° � � 	 '��*)�· � ÄT¶¸ÅL»¸¼�»´¹]¹�Æ �5Á1»¸°w» m °Z±��¼]±ÀÅ � 
 
 � ²"°Z»¸±À¼]»¸°wÄ�¿T»¸² m ÄTÅ)Äh¼T·À²¯¿T»¸°�·�ÅLÄ � ²¯º]ÃT± ��¹1·Àµ m ¼�Ä�³F·Àµ � È ��½M¹ m °wÄ]¼�¹T±]jhÃ�Ä]¹]Ä��» jIºT± m ·À¶�·�¹1·@¼]·À²´¿]»¸°w¹T·Àµd¹T»¸±�ºT¼�»¯Á1»´Ã]»´¹]¹]±w²¸°ÀÂ@³ 	
σ
È ��� ¶�± X ¶¸±À¼T· o�È 
0È � Å �U»´¹]¹�Ä m · Ä�:È ��È �U·�Á1»'n"Ä]¹T· � �"�������	"!� � È � � 	���� , "!� � È�� ��� È � � 	 � � � 	('���' � È

{hY���i)YfB��FYfB$S�BK^}DFY¥QZH1G?JLDFYfDZXL[fQZYfH1B1HfNTYf[$B�k1BMXLDFD\Q�XLBK^_E)B1S p¨JLH1�9�,QZYKN]v
JLG)y)E)B1S�x z9BMX)XON t QZDRV9JLCLN � �\v8J�/ 9Ts_9�p `FH1DF`ZJON�Pa~FBMXL��k1B1y¤QZH1DFCf�?~FG)~�NTE)Y]�
H1`FB1C)HfNTH1mINTV)Q�V\zfNTz � � . /�4fq]N�x�c

�������
	W/�- �	� �"% /���*�
 ��65�8� ���

��Q t bjmnz)G�QZH1DFCf�?E)B1H1b��ap C �}x�P}BMJLG)E�G)`@QFNTS�b��_S�B1|IE)b��_zfNTYKN1QZYfC)BTv¦¡G)i)DMQZz)G?� t C)G)C)BMJLE)b�� t C)B1�)DMQFQZB1H)c=��N1QZYfC)B1E)B1S�G)G\HfQ t bjmnz)G$QZH1DFCf�?E)BTv
H1b��¤ELNTkTXL{�JONT{hY,Q�V�zfNTz�H1E)DF`MN t E)B1DR��H1DZXLG)i)DFE)G)D�kTXLDMQZzfN�`FH1DF`ZJLb ELN /�v
. s t B1C9V�JLz,B1H�H1DZXLG)i)G)E)bd��Y�c�D1c&BMJLELN�`FH1DF`ZJON¤H�SUNTz9QZG)S���S�D$QZH1DFY,G)Y t BTvi)YfG�YKNTz)^ID1�&zfNTzl`FH1DF`ZJLb HfQZDFy«~�N]XONTz)YfG)z)G8�&G t B1�FYfB1S��lQZH1DFC,��E)B1H1bjD$H
ELN1QZYfB�V�|IDFDgH1C)DFS�VaC)DF~FGLQZY,C)G)C)�9{hY,Q�VaG)`}JON]XLDFz)G?�a~�N]XONTz)YfG)z$H t XLB1Yf[RJLB
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z)CLN1QZE)b��RQZS�DF|IDFE)G)y t B1C,V�JLzfN . �9Y]c�D1c�Q@CLN1QFQZYfB�V�E)G)y t B1C9V9JLzfN . A t z8c) ¡BQZH1B1G)SlQ t DFz)YfCLN]XL[1E)bjS«QZH1B1yLQZYfHfNTS£QZH1DFCf�?E)B1H1bjD§JLDZXLV?Y,Q�VWELN}JLHfNuBfQZE)B1HTv
E)b��IYfG t NH; � �TH¡Q t DFz)Y,CLN]�Iz,B1Y,B1C)b��}B1Y,QZ��Y,QZYfH1��{hYjXLG)E)G)GgH1BMJLB1C)BKJON?�,G � � �H_z,B1Y,B1C)b��WXLG)E)G)G�H1BMJLB1C)BKJON�ELNTkTXL{�JONT{hY,Q�V=c � C)B1S�DnYfB1~FB)�LQZH1DFC,��E)B1H1bjD
�FYfG?�¤YfG t B1H$G)S�DF{hY$CLNT`FE)bjDWz)C)G)H1bjD�kTXLDMQZzfN

L(t)
cU�dNTG)k1BKXLDFD��9E)G)H1DFC?v

QFN]XL[1E)blz)C)G)H1bjD@kTXLDMQZzfNdJ)XLV_QZH1DFCf�?E)B1H1b��_YfG t N � N?c � b£z)CLNTYfz,BnBfQZYKNTE)BTv
H1G)SUQ�V3ELN�E)G?�¥E)G)^}D1c Q ��|nDMQZYfH1�1DFY�k1BMXLDFDRJLDFYKN]XL[1ELNTV¤z?XON1QFQZGL¦¡G)zfNT�)G)V
QZH1DFCf�?E)B1H1b��=�jG)`$z9B1YfB1C)B1y B1YfS�DFYfG)S.Q�XLDZJL�9{h|nG)D t BKJLYfG t bdc 0�G t � � P
QZH1DFCf�?E)B1H1bjD�k1DF`RXLG)E)G)yoH1BMJLB1C)BKJON¥QRz)C)G)H1bjS�G£kTXLDMQZzfN?� t BM�fB�^_G)S�GoELN
� � Y,G t c 0�G t � �§PWE)DFY�XLG)E)G)y$~FDZXLG)V<� z)C)G)HfNTV�kTXLDMQZzfN � � Y,G t N?c �dG)E)G)G$H
Q t DFz)YfCLN]��QZH1DFC,��E)B1H1b���B1i)DFE)[�mnG)C)B1z)G)D1��i)YfB�JLB1H1BMXL[1E)BWJLBKXL~FB�`MNTYfC)�TJ)v
E)V�XLB�G?�3G?JLDFE)YfGL¦¡G)zfNT�)G){}c � G)C)G)ELN�XLG)E)G)y£B1k1�fQ�XLB1HTXLDFELN¤�M¦d¦¡DFz)YfB1S
NnB t)t XLDFCLN�G�QZH1G?JLDFY,DZXL[fQZYfH1�1DFY�B�QZz,B1C)BfQZY]V��aCLN1QZmIG)C)DFE)G)V$¦¡B1Y,BfQF¦¡DFC)b
QZH1DFCf�?E)B1H1B1y t B1C9V�JLzfN . s1s1s1slz)S&�]QTc@ ¡C)G)S�DFC)b Q t DFz)Y,C)B1H�QZH1DFCf�?E)B1H1b��
CLNT`ZXLG)i)E)b���YfG t B1H t B1zfNT`MNTE)b�ELNg©UGLQTc 4�cDL}GM4�c �)c

UhQZE)B1H1E)B1yoELNTkTXL{�JONTYfDZXL[1E)B1y��1NTCLNTz)YfDFC)GLQZYfG)z9B1y3QZH1DFC,��E)B1H1b���BfQZYKN]v
{@Y9Q�VuG?�gz)C)G)H1bjD:kTXLDMQZzfN§G_Q t DFz)YfC)b�p DMQ�XLG�QZH1DFC,��E)B1HfNTV_JLBfQZYKNTYfB1i)E)BdV?C?v
zfNTV=x�c � C)G)H1bjD�kTXLDMQZzfN¥QZH1DFC,��E)B1H1b��oCLNT`ZXLG)i)E)b��oYfG t B1H¥Q��fDFSUNTY,G)i)DMQZz)G
t C)DZJOQZYKNTHTXLDFE)b�ELN�©�GLQTc@4�cD2gGak1BMXLDFD t BMJLC)B1k1E)B�B1kfQZ��^gJONT{hY,Q�VWHRQ�XLDZJL�9v
{@|IG?� t NTCLNT~FCLN1¦dN]�=c
��� ��� �!��� $/%13 � )�<!$/*-%���� 02C�=+6

Q YfB1i)z)Gl`FC)DFE)G)Vl¦¡G)`FG)z)G8�&¦¡DFE)B1S�DFE«QZH1DFCf�?E)B1H1B1y � � YfG t N¥G£YfG t N
� � � � ��B1`FELNMiLNTDFY�B1i)DFE)[¥k1b:QZYfC)B1D¥p S�B�^_E)B¤QZi)G)YKNTYf[$S�~FE)B1H1DFE)E)B1DTxu�FE)DFC?v
~FB1H1b�JLDZXLDFE)G)D t B1C9V�JLzfN E0 = 1051 �FC)~¥H1E)��YfC)G�`FH1DF`ZJLb Q¥CLN]JLG)�fQZB1S
R0 ∼ 1014 QZSjc e Y�N¡�FE)DFC)~FG)V_H§z,B1E)DFi)E)B1S�QZi)DFYfD t DFC)DZ�fBKJLG)YIHnz)G)E)DFYfG)i)DZvQZz)�9{ GaYfD t XLB1H1��{ �FE)DFC)~FG){ CLN1QZmnG)C9V�{h|nDFyLQ�V�B1k1BMXLB1i)z)G8c<ªhH1DZXLG)i)DFE)G)D
kTXLDMQZzfN_QZH1V?`MNTE)B�Q¡ELNT~FC)DFH1B1S£CLN1QZmIG)C,V?{@|IG?�,Q�V�H1E)DFmnE)G?��Q�XLB1DFH�`FH1DF`ZJLb
�TJONTC)E)B1y\H1BKXLE)B1y8� t C)G)i)G)ELNgz9B1YfB1C)B1y\QZH1V?`MNTELN_QdB1Y,QZz9B1z,B1S£H1E)��YfC)DFE)E)G?�
Q�XLB1DFH§B1Ydz9BMX)XON t QZG)C)��{@|IDF~FBIV�JLCLN¡SUN1QFQZG)H1E)B1y�`FH1DF`ZJLbdc,�dN t C)G)S�DFC8�1J)XLV`FH1DF`ZJLb3Q"SUN1QFQZB1y . s@QZBMXLE)DFi)E)b��nYKNTz9B1yn�FE)DFC)~FG)G}k1�TJLDFYhQZB1B1Y,H1DFY,QZYfH1B1HfNTYf[
QZz,B1C)BfQZYf[�CLN1QZmnG)C)DFE)G)V

v = (2E0/M)1/2 ≈ 3000(10M�/M)1/2 z)S&�]Q
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� ÄT²wÈ �MÈ �KÈ 
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 ,¡Ä 
 
�� � �F±À¼]± �U±�³ÀÄ�Á]¹]Æ}º]¼]±�+0Ä]Ã�Ä&Ã�Ä]¹]Ä�jU°wÄ]ºT· , W �/. � l Å)ÄT²¸²´Ä]µ�³ m ¼T·�²´¹T±ÀÅ m ¼�Æ8Ã]»Ä_· X ²¸±À¼ X ��ÄTµ}³ ��±�Ã�½ X ±wÅ m ¼�Æ8Ã]»�Ã]Ä�¹]Ä]Ä � � ²¯³wÄ�ÁT»¸°Z»´Ã�ÂZ²¸°À³w½K¾�Ç�ÄT»j±dÅL±ÀÇU¹]± j�¼T·�² ��Ä��¼Mµ�¾0ÇU» jT²rµj± X ±�Ã]±À¿ m » m · m ½:²�·ÀÅ)Æ � ��±w¼MµM¿]Ä �j¶´³Z»´¶¯Á?È��$ÄT¼KÄ]¹1·�Ã]Ä�¹]Ä�j@²´±w±w°À³Z»¸°Z²´°w³w½F»´°² m ±À¼]±w²´°wÄ¡¼]·À² ��ÄT¼�»´¹]Ä]µ 	���� ����°ÀÆ�²wÈ m Å���²wÈ
i)YfB t C)DFH1BfQ��fBMJLG)Y�N]JONTGLNTkfNTYfG)i)DMQZz)��{ QZz,B1C)BfQZY,[\`FH1��zfN�~�NT`MN�H t XLB1Y,[�JLB
YfDFS t DFCLNTYf��C t B1C9V9JLzfN 6 · 108 � c5ª�JONTC)ELNTVlH1BMXLELN3ELNT~FC)DFHfNTDFY3G��fQZz9BTv
C,V?DFY¥B1k1BKXLB1i)z)�1c"� S�B1S�DFE)Y¥H1b��fBMJON¥�TJONTC)E)B1ylH1BMXLE)b ELN t B1H1DFCf�?E)BfQZYf[H1B1`FE)G)zfNTDFY�z)CLNTYfz,B1H1C)DFS�DFE)ELNTV S�B1|IELNTV�HfQ t bjmIzfN�ª@�nv�G)`ZXL�9i)DFE)G)V<�jE)B
BfQZE)B1H1ELNTV_iLN1QZYf[d�FE)DFC)~FG)G�H1b:QZH1DFi)G)HfNTDFY,Q�V t B1`ZJLE)DFD1� t B§S�DFC)D:�fQZz9B1C)DFE)G)VJLGL¦d¦¡��`FG)G�G)`ZXL�9i)DFE)G)V\H t C)B1�)DMQFQZDnCLN1QZmnG)C)DFE)G)V<cUhQZE)B1H1E)bjS GLQZYfB1i)E)G)z9B1S«�FE)DFC)~FG)G�QZH1DFi)DFE)G)V�CLN1QZmnG)C9V�{h|nDFyLQ�V�B1k1BTv
XLB1i)z)G �FYfB1~FB«YfG t N QZH1DFCf�?E)B1H1b���V?HTXLV?DFY,Q�V�C)DFz9B1S�k1G)ELNT�)G)V H1BMJLB1C)BMJON
p H1b�JLDZXLV?DFSUNTVl�FE)DFC)~FG)V . L�cDJ¥�M� ELN¥BKJLG)E�NTYfB1S

H
x t C)GlBK�9XONT^_JLDFE)G)G

B1k1BMXLB1i)z)G8c N§XLV�B1k1BKXLB1i)z)G�H 4�v . s�SUN1QFQ Q BMXLE)�LN t C)G�C)DFz,B1S�k1G)ELNT�)G)G
H1BMJLB1C)BKJON3H1b�JLDZXLV�DFY9Q�V t B1C9V9JLzfN 1047 �FC)~Àc5¬¡`Zv�`MN¤C)DFz,B1S�k1G)ELNT�)G)B1E)E)B1y
H1BMXLE)b�BM��XONT^gJLDFE)G)V£H�CLN1QZmnG)C9V�{h|nDFyLQ�V�B1k1BMXLB1i)z9D�ELN¤z)C)G)H1b��£kTXLDMQwv
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 Ä@°ÀÈ Á?È � È � ¶ � ¶�·U²´Ä�Ã]Âw¹]± ��±UºT±��¯Ã]± �ÇU»´¹]Ä]µ@³�Ã�Ä]¹�ÄTµ �j°Àµ-nU»´Ã]Æ � l ÃT»¸ÅL»´¹]°Z±À³5²´ºT» m °Z¼@¼]»¸¶ m ±&± X ¼KÆ8³F·�»¸°Z²rµ@³ � g�± X Ã1·�²¸°wÄ9È
zfN§QZH1DFCf�?E)B1H1b�� � � YfG t N¡iLN1QZY,BdELNTkTXL{�JONTDFY,Q�V t XLBfQZz)G)y��9iLN1QZY,B1z�p t XONTYfB?xp Y�c�E8cTQZH1DFCf�?E)B1H1bjD�YfG t N � � 7 x�c Q YKN]JLG)V§JLB1S�G)E)G)C)B1HfNTE)G)V}H1BKXLE)b�BM��XONT^gJLDZv
E)G)VnH@z)C)G)H1b��nkTXLDMQZzfN@QZH1DFC,��E)B1H1b�� � � YfG t N `MNTzfNTE)i)G)HfNTDFY,Q�V<�1z9B1~�JON@JLGL¦hv¦¡�9`FG)B1E)E)bjy t B1Y,B1z3G)`ZXL��i)DFE)G)V<� t C)BfQFNMi)G)HfNT{h|nG)yLQ�V�QZz)H1B1`F[�B1k1BMXLB1i)z)�
ELNTC)�9^���H��fBKJLD\CLN1QZmIG)C)DFE)G)V=��QZYKNTE)B1H1G)Y,Q�Vok1BMXL[1mID t B1YfB1zfN¥YfD t XLB1H1B1y�FE)DFC)~FG)G8�OBfQZH1B1k1B�^gJONT{@|IDFyLQ�VaHgC)DFz,B1S�k1G)E)G)C)��{@|IG?�aQ�XLB�V9��B1k1BKXLB1i)z)G8c

NnC)��~FB1yaGLQZYfB1i)E)G)za�FE)DFC)~FG)G�QZH1DFi)DFE)G)V\B1k1BMXLB1i)z)G�QZH1DFCf�?E)B1H1B1y�P�CLN]v
JLG)BfNTz)YfG)H1E)bjy¤CLN1Q t N]J 56Ni →56 Co →56 Fe

c U@E¥ELNTG)k1BKXLDFD�HfNT^}DFE¥�
QZH1DFCf�?E)B1H1b��£YfG t N � 
 cU ¡BfQ�XLD�SUNTz�QZG)S��9SUN¤z)C)G)H1bjD�kTXLDMQZzfN � � � � C)DF`Zvz,B_Q t N]JONT{hYgG�H1b��fBMJLV?Y_ELN}C)DF^_G)So�Fz9Q t B1E)DFE)�)GLN]XL[1E)B1~FBRQ t N]JONu`MNgQZi)DFYCLN]JLG)BfNTz)YfG)H1E)b���CLN1Q t N]JLB1H)c? ¡C)G�CLN1Q t N]JLD 56Ni

�FE)DFC)~FG)V�H1b�JLDZXLV?DFY,Q�V�H
H1G?JLD

γ
v&G)`ZXL��i)DFE)G)VaH�XLG)E)G)V��aQn�FE)DFC)~FG)V?S�G$H�JLGLN t NT`FB1E)Dus?c . J�LgP . cD2�J

� �M�hc�A9NTS�SUN]vr¦¡B1Y,B1E)b H1`MNTG)S�BMJLDFyLQZYfH1��{hY�QaH1DF|nDMQZY,H1B1S t BfQZC)DZJOQZY,H1B1S
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� ÄT²wÈ �MÈ �FÈ 
 �F»¸ÅO· m ¼KÄ]³wÆ � X ÃT»´² m ·U²´³Z»¸¼��M¹T±�³wÆ �j¼]·À¶´Ã�Ä]¿�¹]Æ �j°wÄ�ºT±�³]È�� m ·À¶�·�¹]ÆR±w²´¹]±À³ �¹]Æ�»�+�ÄT¶´Ä�¿T»¸² m ÄT»¡ÅL»��w·�¹�ÄT¶¸Å)Æ � ±w°w³w»´¿1·�¾�Ç�ÄT»d¶¸·IºT±�³Z»¯ÁT»´¹]Ä]»¡¼T·�¶´Ã]Ä�¿]¹]Æ �_½M¿1·�²¸° m ±À³
m ¼�Ä�³wÆ � X Ã]»¸² m ·MÈ

z,B1S t Y,B1E)B1HfQZz,B1~FBuCLN1QFQZDFV?E)G)V_ELN§��XLDFz)YfC)B1ELN]�\p t C)G�YKNTz)G?�u�FE)DFC)~FG)V���¦¡BTvYfB1E)B1H_Q�XLDZJL�1DFY t BMXL[1`FB1HfNTY,[fQ�VaQZDFi)DFE)G)DFS � XLV?y)ELN]vr�¡G)mnG)E)bd�=H�QZC)DZJLE)DFS
B1z,BKXLB . �*L�YfB1SUQZB1E)B1HfQZz,B1~FB$QZDFi)DFE)G)V=x�c� ¡C)G¤�9S�DFE)[1mIDFE)G)G3�FE)DFC)~FG)G3¦¡BTv
YfB1ELN

Eγ
JLB . s1sIz)�M��p ~FC)�9k1B)� t BfQ�XLD . sICLN1QFQZDFV?E)G)y<x�ELNKi)G)ELNTDFY t C)DFB1kTXON]vJONTYf[§¦¡B1YfB t B1~�XLB1|nDFE)G)Dgp ELN � ? GuJLC8c,Y]V?^IDZXLb��u��XLDFS�DFE)Y�N]� x�� t C)G)i)DFS¤ELN

k1BMXLDFD�E)G)`Fz)G?�n�FE)DFC)~FG)V��uQZDFi)DFE)G)D t B1~�XLB1|nDFE)G)Vgk1b:QZYfC)BhH1B1`FCLN1QZYKNTDFYup zfNTz
E−3

γ

x�G�YfDFC)SUN]XLG)`MNT�)G)V t C)B1GLQ��fBKJLG)Y�B1i)DFE)[gk1b:QZYfC)B)c e E)DFC)~FB1H1b�JLDZXLDFE)G)D`MNgQZi)DFY_CLN]JLG)BfNTz)YfG)H1E)B1~FB�CLN1Q t N]JON 56 � ?

L(t) � ? ≈ 9.7 × 1042

(
M � ?

0.1M�

)
exp(−t/τ � ? ) �FC)~��]Q p 4�c �?x

~�JLD@H1C)DFS�V t BKXL�9CLN1Q t N]JON τ � ? ≈ 7.6×105 QTc��dN t BfQ�XLDZJL�9{h|nG?��QZY�N]JLG)V9�
t BMJLz?XL{hiLNTDFY,Q�V}CLN1Q t N]J 56 C �gp t DFC)G)BKJ t BMXL��CLN1Q t N]JON t B1C,V�JLzfN . s1s@JLE)DFy<x
GgJLC)��~FG?�gCLN]JLG)BfNTz)YfG)H1E)b��_G)`FB1YfB t B1H)c,�5G?JLE)B)�,i)Y,B t BMXLE)bjy�`MN t N1Q �FE)DFC?v~FG)GRHICLN]JLG)BfNTz)YfG)H1E)B1SoCLN1Q t N]JLD¡S�B�^IDFYuk1bjYf[ t B1C,V�JLzfN}G�JONT^}D¡k1BMXL[1mID�FE)DFC)~FG)G¤C)DFz9B1S�k1G)ELNT�)G)G8c 0�NTz)G)S�B1k1CLNT`FB1Sj� t BKXLELNTV¤G)`ZXL��i)DFE)ELNTV¥�FE)DFC?v
~FG)V ∫

L(t)dt
QZBfQZYKNTHTXLV?DFYaE)DMQZz9BMXL[1z,B t C)B1�)DFE)YfB1Ha�FE)DFC)~FG)G�H1`FC)bjHfN

E0
c
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U@YfS�DFYfG)Sj�=i)YfBRH�C)DF`F�TXL[�YKNTYfDuz,BKX)XON t QFN�^IDZXLDF`FE)B1~FB�¦¡G)`FG)i)DMQZz)G)Dg�fQ�XLBTv
H1G)V¤E)D t B1`FH1BMXLV?{hY�QZG)E)YfDF`FG)C)B1HfNTY,[�Q�XLG)mnz,B1S S�E)B1~FB 56 � ? c � NTz t B1zfN]v`FbjHfNTDFY�QZCLNTH1E)DFE)G)D§ELNTkTXL{�JLDFE)G)yaG�JLDFYKN]XL[1E)b��RCLN1QZi)DFY,B1Hgz)C)G)H1B1y�kTXLDMQwv
zfN Ch6 . /�4fq



�LSUN1QFQFN_QZG)E)YfDF`FG)C)B1HfNTE)E)B1~FB t C)G�z,BKX)XON t QZDIE)G)z9DZXLVWH_�FYfB1y

QZH1DFCf�?E)B1H1B1y�JLBKXL^_ELNgk1bjYf[
M � ? ∼ 0.08 � �

c
ª E¯QZC)DZJLE)DFyHGgQZH1DFCf�?E)B1H1B1y � � YfG t NR�9S�DFE)[1mIDFE)G)DgkTXLDMQZzfN�H�H1G?JLG)S�B1y

B1kTXON1QZYfG«ELN t B1C,V�JLB1z t C)B1GLQ��fBKJLG)Y t C)G)S�DFC)E)B�`MN . s1s¤JLE)DFy8c � G)C)G)ELN
SUNTz9QZG)S���SUNhz)C)G)H1B1yIkTXLDMQZzfN@B t C)DZJLDZXLV?DFY,Q�VnJLGL¦d¦¡�9`FG)DFyu¦¡B1YfB1E)B1H H@CLN1QwvmnG)C9V�{h|nDFyLQ�VaE)D t C)B1`FCLNKi)E)B1yaB1k1BKXLB1i)z,D}G t B t B1C9V9JLz)�WH1DZXLG)i)G)E)b�CLNTHTv
ELN

tmax,II ∼ √
τexpτdif

p 4�cD29x
~�JLD

τexp = R0/v
PaH1C)DFS�V�CLN1QZmIG)C)DFE)G)V=�

τdif ≈ R2
0/(cλ)

P\JLGL¦d¦¡��`FG?v
B1E)E)B1DnH1C)DFS�V¤p

λ = 1/κρ
PRQZC)DZJLE)V?V�J)XLG)ELN�QZH1B1k1BMJLE)B1~FB t C)B1k1DF~�N�¦¡B1YfBTvELN�H�QZC)DZJLDgQnE)D t C)B1`FCLNKi)E)BfQZYf[1{ κ

x�c= ¡BfQZz9BMXL[1z)�
tmax,II ∝

√
R3/vλ ∝√

ρR3 ∝
√
M
� t B�J)XLG)YfDZXL[1E)BfQZY,G¥SUNTz9QZG)S���SUNWS�BK^�E)B�B1�)DFE)G)Yf[WSUN1QFQZ�

QZk1C)B1mnDFE)E)B1y�B1k1BMXLB1i)z)G8� z,B1YfB1CLNTVWH1B_HfQZDZ�WQ�XL��iLNTV��WB1zfNT`FbjHfNTDFY,Q�VWk1BKXL[Tv
mnD 4ISUN1QFQ Q BMXLE)�LN?c e YfB t BKJLYfH1DFC,^_JONTDFY��)i)YfBuQZH1DFCf�?E)B1H1bjD � � YfG t NuQZH1V�v`MNTE)b�Q �FH1BMXL{h�)G)DFy�SUN1QFQZG)H1E)b��_`FH1DF`ZJ�Q t C)B1Y]V�^}DFE)E)bjS�G�H1BKJLB1C)BMJLE)bjS�GB1k1BMXLB1i)zfNTS�G8c

U@YfS�DFYfG)S�YKNTz)^}D1�Li)YfB�G)`Zv�`MN�CLNT`ZXLG)i)E)b��a¦¡G)`FG)i)DMQZz)G?� t NTCLNTS�DFY,C)B1H
t C)DZJOQZH1DFCf�?E)B1H1b�� � � Y,G t Ndp SUN1QFQZbd�KCLN]JLG)�fQZbd����G)S�G)i)DMQZz)G)y}QZBfQZYKNTH:G§Y]c J�c xz)C)G)H1bjDnkTXLDMQZzfN � � � � B1Y�XLG)iLNT{@Y,Q�VWk1BMXL[1mIG)SlCLNT`FE)B1B1k1CLNT`FG)DFSjc<�dN t C)G?vS�DFC8�5NTkfQZBKXL{@Y,E)bjD�`FH1DF`ZJLE)bjD�H1DZXLG)i)G)E)b Ch6 � � H�SUNTz9QZG)S���S�D$kTXLDMQZzfN
HfNTC)[1G)C)�9{hY,Q�VWHgmnG)C)B1z)G?� t C)DZJLDZXON]� Mmax,II = −17m ± 1m.5

c
��� ��� ������C+=�%13�)+</$!*-%�C57 6 � �G6 � $/?4= 9A%4?	�+C

 ¡C)G$z,BKX)XON t QZDgV9JLDFC$QFNTS�b��\SUN1QFQZG)H1E)b���`FH1DF`ZJ�p �ISUN1QFQZB1y$ELN�~�XONTHTv
E)B1y t BfQ�XLDZJLB1HfNTYfDZXL[1E)BfQZYfG > 30 − 40M�

x}z9BMX)XON t Q�^}DZXLDF`FE)B1~FBoV�JLCLN
`FH1DF`ZJLbd� t BTv�H1G?JLG)S�B1S��1� t C)G)H1BMJLG)Y�zWB1k1CLNT`FB1HfNTE)G){ i)DFC)E)B1y�JLbjC)bdc � NTz
Q�XLDZJL�1DFY�G)`§ELNTkTXL{�JLDFE)G)y�JLH1B1y)E)b���C)DFE)Yf~FDFE)B1HfQZz)G?��QZGLQZYfDFS�Q¡i)DFC)E)bjS�G
JLbjCLNTS�G8� SUN1QFQZb t BfQ�XLDZJLE)G?�\XLDF^nNTY�H_mIG)C)B1z,B1S«JLGLN t NT`FB1E)DuB1Y �gJLB 9Ts
QZBMXLE)DFi)E)b��<�9HIQZC)DZJLE)DFS¤B1z,BKXLB . s

M�
c,�5B1`FS�BK^�E)B)�,i)YfB t C)G�E)DFz,B1YfB1C)b���fQ�XLB1H1G)V���p k1b:QZYfC)B1D\H1CLNT|nDFE)G)D1��z,B1S t NTz)YfE)BfQZY,[ t C)DZJOQZH1DFCf�?E)B1H1y<xgz,BKX)vXON t Q�V�JLCLNaSUN1QFQZG)H1E)B1yo`FH1DF`ZJLb S�B�^IDFY¥QZB t C)B1H1B�^gJONTYf[fQ�V3H1b�JLDZXLDFE)G)DFS
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�FE)DFC)~FG)G¤H\�9`Fz9B1ELN t CLNTHTXLDFE)E)B1S�z9B1E)�fQZD�p¨JL^}DFYfDTx�c �UQ�XLG�H1DF|IDMQZYfHfN�H1E)�9v
YfC)G�z,B1E)�fQFNaSUN]XLB3p t B1C9V9JLzfN�SUN1QFQZb t XONTE)DFYfb¡x���B1E)B\S�B�^IDFY$�fQZz,B1C9V?Yf[Tv
Q�V�JONTHTXLDFE)G)DFS�G)`ZXL�9i)DFE)G)V�JLBIB1~FC)B1S�E)b���QZz,B1C)BfQZYfDFy t B1C9V9JLzfNuQZz9B1C)BfQZYfGQZH1DFYKNWp �dB1C)DFE)�?vr¦dNTz)YfB1C\JLH1G)^IDFE)G)VWH1DF|IDMQZYfHfN

Γ ∼ 100
GWH1bjmnDTx�c

 ¡C)G kTXONT~FB t C)G)V?YfE)B1y�B1C)G)DFE)YKNT�)G)G JL^}DFY�S�BK^}DFY t B t N1QZYf[�ELN¤XL��i
`FC)DFE)G)V�ELNTkTXL{�JONTYfDZXLV G t C)G��FYfB1S k1�TJLDFY£C)DF~FGLQZY,C)G)C)B1HfNTYf[fQ�V�z9B1C)B1Y1v
z)G)y_S�B1|IE)bjy�HfQ t XLDMQZz�^IDMQZYfz9B1~FBnC)DFE)Yf~FDFE)B1HfQZz9B1~FBIG)`ZXL��i)DFE)G)V<�,z9B1YfB1C)B1DB1k1CLNT`F�1DFY,Q�VoE)DFYfD t XLB1H1bjS�G t C)B1�)DMQFQFNTS�G�p H t DFC)H1�9{ B1i)DFC)DZJL[)�"QZG)E?�?C)BTv
YfC)B1E)E)bjS�S�DZ�TNTE)G)`FS�B1S�x�Hn`MNTSUNT~FE)G)i)DFE)E)B1y t XONT`FS�D@JL^IDFYKN?�fJLH1G)^_�9|IDFy?vQ�V t CLNTz)YfG)i)DMQZz)GgQZBhQZz9B1C)BfQZYf[1{lQZH1DFYKN?cT¬¡S�DFE)E)B¡YKNTz,B1yuQZDFy)iLN1Q t C)DZJOQZYKNTHTvXLV?DFY,Q�VuELNTG)k1BKXLDFD@H1DFC)B�V�Y,ELNTVgS�BMJLDZXL[nz9BfQZS�G)i)DMQZz)G?�_~�NTS�SUN]v�HfQ t XLDMQZz,B1HIP`MNT~�N]JLB1i)E)b��nz9B1C)B1Yfz)G?��p . v . s1s@Q]x G)S t �TXL[fQZB1Hh^}DMQZYfz9B1~FB C)DFE)Yf~FDFE)B1HfQZz9B1~FBG_~�NTS�SUN]v�G)`ZXL��i)DFE)G)V<��ELNTkTXL{�JONTDFS�b���H§CLNT`FE)b��_B1kTXON1QZY�V��_E)DFkfNIQjiLN1QZYfBTv
YfB1y t C)G)S�DFC)E)B_CLNT`nH�QZ�9Y,z)G8c� t BfQ�XLDZJLE)DFDgH1C)DFS�V\S�E)B�^nNTY,Q�VaELNTkTXL{�JONTYfDZXL[1E)bjDg¦dNTz)Yfbd�O~FB1H1B1C9V�v
|nG)DuB1kWN1QFQZB1�)GLNT�)G)G�~�NTS�SUN]v�HfQ t XLDMQZz,B1HaQIS�B1|IE)bjS�G¥QZH1DFCf�?E)B1H1bjS�G�YfG?v
t N ��� �]�Tc:��Q t DFz)Y,CLN]� QZH1DFC,��E)B1H1b����FYfG?� YfG t B1H�B1Y,QZ��Y,QZYfH1��{@Y�XLG)E)G)G
H1BMJLB1C)BKJON G�JONT^ID3~FDZXLG)V<�hi)Y,B�QZH1G?JLDFYfDZXL[fQZYfH1�1DFY B«H1`FC)bjH1D5Er~FBMXLB1~FB*G
��~�XLDFC)BMJLE)BTv�z)GLQ�XLB1C)BMJLE)B1~FB�V�JLCLN3G)`FELNMiLN]XL[1E)B�B1i)DFE)[oSUN1QFQZG)H1E)B1y�`FH1DF`Zv
JLbd� t B1Y,DFC,V?H1mnDFy$z�S�B1S�DFE)Yf�Wz9BMX)XON t QFNRH1BMJLB1C)BKJLE)�9{.G\~FDZXLG)DFH1��{ B1k1BTv
XLB1i)z)G8c NINTE)E)bjD_~FB1H1B1C9V�Y\BRY,B1Sj�=i)Y,B�QZH1DFC,��E)B1H1bjD1�0N1QFQZB1�)G)G)C)�9{h|nG)DMQ�V
Qu~�NTS�SUN]v�HfQ t XLDMQZzfNTS�G8��G)S�DF{@Y\ELN t B1C,V�JLB1z¤k1BKXLDFD�H1b:QZB1z)��{ z)G)E)DFYfG)i)DZv
QZz)��{ �FE)DFC)~FG){ H1`FC)bjHfN�p¨JLB ∼ 1052 �FC)~Tx�c� ¡B1�FYfB1S��\G?��DF|nDgELNT`FbjHfNT{hY
Er~FG t DFC)E)B1H1bjD�G�c:U JLELNTz,B3G)`�ELNTkTXL{�JLDFE)G)y t B1zfN¥E)DZXL[1`FV�Q�JLDZXONTYf[¤BKJLE)BTv
`FELNMi)E)bjy¤H1bjH1BMJ¥B�YfB1Sj�<i)YfBRzfNT^gJONTV�QZH1DFC,��E)B1HfNTV�Y,G t N ��� �]�uQZB t C)B1H1BTv^gJONTDFY,Q�V�V�HTXLDFE)G)DFSl~�NTS�SUN]v�HfQ t XLDMQZzfN?c ¡C)G)S�DFiLNTYfDZXL[1E)B)�,i)YfB¡HdB1YKXLG)i)G)D:B1YdB1k1bji)E)b��gQZH1DFCf�?E)B1H1b��<�f�Iz9B1YfBTv
C)b��WBfQZE)B1H1ELNTV��FE)DFC)~FG)VWH1`FC)bjHfN t DFC)DZ�fBKJLG)Y�H�z)G)E)DFYfG)i)DMQZz)�9{��FE)DFC)~FG){
CLN1QZmnG)C9V?{@|IDFyLQ�VoB1k1BMXLB1i)z)G�`FH1DF`ZJLbd��H�GLQZYfB1i)E)G)zfN]�¤~�NTS�SUN]v�HfQ t XLDMQZz,B1H�FE)DFC)~FG)V t B1C,V�JLzfN 1051 �FC)~£G?JLDFY�H�G)`ZXL��i)DFE)G)D1c<NnDFYKN]XLG YKNTz9B1y �M¦hv
¦¡DFz)YfG)H1E)B1y t DFC)DFCLNTk1B1Y,z)G��FE)DFC)~FG)G�z9BMX)XON t QFN£V�JLCLNoSUN1QFQZG)H1E)B1y�`FH1DF`Zv
JLb H$��XLDFz)YfC)B1SUNT~FE)G)YfE)B1DWG)`ZXL��i)DFE)G)V t B1zfN$E)DFV?QZE)bd��BKJLELNTz,B¥kTXONT~FBKJON]v
C,VWB1~FC)B1S�E)B1S��\�FE)DFC)~FB1H1b�JLDZXLDFE)G){ ~�NTS�SUN]v�HfQ t XLDMQZz)G$ELNTkTXL{�JONT{@Y,Q�V�JON]v
^}D}H�~�N]XONTz)YfG)zfN]�$Q}z)CLN1QZE)bjS�G¥QZS�DF|nDFE)G)V?S�G�QZH1bjmID

z ∼ 6
p QZDFE)Y]V�k1C)[
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9Ts1s_29x��LQZ�9|IDMQZYfH1DFE)E)B}JON]XL[1mnD§QFNTS�b��RV�C)z)G?�RQZH1DFCf�?E)B1H1b��RYfG t N � 
 p B1z9BTv
XLB

z ∼ 1
x�c

��� ��� � ��� $/%13 � )�<!$/*-%�02C+=�6 ���

� Q t DFz)Y,CLN]��QZH1DFCf�?E)B1H1b�� � 
 E)DFY�XLG)E)G)y�H1BMJLB1C)BKJON?c � C)G)H1bjDWkTXLDMQwv
zfN�E)BfQ�V?Y��9E)G)H1DFCLQFN]XL[1E)bjy��TNTCLNTz)Y,DFC8��i)YfB¥QZH1G?JLDFYfDZXL[fQZYfH1�1DFY�B�kTXLG)`FBTv
QZYfGgQZH1B1yLQZYfH t C)DZJOQZH1DFCf�?E)B1H1b��_�FYfB1~FB¡YfG t N?c 
&XLG)^}DjHfQZDF~FBdz}C)DMN]XL[1E)BfQZY,GB1zfNT`MN]XON1QZ[WS�BMJLDZXL[WYfDFC)S�B�V�JLDFC)E)B1~FB�H1`FC)bjHfNRk1DZXLB1~FBWzfNTCfXLG)zfNWQISUN1QFQZB1y
B1z,BKXLB

MCh
� t B1�FYfB1S��g�FY,B1Y§YfG t QZH1DFC,��E)B1H1b���Y�NTz)^ID:ELNT`FbjHfNT{hY ErYfDFC)S�BTv

V�JLDFC)E)bjD�QZH1DFCf�?E)B1H1bjD�G�c� ¡C)G)i)G)ELN t B1YfDFC)G¥~FG?JLC)BfQZY�NTYfG)i)DFz,B1y��fQZYfB1y)i)G?v
H1BfQZYfGWk1DZXLB1~FB_zfNTC,XLG)zfN t BgS�DFC)D t C)G)kTXLG)^}DFE)G)VWDF~FBgSUN1QFQZb�zWH1DFCf�?E)DFS��
t C)DZJLDZXL�\��^IDIB1kfQZ�9^_JON]XLGLQZ[ t C)G$NTELN]XLG)`FDuE)DF�fQZYfB1y)i)G)H1BfQZYfG�^IDZXLDF`FE)b��
V�JLDFC�`FH1DF`ZJWP�E)DFy)YfC)B1E)G)`MNT�)G)V�H1DF|IDMQZYfHfNgH_�)DFE)Y,C)DdGW�M¦d¦¡DFz)Yfb U�0:UIc

e E)DFC)~FG)V<�UH1b�JLDZXLV?DFSUNTV t C)GoYfDFC)S�BKV�JLDFC)E)B1S ~FB1C)DFE)G)Glk1DZXLB1~FB¥zfNTC?v
XLG)zfN_QhSUN1QFQZB1y�B1z,BKXLB

MCh
QZBfQZYKNTHTXLV?DFYgB1z,BMXLB

2 · 1052 �FC)~��Li)YfBuH t BKXLE)DJLBfQZYKNTYfB1i)E)BaJ)XLV¥B1k"!8V)QZE)DFE)G)V3¦¡DFE)B1S�DFELN � � � 
 c0� �FY,B1S�Q�XL��iLNTD�SUN1Qwv
QFN B1k1BMXLB1i)z)G JLBKXL^_ELN k1bjYf[ t B1C,V�JLzfN .

M�
G�QZz9B1C)BfQZYfG CLN1QZmnG)C)DZv

E)G)V
v ∼ 10000

z)S&�]QT�:i)YfB3JLDFyLQZYfH1G)YfDZXL[1E)B t BKXL�9iLNTDFY,Q�V�G)`¥NTELN]XLG)`MN
t C)Bf¦¡G?XLDFy£XLG)E)G)yoH¥Q t DFz)YfCLN]� � � � 
 c� ¡BfQZz,BKXL[1z)� t C)DZJOQZH1DFCf�?E)B1HfNTV£H
�FYfB1S.Q�XL�9iLNTD$z9B1S t NTz)YfELNTV�p CLN]JLG)�fQ�k1DZXLB1~FB�zfNTCfXLG)zfN t DFC)DZJ H1`FC)bjH1B1S
t B1C,V�JLzfN�E)DMQZz,BMXL[1z)G?��Yfb:Q�V?iaz)S�x��OYfD t XLB1HfNTV��FE)DFC)~FG)V<� H1b�JLDZXLV�{hmINTV)Q�V
t C)G�YfDFC)S�B�V�JLDFC)E)B1S¤~FB1C)DFE)G)G�H1DF|IDMQZYfHfN§k1DZXLB1~FBnzfNTCfXLG)zfN?�?QZBfQZYfBKV?|nDF~FBIH
BfQZE)B1H1E)B1S�G)`gQZS�DMQZG��9~�XLDFC)BMJONWG$z)GLQ�XLB1C)BMJON?��k1b:QZY,C)B t DFC)DZJONTDFY9Q�V$B1k1BTv
XLB1i)z,D1cL©�N1QZmnG)C9V�{h|INTV)Q�V�p E)BuDF|nDdE)D t C)B1`FCLNKi)ELNTV x&B1k1BMXLB1i)zfNuELNMi)G)ELNTDFYCLNT`FB1~FC)DFHfNTYf[fQ�Vu`MN¡QZi)DFY¡CLN]JLG)BfNTz)YfG)H1E)B1~FBdCLN1Q t N]JONhB1k1CLNT`F�9{h|nDF~FBfQ�V t C)GYfDFC)S�BKV�JLDFC)E)B1S�~FB1C)DFE)G)G 56 � ? �?z,B1YfB1C)bjyaGWB t C)DZJLDZXLV�DFYR¦¡B1C)S���z)C)G)H1B1y
kTXLDMQZzfN?c Q ELNMiLN]XON_kTXLDMQZzWH1B1`FCLN1QZYKNTDFYuJLBgSUNTz9QZG)S���SUN?�Lz,B1Y,B1C)bjyWB t C)DZJLDZvXLV?DFY,Q�V_�fQ�XLB1H1G)DFS�CLNTH1DFELQZYfHfN§CLN]JLG)BfNTz)YfG)H1E)B1~FB}ELNT~FC)DFHfNIG_JLGL¦d¦¡��`FG)B1E?v
E)B1~FB\BK�9XONT^gJLDFE)G)V£p t C)G)S�DFC)E)B�i)DFC)DF`

τmax = 1.25τ � ? ∼ 11
JLE)DFy¥J)XLV

M � ? = 0.5M�
x���NI`MNTYfDFS3�Fz9Q t B1E)DFE)�)GLN]XL[1E)B�Q t N]JONTDFY]� t BMJ t G)YfbjHfNTDFS�bjyCLN1Q t N]JLB1SlCLN]JLG)BfNTz)YfG)H1E)B1~FB�z,B1kfN]XL[�YKN?c Q H1DFYfG)S�BfQZYf[gHgSUNTz�QZG)S��9S�D t C)G�FYfB1S�`MNTH1GLQZG)Y$YfBKXL[1z,B�B1YaSUN1QFQZb H1bjk1C)B1mnDFE)E)B1~FB�E)G)z9DZXLV�G3QZBfQZYKNTHTXLV�v

DFY�B1z,BKXLB
Lmax ≈ 1.4 × 1043 �FC)~��]QRJ)XLV

M � ? = 0.5M�
c e YKN�QZH1DFYfG?v

S�BfQZYf[�QZB1B1YfH1DFY,QZY,H1�1DFYRk1BKXLB1S�DFYfC)G)i)DMQZz,B1y�NTkfQZBMXL{hYfE)B1y¥`FH1DF`ZJLE)B1y�H1DZXLG?v
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i)G)E)D
Mmax,I = −19m.2

QWCLNT`Fk1C)BfQZB1S `FELNMi)DFE)G)y8�5E)D t C)DFH1bjmINT{h|nDFSE)DMQZz,BKXL[1z)G?�WJLDMQ�V?Yfb���JLBMXLDFy\`FH)cLH1DZXLG)i)G)E)bdc
 ¡B1�FYfB1S�� � � � 


H ELN1QZYfB�V?|nDFD£H1C)DFS�V�GLQ t BMXL[1`F��{@Y9Q�V�zfNTz E¯QZYKNTE?v
JONTC)YfE)bjD¥QZH1DFi)GHG$J)XLV�B t C)DZJLDZXLDFE)G)V�CLN1QFQZYfB�V?E)G)y�JLBoJON]XLDFz)G?��~�N]XONTz?v
YfG)z8c}©�DFz9B1CfJLE)B JON]XLDFzfNTV ~�N]XONTz)YfG)zfN?�}H�z,B1Y,B1C)B1y `MNTC)DF~FGLQZY,C)G)C)B1HfNTELN
� � � 


p . /�/fq � �¯x��:G)S�DFDFYlz)CLN1QZE)B1D¤QZS�DF|nDFE)G)D
z = 1.7

� Y�c�D1cjELN]�fBKJLG)Y,Q�V
ELN�z,BKXLBfQFQFN]XL[1E)B1S CLN1QFQZYfBKV?E)G)G�k1BKXLDFD¤~FG)~�N t NTCLQZDFzfN£B1Y R=DFS�XLG8c R<NTH1G?v
QZG)S�BfQZYf[oH1G?JLG)SUNTV�`FH1DF`ZJLELNTV�H1DZXLG)i)G)ELN3PlCLN1QFQZY,BKV?E)G)D$J)XLV GLQZYfB1i)E)G?v
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JLB1y8c
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 � � � � � ���}c
�dN��FYfB1yoQZYKN]JLG)G�B1k1BMXLB1i)zfN�JLH1G)^IDFY,Q�V t B�G)E)DFC)�)G)GoY�NTz8��zfNTzoDMQ�XLG

k1b�H1E)DFmIE)DFy�QZC)DZJLb�E)D§k1b�XLB�H1B1B1k1|ID1�
R(t) ∝ t

c ¬¡`ZXL�9i)DFE)G)DIB1k1BMXLB1i)z)G
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mnG)C9V?{@|IDFyLQ�V3B1k1BMXLB1i)z)G

M0 = 4π/3ρ0R
3 c@N§XLV ρ0 = 2 · 10−24 ~��]QZS 3G

M0 = 1M�
�FYfB1Y�S�B1S�DFE)Y\ELN1QZYf� t NTDFY t C)G R ≈ 2 t z8� t C)G)S�DFC)E)BWi)DZv
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`MNn¦¡C)B1E)Y,B1S¤QZG?XL[1E)B1y�ª¡��G�ELN§�fQZz,B1C)DFE)G)DdQZ~FC)DFk1DFE)E)B1~FBuS�DF^_`FH1DF`ZJLE)B1~FB
~�NT`MN?c � B1~�JON¥SUN1QFQFN�QZ~FC)DFk1DFE)E)B1~FB�~�NT`MN¤S�E)B1~FB¤k1BMXL[1mID

M0
��JLH1G)^}DFE)G)D

B1k1BMXLB1i)z)G�JLB1H1BKXL[1E)B$YfB1i)E)BaB t GLQZbjHfNTDFY9Q�V�NTH1YfB1S�BMJLDZXL[1E)bjS C)DFmIDFE)G)DFS
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K1
B1Y t BKXLE)B1y �FE)DFC)~FG)G

E0
�5N¥JONTHTXLDFE)G)D

p2
E)D t BTvQZC)DZJOQZYfH1DFE)E)B�`MN�¦¡C)B1E)YfB1S�ªh� H

K2
CLNT`�k1BMXL[1mID�QZC)DZJLE)DF~FBaJONTHTXLDFE)G)V
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H1E)�9Y,C)GRB1k1BKXLB1i)z)G8c�N§XLVRG?JLDMN]XL[1E)B1~FB�~�NT`MNgQ t B1zfNT`MNTYfDZXLDFS£N]JLGLNTkfNTYfb
γ
�

p = (γ − 1)ε
�L~�JLD

ε
P t XLB1YfE)BfQZYf[g�FE)DFC)~FG)G8c�0�B1~�JON

p2 = K2(γ − 1)
K1E0

4π/3Rs(t)3
p 4�cDJ9x

�¡B_H_Q�XL��iLNTDIQZG?XL[1E)b��W�TJONTC)E)b��WH1BMXLEaQ t CLNTH1DZJ)XLG)H1BRQZB1B1YfE)B1mIDFE)G)D

p2 =
2ρ1u

2
1

γ + 1

p 4�c q,x
S�DF^gJL�¡JONTHTXLDFE)G)DFS�QZCLNT`F�§`MNh¦¡C)B1E)YfB1S

p2
� t XLB1YfE)BfQZYf[1{ ρ1

GuQZz,B1C)BfQZYf[1{
H1YfDFzfNTE)G)V$E)DFH1B1`FS��9|IDFE)E)B1~FBa~�NT`MN�HWª¡�

u1
c � B1S�k1G)E)G)C)�1V��FYfG���CLNTH1E)DZv

E)G)VWGW�9i)G)Y,bjHfNTV=�)i)Y,B
u1 = dRs/dt

� t BMXL��iLNTDFSl��CLNTH1E)DFE)G)D
(
dRs

dt

)2

=
4π

3
K1K2

(γ2 − 1)

2

(
E0

ρ1R3
s

) p 4�cD49x
0�B1i)E)bjy�JLG)ELNTS�G)i)DMQZz)G)D�CLN1QZi)DFY\JONTDFYWJ)XLV

γ = 5/3 K1 = 0.72
�
K2 =

2.13
� YKNTzWi)YfB

K1K2 = 1.53
c

¬¡E)YfDF~FC)G)C)�1V t BfQ�XLDZJLE)DFDu��CLNTH1E)DFE)G)D1� t BKXL�9iLNTDFS«J)XLV\QZz9B1C)BfQZYfG$CLN1Qwv
t C)BfQZYfCLNTE)DFE)G)V�ª¡�«Hg�FYfB1SoC)DF^_G)S�D

Rs(t) ∝
(
E0

ρ1

)1/5

t2/5 ≈ 0.31

(
E51

n1

)1/5 ( t~FBMJLb
)2/5

t z p 4�cD/9x
R JLDMQZ[�H t BfQ�XLDZJLE)DFS CLNTH1DFELQZYfH1D

E51 ≡ (E0/10
51 �FC)~��]Q]x}P3ELNKiLN]XL[1ELNTV

�FE)DFC)~FG)V�H1`FC)bjHfN?�
n1

Puz,B1E)�)DFE)YfCLNT�)G)V�NTYfB1S�B1HnHIE)DFH1B1`FS��9|IDFE)E)B1yWS�DF^gv
`FH1DF`ZJLE)B1y}QZC)DZJLD¡p ∼ 1−100

QZS −3 H@CLNT`ZXLG)i)E)b��IN1QZYfC)Bf¦¡G)`FG)i)DMQZz)G?�IQZG)Yf�9vNT�)G)V�� x��
ρ1 = 1.26mHn1

J)XLV\QZBMXLE)DFi)E)B1~FB��?G)S�G)i)DMQZz,B1~FBWQZBfQZYKNTHfN�S�DF^gv
`FH1DF`ZJLE)B1yaQZC)DZJLbdc

 ¡BfQZz,BKXL[1z)��YfDFS t DFCLNTYf��CLN3`MNo¦¡C)B1E)YfB1S QZG?XL[1E)B1y��TJONTC)E)B1y�H1BKXLE)b
J)XLV�G?JLDMN]XL[1E)B1~FB�~�NT`MN t N]JONTDFY�QZBgH1C)DFS�DFE)DFSj� YfBuELNMi)G)ELNTV�Q¡E)DFz,B1Y,B1C)B1~FB
S�B1S�DFE)YKNhH1C)DFS�DFE)G�p CLN]JLG)�fQFNdB1k1BMXLB1i)z)G<x�QZY�NTE)B1H1V�Y9Q�V}HfNT^_E)bjS�G t C)B1�)DMQwvQZb�CLN]JLGLNTYfG)H1E)B1~FBWBM��XONT^gJLDFE)G)V�ªh��G�N]JLGLNTkfNTYfG)i)DMQZz9B1D t C)G)kTXLG)^}DFE)G)DELNTC)�9m}NTDFY,Q�V<c

R<NTS�DFYfG)Sj� i)YfB_��^ID§H�z,B1E)�)DuQZYKN]JLG)G\QZH1B1k1BMJLE)B1~FBRCLNT`ZXLDFYKN�CLNT`FH1G)HfN]v
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S�Dnz9B1B1CfJLG)ELNTY]�=QZH1V?`MNTE)E)B1yaQn¦¡C)B1E)YfB1Slª¡�@x��LE)BgJLH1G)^_��|INTV)Q�V\ELNTC)�9^_�
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��XLDFz)Y,C)B1E)B1H)���fQZz9B1C)DFE)E)b���`MN�¦¡C)B1E)YfB1S�ªh�h��HaSUNT~FE)G)YfE)B1S t BMXLDR~�NT`MN?�Q�^INTYfB1So�TJONTC)E)B1y�H1BMXLE)B1y<x�c

�dN�©�GLQTc 4�cD/ t B1zfNT`MNTElQZE)G)S�B1zoY,B1~FB�^}D�BfQZYKNTYfzfN � � 0�G?�fB�H$S�V?~Zv
z,B1S«C)DFE)Yf~FDFE)B1HfQZz9B1S�JLGLN t NT`FB1E)D1�<Q�JLDZXONTE)E)bjy�C)DFE)Y,~FDFE)B1HfQZz)G)S�YfDZXLDMQZz9BTv
t B1S C � 
 ��� � 
 cT�5E)DFmIE)G)y}C)DF`Fz)G)y}z)CLNTy}BfQZYKNTYfzfN:QF¦¡B1C)S�G)C)B1HfNTEgH1E)DFmIE)DFyª¡�@��CLNT`FB1~FC)DFH1mnDFyoS�DF^_`FH1DF`ZJLE)��{ QZC)DZJL��`MN\¦¡C)B1E)YfB1S�JLB�YfDFS t DFCLNTYf��C
t B1C,V�JLzfNY9TsuS�XLE8c � cL�&E)��YfC)DFE)E)G)D¡B1kTXON1QZYfGWBfQZYKNTY,zfNICLNT`FB1~FC)DFY,b�B1k1CLNTY1v
E)B1y�ª¡��JLBgYfDFS t DFCLNTYf��C t B1C,V�JLzfN . suS�XLE � cL¬¡`ZXL��i)DFE)G)DnY,D t XLB1H1B1D1c
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Q YKN]JLG)V&L�c � � ������� � ��������� � � �
� � � � � � � �"��� ���
	���
 ��� ����� ����� �

�dN1QZYf� t NTDFY t BfQ�XLD�k1b:QZYfC)B1~FB£BK�9XONT^gJLDFE)G)V�~�NT`MNoB1k1BMXLB1i)z)G8�hz,B1~�JON
YfDFS t DFCLNTYf��CLN t N]JONTDFY\E)G)^}D ≈ 6 × 105 � G t XONT`FSUNWELNMi)G)ELNTDFYaG)E)YfDFE?v
QZG)H1E)BgH1b:QZH1DFi)G)HfNTYf[g`MN t N1QZDFE)E)��{�YfD t XLB1H1��{��FE)DFC)~FG){ p ELN t B1S�E)G)Sj�Li)YfB
t C)G t B1E)G)^IDFE)G)GoY,DFS t DFCLNTYf�9C)b ¦¡��E)z)�)G)V�BK�9XONT^_JLDFE)G)V3~FB1C9V?i)DFy£CLNT`Zv
C)DF^IDFE)E)B1y t XONT`FS�b C)DF`Fz,BWH1B1`FCLN1QZYKNTDFYWG)`Zv�`MN t B�V�HTXLDFE)G)V���XLDFz)YfC)B1E)E)b��
B1k1BMXLB1i)DFz�H1B1z)C)�9~jV�JLDFCgY]V�^}DZXLb��I��XLDFS�DFE)YfB1H?x�cfª¡� t C)G��FYfB1S�QZYKNTE)B1H1G)Y1v
Q�V t CLNTz)YfG)i)DMQZz)GIG)`FB1Y,DFC)S�G)i)DMQZz,B1y�p t B1zfNT`MNTYfDZXL[¡N]JLGLNTkfNTYfb¤~�NT`MN

γ → 1
x�c

U@k1BMXLB1i)zfN�QZYKNTE)B1H1G)Y,Q�V�YfB1E)z9B1yaGaB1YfE)BfQZG)YfDZXL[1E)B_�fBKXLBMJLE)B1y8� t BfQZz,BKXL[1z)�CLN]JLGLN]XL[1ELNTV3QZz9B1C)BfQZYf[�~�NT`MN?� t C)B1mnDZJLmIDF~FB�i)DFC)DF`�ª¡�h��S�DFE)[1mnDWQZz9B1C)BTv
QZYfG JLH1G)^}DFE)G)V�¦¡C)B1E)YKN t B£QZC)DZJLD¥G�~�NT`1� t BKJL^_G)SUNTDFS�bjy�JONTHTXLDFE)G)DFS
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B1k1BMXLB1i)z)GoG)`FE)��YfC)G8�0JLBMXL~FB$BfQZYKNTDFY,Q�V¥H1kTXLG)`FGo¦¡C)B1E)YKNaªh�hc� ¡DFC)DZ�fBMJ£z
�FYfB1S��RC)DF^_G)S�� t C)B1GLQ��fBMJLG)Y t C)GWCLN]JLG)�fQZDnB1k1BKXLB1i)z)G

Rc = 24

(
E51

n0

)1/3

t z

NnH1G)^}DFE)G)D@ª¡� t BMJ)JLDFC9^_G)HfNTDFY,Q�VR`MN}QZi)DFYn`MN t N1QZDFE)E)B1~FBuHnB1k1BKXLB1i)z,D¡G)S�v
t �TXL[fQFNop

M(dRs/dt) = const
�
M = 4π/3ρ1R

3
s

x���ª¡�.QZ~FC)DFkfNTDFY¥B1z)C)�9v
^nNT{h|nG)y$~�NT`gG t DFC)DZJONTDFYWDFS��aQZH1B1y�G)S t �TXL[fQT�8G�QZG)Yf�fNT�)G)V t BM�fB�^nNWELN
QZ~FC)DFkfNTE)G)D�QZE)DF~�NoQZE)DF~FB1B1i)GLQZY,G)YfDZXLDFSjc U JLELNTz9B£H£B1Y�XLG)i)G)D�B1Y t DFC)H1B1yQZYKN]JLG)G8�)CLN1QZmIG)C)DFE)G)DnB1k1BMXLB1i)z)GazW�FYfB1S���H1C)DFS�DFE)G\�9^}DdQZG?XL[1E)B_`MNTS�DZJ)v
XLV?DFY,Q�V<cO�«�FYfB1SoC)DF^�G)S�D§CLN1QZmnG)C)DFE)G)D}B1k1BMXLB1i)z)Ga`MNTS�DZJ)XLV�DFY9Q�V<�OY]c�z8cLG)`
QZBM�?CLNTE)DFE)G)V�G)S t �TXL[fQFN_Q�XLDZJL�1DFY dRs/dt ∝ R−3

s

p N}E)D
R

−3/2
s

zfNTz�HgQ�XL�9v
iLNTD�N]JLGLNTkfNTYfG)i)DMQZz9B1~FB¥CLNT`ZXLDFYKN?�UQZSjc:p 4�cD49x�x�cU ¡C)Go�FYfB1S

Rs ∝ (Rct)
2/7p � c � c A 
 ? � � ? �
��� � � � � � � 7 � H � ? � � ��� � � 7 
�� � ? � � � ��� � � � �F� � � 
 � 
 �"9Ts1s1s�x�c©�NT`FC)DF^IDFE)E)bjy ~FB1C,V?i)G)y.~�NT`£H1E)�9Y,C)G B1k1BMXLB1i)z)G t CLNTz)Y,G)i)DMQZz)G E)D

BfQZYfbjHfNTDFYup G)`Zv�`MN¡E)G)`Fz,B1y t XLB1YfE)BfQZYfG}G}H1b:QZB1z,B1ygYfDFS t DFCLNTYf��C)b¡x<G}V?HTXLV�vDFY,Q�VaJLB t BKXLE)G)YfDZXL[1E)bjS�GLQZY,B1i)E)G)z,B1S�CLN1QZmIG)C)DFE)G)V¥B1k1BMXLB1i)DFz�ELN t B1`ZJ)vE)G?��CLN]JLGLNTYfG)H1E)b���QZYKN]JLG)V��=c? ¡B t C)B1mnDMQZYfH1G)G ∼ 104 XLDFY t BfQ�XLD¡ELNKiLN]XONCLN1QZmnG)C)DFE)G)V�S�DFC)b«�FS�GLQFQZG)G�B1k1BMXLB1i)DFzWQZH1DFCf�?E)B1H1b�����S�DFE)[1mINT{hY,Q�V�ELN]v
QZYfBKXL[1z,B)�,i)Y,BdB1E)G�QZYKNTE)B1H1V?Y,Q�V t CLNTz)Y,G)i)DMQZz)G�E)DFCLNT`ZXLG)i)G)S�bjS�GRELN§¦¡B1E)DG)`ZXL��i)DFE)G)VWS�DF^_`FH1DF`ZJLE)B1yaQZC)DZJLbdc

��JLDFyLQZY,H1G)YfDZXL[1E)BfQZYfG8��`FELNKi)G)YfDZXL[1ELNTV3E)DFBMJLE)B1C)BMJLE)BfQZY,[ t XLB1YfE)BfQZYfGS�DF^_`FH1DF`ZJLE)B1y QZC)DZJLbd��SUNT~FE)G)YfE)bjD t BMXLV<��CLNT`ZXLG)i)E)bjD E)DF�fQZYfB1y)i)G)H1BTv
QZYfG�p YfD t XLB1H1bjD�E)DF�fQZYfB1y)i)G)H1BfQZYfG8�TE)DF�fQZYfB1y)i)G)H1BfQZYf[d©���XLDFV�v 0��Fy?XLB1CLN t C)GCLN1QZmnG)C)DFE)G)GW~FB1C9V?i)DF~FBI~�NT`MNIH§�fBKXLBMJLE)B1Sj�)E)DF�fQZYfB1y)i)G)H1BfQZYf[u¦¡C)B1E)YKNnªh�
GWY]c J�c xUG t C)B1i)G)DnN1QZYfC)Bf¦¡G)`FG)i)DMQZz)G)D}¦dNTz)YfB1C)b�`FELNMi)G)Y,DZXL[1E)B��fQ�XLB�^_E)V�v
{hY\B1k1C)GLQZB1HfNTE)E)��{ H1bjmnDWQ��fDFSUNTYfG)i)DMQZz)�9{ zfNTC)YfG)E)�¥�FH1BMXL{h�)G)G�BfQZYKNTY1v
z,B1H QZH1DFCf�?E)B1H1b��<c�� E)DFz,B1YfB1C)b�� YfG t N]� BfQZY�NTYfz,B1H�p Y�c�E8c t XLDFC)G)B1E)b¡xBfQZE)B1H1ELNTV��FE)DFC)~FG)VWH_B1k1BKXLB1i)z)� t C)BMJLBKXL^nNTDFY t BfQZY,� t NTYf[gH t C)B1�)DMQFQZDnDFDCLN1QZmnG)C)DFE)G)V H3H1G?JLD$C)DZXLV�Y,G)H1GLQZY,QZz)G?�liLN1QZYfG)�8�5C)BK^gJLDFE)E)b��«k1b:QZYfC)BTv
H1CLNT|INT{h|nDFyLQ�VaE)DFy)Y,C)B1E)E)B1y\`FH1DF`ZJLB1y$Q§QZG?XL[1E)bjS�SUNT~FE)G)Y,E)bjS t BMXLDFSlP
t �TXL[fQFNTC)B1Sj�LB1k1CLNT`F��{@|IG)SUQ�VWHuC)DF`F�TXL[KY�NTYfD¡z,BMX)XON t QFN?c �@B1C)B1mIBgG)`FH1DMQZY1v
E)bjy t C)G)S�DFCuS�BMXLBMJLB1~FBnBfQZYKNTYfzfN QZH1DFC,��E)B1H1B1y_Q t �TXL[fQFNTC)B1S�P � CLNTk1B1H1G?J)v
ELNTV\Y,�9SUNTE)E)BfQZYf[)� BfQZYKNTYfB1zaHfQ t bjmnz)G � � . s_2���~�c=HRQZB1`FH1DF`ZJLG)G�0�DZXL[1�LN?c
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5BMXLDFD�JLDFYKN]XL[1E)B1DRG)`ZXLBK^}DFE)G)DWGoQZB t BfQZYKNTHTXLDFE)G)DWQ�ELNTkTXL{�JONTYfDZXL[1E)bjS�G
JONTE)E)bjS�GaQZSjcLHg� t B1S�V?E)�9Y,B1yWS�B1E)B1~FCLN1¦¡G)GM0Uc �Ic �dB1`FG)ELQZz9B1y8c
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� NTz�k1b�XLB�H1bjV?QZE)DFE)B�H t C)DZJLb�JL�9|IG?��~�XONTHfN]�<�L�FH1BMXL{h�)G)V�B1k1bji)E)b��
`FH1DF`ZJgQZH1BMJLG)Y,Q�Vnz}YfDFC)S�BKV�JLDFC)E)B1S��§~FB1C)DFE)G){�H1BMJLB1C)BMJONup ~�XONTH1ELNTV t BfQ�XLDZvJLB1HfNTYfDZXL[1E)BfQZYf[?xUG�k1BKXLDFDdY�V?^}DZXLb�����XLDFS�DFE)Y,B1H�p QZYKN]JLG)G t BfQ�XLDd~�XONTH1E)B1y
t BfQ�XLDZJLB1HfNTY,DZXL[1E)BfQZYfG<x&HgV�JLC)Dd`FH1DF`ZJLbdc A9B1C)DFE)G)DnH1BKJLB1C)BMJON t C)B1GLQ��fBMJLG)YJLBMXL[1mID�HfQZDF~FB)��H1C)DFS�V$^_G)`FE)G�`FH1DF`ZJLb t BfQ�XLD_~�XONTH1E)B1y t BfQ�XLDZJLB1HfNTY,DZXL[TvE)BfQZYfGWE)D t C)DFH1bjm}NTDFY 10%

B1YgH1C)DFS�DFE)Ga~FB1C)DFE)G)VWH1BMJLB1C)BMJON?c
� B1E)DFi)E)bjD QZYKN]JLG)G �FH1BKXL{@�)G)G `FH1DF`ZJ QZB t C)B1H1BK^gJONT{hY,Q�V k1BMXL[1mnB1y

t B1YfDFC)DFy£SUN1QFQZb�G)`�B1k1BMXLB1i)z)G«`FH1DF`ZJLb H¤H1G?JLD\`FH1DF`ZJLE)B1~FB¤H1DFY,CLN£p BfQZBTv
k1DFE)E)BWELN�QZYKN]JLG)V��az)CLN1QZE)B1~FB�~FG)~�NTE)Y�N�G�QZH1DFC,��~FG)~�NTE)YKN�x���JLBfQZYfG)~�NT{@|IDFy
∼ 10−5M�

H«~FBKJ�c � B1E)DFi)E)bjD t C)BMJL��z)Yfb �FH1BMXL{h�)G)G B t C)DZJLDZXLV?{@Y9Q�V¦¡G)`FG)i)DMQZz)G)S�G£�fQ�XLB1H1G)V�S�GoH$�)DFE)YfC)D�`FH1DF`ZJLb z�S�B1S�DFE)Yf�¤`MNTH1DFC)mIDFE)G)V
YfDFC)S�B�V9JLDFC)E)b��RC)DMNTz)�)G)y8c e YfG��fQ�XLB1H1G)V t BKXLE)BfQZYf[1{�B t C)DZJLDZXLV?{hY,Q�V�ELN]viLN]XL[1E)B1y SUN1QFQZB1y�`FH1DF`ZJLb ELN�~�XONTH1E)B1y t BfQ�XLDZJLB1HfNTYfDZXL[1E)BfQZY,G�G�DFD�ELN]v
iLN]XL[1E)bjS£�?G)S�G)i)DMQZz)G)SlQZBfQZYKNTH1B1Sjc

��`MNTH1GLQZG)S�BfQZYfG¥B1YWELNKiLN]XL[1E)B1y¤SUN1QFQZb `FH1DF`ZJLb QZBKXLE)DFi)E)B1~FB��?G)SUQZBTv
QZYKNTHfNop YfG t G)i)E)B1~FB¥J)XLV3`FH1DF`ZJ�JLGLQZz,B1H1B1y«QZBfQZYKNTHTXLV?{@|IDFylA9N]XONTz)Y,G)z)G<x��
t BfQ�XLD}`MNTH1DFC)mnDFE)G)VaYfDFC)S�BKV�JLDFC)E)B1y��FH1BMXL{h�)G)GaH�`FH1DF`ZJLE)b���E)DZJLCLN]��S�BTv
~F��YgH1B1`FE)G)z)E)�9Yf[�YfC)GWYfG t N}z,B1S t NTz)YfE)b���BfQZY�NTYfz,B1H�;

. c
0.1 < M < 8− 10M� ==> t XONTE)DFYKNTC)ELNTVRYf��SUNTE)E)BfQZYf[)�9k1DZXLbjDzfNTC,XLG)z)G
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9�c
8 − 10 < M < 20 − 40M� ==>

QZH1DFCf�?E)B1H1bjDRY,G t N � � G � � �
==>

E)DFy)Y,C)B1E)E)bjD§`FH1DF`ZJLb
L�c
M > 20 − 40M� ==>

QZH1DFCf�?E)B1H1bjD�p H1B1`FS�BK^_E)B)� t C)G£E)DFz,BTv
Y,B1C)b�� �fQ�XLB1H1G)V�� QZB t C)B1H1B�^gJONT{h|nG)DMQ�V H1b�JLDZXLDFE)G)DFS�^IDMQZYfz9B1~FB
~�NTS�SUN]v�G)`ZXL��i)DFE)G)V¥HW��`Fz,B1ELN t CLNTHTXLDFE)E)B1S�z,B1E)�fQZDZv JL^}DFYfD1��ELNTkTXL{@v
JON]JLDFS�bjD�zfNTz�z,BfQZS�G)i)DMQZz)G)D�~�NTS�SUN]v�HfQ t XLDMQZz)G<x ==>

i)DFC)E)bjD
JLbjC)b

Q XLDZJL�1DFY¥B1YfS�DFY,G)Yf[\E)DFB t C)DZJLDZXLDFE)E)BfQZYf[�H$YfB1i)E)b���~FCLNTE)G)�LN]�<��CLNT`Zv
XLG)iLNT{@|IG?���FYfGRQ�XL��iLNTG8�?Y�c�z8c,JLDFYKN]XLG�S�DZ�1NTE)G)`FSUNuQZk1C)BfQFNnB1k1BKXLB1i)z)G t C)GHfQ t bjmnz9D}QZH1DFC,��E)B1H1B1y t B1zfNgE)DFV)QZE)bdc

����������*)� �\* �04 
��&% �"%
UhQZE)B1H1ELNTV t C)G)i)G)ELN?� t C)G)H1BMJLV?|}NTVWzRB1k1CLNT`FB1HfNTE)G){�CLNT`ZXLG)i)E)b���YfG?v

t B1H\BfQZYKNTY,z,B1H�`FH1DF`ZJLE)B1y3�FH1BMXL{h�)G)G�PaCLNT`ZXLG)i)G)D�¦¡G)`FG)i)DMQZz)G?�¤�fQ�XLB1H1G)y
Hu�)DFE)YfC)D@`FH1DF`ZJLbdc)�l`FH1DF`ZJON]�RQ@SUN1QFQZB1y�JLB ∼ 8− 10

QZBMXLE)DFi)E)b���YfDFC)S�BTv
V�JLDFC)ELNTV��FH1BKXL{@�)G)VR`MNTH1DFC)mINTDFY,Q�VRJLBIB1k1CLNT`FB1HfNTE)G)V�V�JLCLNnG)`h��XLDFS�DFE)Y,B1H
~FC)� t)t b ^}DZXLDF`MN�Q�SUN1QFQZB1yoS�DFE)[1mnDFylz)C)G)YfG)i)DMQZz,B1y£SUN1QFQZb �dNTE?JLCLN1QZDZv
zfNTCLN?c�� `MNTH1GLQZG)S�BfQZYfG�B1Y\ELNMiLN]XL[1E)B1yoSUN1QFQZb �FYfB t C)B1GLQ��fBMJLG)Y�ELN�QZYKN]v
JLG)G�~FDZXLG)DFH1B1~FB£G?XLG���~�XLDFC)BMJLE)BTv�z)GLQ�XLB1C)BMJLE)B1~FB�H1bjC)B�^gJLDFE)E)B1~FB£V�JLCLN?c
0�DFC)S�B�V9JLDFC)E)B1D�~FB1C)DFE)G)DWH�H1bjC)BK^_JLDFE)E)B1S H1DF|nDMQZYfH1D\E)BfQZG)Y�H1`FC)bjH1E)B1y
�TNTCLNTz)Y,DFC£p QZSjc8H1bjmnD_CLNT`ZJLDZX5J�c �)� t C)G��FY,B1S«H1B1`FC)BfQZm}NTV¥YfDFS t DFCLNTYf��CLNS�BK^}DFY_iLN1QZYfG)i)E)B�QZE)V?Yf[uH1bjC)B�^gJLDFE)G)DnGW~FB1C)DFE)G)DnQZY�NTE)DFYgS�DFE)DFDdG)E)YfDFE?v
QZG)H1E)bjS$G)`Zv�`MN@H1BfQFQZY�NTE)B1HTXLDFE)G)VIB1YfC)G)�LNTY,DZXL[1E)B1yIYfD t XLB1DFS�z9BfQZYfG8cT ¡B1�FYfBTvS��WELN�QZYKN]JLG)GaQ�XLB1DFH1B1~FB�GLQZYfB1i)E)G)zfN_H1B1z)C)��~nH1bjC)B�^gJLDFE)E)B1~FB Q v U v�V�JLCLNB1k1BMXLB1i)zfNl`FH1DF`ZJLb�Plz)CLN1QZE)B1~FB�p QZH1DFCf�=x�~FG)~�NTE)YKN�S�BK^}DFYlQZk1CLN1QZbjHfNTYf[fQ�V
G)`Zv�`MN�Y,D t XLB1H1b���E)DF�fQZY,B1y)i)G)H1BfQZYfDFy\ELN�~FCLNTE)G)�)D}Q�XLB1DFH1B1~FB�GLQZYfB1i)E)G)zfN�G
H1bjC)BK^gJLDFE)E)B1~FB�V�JLCLN?c� ¡C)G¤�FY,B1S�`FH1DF`ZJON�ELN]�fBMJLG)Y9Q�V¥ELN�QZY�N]JLG)G¤N1QZG)S�v
t YfB1YfG)i)DMQZz9B1yRH1DFY,H1GR~FG)~�NTE)Y,B1H}H t CLNTH1B1yWH1DFCf�?E)DFy�iLN1QZYfG�ELNIJLGLNT~FCLNTS�S�D
A,DFC)�)m t C)�9E)~�N]vr©�N1QFQZDZXON?c<��C)DF`F�TXL[KYKNTYfDhQZk1C)BfQFNnB1k1BKXLB1i)z)G�H1B1z)C)�9~@H1bjC)BTv
^gJLDFE)E)B1~FBWV�JLCLN�B1k1CLNT`F�1DFY,Q�V t XONTE)DFYKNTC)ELNTV$Yf��SUNTE)E)BfQZYf[)��E t BMJOQZH1DFi)G)HfN]vDFSUNTVPG_B1i)DFE)[\~FB1C,V?i)G)S p

Teff ∼ 105 � x t C)B1YfBTv�k1DZXLbjS�zfNTCfXLG)z,B1Sjc � DZv
�TNTE)G)`FS�QZH1DFi)DFE)G)V�Y,�9SUNTE)E)BfQZYfG_P}C)DFz9B1S�k1G)ELNT�)G)B1E)E)bjy8�LzfNTz�HIB1kTXON1QZY�V��
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6 � � �,E)B t B1YfDFE)�)GLN]XWH1B1`Fk1��^gJLDFE)G)V_J)XLV t XONTE)DFYKNTC)E)b���Y,�9SUNTE)E)BfQZYfDFy�k1BTvXLDFD�H1b:QZB1z)G)y£G)`Zv�`MN$k1BMXLDFDWH1b:QZB1z9B1ylYfDFS t DFCLNTY,�9C)b t BMJOQZH1DFi)G)HfNT{h|nDF~FBG)`ZXL��i)DFE)G)V=c
UhQZYKNTH1mIDFDMQ�V t BfQ�XLD�GLQZYfDFi)DFE)G)VIB1k1BMXLB1i)z)Gg~FB1C9V�i)DFDjH1bjC)B�^gJLDFE)E)B1D C v

� V�JLC)B_`FH1DF`ZJLb t BfQZYfD t DFE)E)B�BfQZYfbjHfNTDFY�G t C)DFH1CLNT|INTDFY,Q�V\H_k1DZXLbjyazfNTC?v
XLG)z8c e E)DFC)~FG)V�QZH1DFi)DFE)G)V¥k1DZXLB1~FB\zfNTC,XLG)zfNWPaY,D t XLB1HfNTV��FE)DFC)~FG)V=�0`MN t N]vQZDFE)ELNTV£H¥z9BMXLDFkfNTE)G)V��lG)B1E)B1H)c�¬¡`ZXL�9iLNTV£¦¡B1Y,B1E)b�Q t B1H1DFC,��E)BfQZYfG8�&k1DZvXLbjy¤zfNTC,XLG)z t BfQZYfD t DFE)E)BaBfQZY,bjHfNTDFY�p DF~FB\�M¦d¦¡DFz)Y,G)H1ELNTV¤YfDFS t DFCLNTYf��CLN
t N]JONTDFY)x��:N�YKNTz zfNTz�CLN]JLG)�fQ�k1DZXLB1~FBozfNTC,XLG)zfN£B1z9BMXLB

104 z)Sj���1NTCLNTz?v
YfDFC)E)B1DuH1C)DFS�V$BfQZYfbjHfNTE)G)V�JLBfQZYfG)~�NTDFY . sRS�XLCfJ�c8XLDFY]c Q NTS�bjD_QZYKNTC)bjDgG�fBMXLBKJLE)bjDnk1DZXLbjD§zfNTC,XLG)z)G\G)S�DF{hY_�M¦d¦¡DFz)YfG)H1E)��{�Y,DFS t DFCLNTYf�9C)��B1z,BKXLB9Ts1s1s � cO��YKNTz)G?�R�fBMXLBMJLE)b�� Erk1��C)b��PG}p NTE)~�X�c E � � ��� �HG�x"zfNTCfXLG)zfN]� t BKXLBTv^_G)YfDZXL[1E)B�`MNTC9V�^}DFE)E)bjD_G)B1E)b B1k1CLNT`F��{@Y�z)C)GLQZYKN]X)XLG)i)DMQZz)��{ C)DFmnDFYfz)�
p z)C)GLQZYKN]X)XLG)`MNT�)G)VgELNKi)G)ELNTDFY,Q�Vg��^ID t C)GuYfDFS t DFCLNTYf��CLN]� t B1C9V�JLzfN . s1s1s1s

� x5��c
Q YfB1i)z)G `FC)DFE)G)V.S�DZ�TNTE)G)i)DMQZz9B1~FB�CLNTH1E)B1H1DMQZG)V<�gQZG?XLD«Y�V?^}DMQZYfG H

k1DZXLb��£zfNTCfXLG)zfN]� t C)B1Y,G)H1BfQZYfB1G)Y¤~FCLN]JLG)DFE)Y¤JONTHTXLDFE)G)VlH1bjC)BK^_JLDFE)E)B1~FB
��XLDFz)Y,C)B1E)E)B1~FBI~�NT`MN?c, ¡BKJLi)DFC)z)E)DFS�C)BMXL[nz)�TXLB1E)B1HfQZz)G?�RQZG?X(;f~FCLNTH1G)YKNT�)G)V
JLDFyLQZYfH1�1DFY�ELN ErY]V?^IDZXLbjD�G t C)B1YfB1E)bd��N�G)`Zv�`MN t C)G)E)�)G t N\ dNM�TXLG3QZB1`ZJON]v
DFY,Q�V¥B1~FC)B1S�E)B1DRJONTHTXLDFE)G)DRH1bjC)B�^gJLDFE)E)b��¤��XLDFz)YfC)B1E)B1H)��z,B1YfB1C)B1D t DFC)DZvJONTDFY,Q�V t C)B1Y,B1ELNTS£G)S�DFE)E)B�i)DFC)DF`§��XLDFz)YfC)G)i)DMQZz)G)D t BKXLVWiLN1QZYfG)�8c

R=H1DF`ZJLb�Q¡SUN1QFQZB1y\ELNu~�XONTH1E)B1y t BfQ�XLDZJLB1HfNTYfDZXL[1E)BfQZYfG < 0.5M� t BKX)vE)BfQZYf[1{�z,B1E)H1DFz)YfG)H1E)bd�5i)YfB t C)DZJLB1YfH1CLNT|}NTDFY�`MNT~FB1CLNTE)G)D$Q�XLB1DFH1B1~FB�GLQwv
YfB1i)E)G)zfN t BfQ�XLD\H1bj~FB1CLNTE)G)V�H1BMJLB1C)BMJON?cp0�NTz)G)D�`FH1DF`ZJLb E)DaQZYKNTE)B1H1V?Y,Q�V
z)CLN1QZE)bjS�G3~FG)~�NTE)YKNTS�G¤G t BfQ�XLDRQZY�N]JLG)G¥~�XONTH1E)B1y t BfQ�XLDZJLB1HfNTYfDZXL[1E)BfQZY,GELN¤JLGLNT~FCLNTS�S�D$A9DFC)�)m t C)��E)~�N]vr©�N1QFQZDZXON t DFC)DFS�DF|}NT{@Y,Q�V H t CLNTH1B)��Q�^_G?vSUNTV)QZ[aG3ELNT~FC)DFHfNTV)QZ[)cU©0N1QZi)DFY,b t B1zfNT`FbjHfNT{hY���i)YfBaYfDFS t DFCLNTYf��CLN\H�~FDZv
XLG)DFH1B1SlV�JLC)D§H�YKNTz)G?�R`FH1DF`ZJON]��B1zfNT`FbjHfNTDFY9Q�V�E)G)^}D§YfDFS t DFCLNTYf��C)b�QZE)V�v
YfG)VI��XLDFz)YfC)B1E)E)B1~FBIH1bjC)BK^gJLDFE)G)V<� t B1�FYfB1S��}H¡z,B1E)DFi)E)B1S�QZi)DFY,D5G)`�YKNTz)G?�
`FH1DF`ZJRJLBMXL^_E)b«k1b�XLG�k1b«B1k1CLNT`FB1HfNTYf[fQ�V�H1bjC)B�^gJLDFE)E)bjD

He
k1DZXLbjDhzfNTC?v

­ � X ½K¼�Æ�Å m ·À¼FÃ]Ä m ·ÀÅ�°�· m nU»&±À°w¹T±À²¯µK°Z²rµh±À¿]»´¹]Â@ÅO·�Ã]±wÅO·À²¸²¯Ä]³w¹�Æ�»5¶´³w»¸¶¯Á]Æ�²
M <

0.08M�

� ³ m ±w°w±w¼�Æ � ��±À¼]»´¹�ÄT»�³w±¸Á1±w¼�±¸Áf·&¹]»´³Z±À¶¸ÅL±]n"¹T±KÈ_oR½K¼T·�³À¹T»´¹�Ä]Äh²¸±w²¸°w±�µM¹]Ä]µj³Z» �ÇU»¸²¸°w³Z·h°�· m Ä	�d± X�k » m °w±À³d±�ºT¼]»rÁ1»´Ã]µ�¾0ÇU½K¾¥¼]±�Ã�ÂhÄ��¸¼T·À¾0° m ½ZÃT±�¹T±À³w² m Ä]»&³w¶�·�Ä]ÅO±¸ÁT» j��²¸°w³ÀÄTµfÈ���±�²´½K°wÄ:Á1»´ÃT· � l °Z±I�´Ä��r·�¹]°Z² m ÄT»0º�Ã1·�¹T»¸°wÆ�� ��� º]Ä]°Z»¸¼�Æ �
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XLG)z)G\QhSUN1QFQZB1y ∼ 0.5M�
c"U JLELNTz,B�H}JLDFyLQZYfH1G)Y,DZXL[1E)BfQZYfGW�FYfB1~FBuE)D t C)BTvGLQ��fBKJLG)YRPRH1C)DFS�V\^�G)`FE)G\ELN�~�XONTH1E)B1y t BfQ�XLDZJLB1HfNTYfDZXL[1E)BfQZY,GaJ)XLVa`FH1DF`ZJ

QgSUN1QFQZB1y
< 0.8M� t C)DFH1bjm}NTDFYaH1C)DFS�V¤CLN1QZmnG)C)DFE)G)V���QZDZXLDFE)E)B1y8c� ¡BTv

�FYfB1S�� t BMXL��i)G)Yf[}~FDZXLG)DFH1bjD¡k1DZXLbjDhzfNTC,XLG)z)G�S�BK^_E)B}YfBMXL[1z9BuH§JLH1B1y)E)b��
QZGLQZYfDFSUN]�<��z,B1~�JON t DFC)DFE)BfQWSUN1QFQZb ELN�H1YfB1C)B1yoz,B1S t B1E)DFE)Y t C)B1GLQ��fBMJLG)YELN_QZYKN]JLG)GWz)CLN1QZE)B1~FB�~FG)~�NTE)YKNgQd~FDZXLG)DFH1bjSlH1bjC)B�^gJLDFE)E)bjSlV�JLC)B1Sjc

ª�`FH1DF`ZJ�QdSUN1QFQZB1y
0.5 < M/M� < 3

p z�G?�Wi)GLQ�XL� t C)G)ELN]J)XLDF^_G)Y�GQ BMXLE)�)DTx8~FDZXLG)DFH1B1D"V�JLC)B@H1bjC)BK^gJONTDFY,Q�V<� t B1�FYfB1S��¡ELNKiLN]XLB t C)DFH1CLNT|IDFE)G)V~FDZXLG)V�HW�9~�XLDFC)BMJ3ELNWQZYKN]JLG)G�z)CLN1QZE)B1~FB\~FG)~�NTE)YKNWQZB t C)B1H1B�^gJONTDFY,Q�V¥C)DF`Zv
z)G)S�z)CLNTYfz,B1H1C)DFS�DFE)E)bjS¤�FE)DFC)~FB1H1b�JLDZXLDFE)G)DFSlp Y�c�E8cT~FDZXLG)DFHfNTVuHfQ t bjmnzfN�x�cª�`FH1DF`ZJaQdSUN1QFQFNTS�GaB1Y L}JLB

8M�
�FH1BMXL{h�)G)V�HgV�JLC)D t C)B1GLQ��fBMJLG)YRHE)DFH1bjC)BK^gJLDFE)E)b��}�fQ�XLB1H1G)V��nJLB@B1k1CLNT`FB1HfNTE)G)Vu�9~�XLDFC)BMJLE)BTv�z)GLQ�XLB1C)BKJLE)B1~FB

V�JLCLN?�KG t BfQ�XLD5QZk1C)BfQFN H1BMJLB1C)BMJLE)B1yuB1k1BKXLB1i)z)GIELN:N1QZG)S t Y,B1YfG)i)DMQZz,B1y}H1DFY1vH1Ga~FG)~�NTE)Y,B1H�BfQZYKNTDFY9Q�V C v � k1DZXLbjy$zfNTCfXLG)z�QnSUN1QFQZB1yaJLB ∼ 1.2M�
c<¬¡`

`FH1DF`ZJ 4�v . s
M�

S�B1~F�9Y�B1k1CLNT`FB1HfNTYf[fQ�V � v � � v ��� k1DZXLbjD§zfNTCfXLG)z)G�QdSUN1Qwv
QFNTS�G8�LkTXLG)`Fz)G)S�G\z t C)DZJLDZXL� �dNTE?JLCLN1QZDFzfNTCLN ∼ 1.3M�

c
��� �/� �!��� %@9A*-% �/623 9AC���C>$8(A$!</,+)�*�� ?'C+?'02% �G6��A�


 620�6 � 9AC�& �GC��+%4?	�+C+%�=�%13�% �G%4)+)�*-% C.)+</$!*-%�&4$!%'&�(�*

� NMi)DMQZY,H1DFE)E)B�E)B1HfNTV�QZG)Yf�fNT�)G)V�S�B�^IDFY H1B1`FE)G)z)E)��Yf[)�hDMQ�XLG�k1DZXLbjy
zfNTCfXLG)z�HT�fBMJLG)Y�H�QZBfQZYKNTHWY,DMQZE)B1y$JLH1B1y)E)B1y¤QZGLQZYfDFS�b�P t BMJ¤JLDFyLQZYfG)H1DFS
t C)G?XLG)H1E)b��uQZG?XgH1B1`FS�B�^_E)B t DFC)DFYfDFzfNTE)G)D�H1DF|nDMQZYfHfN¡Q�QZBfQZDZJLE)DFyu`FH1DF`ZJLbd�i)YfBnS�B�^IDFY t C)G)H1DMQZYfG�z���H1DZXLG)i)DFE)G){�DF~FBISUN1QFQZbdc? ¡C)G t C)G)kTXLG)^IDFE)G)GRziLNTE?JLCLN1QZDFzfNTC)B1HfQZz,B1S�� t C)DZJLDZXL�WH��)DFE)Y,C)Dnk1DZXLB1~FBRzfNTCfXLG)zfNRELNMi)G)ELNTDFY,Q�V
YfDFC)S�BKV�JLDFC)E)B1D�~FB1C)DFE)G)D1� t C)G)H1BMJLV?|nDFD�z¤H1`FC)bjH1�£p S�BKJLDZXL[�QZH1DFCf�?E)B1H1B1y
YfG t N � 
 x�c"N§XLV � v � � v ��� k1DZXLb���zfNTC,XLG)z,B1H\H1B1`FS�B�^IDFE¤z,BMX)XON t Q�HWE)DFy?v
YfC)B1E)E)��{�`FH1DF`ZJL�1c

��NT^_E)DFy)mnG)D t C)B�V�HTXLDFE)G)Vuk1DZXLb��nzfNTC,XLG)z,B1HdH¡QZBfQZYKNTH1D"Y,DMQZE)b��§JLH1B1y?vE)b��lQZGLQZYfDFS p 0@N Q x}ELNTkTXL{�JONT{hY,Q�Vl��B1i)DFE)[3mnG)C)B1z9B1~FB�z?XON1QFQFN t DFC)DZvS�DFE)E)b���`FH1DF`ZJ��8ELNT`FbjHfNTDFS�b��$H1`FC)bjH1E)bjS�Glp G?XLG�zfNTYKNTz?XLG)`FS�G)i)DMQZz)G)S�G<x
t DFC)DFS�DFE)E)bjS�G8c e Y,G t DFC)DFS�DFE)E)bjD¤H1z?XL{hiLNT{@Y£H£QZDFk1V�E)B1H1bjD¤`FH1DF`ZJLbd�
t B1H1YfB1C)E)bjD�E)B1H1bjDW`FH1DF`ZJLbd��zfNTCfXLG)z,B1H1bjDaE)B1H1bjD�`FH1DF`ZJLbd��HfQ t b��?G)HfNT{@v|nG)D�`FH1DF`ZJLb YfG t N � 
&XLG)`FE)DF�)B1H)� t DFC)DFS�DFE)E)bjD�YfG t N � � A9DFz)�TXLDMQFN$G
JLC8c UhQZE)B1H1ELNTVaB1YKXLG)i)G)YfDZXL[1ELNTV\i)DFC)YKN_H1`FC)bjH1E)b�� t DFC)DFS�DFE)E)b���v5ELN]XLG?v
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i)G)D}C)DF~F�TXLV�C)E)b���G?XLG$G)C)C)DF~F�TXLV�C)E)b���HfQ t bjmnDFz�CLNT`ZXLG)i)E)B1y¥NTS t XLG)Yf�9vJLbdc(U@C)k1G)YKN]XL[1E)bjD t DFC)G)BMJLb�H1`FC)bjH1E)b�� t DFC)DFS�DFE)E)b��aXLDF^nNTY�H�JLGLN t N]v`FB1E)DjB1Y¡JLDMQ�V?Yfz9B1H§S�G)E)��YdJLB¡JLDMQ�V?Yfz9B1H§iLN1QZB1H)�fi)YfB¡~FB1H1B1C)G)Y§B¡�1NTCLNTz)YfDFC?v
E)b���CLNT`FS�DFCLN]�\QZGLQZYfDFSoB1YgJLBMXLDFy\JLB_E)DMQZz,BKXL[1z)G?�\CLN]JLG)�fQZB1H Q BKXLE)�LN?c ��FYfG?�_JLH1B1y)E)b��WQZGLQZYfDFSUN]�R`FH1DF`ZJON t DFC)H1G)i)E)bjy¥p k1BMXLDFD§SUN1QFQZG)H1E)bjy<x"z9B1S�v
t B1E)DFE)Y V?HTXLV?DFY,Q�V Q v U�k1DZXLbjSazfNTCfXLG)z,B1S�Q"SUN1QFQZB1y t B1C,V�JLzfNhs?cD2�v . M�

��N
H1YfB1C)G)i)E)bjy$p S�DFE)DFD@SUN1QFQZG)H1E)bjy<x�z9B1S t B1E)DFE)YgV�HTXLV?DFY,Q�V_~�XONTH1E)B1y t BfQ�XLDZvJLB1HfNTYfDZXL[1E)BfQZYfG�G?XLG�Q�XLDF~FzfN t C)B1�FH1BMXL{h�)G)B1E)G)C)B1HfNTH1mnG)S QZ��k1~FG)~�NTE)YfB1S
B1z,BKXLBfQZBMXLE)DFi)E)B1yoSUN1QFQZbd��`MN t BMXLE)V?{h|nG)S t BMXLBfQZYf[�©�B1m}N?c U@k1S�DFE�SUN1QFQ
B t C)DZJLDZXLV?DFY,Q�Vu��S�DFE)[1mnDFE)G)DFS¥B1C)k1G)Y�N]XL[1E)B1~FBdS�B1S�DFE)YKNhH1CLNT|nDFE)G)V}JLH1B1y?v
E)B1y¤QZGLQZYfDFS�b G)`Zv�`MN�`MNTSUNT~FE)G)i)DFE)E)B1~FB�`FH1DF`ZJLE)B1~FBaH1DFYfCLN?��GLQZYfDFzfNT{@|IDF~FB
B1Y E)B1C)SUN]XL[1E)B1yu`FH1DF`ZJLbd�TNjJ)XLVnQFNTS�b��§Y,DMQZE)b��nQZGLQZYfDFSaQ�B1C)k1G)Y�N]XL[1E)bjS�G
t DFC)G)BMJONTS�G�S�DFE)DFD 9giLN1QZB1H_v&�)DZXLG)z9B1S�G)`Zv�`MN�G)`ZXL�9i)DFE)G)V\~FCLNTH1G)YKNT�)G)B1E?v
E)b���H1BMXLE�JLH1B1y)E)B1yaQZGLQZYfDFS�B1y¤p QZSjcO ¡C)G?XLB�^IDFE)G)DTx�c

�IG)`FG)i)DMQZz)G)D t C)G)i)G)E)b£HfQ t bjmnDFz��nCLNT`ZXLG)i)E)b�� t BMJLz?XON1QFQZB1HIH1`FC)bjHTvE)b�� t DFC)DFS�DFE)E)b��\CLNT`ZXLG)i)E)bdc ��JLG)E)G)i)E)bjDuS�B1|nE)bjD}HfQ t bjmnz)G8�=�1NTCLNTz?vYfDFC)E)bjDdJ)XLVWE)B1H1b��W`FH1DF`ZJ��=QZH1V�`MNTE)b�QdYfDFC)S�B�V9JLDFC)E)bjS�H1`FC)bjH1B1S�H1DF|IDZv
QZYfHfN?�8ELNTz9B t XLDFE)E)B1~FB\ELN t B1H1DFC,��E)BfQZYfG¤k1DZXLB1~FB�zfNTCfXLG)zfN t C)G¥NTz)z)C)DF�)G)G
QZB�H1YfB1C)G)i)E)B1~FB�z9B1S t B1E)DFE)YKN?c�©0N1QZi)DFY,b t B1zfNT`FbjHfNT{@Y]�8i)YfB�V?HTXLDFE)G)DgE)BTv
H1B1y3`FH1DF`ZJLb H1B1`FE)G)zfNTDFY$YfBKXL[1z,B�HaB t C)DZJLDZXLDFE)E)B1S�JLGLN t NT`FB1E)D�SUN1QFQ�k1DZv
XLb���zfNTC,XLG)z,B1H�G�YfDFS t B1H£NTz)z)C)DF�)G)G�H1DF|nDMQZY,HfN�ELN�DF~FB t B1H1DFCf�?E)BfQZYf[)c ¡C)G£B1i)DFE)[¥E)G)`Fz)G?�£Y,DFS t N]� t DFC)DFYfDFzfNTE)G)VoH1DF|IDMQZYfH1B t BfQZY,D t DFE)E)B¥H1b�v
C)BK^_JONTDFY,Q�VaG t C)GLQZB1DZJLG)E)V?DFY,Q�Vaz�k1DZXLB1S���zfNTCfXLG)z)�1��N t C)GaJLBfQZYKNTYfB1i)E)B
H1b:QZB1z)G?��Y,DFS t N]� t DFC)DFE)BfQFN�SUN1QFQ�YfDFS t DFCLNTYf��C)b�ELN t B1H1DFCf�?E)BfQZYfG k1DZv
XLB1~FBWzfNTCfXLG)zfN\Q�XLG)mnz9B1S�H1b:QZB1z)G$J)XLV$H1bjC)B�^gJLDFE)G)V�G$~FB1C)DFE)G)D_S�BK^}DFY
E)BfQZG)Yf[ t DFC)SUNTE)DFE)Y,E)bjy8��N\E)D�H1`FC)bjH1E)B1y��TNTCLNTz)YfDFC8c@N§XLV¥V?HTXLDFE)G)V¥E)BTv
H1B1yg`FH1DF`ZJLblQZ��|nDMQZYfH1DFE)E)B)�9i)YfB¡HdELNTz,B t XLDFE)E)B1yRSUN1QFQZD:H1DF|nDMQZY,HfN t C)B1GLQwv�fBMJLG)Y�H1bjC)B�^gJLDFE)G)D1�<G t C)GaJLBfQZYfG)^}DFE)G)G\JLBfQZYKNTY,B1i)E)b���YfDFS t DFCLNTYf��C\G
t XLB1YfE)BfQZYfDFy�YfDFC)S�BKV�JLDFC)E)bjD�C)DMNTz)�)G)G t C)G)H1BMJLV?Y$z¤H1`FC)bjH1�1c � N]XLB1C)G)y?v
E)BfQZYf[aYfDFC)S�BKV�JLDFC)E)B1~FB�~FB1C)DFE)G)V¤H1BMJLB1C)BKJON$QZBfQZYKNTHTXLV?DFYaS�DFE)DFD t C)B1�)DFE?vYKNWB1Y��FE)DFC)~FG)G t B1z,BKV3H1DF|nDMQZY,HfN�p ∼ 0.007c2

x��0N\~FCLNTH1G)YKNT�)G)B1E)E)bjy t BTvYfDFE)�)GLN]X¥ELN t B1H1DFC,��E)BfQZYfG¤k1DZXLB1~FB�zfNTCfXLG)zfN
GM/R ∼ 10−4c2

�8YfB�DMQZYf[
~FCLNTH1G)YKNT�)G)B1E)ELNTV��FE)DFC)~FG)V�ELN}~FCLNTS�SoH1DF|nDMQZYfHfN t B1i)YfG�HgQZYfBuCLNT`¡S�DFE)[Tv
mnD1c e YfBdB1`FELNMiLNTDFY]�fi)YfB t C)G_Y,DFC)S�BKV�JLDFC)E)B1S¤H1`FC)bjH1D:iLN1QZY,G)�)b t C)G)B1k1C)DZv
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YKNT{hY\QZz,B1C)BfQZYf[aELNTS�E)B1~FB\H1bjmID t NTCLNTk1BKXLG)i)DMQZz,B1y�ELN t B1H1DFC,��E)BfQZYfG�k1DZv
XLB1~FB�zfNTC,XLG)zfN?� t B1�FYfB1S�� t C)BMJL��z)Yfb�H1`FC)bjHfN_B1k1CLNT`F��{@Y_~FCLNTH1G)Y�NT�)G)B1E)E)B
E)D}QZH1V?`MNTE)E)��{.QnE)G)S«B1k1BKXLB1i)z)�1�<z,B1YfB1CLNTV t BfQZYfD t DFE)E)BRCLN1QFQZDFG)HfNTDFY,Q�V�H
S�DF^_`FH1DF`ZJLE)B1yaQZC)DZJLD1c

� N1QFQZb B1k1BMXLB1i)DFz E)B1H1b���`FH1DF`ZJ H1DMQZ[1SUN SUN]XLbd� t B1C,V�JLzfN 10−7 −
10−8M� B YKNTzfNTV�SUN1QFQFN¥ELNTk1G)CLNTDFY,Q�V£ELN¤NTz)z)C)DF�)G)C)��{@|IDFS.k1DZXLB1S.zfNTC?v
XLG)z,Dg`MN��TNTCLNTz)Y,DFC)E)B1D}H1C)DFS�V�H 2Ts]v . s1s�XLDFY]�=YKNTzai)Y,B t BWQZ�9Y,G�JLDZXONRHfQZD
E)B1H1bjDd`FH1DF`ZJLb�V?HTXLV?{@Y,Q�V t B1H1Y,B1C)E)bjS�G8c Q t DFz)YfC)BfQZz,B t G)i)DMQZz)G)y�NTELN]XLG)`
B1k1BMXLB1i)DFz�E)B1H1b�� `FH1DF`ZJ t B1zfNT`FbjHfNTDFY t C)GLQZ��Y,QZYfH1G)D t C)BMJL��z)YfB1H C � � v�)G)z?XON?�<i)YfB)� t BTv�H1G?JLG)S�B1S��1��QZH1G?JLDFY,DZXL[fQZYfH1�1DFY�B1k��FC)B1`FG)G�QFNTS�B1~FB�k1DZXLBTv
~FB¤zfNTC,XLG)zfN t C)GlH1`FC)bjH1D1c5 ¡B1�FYfB1S���C)BfQZYKN�SUN1QFQZb k1DZXLb��£zfNTC,XLG)z,B1H3H
E)B1H1b���`FH1DF`ZJON]�\E)D t C)B1GLQ��fBMJLG)Y]c8©�BfQZYRSUN1QFQZb�JLB�`FELNMi)DFE)G)y8�<kTXLG)`Fz)G?��z
t C)DZJLDZXL� �dNTE?JLCLN1QZDFzfNTCLN?�&H1B1`FS�BK^}DFE£YfBKXL[1z,B t C)G£Q t DF�)GL¦¡G)i)DMQZz)G?�oC)DZv
^_G)SUN]� t DFC)SUNTE)DFE)Y,E)B1~FB_~FB1C)DFE)G)V<c Q i)G)YKNTDFY,Q�V<�?i)YfB t BMJLB1k1E)bjD§JLH1B1y)E)bjDQZGLQZYfDFS�b p Q�E)G)S�G£QZH1V?`FbjHfNT{@Y�Y�NTz3ELNT`FbjHfNTDFS�bjDaQZH1DFCf�?S�V�~Fz)G)DaQZH1DFCf��v
z)C)G)YfG)i)DMQZz)G)D_C)DFE)Yf~FDFE)B1HfQZz)G)D�GLQZYfB1i)E)G)z)G<x S�B1~F��YWk1bjYf[ t C)DZJLmnDMQZY,H1DFE?vE)G)zfNTS�GaQZH1DFC,��E)B1H1b��W`FH1DF`ZJaY,G t N � 
 c©0DF~F�TXLV�C)E)bjD�HfQ t bjmIz)G8�&ELNTkTXL{�JONTDFS�bjD$� t B1H1YfB1C)E)b��£G�zfNTCfXLG)z,BTv
H1b��aE)B1H1b���`FH1DF`ZJ��=E)DgQZH1V?`MNTE)b QIYfDFC)S�BKV�JLDFC)E)bjS�~FB1C)DFE)G)DFS�H1DF|nDMQZY,HfN
ELN t B1H1DFCf�?E)BfQZYfGWk1DZXLB1~FBgzfNTCfXLG)zfN?�)ELNuz9B1YfB1C)bjy t DFC)DFYfDFzfNTDFYg~�NT`§QZBuH1YfBTvC)B1y§`FH1DF`ZJLbdc*U@E)GnV�HTXLV?{hY,Q�V¡C)DF`F�TXL[�YKNTYfB1S�E)DF�fQZYfB1y)i)G)H1B1~FB t DFC)DFYfDFzfNTE)G)VSUN1QFQZb H¥NTz)z)C)DF�)G)B1E)E)B1S JLGLQZz9D�H1B1z)C)��~Wz,B1S t NTz)YfE)B1y£`FH1DF`ZJLb p k1DZXLB1~FB
zfNTCfXLG)zfN\H�Q�XL��iLNTD_zfNTYKNTz?XLG)`FS�G)i)DMQZz)G?� t DFC)DFS�DFE)E)b��=x�c�� z)z)C)DF�)G)B1E)E)bjDJLGLQZz)G�H_YfDMQZE)b��RJLH1B1y)E)b���QZGLQZYfDFSUN]��B1kfQZ�9^gJONT{hY,Q�VRHgz9B1E)�)D§�FYfB1yW~�XON]v
H1bdc

����������*)7&; 
&�86&6 �\*3()��*L(,+ �
 ¡DFC)HfNTV�QZYKNTY,[1V}Q�� t B1S�G)ELNTE)G)DFS¤H1B1`FS�B�^_E)BfQZYfG�QZBfQZYfB�V?E)G)VgSUNTYfDFC)G)G

G)`�E)DFy)YfC)B1E)B1H t C)G�QZH1DFCf� t XLB1YfE)b�� t XLB1YfE)BfQZY�V��lk1b�XON�B t ��kTXLG)z,B1HfNTELN
�gc N�c �§NTE?JONK�dH . /�L�9j~ÀcMHfQZz,B1C)D t BfQ�XLD5B1Yfz)C)bjYfG)V¡E)DFy)YfC)B1ELN?c]�dN:H1B1`FS�B�^gvE)BfQZYf[¤B1k1CLNT`FB1HfNTE)G)V QZH1DFCf� t XLB1YfE)b��lE)DFy)Y,C)B1E)E)b��£`FH1DF`ZJ t C)G�z,BMX)XON t vQFN]�\V�JLDFCaSUN1QFQZG)H1E)b��a`FH1DF`ZJ��<QZB t C)B1H1B�^gJONT{h|nG?�,Q�V�HfQ t bjmIzfNTS�G�QZH1DFCf��v
E)B1H1b��=����zfNT`FbjHfN]XLG�N1QZYfC)B1E)B1S�b �hc 
�N1N]JLDop ��c A 
�


� � xgG���c �¡H1G)z)z)G
p � c � � ? � � H xuH . /�L���~�c 0�DFB1C)DFYfG)i)DMQZzfNTV `MNTS�DFYfzfN �gc N�c �§NTE?JONK�lB�E)DFy?v
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YfC)B1E)E)b��n`FH1DF`ZJON]�}k1b�XON¡B t �9kTXLG)z9B1HfNTELN¡H . /�L�4 ~Àc�U JLG)E)B1i)E)bjDjE)DFy)YfC)B1E?v
E)bjD§`FH1DF`ZJLb�k1b�XLG\B1Yfz)C)bjYfb�zfNTz�CLN]JLG)B t �TXL[fQFNTC)b�YfBMXL[1z9B_H . /�Jfq}~Àc e c
�h[1{@G)mIDFS�p 6 � � ? � �<x�G Nn^�c 
&DZX)X3p A � 
 
 x�p ELNS9Ts1s_Jg~�c)G?��G)`FH1DMQZYfE)B_QZH1b�v
mnD . 2Ts1s�x�cL�¡DFy)Y,C)B1E)E)bjDd`FH1DF`ZJLbd�LHT�fBMJLV?|nG)DIHgQZBfQZYKNTHuYfDMQZE)b���JLH1B1y)E)b��
QZGLQZYfDFSj�<k1b�XLG$B1Yfz)C)bjYfb�zfNTz�z,B1S t NTz)YfE)bjDgC)DFE)Y,~FDFE)B1HfQZz)G)DgGLQZYfB1i)E)G)z)G
t DFC)H1bjS¤Q t DF�)GLN]XLG)`FG)C)B1HfNTE)E)bjS�C)DFE)Yf~FDFE)B1HfQZz)G)S3Q t �9YfE)G)z9B1S E � 6 � � �:G
H . /fq*9u~Àc U@k1|IDFDni)GLQ�XLBRE)DFy)YfC)B1E)E)b��W`FH1DF`ZJaH�A9N]XONTz)YfG)z9DIB1�)DFE)G)HfNTDFY9Q�V
H

108 − 109 �0G)`_E)G?�¥CLN]JLG)B t �TXL[fQFNTC)B1Hop S�BMXLBMJLb���E)DFy)YfC)B1E)E)b��¥`FH1DF`ZJ8x
P t B1C9V�JLzfN 105 c �¡GLQ�XLBRG)`FH1DMQZYfE)b���C)DFE)Yf~FDFE)B1HfQZz)G?�\GLQZYfB1i)E)G)z9B1HRQnE)DFy?v
YfC)B1E)E)bjS�G�`FH1DF`ZJONTS�G�H�A�N]XONTz)YfG)z,DIE)DMQZz,BKXL[1z,BWQZB1YfDFE�G�k1b:QZY,C)B_CLN1QZYfDFY
Q¡��H1DZXLG)i)DFE)G)DFSli)��HfQZYfH1G)YfDZXL[1E)BfQZYfGWC)DFE)Yf~FDFE)B1HfQZz)G?�WYfDZXLDMQZz9B t B1H)c� k1BKXL[1mnG)ELQZYfH1D�Q�XL��iLNTDFH¤E)DFy)YfC)B1E)E)bjDa`FH1DF`ZJLb B1k1CLNT`F��{@Y,Q�VoH�C)DZv
`F�TXL[KY�NTYfDuz,BMX)XON t QFN�V9JLDFC$SUN1QFQZG)H1E)b��$`FH1DF`ZJ¤Q}SUN1QFQZB1y�ELN�~�XONTH1E)B1y t BTvQ�XLDZJLB1HfNTY,DZXL[1E)BfQZYfG

> 8 − 10M�
c � NTz£B1kfQZ��^gJON]XLBfQZ[�H1bjmnD1�&z,BKX)XON t QV�JLCLN$SUN1QFQZG)H1E)B1y£`FH1DF`ZJLb QZB t C)B1H1B�^gJONTDFY,Q�VoHfQ t bjmIz,B1y«QZH1DFCf�?E)B1H1B1y � �YfG t NIG?XLG�Y,G t N ��� �]QTc e E)DFC)~FG)V<�)BfQZH1B1k1B�^gJONTDFSUNTV t C)G�z9BMX)XON t QZD1� t B t BTvC,V�JLz)�aH1DZXLG)i)G)E)b QZB1H t N]JONTDFY�Q}~FCLNTH1G)YKNT�)G)B1E)E)B1y��FE)DFC)~FG)DFy�QZH1V?`FG$E)DFy?v

YfC)B1E)E)B1yW`FH1DF`ZJLb

∆Eg ≈ GM2
NS

RNS
∼ 0.1MNSc

2 ≈ 1053(
�FC)~

)

(
MNS

M�

)

p HWi)GLQ�XLDFE)E)B1y3B1�)DFE)z,D t BMXLB�^_G?XLG RNS = 10
z)S�x���G�H\BfQZE)B1H1E)B1S���E)BTv

QZG)Y,Q�VRE)DFy)Y,C)G)E)B\p QZSjc t C)DZJLb�JL��|n��{�~�XONTH1�Ox�c
Q t DF�)GL¦¡G)i)DMQZz9B1D QZH1B1yLQZYfH1B E)DFy)YfC)B1E)E)b���`FH1DF`ZJ�P QZH1DFCf�?H1b:QZB1zfNTV

t XLB1YfE)BfQZYf[ t B1C,V�JLzfN�V9JLDFC)E)B1y p
ρ0 ≈ 2.8 × 1014 ~��]QZS 3 x���BMJLELNTz9B$H�B1Y1v

XLG)i)G)DRB1Y�NTYfB1S�E)B1~FB�V�JLCLN?�0H�z,B1Y,B1C)B1S�E)��z?XLB1E)b �TJLDFC,^_G)HfNT{hY,Q�V�kTXON]v
~FBMJONTC9V�QZG?XL[1E)bjS£H1`MNTG)S�BMJLDFyLQZY,H1G)V�S�S�DF^gJL��z)HfNTC)zfNTS�G8�OHgE)DFy)YfC)B1E)E)B1y
`FH1DF`ZJLD�E)��z?XLB1E)b �TJLDFC,^_G)HfNT{hY,Q�V H1S�DMQZYfD$~FCLNTH1G)YKNT�)G)B1E)E)bjS�G�QZG?XONTS�G
p �FYfG)S.B t C)DZJLDZXLV�DFY9Q�V«S�G)E)G)SUN]XL[1ELNTV«SUN1QFQFN��[R���QZSjc&`MN]JONKi)G�H¤z9B1E)�)D
�FYfB1yR~�XONTH1b¡x�c)�5E)�9Y,C)GR�[R\H1bjC)BK^gJLDFE)E)bjDdE)DFy)Y,C)B1E)b«H1DF|IDMQZYfHfN}`FH1DF`ZJLb
E)D�CLN1Q t N]JONT{@Y9Q�V ;�G)`Zv�`MN$H1b:QZB1z,B1y t XLB1Y,E)BfQZYfG β

v�CLN1Q t N]J£E)DFy)YfC)B1ELN�`MN]v
t C)DF|nDFE8� YKNTz�zfNTz�B1k1CLNT`F��{h|nDFS��fQ�Va��XLDFz)YfC)B1E)�WE)DFY ErS�DMQZYKN#GdH_¦dNT`FB1H1B1S
t C)BfQZYfCLNTELQZYfH1Dhz,B1B1C,JLG)ELNTY_GRG)S t �TXL[fQZB1HgG)`Zv�`MN}QZG?XL[1E)B1~FBuH1bjC)B�^gJLDFE)G)V<c¬¡`¡ELNTkTXL{�JLDFE)G)y�Q�XLDZJL�1DFY]�)i)YfBu�[RaB1kTXON]JONT{@Y_QZH1DFC,�,QZG?XL[1E)bjS�G�SUNT~Zv
E)G)YfE)bjS�G t BMXLV?S�G8cL¬¡`Zv�`MNIH1S�B1C)BK^}DFE)E)BfQZYfGWSUNT~FE)G)YfE)B1~FB t BMXLV�HIz9BfQZS�G?v



� ���H��� � % ) � 	�$�$ � �[���
������� 9��9q

i)DMQZz)�9{ t XONT`FS��1� t C)G�Q�^nNTYfG)G¥H1DF|IDMQZYfHfN\QZBK��CLNTE)V?DFY,Q�V t B1YfB1z¤SUNT~FE)G)Y1v
E)B1~FB t BMXLV$i)DFC)DF`gH1b�JLDZXLDFE)E)bjy�z,B1E)Yf��C@;

Φ ∼ BR2 = const
c@0�NTz8� t C)GQ�^nNTY,G)G�`FH1DF`ZJLb Y,G t N Q BKXLE)�LN�QZBWQZC)DZJLE)DFy¥ELN t C,V?^}DFE)E)BfQZYf[1{ SUNT~FE)G)Y1v

E)B1~FB t BKXLV\ELN t B1H1DFCf�?E)BfQZYfG B0 ∼ 1
A9QnJLB�CLNT`FS�DFC)B1HW�[R . s_z)Sj� t BMXL�9viLNTDFS

Bns = B0(R�/10
z)S

)2 ∼ 5 · 1011 A�QTc"0�NTz)G)DIB1~FC)B1S�E)bjDI`FELNKi)DFE)G)V
GgJONT^}D H1bjmnD JLDFyLQZYfH1G)YfDZXL[1E)BIH1bjH1BMJLV?Y,Q�V�G)`:ELNTkTXL{�JLDFE)G)y�CLN]JLG)B t �TXL[TvQFNTC)B1H)c

� E)B1~FG)D:�[R�HT�fBKJLV?YdH¡QZBfQZY�NTH@JLH1B1y)E)b��gQZGLQZYfDFSjc e YfB¡V?HTXLV?DFY,Q�V}DMQZYfDZv
QZYfH1DFE)E)bjS Q�XLDZJOQZYfH1G)DFS �FH1BMXL{h�)G)G�JLH1B1y)E)B1y�QZGLQZYfDFS�bd�:Hoz,B1Y,B1C)B1y t Bz)CLNTy)E)DFy S�DFC)DaBKJLELN¤G?�£z9B1S t B1E)DFE)Y�JLBfQZYKNTYfB1i)ELN¥SUN1QFQZG)H1ELN?��i)YfB1k1b�H
z,B1E)�)D¥�FH1BKXL{@�)G)G�B1k1CLNT`FB1HfNTY,[oE)DFy)YfC)B1E)E)�9{ `FH1DF`ZJL�1c:� YfDMQZE)b���JLH1B1y?v
E)b��IQZGLQZYfDFSUN]�nQ&E)DFy)YfC)B1E)E)bjS�Gu`FH1DF`ZJONTS�GuH1B1`FS�BK^_E)b�QZB1H1DFC)mnDFE)E)B¡JLC)�9v
~FG)D t C)B�V�HTXLDFE)G)V¤E)DFy)YfC)B1E)E)b���`FH1DF`ZJ�c0 ¡C)G t DFC)DFY,DFzfNTE)G)G¥H1DF|nDMQZYfHfN\ELN
�[R«QRQZG?XL[1E)bjS SUNT~FE)G)Y,E)bjS t BKXLDFS p

> 1010 A9Q]xdELNTkTXL{�JONTDFY,Q�Vo¦¡DFE)BTv
S�DFE � ��� � � ��� �����
� � �	� � ����� � �	� �Tc �UQ�XLG�SUNT~FE)G)YfE)B1D t BMXLD��[R E)D\QZYfBKXL[
k1BMXL[1mIB1D1�UzfNTz t BMXL��i)DFE)B�H1bjmnD1��H1DF|IDMQZYfH1B$ELN t B1H1DFC,��E)BfQZY,GoE)DFy)YfC)B1E?v
E)B1y�`FH1DF`ZJLb�ELNTzfN t XLG)HfNTDFY,Q�V�p `MNTS�DFYfG)Sj�&i)YfB¤B1E)B�ELN]�fBMJLG)Y,Q�VlH�H1bjC)BTv
^gJLDFE)E)B1SoQZBfQZYfBKV?E)G)G<x��)G t C)G t C)DFH1bjmnDFE)G)G�E)DFz9B1YfB1C)B1~FBgz)C)G)YfG)i)DMQZz9B1~FB
`FELNMi)DFE)G)V t XLB1YfE)BfQZYfG}G}YfDFS t DFCLNTYf��C)b�ELN t B1H1DFCf�?E)BfQZYfGg�[R t C)B1GLQ��fBMJLG)YYfDFC)S�BKV�JLDFC)E)bjyoH1`FC)bjH)c e YfG3H1`FC)bjH1b ELNTkTXL{�JONT{@Y,Q�V�H�H1G?JLD�C)DF~F�TXLV?C?v
E)b�� � ��� � � ��� �����
� � 	 � ��� �
� � � ���§p G?XLGRHfQ t b��?G)HfNT{@|IG?��C)DFE)Yf~FDFE)B1HfQZz)G?�GLQZYfB1i)E)G)z,B1H?x�c� ¡BMJLi)DFC)z)E)DFSj�5i)YfB�H¥B1Y�XLG)i)G)D\B1Y¤E)B1H1b���`FH1DF`ZJ�p H1`FC)bjH
ELN t B1H1DFC,��E)BfQZYfG3k1DZXLB1~FB�zfNTCfXLG)zfN�x���H\C)DFE)Yf~FDFE)B1HfQZz)G?��kfNTCLQZYfDFCLN]� t C)BTvJL�9z)Y,b3HfQ t bjmIz)G_B1k1CLNT`F��{@Y¡CLN1QZmnG)C9V?{@|I�9{¡Q�V�NTY,S�BfQF¦¡DFC)�1�1z,B1YfB1CLNTV}E)DB1YKJLDZXLV?DFY,Q�V�B1YI`FH1DF`ZJLb�HIH1G?JLD B1k1BMXLB1i)z)G8�)NnH1E)B1H1[}Q�^_G)SUNTDFY,Q�V<c� ¡C)G)i)G?v
ELN$YfB1S��¥v§H . s1s1s$CLNT`Wk1BKXLDFD�~�XL��k1B1z)G)y£~FCLNTH1G)YKNT�)G)B1E)E)bjy t B1YfDFE)�)GLN]XELN t B1H1DFCf�?E)BfQZYfG�E)DFy)YfC)B1E)E)B1y\`FH1DF`ZJLb

GMNS/RNS ≈ 0.1c2
�)i)YfBuk1BKXLDFD

i)DFS�ELN t B1C,V�JLB1z�k1BMXL[1mnDR�FE)DFC)~FG)G3ELN�~FCLNTS�S�H1DF|nDMQZYfHfN?��H1b�JLDZXLV?DFS�B1y
HuYfDFC)S�BKV�JLDFC)E)b���C)DMNTz)�)G)V9�WQZG)E)YfDF`MN?c 
5BMXLDFD t BKJLC)B1k1E)B�QZSjc?HuS�B1E)B1~FCLN]v¦¡G)V�� Q c � N t G)C)B)� Q c 0�[1{hz,BMXOQZz)G E �¡DFC)E)bjD�JLbjC)bd�&k1DZXLbjD�zfNTCfXLG)z)G�G
E)DFy)YfC)B1E)E)bjD_`FH1DF`ZJLbpG�� � c�; � G)C8� . /�4�2���Y
9 B �hc � c �dG t ��E)B1H)� E �hQZYfC)Bf¦¡G?v`FG)zfNgE)DFy)YfC)B1E)E)b��W`FH1DF`ZJ�G�� � c�;O�dNM��zfN?� . /�4fq9c
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� Ä]²wÈ!'MÈ
	wÈ 
 �F»´Å ·"³w¹]½K°Z¼�»´¹]¹]» ��±"²¸°Z¼�±w»´¹�ÄTµ:¹T» j]°Z¼]±�¹]¹T±]j ¶´³Z»¸¶rÁTÆ�È
��� ��� �!��� ) � 023+%4)+)�%1%�?'023+</%1)�C+% � "

� N1QFQZb �[R�Q�CLNT`FE)B1y£QZYfD t DFE)[1{ Y,B1i)E)BfQZYfG�G)`FS�DFC9V?{@Y,Q�V�HaYfDMQZE)b��
JLH1B1y)E)b��\QZGLQZYfDFSUN]�\QI�[R��OE)B�~�XONTH1E)bjyaC)DF`F�TXL[�YKNTY�QZBfQZYfB1G)Y_H�Y,B1Sj�Li)YfB
H¡B1YKXLG)i)G)DjB1Ydk1DZXLb��}zfNTCfXLG)z9B1H)�,CLNT`Fk1C)BfQjG)`FS�DFC)DFE)E)b��uSUN1QFQj�[RRz)CLNTy)E)D
SUN]X(; 〈MNS〉 = 1.35±0.1M�

p¨�fB1Y]VIY,DFB1C)DFYfG)i)DMQZz)G}JLB t �fQZYfG)S�bjyuJLGLN t N]v`FB1E�SUN1QFQh�[R
0.1−3M�

x�c e YfB1YI¦dNTz)Y�� t BTv�H1G?JLG)S�B1S��1�LQZH1V�`MNTERQ ¦¡��E?JON]vS�DFE)YKN]XL[1E)bjS�G�`MNTz,B1ELNTS�G�z9BMX)XON t QFNR`FH1DF`ZJLE)b��aV�JLDFC8� JLDFYKN]XLG\z9B1YfB1C)B1~FB
JLBgz,B1E)�LN�E)D§H1bjV)QZE)DFE)bdc

©�N]JLG)�fQZb �[R
R

G)`FS�DFC)G)Yf[l~FB1CLNT`ZJLB«Q�XLBK^�E)DFD1c@�dN t C)G)S�DFC8�hCLN]JLG?v�fQIS�BK^_E)BRB1�)DFE)G)Yf[ t BRSUNTz9QZG)SUN]XL[1E)B1y¤C)DFE)Yf~FDFE)B1HfQZz,B1y�QZH1DFYfG)S�BfQZYfG�H1B
HfQ t bjmnzfN]�.C)DFE)Yf~FDFE)B1HfQZz)G?� kfNTCLQZYfDFC)B1H)� t C)DZJ t BMXONT~�NTV DFD£CLNTH1E)B1y.��J)v
JLG)E)~FYfB1E)B1HfQZz9B1S�� t C)DZJLDZXL�1��G«ELNTkTXL{�JONTDFS�B1y��M¦d¦¡DFz)YfG)H1E)B1y YfDFS t DFCLN]v
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Yf��C)D�p
Lx = 4πR2σBT

4
eff

x�c:�¡B�J)XLV«�FY,B1~FB3E)��^_E)B�`FELNTYf[oSUN1QFQZ� �[R
p
LEdd ∝ M

x���N¤H3SUN]XLB1SUN1QFQZG)H1E)b��«C)DFE)Y,~FDFE)B1HfQZz)G?�lJLH1B1y)E)b��«QZGLQZY,DZv
SUN]�uQ�kfNTCLQZY,DFCLNTS�G_SUN1QFQZb£�[R�B t C)DZJLDZXLV?{@Y9Q�VuE)DjB1i)DFE)[§ELN]JLDF^_E)B)c#NnC)�9v~FB1yIQ t BfQZB1k@B t C)DZJLDZXLDFE)G)VnCLN]JLG)�fQFN:P t B ELNTkTXL{�JLDFE)G){o~FCLNTH1G)YKNT�)G)B1E)E)B1~FB
z)CLN1QZE)B1~FB�QZS�DF|IDFE)G)V

zg
XLG)E)G)y¤G)`ZXL��i)DFE)G)V¥H1kTXLG)`FG t B1H1DFC,��E)BfQZYfG�E)DFy?v

YfC)B1E)E)B1y�`FH1DF`ZJLb p
1 + zg = 1/

√
1 −Rg/R)

�
Rg = 2GM/c2

P�~FCLNTH1G)YKN]v
�)G)B1E)E)bjy$CLN]JLG)�fQI�[R¤Q§SUN1QFQZB1y

M
x�c<¬ H��FY,B1S�Q�XL��iLNTD}YfC)DFk1�1DFY,Q�V\`FELN]v

E)G)D_SUN1QFQZb
M
c� ¡B1�FYfB1S���CLN]JLG)�fQZb �[R���H1bjH1BMJLG)S�bjDRG)`�QZB1H1C)DFS�DFE)E)b��

ELNTkTXL{�JLDFE)G)y8�OXLDF^INTYgH t C)DZJLDZXON]��B1Y . suJLB . 2uz)Sjc
� B1YKXLG)i)G)D\B1Y�SUN1QFQT��z,B1YfB1C)bjD�H�JLH1B1y)E)b�� t �TXL[fQFNTCLN]�oG)`FS�DFC,V?{hY1v

Q�V t B¤C)DZXLV?YfG)H1GLQZY,QZz)G)S �M¦d¦¡DFz)YKNTS.Q\C)DFz,B1C,JLE)B1y�YfB1i)E)BfQZYf[1{ H¥JLBKXLG
t C)B1�)DFE)YfB1H)�)H1E)��YfC)DFE)E)DFD§QZYfC)B1DFE)G)D§�[R�p BfQZB1k1DFE)E)BgDFDd�)DFE)YfCLN]XL[1E)b���iLN]v
QZYfDFy<x�G)`FH1DMQZYfE)B_Qhk1BMXL[1mIB1yaQZYfD t DFE)[1{�E)DFB t C)DZJLDZXLDFE)E)BfQZYfG\G)`Zv�`MNuB1Y,QZ��Y1v
QZYfH1G)VWXONTk1B1CLNTYfB1C)E)b��\JONTE)E)b��\B�QZH1DFC,� t XLB1YfE)B1S QZBfQZYfB�V�E)G)G�H1DF|nDMQZY,HfN?c
�5E)�9YfC)DFE)E)DuQZYfC)B1DFE)G)Dg�[R3Q��fDFSUNTYfG)i)DMQZz)G�G)`FB1k1CLNT^}DFE)B�ELN�©�GLQTc����)c< ¡B
¦¡G)`FG)i)DMQZz,B1S���QZBfQZYfBKV?E)G){ H1DF|nDMQZY,HfN_H1E)��YfC)G\�[R�H1b�JLDZXLV?{hY,Q�V\i)DFYfbjC)D
BfQZE)B1H1E)b���`FB1E)bdc

. x � )+% 	 ) 
�
 ��</3+6 c
∆R = 300−600

Sj�
ρ < ρnd ≈ 4×1011 ~��]QZS 3 c�5DFCf�?E)V�V�~FCLNTE)G)�LN

ρnd
QZB1B1YfH1DFY,QZYfH1�1DFY t XLB1YfE)BfQZY]V?Sj� t C)G�z,B1YfB1C)b��$~�NT`

QZH1B1k1BMJLE)b��oE)DFy)YfC)B1E)B1H$ELNMi)G)ELNT{hY t C)G)B1k1C)DFYKNTYf[$QZH1B1yLQZYfHfN�^_G?JLz9BfQZYfG8c
�5E)DFmnE)V?V�z,B1CLNuQZBfQZYfB1G)Y}G)`hQZG?XL[1E)BgH1bjC)B�^gJLDFE)E)b�����XLDFz)YfC)B1E)B1HWp t C)DZJ)vQZYKNTHTXLV?{@|IG?� t B1i)YfG_G?JLDMN]XL[1E)bjy��IDFC)S�G?v�~�NT`Tx0G�V9JLDFCap G)B1E)B1H?x�c9ªhCLNTH1E)DZv
E)G)DnQZBfQZYfB�V�E)G)DnH1B_H1E)DFmnE)DFyaz,B1C)D§G)`FH1DMQZYfE)B_JLBfQZYKNTYfB1i)E)Bu�fB1C)B1mnB)c

99x�c � ) � 023+%4)+) 
�
 ��</3+6 c
∆R = 500 − 800

Sj�
ρnd < ρ < 0.5ρ0

c
�5DFCf�?E)V�Va~FCLNTE)G)�LN�QZB1B1Y,H1DFY,QZYfH1�1DFY t XLB1YfE)BfQZY]V?Sj� t C)G�z,B1YfB1C)b���B1Y�JLDZXL[Tv
E)bjD§NTYfB1S�E)bjDdV�JLCLNu�9^}D¡E)DdS�B1~F�9Y_QZ��|nDMQZY,H1B1HfNTYf[)cL�5BgH1E)�9YfC)DFE)E)DFy�z9BTv
C)D§��XLDFz)Y,C)B1E)b t C)DZJOQZYKNTHTXLV?{hY_�TXL[KYfCLNTC)DZXLV?YfG)H1GLQZY9QZz)G)y\H1bjC)BK^_JLDFE)E)bjy
~�NT`1��N§V9JLCLNIB1k1B1~�NT|nDFE)b E)DFy)YfC)B1ELNTS�G�G�`MNTE)G)SUNT{hYI`FELNKi)G)YfDZXL[1E)bjy�B1k"!<v
DFSj�UQZH1B1k1BMJLE)bjD�E)DFy)Y,C)B1E)b B1k1CLNT`F�9{hY¥QZG?XL[1E)B�H1bjC)BK^gJLDFE)E)��{ �IDFC)S�G?v
^_G?JLz,BfQZY,[)�0z9B1YfB1CLNTV�S�B�^IDFY$k1bjYf[�QZH1DFCf�?YfDFz)��i)DFy8c��5kTXLG)`FG�~FCLNTE)G)�)b Q
V�JLC)B1S H¤Q�XLB1DaH¥E)DMQZz9BMXL[1z9B�QZB1Y,DFE£S�DFYfC)B1H¤NTYfB1S�E)bjD\V9JLCLN�QZYKNTE)B1H1V?Y1v
Q�V�C)b��9XLbjS�G B H�E)DFz,B1Y,B1C)b��aS�BMJLDZXLV���V9JLDFC)E)B1~FBWH1`MNTG)S�BKJLDFyLQZYfH1G)V$H1B1`Zv
S�BK^_E)b ¦dNT`FB1H1bjD t DFC)DZ�fBKJLb z$E)DMQF¦¡DFC)G)i)DMQZz)G)S�V�JLCLNTS p Y�c�E8c�ErV�JLDFC)ELNTV
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t N1QZYKN#G�xUH_H1G?JLDn�)G?XLG)E?JLC)B1H�p ErSUNTzfNTC)B1E)bpG�x�� t XON1QZYfG)E¤p E�XONT`MNTE)[1VPG�x&G�Y]c J�c
NnDFYKN]XLG�QZYfC)��z)Yf��C)b H1E)�9YfC)DFE)E)DFy\z,B1C)b t XLBK�fB�G)`FH1DMQZYfE)bdc

L9x�c � )+% 	 )�%1% 
�(A3+< c
0.5ρ0 < ρ . 2ρ0

c5�5DF|nDMQZYfH1B3H1B¤H1E)��YfC)DFE?v
E)DFy¤z9B1C)D t C)DZJOQZY�NTHTXLV�DFY$QZB1k1B1y3BMJLE)B1C)BMJLE)��{ SUNTY,DFC)G)V¥G)`�QZG?XL[1E)B�H1b�v
C)BK^_JLDFE)E)b���E)DFy)YfC)B1E)B1H)� t C)B1YfB1E)B1H)�?��XLDFz)YfC)B1E)B1HuGRH1B1`FS�BK^_E)BuS�{hB1E)B1H)ce XLDFz)YfC)B1E)b G�S�{@B1E)b B1k1CLNT`F��{hY t B1i)YfG�G?JLDMN]XL[1E)bjD�¦¡DFC)S�G?v�~�NT`Fbd�¡N
E)��z?XLB1E)b P$QZG?XL[1E)B�E)DFG?JLDMN]XL[1E)bjDW¦¡DFC)S�G?v�^_G?JLz,BfQZY,G8�0z9B1YfB1C)bjD�S�B1~F��Y
k1bjYf[3QZH1DFCf�?YfDFz)�9i)G)S�G«G�QZH1DFC,� t C)B1H1BKJLV?|nG)S�G8c ªhCLNTH1E)DFE)G)D$QZBfQZYfBKV?E)G)V
G)`FH1DMQZYfE)BRQZCLNTH1E)G)YfDZXL[1E)B�E)D t XLBK�fB)� E)B�YfB1i)E)BfQZYf[_C)DF`Fz9B���S�DFE)[1mINTDFY,Q�VaQ
C)BfQZYfB1S t XLB1YfE)BfQZY,G8c

�?x�c � ) � 023+%4)+)�%1% 
�(A3+< c
2ρ0 < ρ . 20ρ0

c Q BfQZY�NTH�YfB1i)E)B�E)DFG)`Zv
H1DMQZYfDFE«G)`Zv�`MN t XLBM�fB1~FBo`FELNTE)G)V ¦¡G)`FG)z)G�QZG?XL[1E)b���H1`MNTG)S�BKJLDFyLQZYfH1G)y�G
S�E)B1~FB1iLN1QZYfG)i)E)b��W�M¦d¦¡DFz)YfB1HgH_QZH1DFC,� t XLB1YfE)B1SlH1DF|nDMQZYfH1D1cO�5B1`FS�B�^_E)bjy
QZBfQZYKNTH$P3E)�9z?XLB1E)E)BTv�~FG t DFC)B1E)E)B1D�H1DF|IDMQZYfH1B)�"G?XLG�k1BMXLDFD��Fz)`FB1YfG)i)DMQZz)G)D
H1B1`FS�BK^�E)BfQZYfG�p t G)B1E)E)bjy£z,B1E?JLDFELQFNTY]�Uz)HfNTC)z,B1H1B1D\H1DF|nDMQZYfH1B?x�c�ªhCLNTH1E)DZv
E)G)D:QZBfQZYfB�V�E)G)VuH1BdH1E)��YfC)DFE)E)DFS�V�JLC)DjV?HTXLV�DFY9Q�Vg¦¡�9E?JONTS�DFE)Y�N]XL[1E)B1y�¦¡G?v
`FG)i)DMQZz,B1y t C)B1kTXLDFS�B1y8c

��� ��������� 62?4?'* C.3+61(�C � ?'* � "

� G)E)G)SUN]XL[1ELNTV\SUN1QFQFNR�[R t B1i)YfGaE)Dn`MNTH1GLQZG)YRB1Y_�9CLNTH1E)DFE)G)V�QZBfQZYfBTv
V?E)G)V�G�ELN]�fBMJLG)Y,Q�V¥H1kTXLG)`FG¤`FELNKi)DFE)G)V¤s?c .

M�
c�©0N]JLG)�fQ�G�SUNTz9QZG)SUN]XL[Tv

ELNTVWSUN1QFQFN_�[Rop Y]c�E8c ��� ����� ��� � ������� ��� � � � � ��� � � �"��� �Lx&G)`FH1DMQZYfE)b�XLG)mI[
t C)G)kTXLG)`FG)YfDZXL[1E)B�G�G?�$YfB1i)E)bjDg`FELNKi)DFE)G)V�B t C)DZJLDZXLV�{hY,Q�V�H1bjk1CLNTE)E)bjS
��CLNTH1E)DFE)G)DFS QZBfQZYfBKV?E)G)V�p ©�GLQTc /�cD99x�c � NTz9QZG)SUN]XL[1E)bjD�SUN1QFQZb J)XLV3CLNT`Zv
E)b��£��CLNTH1E)DFE)G)y QZBfQZY,BKV?E)G)V£B1Y�XLG)iLNT{@Y,Q�V t C)G)S�DFC)E)B�H . cD2¥CLNT`MN�PoB1Y
∼ 1.5M�

J)XLV�ErS�V?~Fz)G?�
G���CLNTH1E)DFE)G)ynQZBfQZYfBKV?E)G)V¡JLB ∼ 2.5M�
J)XLV Er^}DMQZY1v

z)G?�PG¡��CLNTH1E)DFE)G)y$QZBfQZYfBKV?E)G)V<c 
5b:QZYfC)B1DIH1CLNT|nDFE)G)DWp �)DFE)YfC)B1k1DF^_E)bjD}QZG?v
XLb¡x�S�BK^}DFYg�9H1DZXLG)i)G)Yf[}�FYfB1Y t C)DZJLDZXWELN 9�2���c R<N}GLQZz?XL{@i)DFE)G)DFSoQFNTS�b��
SUN]XLb��gSUN1QFQT�fYfDFB1C)DFYfG)i)DMQZz)G)D CLN]JLG)�fQZb��[RRXLDF^nNTYnH t C)DZJLDZXON]�_B1Y . s¡JLB
. ��z)Sjc � B1S t NTz)YfE)BfQZYf[R�[R�YfC)DFk1�1DFYR��i)DFYKNg�M¦d¦¡DFz)YfB1H�U�0:U p ∼ Rg/R

x
t C)GWCLN1QFQZS�B1YfC)DFE)G)G�zfNTz\H1E)�9YfC)DFE)E)DF~FB_QZY,C)B1DFE)G)V��[R��OYKNTz�G t C)B1�)DMQFQZB1H)�
t C)B1GLQ��fBKJLV?|nG?��HuB1z)C)DMQZYfE)BfQZY]V9�R�[R�c � NTzRG�HgQ�XL��iLNTV��RQ 
 � �?DMQ�XLG��[R
HT�fBMJLG)YWHWQZBfQZYKNTH�YfDMQZE)B1yaJLH1B1y)E)B1y¥QZGLQZYfDFS�b Q t DFC)DFE)BfQZB1S�SUN1QFQZbd� t C)DZv
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�0º�ºT»´¹���» jTÅL»¸¼]·�� o=±�Ã m ±�³F· � n&Ä]¼�¹]Æ�»0°Z±À¿ m Äj¹T· m ±�¹��1·���¶�·�³wÄ]²´ÄTÅL±w²´°wÄhÅO·�²¸²�·�� ¼]·�ÁTÄ�½F² � �Á]ÃTµ � n"»´²¸° m Ä � � � X ±�Ã]Â �UÄ]»U¼T·�Á]Ä]½F²¯Æ�Ä X ±�Ã]»¸»�³wÆ�²´± m Ä]»�ºT¼�»¯Á1»´Ã�Âw¹�Æ�»�ÅO·À²¸²´Æ�È �@Ä]¹�Ä��ÅO·�Ã�Âw¹T·ÀµdÅO·À²¸²¸· ���§¹T»�¶�·�³wÄT²¯ÄT°:±w°j½K¼T·�³w¹T»¯¹]ÄTµ@²¸±w²´°Z±�µK¹�ÄTµfÈ ��½M¹ m °wÄT¼K¹1·�µ m ¼�Ä�³F·Àµ �¶�·�³wÄ]²´ÄTÅL±w²´°wÂ�ÅO·À²´²�·�� ¼T·�ÁTÄ�½F²LÁ]ÃTµ;�¸Ä�ºT±À°Z»¸°wÄ�¿T»¸² m Ä	� m ³Z·À¼ m ±�³wÆ �U¶´³w»¸¶¯Á&ÄT¶ � ²´°Z¼T·�¹]¹T±���± �³w»¸ÇU»¸²¸°w³Z· � �Z·�¼T· m °Z»¸¼KÄT¶´½Z»¸ÅL± ��±5¹T·�Ã�Ä]¿]Ä]»¸Å � ²´°Z¼T·�¹]¹]Æ � � m ³F·�¼ m ±À³ � ±w°w²´½K°Z²¸°w³À½�¾0Ç�Ä	�:³± X Æ8¿]¹T±ÀÅ�³w»¸ÇU»¸²¸°w³w»wÈ
H1bjmnDFE)G)D t C)DZJLDZXL[1E)B1y�SUN1QFQZb U t)t DFE)~FDFy)S�DFCLN$v§�5BMXLz,B1HfN t C)G)H1DZJLDFY�z
z,BKX)XON t QZ�\Q¡B1k1CLNT`FB1HfNTE)G)DFS t C)DZJ t BKXLBK^_G)YfDZXL[1E)BRi)DFC)E)B1yWJLbjC)bdc

� N1QFQZb��[R$S�B1~F��Y_k1bjYf[�p G)E)B1~�JON_JLBfQZYKNTYfB1i)E)BgYfB1i)E)B � xUB t C)DZJLDZXLDFE)bG)`WN1QZYfC)B1E)B1S�G)i)DMQZz)G?�3ELNTkTXL{�JLDFE)G)y8c Q �9|IDMQZYfH1�1DFY$E)DMQZz,BMXL[1z9B¤S�DFYfBKJLB1H
B t C)DZJLDZXLDFE)G)V�SUN1QFQ§�[R�c

. c � N1QFQZ��BMJLG)E)B1i)E)B1y `FH1DF`ZJLb�S�BK^_E)B�B1�)DFE)G)Yf[¤Y,BMXL[1z,B3z,BfQZH1DFE)E)B)�
ELN t C)G)S�DFC8�:ELNTkTXL{�JONTV�C)DFE)Yf~FDFE)B1HfQZz9B1D¥G)`ZXL�9i)DFE)G)D�Q$DFD t B1H1DFC,��E)BfQZY,G8c0�B1~�JON�B t C)DZJLDZXLV�V t B�Q t DFz)YfC)�o�M¦d¦¡DFz)YfG)H1E)��{ YfDFS t DFCLNTYf��C)� Teff

G)`
QZB1B1YfE)B1mnDFE)G)V

L = 4πR2σBT
4
e

B1�)DFE)G)HfNT{hYaCLN]JLG)�fQ$p DMQ�XLG�CLN1QFQZYfB�V?E)G)D
JLBg�[R�G)`FH1DMQZYfE)B?x�c) ¡BgQZB1B1YfE)B1mIDFE)G){�SUN1QFQwv�CLN]JLG)�fQ t BfQ�XLDd�FY,B1~FBIS�B�^_E)BB1�)DFE)G)Yf[}SUN1QFQZ���[R�c � DFYfBKJRGLQ t BKXL[1`F�1DFY,Q�VRJ)XLV�E)DMQZz,BMXL[1z)G?��G)`FH1DMQZYfE)b��
kTXLG)`Fz)G?���[R�c
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9�c �"Q�XLG��[R�ELN]�fBMJLG)Y,Q�V£H�JLH1B1y)E)B1y�QZGLQZY,DFS�D1�US�BK^_E)B¤B t C)DZJLDZXLG)Yf[DFD}SUN1QFQZ�1�=G)`F��iLNTV�JLH1G)^}DFE)G)D t B�B1C)k1G)YfDIH1B1z)C)��~}B1k1|nDF~FBW�)DFE)YfCLN�SUN1QFQTc
�dNTG)k1BMXLDFD�YfB1i)E)bjD5G)`FS�DFC)DFE)G)V}H1B1`FS�BK^_E)bd�Tz,B1~�JON¡�[R_V?HTXLV?DFY,Q�V t �TXL[fQFN]vC)B1S�p CLN]JLG)BuG?XLGRC)DFE)Y,~FDFE)B1HfQZz)G)S�x�c"0�B1~�JONuiLN1QZYfB1YKN t C)G?�fBMJONuCLN]JLG)BuG)S�v
t �TXL[fQZB1H}S�BMJL�TXLG)C)�1DFY,Q�VRB1C)k1G)Y�N]XL[1E)bjS¤JLH1G)^}DFE)G)DFS�G t B}z)C)G)H1B1y�XL��i)DZvH1b��aQZz9B1C)BfQZYfDFy8�<zfNTz�H�Q�XL��iLNTDuB1k1bji)E)b��aJLH1B1y)E)b���`FH1DF`ZJ��<S�BK^_E)BRH1BfQwv
QZYKNTE)B1H1G)Yf[ t NTCLNTS�DFYfC)b z,D t XLDFC)B1HfQZz9B1~FB�JLH1G)^}DFE)G)V«p t DFC)G)BKJ Pb

� t BMXL�9vNTS t XLG)Yf�TJL��XL�9i)DFH1b��WQZz,B1C)BfQZYfDFy t �TXL[fQFNTCLN Kp
�)�Fz9QZ�)DFE)Y,C)GLQZG)YfDFYgB1C)k1G?v

Yfb
e
�1k1BKXL[1mn��{ t BKXL�1BfQZ[§B1C)k1G)Yfb t �TXL[fQFNTCLNdH t C)B1DFz)�)G)G_ELN¡zfNTC)Y,G)E)E)�9{

t XLBfQZz,BfQZY,[ xp = ap sin i = Kp

√
1 − e2(Pb/2π)

x��OG t B_E)G)SlB t C)DZJLDZXLG)Yf[¦¡��E)z)�)G){�SUN1QFQ t �TXL[fQFNTCLN

fp =
(Mc sin i)3

(Mp +Mc)2
=
x3

p4π
2

GP 2
b

.

¬¡`FS�DFC)DFE)G)D�z)C)G)H1b��§XL��i)DFH1b��IQZz,B1C)BfQZYfDFyuH1YfB1C)B1yI`FH1DF`ZJLb�Phz,B1S t B1E)DFE)Y�N
t �TXL[fQFNTCLNjJONTDFY@H1B1`FS�BK^_E)BfQZY,[:B t C)DZJLDZXLG)Yf[ DFD&¦¡�9E)z)�)G){�SUN1QFQ

fc
c 00NTz)G)S

B1k1CLNT`FB1Sj�<S�BK^_E)B�B t C)DZJLDZXLG)Yf[�B1YfE)B1mnDFE)G)D}SUN1QFQIz,B1S t B1E)DFE)Y Mp/Mc =

(fc/fp)
1/3 c � B1~�JONuH1YfB1C)B1yRz,B1S t B1E)DFE)Y t �TXL[fQFNTCLNnP_B t YfG)i)DMQZzfNTVR`FH1DF`ZJON?�DFDhSUN1QFQZ��S�BK^�E)BIB1�)DFE)G)Yf[ t BuQ t DFz)YfCLN]XL[1E)B1S���z?XON1QFQZ�1cL�lC,V�JLDdQ�XL��iLNTDFH

�TJONTDFY,Q�V�B1�)DFE)G)Yf[�H1B1`FS�BK^�E)B1DW`FELNMi)DFE)G)DWH1DZXLG)i)G)E)b ��~�XON�ELNTz?XLB1E)DFE)G)V
B1C)k1G)Yfb

i
G YKNTz)G)S B1k1CLNT`FB1S t BMXL��i)G)Yf[oB1�)DFE)z)�«SUN1QFQZb �[R�c:¬¡S�DFE)E)B

YKNTz)G)SoB1k1CLNT`FB1S£k1b�XLG\B1�)DFE)DFE)b�SUN1QFQZb��[R$HgC)DFE)Yf~FDFE)B1HfQZz)G?��JLH1B1y)E)b��
QZGLQZYfDFSUN]�gGgJLH1B1y)E)b��_CLN]JLG)B t �TXL[fQFNTC)B1HIH t NTC)DhQjE)B1C)SUN]XL[1E)B1y�`FH1DF`ZJLB1y
G?XLG\Q¡k1DZXLbjS£zfNTC,XLG)z,B1S�p QZSjcO©�GLQTc�/�cDL9x�c

U JLELNTz9B}H}Q�XL��iLNTD@CLN]JLG)B t �TXL[fQFNTC)B1HgH t NTC)D¡QjJLC)��~FB1yR�[R¤p G)`FH1DMQZYfE)B
E)DMQZz,BKXL[1z,BdYKNTz)G?�nQZGLQZY,DFS�x=SUN1QFQZb3z,B1S t B1E)DFE)Y¡�TJONTDFY,Q�VnG)`FS�DFC)G)Yf[h~FB1CLNT`ZvJLB§YfB1i)E)DFD1c
U@C)k1G)Y�N]XL[1E)bjD t DFC)G)BMJLb��IY�NTz)G?�IJLH1B1y)E)b���QZGLQZYfDFS t B1C9V�JLzfNE)DMQZz,BKXL[1z)G?�liLN1QZB1H¤G?XLGlJLE)DFy�p YfB¥DMQZY,[��FYfB¥B1i)DFE)[¤Y,DMQZE)bjD t NTC)b � x�c&��FYfG?��QZGLQZYfDFSUN]�£QZB1H1C)DFS�DFE)E)bjDaCLN]JLG)BfN1QZYfC)B1E)B1S�G)i)DMQZz)G)D�S�DFYfBKJLb C)DF~FG?v
QZYfCLNT�)G)G�H1C)DFS�DFE)G t C)G?�fBMJON�B1Y�JLDZXL[1E)b��¥CLN]JLG)B\G)S t �TXL[fQZB1H�p Y�c�E8c � � � �
� ����� t �TXL[fQFNTC)B1H?x t B1`FH1BMXLV?{@YRG)`FS�DFC,V?Yf[�C)DZXLV?YfG)H1GLQZY,QZz)G)Dn�M¦d¦¡DFz)Y,b�H
JLH1G)^}DFE)G)G�z,B1S t B1E)DFE)Y]c � E)G)S�B1YfE)BfQ�V?Y,Q�V ; . x"�9~�XLB1HfNTV\QZz,B1C)BfQZY,[ t B1H1BTvC)B1YKN\XLG)E)GoN t QZG?J ω̇

p t B1H1B1C)B1Y t DFC)GLN1QZYfCLN�B1C)k1G)Yfb¡x���z,B1Y,B1C)bjy t C)B1GLQwv�fBMJLG)Y�G)`Zv�`MN�B1Y�XLG)i)G)V£QZG?XLb t C)G)Y]V�^}DFE)G)VoS�DF^gJL�3YfDZXONTS�GoB1Y¥`MNTz9B1ELN
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B1k1CLNTYfE)b��Wz)HfN]JLCLNTYfB1H B 99x t B t DFC)DFi)E)bjya�M¦d¦¡DFz)Y NnB t)t XLDFCLN�GW~FCLNTH1G)YKN]v
�)G)B1E)E)B1D�z)CLN1QZE)B1DRQZS�DF|IDFE)G)DRH t BMXLDRH1YfB1C)B1~FB\z9B1S t B1E)DFE)YKN Mc

p t NTCLN]vS�DFYfC
γ
x B L9xn~FCLNTH1G)YKNT�)G)B1E)E)B1D�`MN t NT`ZJLbjHfNTE)G)D$G)S t �TXL[fQZB1H t �TXL[fQFNTCLN¤H

t BMXLDWY]V?^IDMQZYfG�H1YfB1C)B1y3`FH1DF`ZJLb G �?x¡YfDFS t H1DFz,B1H1B1~FB���S�DFE)[1mnDFE)G)V�B1C?v
k1G)YKN]XL[1E)B1~FB t DFC)G)BKJON�G)`Zv�`MN$G)`ZXL�9i)DFE)G)V�~FCLNTH1G)YKNT�)G)B1E)E)b��oH1BKXLE

Ṗb
c��

YfDMQZE)b��}JLH1B1y)E)b��}CLN]JLG)B t �TXL[fQFNTCLN]�_�FYfGgC)DZXLV?YfG)H1GLQZY9QZz)G)Dj�M¦d¦¡DFz)YfboELN]v
S�E)B1~FBnQZG?XL[1E)DFD1�fi)DFS�H¡JLC)��~FG?�}Y,DMQZE)b��nJLH1B1y)E)b��_QZGLQZYfDFSUN]�<cf�dN t C)G)S�DFC8�YfDFS t�t B1H1B1C)B1YKN t DFC)G)~FDZXLG)V � DFC)z)��C)G)V�H Q BMXLE)DFi)E)B1y�QZGLQZY,DFS�D_QZBfQZYKNTHTv
XLV?DFY�B1z,BKXLB ��LR��~�XLB1H1b��¥QZDFz)�9E?J¥`MNWQZY,BMXLDFYfG)D1��NWH�JLH1B1y)E)B1S t �TXL[fQFNTC)D
�hN]XOQFN]v 0��Fy?XLB1CLN F � � . / . L = . J

ω̇ ' 4.23
~FCLN]JL�fQFN�H�~FBMJ�� 00NTz)G)S B1kTv

CLNT`FB1Sj� G)`FS�DFC)DFE)G)D t V?YfGWJLB t BKXLE)G)YfDZXL[1E)b�� t NTCLNTS�DFYfC)B1H�JLB t BMXLE)V?DFY$p G
¦dNTz)YfG)i)DMQZz)G t DFC)DFB t C)DZJLDZXLV?DFY)x�QZGLQZYfDFS����9CLNTH1E)DFE)G)y\J)XLVWB t C)DZJLDZXLDFE)G)VJ t NTCLNTS�DFY,C)B1HIB1C)k1G)Yfb�p

Mp,Mc, a, e, i, ω
x�c e Y,B t B1`FH1BMXLV?DFYuE)D Y,BMXL[1z,BuQk1BMXL[1mIB1y�Y,B1i)E)BfQZYf[1{�B t C)DZJLDZXLG)Yf[�SUN1QFQZb�z,B1S t B1E)DFE)Y]�<E)B�G t C)B1H1DFC9V�Y,[CLNT`ZXLG)i)E)bjDnYfDFB1C)G)G�~FCLNTH1G)YKNT�)G)G8�)z9B1YfB1C)bjD t C)DZJOQZzfNT`FbjHfNT{hY_E)DMQZz,BKXL[1z,BCLNT`ZXLG)i)E)bjDn`MNTH1GLQZG)S�BfQZYfGaC)DZXLV?YfG)H1GLQZY,QZz)G?� t NTCLNTS�DFYfC)B1H_B1Yg��XLDFS�DFE)Y,B1HB1C)k1G)Yfbdc� ¡DFC)H1bjy¤JLH1B1y)E)B1y t �TXL[fQFNTC¤Y�NTz,B1~FB�YfG t N?��F � � . / . L = . J��0B1kTv

ELNTC)�9^}DFE)E)bjy�H . /fq*2R~FBMJL�1�<G)`F�9iLNTDFY9Q�V��9^}DIk1BKXLDFDYLTs�XLDFY��=G$�M¦d¦¡DFz)Yfb
U�0:UlH@E)DFS t BMJLY,H1DFC,^gJLDFE)boQ&YfB1i)E)BfQZYf[1{�XL��i)mnD

0.1%
cT�dN]JLDF^�E)Bh�fQZY�N]v

E)B1HTXLDFE)BnH1DFz9B1H1B1D ��S�DFE)[1mnDFE)G)D t DFC)G)BKJONn�FY,B1~FB t �TXL[fQFNTCLN§G)`Zv�`MNdG)`ZXL��i)DZvE)G)Vu~FCLNTH1G)YKNT�)G)B1E)E)b��gH1BMXLE8c
R<NhB1Yfz)C)bjYfG)D�GgH1b:QZB1z9B1YfB1i)E)bjD:S�E)B1~FBMXLDFYfv
E)G)D@ELNTkTXL{�JLDFE)G)V t �TXL[fQFNTCLN . / . L = . J��?z,B1YfB1C)bjD¡H1E)DMQ�XLG�QZ��|nDMQZY,H1DFE)E)bjy
H1z?XON]J�H3¦¡��E?JONTS�DFE)YKN]XL[1E)��{ ¦¡G)`FG)z)�1�:N1QZYfC)Bf¦¡G)`FG)zfNTS Nn^�cp0��Fy?XLB1C)�
p��


 H

 �
�
x0G�©0c �hN]XOQZ��p 6 ��
 � � x�k1b�XON t C)GLQZ��^gJLDFELNI�¡B1k1DZXLDFHfQZzfNTV t C)DFS�G)Vt B}¦¡G)`FG)z9D . /�/�Ln~ÀcHR<NTS�DFY,G)Sj�9i)YfBIYfB1i)E)BfQZYf[IG)`FS�DFC)DFE)G)yRSUN1QFQ JLH1B1y)E)b��

CLN]JLG)B t �TXL[fQFNTC)B1H¥QZB\H1C)DFS�DFE)DFS�H1B1`FCLN1QZYKNTDFY]��G¥DMQZYf[aELN]JLDF^gJON?��i)Y,B�i)DZv
C)DF`I2�v . suXLDFY_Q t B1S�B1|I[1{ H1b:QZB1z,B1YfB1i)E)B1~FB�YKNTy)S�G)E)~�NuS�BK^_E)B�k1�TJLDFYgJLBTv
QZYKNTYfB1i)E)B�NTz)z)�9CLNTY,E)BRG)`FS�DFC)G)Y,[RS�B1S�DFE)Y�G)E)DFC)�)G)G¥�[R

I ∝ MR2 c e YfB
t B1`FH1BMXLG)Y��9YfB1i)E)G)Y,[aCLN]JLG)�fQ�E)DFy)YfC)B1E)E)B1yl`FH1DF`ZJLb G8��YKNTz)G)S�B1k1CLNT`FB1Sj�
H1bjV)QZE)G)Yf[dELNTG)k1BMXLDFD t BMJ)�fBMJLV?|IDFD@��CLNTH1E)DFE)G)D QZBfQZYfB�V�E)G)D:QZH1DFC,� t XLB1Y,E)B1ySUNTYfDFC)G)G8c

Q H1BMJLzfN}JLG)ELNTS�G)i)DMQZz)GWG)`FS�DFC)DFE)E)b��RSUN1QFQ¡�[R�HIJLH1B1y)E)b���QZGLQZYfDFSUN]�
p¨JONTE)E)bjDgELN�QZDFC)DZJLG)E)� 9Ts1s_2�~�c x t C)G)H1DZJLDFELN�ELN�©�GLQTcO/�cDL�c � G)E)G)SUN]XL[1E)B
G)`FH1DMQZYfELNTV�SUN1QFQFNR�[R¥v���z,B1S t B1E)DFE)YKN�JLH1B1y)E)B1~FBWCLN]JLG)B t �TXL[fQFNTCLN F � �
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� Ä]²wÈ!'MÈ �KÈ �¡·�²¸²´Æ ���d³5Á]³Z±]j]¹]Æ � ²´Ä]²¸°Z»¸ÅO·��@¼]·À¶´Ã�Ä]¿�¹]Æ � °wÄ]º]±À³�È
�fs,q*LfqKv8LTs_L�/�p

1.250 ± 0.010M�
x�c � NTz�QZG)SUN]XL[1ELNTV£p YfB1i)E)B�G)`FS�DFC)DFE)ELNTV=x

SUN1QFQFN:�[RIPh� t �TXL[fQFNTCLN �hN]XOQFN]v 0��Fy?XLB1CLN
Mp(2σ) = 1.4408±0.0006M� B�FYfB}DF|nD¡G�C)DFz,B1C,JLELNTVRY,B1i)E)BfQZYf[IG)`FS�DFC)DFE)G)V�SUN1QFQZb�`FH1DF`ZJLb HuN1QZYfC)B1E)BTv

S�G)G8c � NTzgH1G?JLE)BdG)`�C)GLQZ�9E)zfN?�1DMQZYf[hS�E)B1~FBd��zfNT`MNTE)G)ygELNhQZ��|nDMQZY,H1B1HfNTE)G)D
�[RRQ"SUN1QFQZB1ygk1BKXL[1mnD

1.5M�
�]BMJLELNTz,BnV?QZE)B)�Ti)YfBhSUN1QFQZb t �TXL[fQFNTC)B1H_p zfNTzGnE)DFy)Y,C)B1E)E)b��n`FH1DF`ZJ}H@�)DZXLB1S�x�� t BTv�H1G?JLG)S�B1S��1�]E)G)z9B1~�JONhE)D t C)DFH1bjmINT{hY
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c
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G)`F�9i)DFE)E)bjy�z?XON1QFQgE)DFy)YfC)B1E)E)b���`FH1DF`ZJ���ELN1QZi)G)Y,bjHfNT{@|IG)y�QZH1bjmnD 9Ts1s1s
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 ¡�TXL[fQZG)C)��{@|IG)D�CLN]JLG)B1GLQZYfB1i)E)G)z)G p t �TXL[fQFNTC)b¡xuk1b�XLG«B1Yfz)C)bjYfb�H
. /�JfqI~�c�p �¡B1k1DZXLDFHfQZzfNTV t C)DFS�G)V t B_¦¡G)`FG)z,D e c �h[1{@G)mI� . /fq �g~Àc x1UhQZE)B1HTv
E)bjD§ELNTkTXL{�JONTDFS�bjDuQZH1B1yLQZYfHfNu�FYfG?��B1k"!8DFz)YfB1H�Q�XLDZJL��{h|nG)D1c

�/� 
 <!3�<!0 ��C+% =�%13�C+<4(A* =�� 9AB/?'6��+C�, s?c s1s . 2aQ_P ≈ 8
QTc U@Y,QZ{@v

JON�E)DFS�DZJ)XLDFE)E)B¤S�B�^_E)B¥B1�)DFE)G)Yf[¥�TNTCLNTz)YfDFC)E)��{ t XLB1YfE)BfQZYf[�H1DF|nDMQZY,HfN
E)DFy)YfC)B1E)E)b��¤`FH1DF`ZJ�c(NnDFyLQZYfH1G)YfDZXL[1E)B)� t C)DZJLDZXL[1E)bjy t DFC)G)BKJ�H1CLNT|IDFE)G)V
`FH1DF`ZJLb Q}SUN1QFQZB1y

M
G$CLN]JLG)�fQZB1S

R
S�B�^IDFYWk1bjY,[RELNTy?JLDFE�G)`u�fQ�XLB1H1G)V

CLNTH1DFELQZYfHfNR�)DFE)YfC)B1k1DF^_E)B1y�QZG?XLb�ELN��Fz)HfNTYfB1C)DIH1CLNT|nDFE)G)V�QZG?XLD t C)G)Y]V�v^IDFE)G)V<�
Plim = 2π

√
R3

GM

c
0�B1~�JON}B1�)DFE)zfN t XLB1YfE)BfQZYfG t BIELNTkTXL{�JONTDFS�B1S��
t DFC)G)BMJL�WH1CLNT|IDFE)G)VWJON1QZY

ρ >
12π

P 2G
∼ 6 × 1012

(
P

0.01c

)−2 ~��]QZS 3 p /�c . x
 ¡C)DZJLDZXL[1E)B¤z9B1C)B1Yfz)G)D�ELNTkTXL{�JONTDFS�bjD t DFC)G)BKJLb H1CLNT|nDFE)G)V t �TXL[fQFNTC)B1Hp B1z,BKXLB . cD2_SUQ]xjQZB1B1YfH1DFY,QZYfH1��{hY�V�JLDFC)E)B1y t XLB1YfE)BfQZYfG\H1DF|IDMQZYfHfN ∼ 1014~��]QZS 3 c

��� "�6 �G%�(;9A%4)+C�% =+%43+C+<'(�6 =�� 9AB/?46���C+, Q§�1NTCLNTz)YfDFC)E)bjS«YfDFS t B1S
dP/dt ≡ Ṗ ∼ 10−15 �K�]�Tc e Y,B§QZH1B1yLQZYfH1BdG)E)YfDFC t C)DFYfG)C)�1DFY,Q�VuzfNTzgYfB1C)S�BTv^IDFE)G)D¡H1CLNT|IDFE)G)V�E)DFy)YfC)B1E)E)B1y�`FH1DF`ZJLbdc)�£Y�NTz,B1S�Q�XL��iLNTD t BKXLE)bjyWYfDFS t
t B1YfDFC)G��FE)DFC)~FG)G�H1CLNT|IDFE)G)V�E)DFy)YfC)B1E)E)B1ya`FH1DF`ZJLb
dE

dt
= Iωω̇ ≈ 4·1037[

�FC)~��]Q
]

(
I

1045 (
~§QZS

2)

)(
Ṗ

10−15
�K�]�
)(

P

0.01
�
)−3

.

p /�cD99x
�IB1C)SUN]XL[1E)Ba�FY,B�B1i)DFE)[\H1b:QZB1z)G)y�YfDFS t¥t B1YfDFC)G¥�FE)DFC)~FG)G8�0S�E)B1~FB\k1BKXL[Tv
mnDWQZBMXLE)DFi)E)B1y£QZH1DFY,G)S�BfQZYfG�p ∼ 4 · 1033 �FC)~��]Q]x�c��&CLNT|}NTYfDZXL[1ELNTV��FE)DFC?v
~FG)V�E)DFy)YfC)B1E)E)B1y�`FH1DF`ZJLb���E)BfQZG)Y,Q�V t B1YfB1z9B1SoC)DZXLV?YfG)H1GLQZY,QZz)G?��iLN1QZYfG)�8�
H1bjC)bjHfNTDFS�b��aQ t B1H1DFC,��E)BfQZYfG�E)DFy)YfC)B1E)E)B1ya`FH1DF`ZJLb�QZG?XL[1E)DFy)mnG)S ��XLDFz?v
YfC)G)i)DMQZz)G)S t BKXLDFSlHgB1kTXON1QZYfG t BKXLV?C)E)b���mIN t B1z8c

����"�61(�%43 � �/6 $/3+% �G%1)�C =+3+C � <'(�6�C��G= �/9;B!?'</$ )+6 3+6 &4)+*�� �+6 �
?'02</0�6�� c e Y,BIQZH1V?`MNTE)B}Q CLN1Q t C)BfQZYfCLNTE)DFE)G)DFS�CLN]JLG)BIG)`ZXL��i)DFE)G)V_H}G)B1E)G?v
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`FB1HfNTE)E)B1yuz,BfQZS�G)i)DMQZz9B1y t XONT`FS�D1c�NnDFyLQZYfH1G)YfDZXL[1E)B)�T~FC)� t)t B1HfNTV}QZz9B1C)BfQZYf[CLN1Q t C)BfQZYfCLNTE)DFE)G)V}��XLDFz)YfC)B1SUNT~FE)G)Y,E)b��nH1BMXLE}H t XONT`FS�D5V?HTXLV�DFY9Q�Vn¦¡��E)z?v�)G)DFy�iLN1QZYfB1Y,b
ν
;

v2(ν) = c2(1 − (ν0/ν)
2) ,

~�JLD
ν2
0 = 4πne2/me

P t XONT`FS�DFE)ELNTV �dDFE)~FS�{hC)B1HfQZzfNTVgiLN1QZYfB1YKN?c Q XLDZJLB1HfN]vYfDZXL[1E)B)�=DMQ�XLG$CLN]JLG)B1H1BMXLE)b CLN1Q t C)BfQZYfCLNTE)V?{@Y,Q�VaH�QZC)DZJLDgQ t BfQZY,BKV?E)E)B1y
t XLB1YfE)BfQZYf[1{ ��XLDFz)YfC)B1E)B1H

n
`MN]JLDFC,^_zfN¤H1C)DFS�DFE)G t C)G?�fBKJON¤G)S t �TXL[fQZB1HELNgCLNT`FE)b��WiLN1QZYfB1YKN]�

∆t = (l/2c)ν2
0 (1/ν2

1 − 1/ν2
2 )
�O~�JLD 
<P�CLN1QFQZYfB�V?E)G)D

JLBgGLQZYfB1i)E)G)zfN?cO�5DZXLG)i)G)ELN

DM =

∫
nedl

p /�cDL9x

ELNT`FbjHfNTDFY,Q�V � � ��� � ��� � ��� ��� ���)c�¬¡`FS�DFC,V?V�`MN]JLDFC,^_z)�3H1C)DFS�DFE)G t C)G?�fBTvJON3G)S t �TXL[fQZB1H t �TXL[fQFNTCLN�ELN3CLNT`FE)b��«iLN1QZY,B1YKN]�£G B1�)DFE)G)HfNTV�G)`aJLC)�9v
~FG?��ELNTkTXL{�JLDFE)G)yl��XLDFz)YfC)B1E)E)��{ z9B1E)�)DFE)YfCLNT�)G){ S�DF^_`FH1DF`ZJLE)B1y£QZC)DZJLb
p H\QZC)DZJLE)DFS t BaA�N]XONTz)YfG)z,D

ne = 0.03
QZS −3 x�� t B�H1DZXLG)i)G)E)D�S�DFC)b JLGLQwv

t DFCLQZG)GRB1�)DFE)G)HfNT{@Y}CLN1QFQZYfBKV?E)G)V�JLB t �TXL[fQFNTC)B1H)c e YfBIELNTG)k1BMXLDFD¡CLN1Q t C)BTvQZYfCLNTE)DFE)E)bjy�Q t BfQZB1k_B t C)DZJLDZXLDFE)G)VWCLN1QFQZY,BKV?E)G)yWJLBgE)DFy)YfC)B1E)E)b���`FH1DF`ZJ�c
0�B1i)E)BfQZY,[��FYfB1ylB1�)DFE)z)G�E)DFH1DZXLG)zfN p t C)G)S�DFC)E)Bo¦dNTz)YfB1C 99x��&Y�c�z8c&E)DFG)`Zv
H1DMQZYfE)B�CLN1Q t C)DZJLDZXLDFE)G)DWz,B1E)�)DFE)YfCLNT�)G)GoG)B1E)G)`FB1HfNTE)E)B1y t XONT`FS�b HTJLBKXL[
XL��iLNu`FC)DFE)G)V=c

� � �-7@3+<
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 02% �G=�%13�620�� 3+6 C =+<19�
+3�C�&46��+C�
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9 ����%1)�C 
 c �UQ�XLG�GLQZYfB1i)E)G)z¥H1G?JLDFE t BKJ¤YfDZXLDMQZE)bjS���~�XLB1S

Ω
��N t C)G)E)G?vSUNTDFS�bjy�B1YuE)DF~FB t B1YfB1zRG)`ZXL��i)DFE)G)V�ELN}iLN1QZYfB1YfD ν DMQZY,[ Fν

p �FC)~���p QZS 2· �1�YfB}V?C)z,BfQZYfELNTVRYfDFS t DFCLNTYf��CLN Tb
H}©���XLDFy?v Nn^_G)ELQZB1HfQZz,B1S t C)DZJLDZXLDdB t C)DZvJLDZXLV?DFY,Q�VWG)`§QZB1B1Y,E)B1mnDFE)G)V

2kTb

(ν
c

)2
= FνΩ ,

p /�c �?x

~�JLD
Ω ≈ π(R∗/r)

2 G
r
PaCLN1QFQZYfBKV?E)G)D�JLB\GLQZYfB1i)E)G)zfN?�

R∗
P�DF~FBaCLN]JLG?v

�fQTc0�dN t C)G)S�DFC8�0J)XLV t �TXL[fQFNTCLNaH � CLNTk1B1H1G?JLE)B1y3Yf�9SUNTE)E)BfQZY,G
R∗ = 10z)S G

r = 2
z t Q£G t C)G �1NTCLNTz)YfDFC)E)B1S CLN]JLG)B t B1Y,B1z,D«H . �hELQZz)G)y

p��
10−26 �5Y���p S 2· A8�<x�xuELN¥iLN1QZYfB1YfD ∼ 1

A�A8�«V?C)z,BfQZYfELNTVlYfDFS t DFCLNTYf��CLN
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t BMXL��iLNTDFY,Q�V 1026 � c U@i)DFH1G?JLE)B)�&E)G�BMJLE)B3YfDZXLB¥E)D�S�BK^}DFY¤G)S�DFYf[�YKN]v
z)�9{�YfDFS t DFCLNTY,�9C)�1c�N§XLVdB1k"!8V)QZE)DFE)G)V§CLN]JLG)B1G)`ZXL��i)DFE)G)V t �TXL[fQFNTC)B1H t C)G?vHTXLDFzfNT{@Y9Q�V$E)DFYfD t XLB1H1bjDgS�DZ�1NTE)G)`FS�bdc� ¡BTv�H1G?JLG)S�B1S��1��ELNTG)k1BMXLDFD_H1DFC)B�V�vYfDFE t XONT`FS�DFE)E)bjy¤S�DZ�1NTE)G)`FS�G)`ZXL�9i)DFE)G)V�C)DZXLV?YfG)H1GLQZY9QZz)G?�a��XLDFz)Y,C)B1E)B1H
H�QZG?XL[1E)B1S£SUNT~FE)G)YfE)B1S t BMXLDnE)DFy)Y,C)B1E)E)B1y�`FH1DF`ZJLbdc
��� ��� ����� <!3��G< �8%4)+C�% $/3+6�
 %4)+C 
.= �/9;B!?'623�<!$

UhQZE)B1H1ELNTV§G?JLDFV<�MB1k"!8V)QZE)V?{@|}NTVn¦¡DFE)B1S�DFE t �TXL[fQFNTCLNIp  dNMi)G)E)G8� Q N]XL[TvHfNTYfG B UhQZY,CLNTy)z,DFC8�)A9NTE)E8� . /�Jfq,x0P t B1YfDFC)G��FE)DFC)~FG)G�H1CLNT|nDFE)G)VR`MNTSUNT~FE)G?v
i)DFE)E)B1y�E)DFy)Y,C)B1E)E)B1y�`FH1DF`ZJLB1y8cPR<N t N1Q �FE)DFC)~FG)G�H1CLNT|IDFE)G)V��[RWB1i)DFE)[IH1DZv
XLG)z@;

Er = Iω2/2 ∼ 1049 �FC)~\p t B1C,V�JLzfNaYfD t XLB1H1B1y¥G?XLG¥~FCLNTH1G)Y�NT�)G)B1E?v
E)B1y\�FE)DFC)~FG)G Q BMXLE)�LN GM2

�/R� ∼ 3 · 1048 �FC)~Tx�cO� t C)BfQZYfDFy)mIDFy\S�BKJLDZv
XLG¥CLN1QFQZSUNTYfC)G)HfNTDFY,Q�V¥H1CLNT|INT{h|nG)yLQ�V¤SUNT~FE)G)YfE)bjy¥JLG t BMXL[\H\HfNTz)�9��S�D�;
~µ(t) = µ0e

iωt c� ¡B1Y,DFC)G��FE)DFC)~FG)GoELN�SUNT~FE)G)YfBKJLG t BMXL[1E)B1D\G)`ZXL��i)DFE)G)D�H
HfNTz)�9��S�D

Q =
2

3

~̈µ2

c3
=

2

3
ω4µ

2
0

c3
p /�cD29x

G?XLGlQW��i)DFYfB1S
µ0 = BsR

2/2
~�JLD

Bs
P�ELN t C9V�^}DFE)E)BfQZYf[¥SUNT~FE)G)Y,E)B1~FB

t BMXLV�ELN t B1H1DFC,��E)BfQZY,G�mINTCLN�CLN]JLG)�fQFN
R

;

Q ≈ ω4B
2
sR

6

c3
∼ 3 · 1031(

�FC)~��]Q
)

(
P

1 c

)−4( Bs

1012
A9Q
) p /�cDJ9x

�¡B¥�FYfB�P t BMXLE)bjylY,DFS tot B1YfDFC)G£�FE)DFC)~FG)G£H1CLNT|IDFE)G)V��[R�c"�¡G)`Fz9BTv
iLN1QZYfB1YfE)B1D¥SUNT~FE)G)Y,BMJLG t BMXL[1E)B1DoG)`ZXL��i)DFE)G)D1�@QZH1V?`MNTE)E)B1D�Q�H1CLNT|nDFE)G)DFS
t �TXL[fQFNTCLN?�9E)D S�BK^}DFYnCLN1Q t C)BfQZYfCLNTE)V?Yf[fQ�V�H§S�DF^_`FH1DF`ZJLE)B1y t XONT`FS�D1�,DMQ�XLGDF~FB_iLN1QZYfB1YKNuS�E)B1~FB�S�DFE)[1mnDniLN1QZY,B1Yfb t XONT`FS�DFE)E)b���z,BMXLDFkfNTE)G)y

νmd =
ω

2π
� ν0 =

√
4πnee2

me
∼ 104 A8� ,

t B1�FYfB1S��IJLBMXL^}DFE�QZ�9|IDMQZYfH1B1HfNTYf[dS�DZ�1NTE)G)`FS t DFC)DFCLNTk1B1Yfz)G��FE)DFC)~FG)G_H1CLN]v|nDFE)G)V�Hg��XLDFz)YfC)B1SUNT~FE)G)YfE)bjDIH1BMXLE)b�k1BKXLDFD§H1b:QZB1z)G?���FE)DFC)~FG)y8c
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��NT^_ELNTVRH1DZXLG)i)G)ELN?�?�TNTCLNTz)Y,DFC)G)`F�9{h|INTV t �TXL[fQFNTC�P t B1E)V?YfG)DdQZH1DFYfBTvH1B1~FBd�)G?XLG)E?JLCLNhP t B1H1DFC,��E)BfQZYfG8�,ELN¡z,B1YfB1C)B1y_QZz9B1C)BfQZYf[§YfH1DFC,JLB1YfDZXL[1E)B1~FBH1CLNT|nDFE)G)VaQ¡iLN1QZYfB1YfB1y
ω
JLBfQZYfG)~�NTDFY�QZz9B1C)BfQZYfG\QZH1DFYKNH;

rl =
c

ω
= 5 · 109 p QZS�x ( P

1
�
)

Q YfB1i)z)G¤`FC)DFE)G)V3~FDFE)DFCLNT�)G)G���XLDFz)YfC)B1SUNT~FE)G)YfE)b��3H1BMXLE8��QZH1DFYfB1H1B1y3�)G?v
XLG)E?JLC�V?HTXLV?DFY,Q�V�~FCLNTE)G)�)DFy�H1BMXLE)B1H1B1y�`FB1E)bdc@�5E)�9Y,C)G QZH1DFY,B1H1B1~FB£�)G?v
XLG)E?JLCLN�p H�kTXLG)^_E)DFy `FB1E)DTx_SUNT~FE)G)YfE)B1D t BMXLD¥�[R�JLG t BKXL[1E)B1D H(r <

Rl) = Hs(r/R)3
�8NRH1E)DgDF~FBWE)BfQZG)Y��TNTCLNTz)Y,DFC���XLDFz)YfC)B1SUNT~FE)G)YfE)B1y¥H1BKX)v

E)bdc Q H1DFYfB1H1B1y$�)G?XLG)E?JLC�B1~FCLNTE)G)i)G)HfNTDFYWB1kTXON1QZY,[�`MNTS�z)E)��Yfb��aQZG?XLB1H1b��
XLG)E)G)yoSUNT~FE)G)YfBfQF¦¡DFC)b t �TXL[fQFNTCLN?��z9B1YfB1C)bjDW`MN t BMXLE)V?{hY,Q�V t XONT`FS�B1yoG
H1CLNT|INT{hY,Q�V�zfNTzRYfH1DFCfJLB1DhYfDZXLBuQ:iLN1QZYfB1Y,B1yR�[R�c �dN1QZYf[IQZG?XLB1H1b���XLG)E)G)y
SUNT~FE)G)YfE)B1~FB t BMXLV«H1CLNT|INT{h|nDFyLQ�V��[R���BMJLELNTz,B)�jBfQZY�NT{@Y,Q�VlE)DF`MNTS�z)E)�9v
YfbjS�G8� t DFC)DMQZDFzfNT{hY�QZH1DFY,B1H1B1y£�)G?XLG)E?JLC�Gl�,�fBKJLV�Y�ELN�k1DMQZz,B1E)DFi)E)BfQZY,[)c
U@kTXON1QZYf[§ELN t B1H1DFC,��E)BfQZY,G��[R��fG)`:z9B1YfB1C)B1y_�9�fBMJLV?Y§B1Yfz)C)bjY,bjD QZG?XLB1H1bjD
XLG)E)G)G8�,ELNT`FbjHfNTDFY9Q�V t BMXLV?C)E)B1yRmIN t z9B1y�GgDFD:CLNT`FS�DFC t C)G)kTXLG)^IDFE)E)BICLN]vH1DFE

R0 ' R
√
ωR/c

c
�¡DFG)`Fk1DF^_E)B1DaELN]XLG)i)G)D t XONT`FS�b�H¥SUNT~FE)G)YfBfQF¦¡DFC)D t �TXL[fQFNTCLN¤�Fz)CLN]v

E)G)C)�1DFYnSUNT~FE)G)Y,BMJLG t BMXL[1E)B1DhG)`ZXL��i)DFE)G)D1c 
5BMXLDFDh¦¡G)`FG)i)ELN§S�BMJLDZXL[ t �TXL[TvQFNTCLN?�)Hgz,B1Y,B1C)B1y t B1YfDFC,V��FE)DFC)~FG)G�H1CLNT|IDFE)G)VWE)DFy)YfC)B1E)E)B1y�`FH1DF`ZJLb�QZH1V�v
`MNTELN}Q:YfB1C)S�B1`FV?|nG)S3JLDFyLQZYfH1G)DFS3��XLDFz)Y,C)G)i)DMQZz)G?��YfB1z,B1H)� t C)B1YfDFzfNT{h|nG?�H\SUNT~FE)G)Y,BfQF¦¡DFC)D�H�B1kTXON1QZY,G¤B1Yfz)C)bjYfb��¥QZG?XLB1H1b���XLG)E)G)y3G¤`MNTS�bjzfNT{@v
|nG)S�GLQ�V£ELN t B1H1DFC,��E)BfQZYfG t �TXL[fQFNTCLN¥H�B1kTXON1QZYfG t BKXLV�C)E)b��£m}N t B1z8c&��FYfB1S�Q�XL��iLNTD t B1YfDFC)G3H1CLNT|nDFE)G)V��[R�QZH1V�`MNTE)b Q�G)`ZXL�9i)DFE)G)DFS�C)DZXLV?YfG?v
H1GLQZY,QZz)G?�_iLN1QZYfG)�8��z,B1Y,B1C)bjD@~FDFE)DFC)G)C)��{@Y9Q�V�HIDFD@SUNT~FE)G)Y,BfQF¦¡DFC)D1c�¬¡`ZXL�9v
iLNTDFSUNTV��FE)DFC)~FG)V t B tWt B1C,V�JLz)��H1DZXLG)i)G)E)b�CLNTH1ELNuSUNT~FE)G)YfBTv JLG t BMXL[1E)bjS
t B1YfDFC9V�S p /�cDJ9x�c

¬¡`WH1bjCLNT^}DFE)G)V
dEr/dt = −Q t BMXL��iLNTDFY,Q�Vo`MNTz9B1E£�9k1bjHfNTE)G)V�iLN]v

QZYfB1Yfb H1CLNT|IDFE)G)V t �TXL[fQFNTCLN_B1YgH1C)DFS�DFE)G@;

Iωω̇ ∼ −B2
sR

6ω4/c3

B1Yfz)�TJON
ω̇ ∝ −B2

sω
3



� �������<�*�1� � � $�������
���+H� ! � 	�� 9�2�/

G?XLG8�dH1bjCLNT^nNTV�i)DFC)DF`3ELNTkTXL{�JONTDFS�bjD�H1DZXLG)i)G)E)b p t DFC)G)BMJ H1CLNT|IDFE)G)V
t �TXL[fQFNTCLN G�DF~FB t C)B1G)`FH1BKJLE)�9{ Ṗ

x��

ṖP = (2π)2B2
sR

6I−1c−3 p /�c q,x
�5G?JLE)B)�=i)Y,B_G)`FS�DFC,V?V�YfBMXL[1z9B t DFC)G)BKJ t �TXL[fQFNTCLN P G\DF~FB t DFC)H1�9{ t C)BTvG)`FH1BMJLE)��{

dP/dt
�<S�B�^_E)BWE)D t BfQZC)DZJOQZYfH1DFE)E)BWB1�)DFE)G)Yf[�ELN t C,V?^}DFE)E)BfQZYf[SUNT~FE)G)YfE)B1~FB t BKXLVRH1kTXLG)`FG t B1H1DFCf�?E)BfQZYfGWE)DFy)YfC)B1E)E)B1yW`FH1DF`ZJLb

Bs
c) ¡BKJ)v

QZYKNTHTXLV?V��1NTCLNTz)YfDFC)E)bjD}H1DZXLG)i)G)E)b p
I ≈ 1045 ~uQZS 2 � R = 10

z)S�x�ELN]�fBTv
JLG)S

Bs

1012
A9Q ≈

√√√√
(
P

1
�
)(

Ṗ

10−15
�K�]�
) p /�cD49x

e YKNl¦¡B1C)S��TXON t B1zfNT`FbjHfNTDFY]�dQZz,BMXL[ H1DZXLG)zfN�ELN t C,V?^}DFE)E)BfQZYf[ SUNT~FE)G)Y1v
E)B1~FB t BMXLVoH1kTXLG)`FG t B1H1DFC,��E)BfQZYfG t �TXL[fQFNTC)B1H)c5� Y�NTz,B1S QZH1DFCf�,QZG?XL[1E)B1S
SUNT~FE)G)YfE)B1S t BMXLD\G)`FS�DFE)V�{hY,Q�V�QZH1B1yLQZY,HfN$H1DF|nDMQZYfHfN$GoQZYKNTE)B1H1V?Y,Q�V3QZ�9v
|nDMQZYfH1DFE)E)bjS�G p G�JONT^}D�B t C)DZJLDZXLV�{h|nG)DTx�z)HfNTE)YfB1H1bjD¥�M¦d¦¡DFz)Y,b�p ELN]v
t C)G)S�DFC8�§C)BK^_JLDFE)G)Do��XLDFz)YfC)B1E?v t B1`FG)YfC)B1E)E)b�� t NTC ¦¡B1YfB1ELNTS�G<x��dz9B1YfBTv
C)bjD_HfNT^_E)b�J)XLV$B t GLQFNTE)G)V¥¦¡G)`FG)i)DMQZz)G t C)B1�)DMQFQZB1H�H1kTXLG)`FG t B1H1DFCf�?E)BTvQZYfGWE)DFy)YfC)B1E)E)b��W`FH1DF`ZJ�c

 ¡�TXL[fQFNTC)b �TJLB1k1E)B$G)`FB1k1CLNT^nNTYf[$ELNaJLGLNT~FCLNTS�S�D
P − Ṗ

p ©UGLQTc /�c �)c
U@�)DFE)z)G SUNT~FE)G)YfE)b�� t BKXLDFy t �TXL[fQFNTC)B1H t B�¦¡B1C)S��TXLD p /�cD49x}XLDF^nNTY3H
mnG)C)B1z)G?� t C)DZJLDZXON]�¤B1Y ∼ 108 JLB ∼ 1013 A�QTc�ª E)DMQZz9BMXL[1z)G?�o�[R�p z9BTv
YfB1C)bjD1��BMJLELNTz,B)��E)DRG)`ZXL�9iLNT{hY\CLN]JLG)B1H1BKXLE8��zfNTz�B1k1bji)E)bjD t �TXL[fQFNTC)b.v
Y�c�E8c0SUNT~FE)G)YKNTC)b¡x@B1�)DFE)zfN t BMXLV t B��FYfB1y¤¦¡B1C)S��TXLD t C)G)H1BMJLG)Y�z¤`FELNKi)DZv
E)G)V?S

1014 − 1015 A9QTc@00NTz)G)DIB1~FC)B1S�E)bjDuSUNT~FE)G)YfE)bjD t BMXLV t C)G)H1BMJLV?Y�z
t BKV?HTXLDFE)G){ zfNMi)DMQZY,H1DFE)E)B_E)B1H1b��RV?HTXLDFE)G)y8cO�dN t C)G)S�DFC8� B1E)GWC)DF~F�TXLV?C)E)B
Q t BfQZB1k1E)b k1��z)HfN]XL[1E)B ErH1`ZXONTS�bjHfNTYf[*G_z9B1C)���[R�� t C)G)H1BMJLV¥z¤~FCLNTE?JLG)B1`Zv
E)B1S��W�FE)DFC)~FB1H1b�JLDZXLDFE)G){ t B1C,V�JLzfN 1041 − 1045 �FC)~�� z,B1YfB1C)B1DIELNTkTXL{�JON]v
DFY,Q�V\H�C)DFE)Yf~FDFE)B1HfQZz9B1S«JLGLN t NT`FB1E)D}H�H1G?JLD t B1H1Y,B1C)E)b��\S�V?~Fz)G?��~�NTS�SUN]v
HfQ t XLDMQZz,B1HRB1YgYKNTz)G?�W�[R�c

�5bjCLNT^IDFE)G)D p /�c q,x¡S�BK^�E)B\CLN1QFQZSUNTYfC)G)HfNTYf[azfNTz¤JLGL¦d¦¡DFC)DFE)�)GLN]XL[Tv
E)B1D���CLNTH1E)DFE)G)DRJ)XLV¤YfB1C)S�B�^IDFE)G)V�H1CLNT|nDFE)G)V t �TXL[fQFNTCLN?c�©�DFm}NTV�DF~FB$Q
ELNMiLN]XL[1E)bjS��fQ�XLB1H1G)DFS

P |t=0 � P (t) t BMXL��iLNTDFSaB1�)DFE)z)�§H1B1`FCLN1QZY�N t �TXL[Tv
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� ÄT²wÈ 'KÈ � È �UÄT·���¼]·ÀÅLÅO·
P − Ṗ

Á]ÃTµg¼]·�ÁTÄ]±Àº�½ZÃ]Âw²�·À¼�±À³]È � ±�¿ m Ä_Ä m ¼�»¸²¸°wÄ m Ä � ±¸Á]Ä��¹T±�¿]¹�Æ�»�¼]·�Á]ÄT±Àº�½ZÃ]Âw²�·À¼KÆ � m ¼�½-n m Ä � ¼T·�Á]ÄT±�º]½ZÃKÁTÂZ²¸·À¼�Æ�³�ÁT³w± j]¹�Æ ��²´Ä]²¸°Z»¸ÅO·��,È �1³w»¸¶ �Á1±�¿ m Ä � °ÀÈ ¹�È � ·�¹T±ÀÅ ·�Ã]ÂÀ¹]Æ�»�¼�»´¹T° �¸»´¹T±�³Z² m ÄT»&º�½ZÃ]Âw²�·À¼KÆ � � ±¸ÁTÄ�¹T±�¿]¹]Æ�»"¹T» j]°Z¼]±�¹]¹�Æ�»¶´³w»¸¶¯ÁTÆ�²¸±�²¯³Z»¸¼��F²´Ä�Ã]ÂÀ¹]Æ�ÅnÅ ·��¸¹]Ä]°w¹]Æ�Å§ºT±�Ã]»¸Å � ÅO·��¸¹]Ä]°�·À¼�Æ � È ��± m ·À¶�·�¹]Æ�Ã]Ä�¹]Ä]Ä&¼T·�³ �¹]Æ ��Å ·��¸¹]Ä]°w¹]Æ �5ºT±�ÃT» j � ²´³w»¸¼��K½ ��³w¹]Ä]¶ � ²�ÃT»´³Z· ��¹T·�º]¼T·�³w± � Ä@¼T·�³w¹]Æ ��Á]Ä]¹T·ÀÅ)Ä]¿]»¸² m Ä �³Z±À¶¸¼T·�²¸°Z±�³ � ²´³Z»¸¼��M½ ��³À¹]ÄT¶ � ²´ºT¼]·�³Z· ��¹T·�Ã]»´³Z± � È
QFNTCLN t BuELNTkTXL{�JONTDFS�bjSlH1DZXLG)i)G)ELNTS�P t DFC)G)BKJL�RH1CLNT|IDFE)G)V P G t DFC)H1B1y
t C)B1G)`FH1BMJLE)B1y t DFC)G)BMJON Ṗ

τd =
1

2

(
P

Ṗ

) p /�cD/9x
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e YfB�H1C)DFS�V$ELNT`FbjHfNT{@Y ����� � � � � � �
� � � �����	� � �
� � � t �TXL[fQFNTCLN?c 0�G t G)i?vE)bjD\`FELNKi)DFE)G)VoJLG)ELNTS�G)i)DMQZz)G?�lH1B1`FCLN1QZYfB1H t �TXL[fQFNTC)B1H¤P3QZB1YfE)GoY,b:Q�V?i
XLDFY�c& ¡�TXL[fQFNTClQZi)G)YKNTDFY,Q�V5E¯QZYKNTC)bjS�G��UDMQ�XLGlDF~FB¥H1B1`FCLN1QZY

τd ∼ 106 XLDFY]c
� NTz t BKXONT~�NT{@Y]��ELN§k1BMXL[1mIG?��H1C)DFS�DFE)E)b���G)E)YfDFC)HfN]XON]��p t B1C,V�JLzfN§JLDMQ�V?Y1vz,B1HgS�G?X)XLG)B1ELN}XLDFYuG�k1BMXLDFDTx"QZ��|nDMQZYfH1DFE)E)bjSoS�B�^IDFYgB1zfNT`MNTY,[fQ�VRB1S�G)i)DZv
QZz,B1D:`MNTY,�,�1NTE)G)DjSUNT~FE)G)YfE)B1~FB t BMXLVgE)DFy)Y,C)B1E)E)B1y_`FH1DF`ZJLb�p t DFC)DZ�fBMJR�FE)DFC?v~FG)G¥c

� `MNTz?XL{hi)DFE)G)D��FY,B1~FB�CLNT`ZJLDZXON t BKV)QZE)G)Sj�uzfNTz t B�QZB1H1C)DFS�DFE)E)bjS
t C)DZJOQZYKNTHTXLDFE)G)V?S t C)B1GLQ��fBKJLG)Y ~FDFE)DFCLNT�)G)V C)DZXLV?YfG)H1GLQZY,QZz9B1y t XONT`FS�bH1kTXLG)`FG t B1H1DFC,��E)BfQZYfG t �TXL[fQFNTCLN?c e XLDFz)Y,C)BMJLG)ELNTS�G)i)DMQZz,B1DjCLN1QFQZS�B1Y,C)DFE)G)DH1CLNT|INT{h|nDFyLQ�V$�[R¥Q¡JLG t BMXL[1E)bjS SUNT~FE)G)YfE)bjS t BMXLDFS t C)G)H1BKJLG)Y�z�H1b�v
H1BMJL�1�:i)Y,B3H�B1kTXON1QZYfG t BKXLV?C)E)b��«m}N t B1z��[R�H1B1`FE)G)zfNTDFY£z,B1S t B1E)DFE)Y�N��XLDFz)YfC)G)i)DMQZz9B1~FB t BMXLV<� t NTCLN]X)XLDZXL[1ELNTV�QZG?XLB1H1bjS�XLG)E)G)V?S�SUNT~FE)G)Y,E)B1~FB
t BMXLV<cO�dN t C9V�^}DFE)E)BfQZYf[_��XLDFz)YfC)G)i)DMQZz,B1~FB t BMXLV t C)B t B1C)�)G)B1ELN]XL[1ELN t C)BTvG)`FH1DZJLDFE)G){ SUNT~FE)G)YfE)B1~FB t BMXLV Bs

G�iLN1QZYfB1Yfb H1CLNT|IDFE)G)V
ω
G¤J)XLV��1N]v

CLNTz)YfDFC)E)B1~FB t BKXLV 1012 A�Q5JLBfQZYfG)~�NTDFY 1011 �:�]QZSj�1ELN@JLHfN t B1C,V�JLzfNdH1bjmIDELN t C,V?^}DFE)E)BfQZYfG t BMXLV�H�NTYfB1S�D}H1BMJLB1C)BKJON?c(0�NTz,B1Du��XLDFz)YfC)G)i)DMQZz,B1D t BKXLDG)B1E)G)`F�1DFY¡H1DF|nDMQZYfH1BhGnH1bjC)bjHfNTDFYh`MNTC,V?^}DFE)E)bjD5iLN1QZY,G)�)b�Q t B1H1DFC,��E)BfQZY,G�[R�c
� NTz9QZG)SUN]XL[1ELNTVo�FE)DFC)~FG)V<��JLB$z,B1YfB1C)b��3`MNTC,V�J£H t C)G)E)�)G t DWS�BK^}DFY

�fQZz,B1C)G)Yf[fQ�V�H_SUNT~FE)G)YfBfQF¦¡DFC)D t �TXL[fQFNTCLN?�OB1~FC)B1S�ELNH;

Emax ∼ eERNS ∼ 1019 �M�
G¤QZB1B1YfH1DFY,QZY,H1�1DFYW�FE)DFC)~FG)V�S�QFNTS�b����FE)DFC)~FG)i)E)b��¥z,BfQZS�G)i)DMQZz)G?�¥XL��i)DFy8c
e YfB1~FB)��BMJLELNTz,B)�?E)D t C)B1GLQ��fBMJLG)Y]cL��JLDFyLQZYfH1G)Y,DZXL[1E)BfQZYfG�`MNTC9V9J�ELNMi)G)ELNTDFY
�fQZz,B1C9V�Y,[fQ�V\��XLDFz)YfC)G)i)DMQZz)G)S t BKXLDFSlHTJLBKXL[�SUNT~FE)G)YfE)B1y\QZG?XLB1H1B1y�XLG)E)G)G
p t B t DFC)DFi)ELNTV QZBfQZYKNTHTXLV?{@|}NTV�G)S t �TXL[fQFN«iLN1QZYfG)�)b H�Y�NTz,B1S QZG?XL[1E)B1S
SUNT~FE)G)YfE)B1S t BMXLD\B1Yf�9Y9QZYfH1�1DFY)x�c0¬¡`Zv�`MN$z)C)G)H1G)`FE)b�QZG?XLB1H1B1yoXLG)E)G)G t BTvV?HTXLV�DFY9Q�V��fQZz,B1C)DFE)G)D1� t C)G)H1BKJLV?|nDFDnz�G)`ZXL��i)DFE)G){��FE)DFC)~FG)i)E)B1~FB�~�NTS�SUN]v
z)HfNTE)YKN3Q��1NTCLNTz)YfDFC)E)B1y iLN1QZYfB1YfB1y

ωc ∼ γ3v/rc
�&~�JLD

γ = E/mec
2 P

�dB1C)DFE)�?vr¦dNTz)YfB1C�C)DZXLV?YfG)H1GLQZY,QZz9B1~FBW��XLDFz)YfC)B1ELN?�
v ∼ c

PWDF~FBWQZz,B1C)BfQZYf[)�
rc

P�CLN]JLG)�fQlz)C)G)H1G)`FE)b QZG?XLB1H1B1y XLG)E)G)G SUNT~FE)G)YfE)B1~FB t BKXLV p G)`F~FG)kTv
E)B1DWG)`ZXL�9i)DFE)G)DRP¤CLNT`FE)B1H1G?JLE)BfQZY,[¥QZG)E?��C)B1YfC)B1E)E)B1~FB¤G)`ZXL�9i)DFE)G)V�C)DZXLV�v
YfG)H1GLQZY,QZz9B1yW`MNTC,V?^IDFE)E)B1yaiLN1QZYfG)b¡x�c �IB1YfB1E8�?XLDFY]V?|nG)y t BKJ��9~�XLB1S£z�QZG?v
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XLB1H1B1y�XLG)E)G)G\SUNT~FE)G)YfE)B1~FB t BKXLV=� H�QZG?XL[1E)B1S t BKXLDnC)B�^gJONTDFY���XLDFz)YfC)B1E?v
t B1`FG)YfC)B1E)E)��{ t NTC)�1� t C)G)i)DFS���XLDFz)Y,C)B1E�G t B1`FG)YfC)B1E$JLH1G)^��9Y,Q�V\H t C)BTvYfG)H1B t BKXLBK^_E)b���ELN t CLNTHTXLDFE)G)V��=c¡� QZH1B1{ B1i)DFC)DZJL[)�:H1YfB1C)G)i)E)bjD¤��XLDFz?v
YfC)B1E)b�C)BK^gJONT{hY�G)`F~FG)k1E)bjDg¦¡B1YfB1E)b�G\Y]c J�c 00NTzaH1B1`FE)G)zfNTDFY���XLDFz)YfC)B1E?v
t B1`FG)YfC)B1E)ELNTV�XONTH1G)ELN�HaSUNT~FE)G)YfBfQF¦¡DFC)D t �TXL[fQFNTCLN?cUA9DFE)DFC)G)C)�1DFSUNTV�YKN]v
z)G)S�B1k1CLNT`FB1S t XONT`FSUNa�Fz)CLNTE)G)C)�1DFYa��XLDFz)YfC)G)i)DMQZz,B1D t BMXLDRG¤`MN t BKXLE)V?DFY
t C)BfQZYfCLNTELQZYfH1B3H1E)��YfC)Gl`MNTS�z)E)��Yfb��lQZG?XLB1H1b��lXLG)E)G)y«SUNT~FE)G)YfE)B1~FB t BTvXLV�H1E)��YfC)G¥QZH1DFYfB1H1B1~FB\�)G?XLG)E?JLCLN?��NWiLN1QZYf[�H1Y,B1C)G)i)E)B1y t XONT`FS�bd�0Y,DFz)�,v|INTV�HTJLBMXL[oB1Yfz)C)bjY,b���p E)DF`MNTS�z)E)��Yfb��=x_QZG?XLB1H1b��£XLG)E)G)y8� t DFC)DMQZDFzfNTDFYQZH1DFYfB1H1B1yo�)G?XLG)E?JLC£Go�9�fBMJLG)Y¤ELN$k1DMQZz,B1E)DFi)E)BfQZYf[)c5¬¡S�DFE)E)B¥H�z)G)E)DFYfG?v
i)DMQZz)G){ �FE)DFC)~FG){.�FY,G?��C)DZXLV?YfG)H1GLQZY,QZz)G?�$iLN1QZYfG)��G��9�fBMJLG)Y t B1i)Y,G�HfQ�V
�FE)DFC)~FG)VuH1CLNT|nDFE)G)VuE)DFy)YfC)B1E)E)B1yg`FH1DF`ZJLbdc e YfB1YhHfNT^_E)DFy)mIG)y_¦dNTz)Y t C,V�vS�B t BMJLYfH1DFC9^gJONTDFY,Q�V�ELNTkTXL{�JLDFE)G)V?S�G P t BMXLELNTV�QZH1DFYfG)S�BfQZY,[3QZG)E?�?C)BTv
YfC)B1E)E)B1~FBdG)`ZXL��i)DFE)G)Vg��XLDFz)YfC)B1E)B1H � CLNTk1B1H1G?JLE)B1y_Yf��SUNTE)E)BfQZG)YfG�p BfQZYKNTY1v
zfNlQZH1DFC,��E)B1H1B1y . s_2��l~Àc HlQZB1`FH1DF`ZJLG)G 0�DZXL[1�LN�x ∼ 1038 �FC)~��]Q¤H£YfB1i?v
E)BfQZYfG¤QZB1B1Y,H1DFY,QZYfH1�1DFY�B1�)DFE)z9DRY,DFS t N t B1YfDFC)[\�FE)DFC)~FG)G3H1CLNT|nDFE)G)V��)DFE?v
YfCLN]XL[1E)B1y�E)DFy)Y,C)B1E)E)B1y\`FH1DF`ZJLb�P t �TXL[fQFNTCLN_H � CLNTk1B1H1G?JLE)B1yaYf��SUNTE)E)BTv
QZYfG

dEr/dt = −4π2IṖ /P 3 t C)G$ELNTkTXL{�JONTDFS�b���`FELNKi)DFE)G)V��
P = 0.033�hG

Ṗ ∼ 10−13 �K�]�Tc �@ELN]XLB1~FG)i)ELNTV�QZG)Yf�fNT�)G)V�ELNTkTXL{�JONTDFY9Q�VWG�HuJLC)�9~FG?�
S�BMXLBKJLb���BfQZYKNTYfzfN]��QZH1DFCf�?E)B1H1b��=c

�¡DF�fQZYfB1y)i)G)H1BfQZY,G�H t XONT`FS�DFE)E)B1S t B1YfB1z9D iLN1QZYfG)�_H1E)��YfC)G_G?XLG�H1kTXLG?v`FG QZH1DFYfB1H1B1~FB��)G?XLG)E?JLCLN?�uJLH1G)^_��|nG?�,Q�V HTJLBKXL[ B1Yfz)C)bjYfb��.QZG?XLB1H1b��
XLG)E)G)y�Q�C)DZXLV?YfG)H1GLQZY,QZz)G)S�G�QZz,B1C)BfQZY]V?S�G8�:C)BK^gJONT{hYo��XLDFz)Y,C)B1SUNT~FE)G)Y1v
E)bjD�CLN]JLG)B1H1BKXLE)b H��9`Fz9B1ELN t CLNTHTXLDFE)E)B1S t �9i)z9D1c�¬¡S�DFE)E)Ba�FYfB�H1b:QZB1z9BTv
iLN1QZYfB1YfE)B1D\E)DFYfD t XLB1H1B1DaCLN]JLG)B1G)`ZXL��i)DFE)G)D$GlELNTkTXL{�JONTDFY,Q�VlB1Y t �TXL[fQFN]vC)B1H)c�NnBMXLV��FE)DFC)~FG)G8�?��E)BfQZG)SUNTV�CLN]JLG)B1G)`ZXL��i)DFE)G)DFSj�)z)CLNTy)E)DhSUN]XONRp B1z9BTv
XLB

10−4 − 10−6 B1Y t BMXLE)b�� t B1YfDFC)[�H1CLNT|INTYfDZXL[1E)B1y$�FE)DFC)~FG)GaE)DFy)YfC)B1E?v
E)B1y¤`FH1DF`ZJLb¡x�c Q B1H1C)DFS�DFE)E)bjD t C)DZJOQZYKNTHTXLDFE)G)V¤B�¦¡G)`FG)z,DRSUNT~FE)G)YfBfQF¦¡DFC
t �TXL[fQFNTC)B1HuG�S�DZ�1NTE)G)`FSUN]��CLN]JLG)B1G)`ZXL��i)DFE)G)VRELN§JLBfQZYf� t E)B1S3�9C)B1H1E)DhG)`Zv
XLBK^}DFE)b�H_E)DZJONTH1E)DFSlB1k1`FB1C)DI�hc Q c�
5DMQZz)G)ELN\p . /�/�/9x�c

�����"� ��* 
"6 �\*�+ ��
 �
�¡DFC)E)bjD�JLbjC)b p � N_xh`FH1DF`ZJLE)B1y3SUN1QFQZb S�B1~F�9YaB1k1CLNT`FB1HfNTYf[fQ�V�XLG)k1B

t C)G�NTz)z)C)DF�)G)B1E)E)BTv�G)E?JL�9�)G)C)B1HfNTE)E)B1S z9BMX)XON t QZD¤E)DFy)Y,C)B1E)E)b���`FH1DF`ZJ�H
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JLH1B1y)E)b�� QZGLQZY,DFSUN]�=�5XLG)k1B t C)G�z,BKX)XON t QZD¥V�JLDFC«SUN1QFQZG)H1E)b�� p
> 20 −

40M�
x�BMJLG)E)B1i)E)b��$`FH1DF`ZJ�c e YfB1Y t C)B1�)DMQFQ t XLBK�fB�G)`F�9i)DFE8�=JONT^}DIELN�zfN]v

i)DMQZYfH1DFE)E)B1S �9C)B1H1E)D1c"NnB�QZG?� t B1CaE)DIV)QZE)B)�<QZB t C)B1H1B�^gJONTDFY,Q�V\XLG�B1k1CLN]v
`FB1HfNTE)G)Ddi)DFC)E)B1yRJLbjC)b QZk1C)BfQZB1S�B1k1BKXLB1i)z)G¥p Y�c�D1c�V?HTXLDFE)G)DFS£QZH1DFCf�?E)B1H1B1y
`FH1DF`ZJLb¡x�c9 ¡BKXLE)B1D@i)GLQ�XLB � N�HnA�N]XONTz)YfG)z9D S�BK^}DFYIQZBfQZY�NTHTXLV�Y,[dE)DMQZz,BMXL[Tv
z,B t C)B1�)DFE)YfB1H}B1Yni)GLQ�XONIE)DFy)Y,C)B1E)E)b���`FH1DF`ZJRG�JLBfQZYfG)~�NTYf[}QZB1YfDFE�Y,b:Q�V?i8c�IG)`FG)i)DMQZz)G8� � N t C)DZJOQZYKNTHTXLV?DFYgQZB1k1B1yRBfQZB1k1DFE)E)BfQZY,[ t C)BfQZY,CLNTELQZYfHfN]vH1C)DFS�DFE)G8�"QZH1V?`MNTE)E)�9{ QRELN]XLG)i)G)DFS �	� � ������� � � ��� ��
 � � �L��P¥�fQ�XLB1H1E)B1y
t B1H1DFCf�?E)BfQZYfG8��CLN1Q t BKXLBK^}DFE)E)B1y�ELN�YKNTz9B1S�CLN1QFQZYfB�V�E)G)G¤B1YW�)DFE)YfCLN � N��
ELNMi)G)ELNTV3Qgz,B1YfB1C)B1~FBaE)G)zfNTzfNTV¥G)EL¦¡B1C)SUNT�)G)V¤E)D�S�BK^}DFY t DFC)DZJONTHfNTYf[fQ�VELNTC)�9^��1c1U@k1CLNT`FE)B¥~FB1H1B1C,V<�U~FB1C)G)`FB1E)Y3QZB1k1bjYfG)y£NTELN]XLB1~FG)i)DFE£BMJLE)BfQZY,BTv
C)B1E)E)DFy$S�DFS�k1CLNTE)D1� z9B1YfB1CLNTV t C)B t �fQZzfNTDFY�HfQZDnHRBMJLE)B1S«ELN t CLNTHTXLDFE)G)G$G
E)G)i)DF~FB�� HgB1k1CLNTYfE)B1S KTc

� N S�BK^}DFY��1NTCLNTz)YfDFC)G)`FB1HfNTYf[fQ�V�Y,BMXL[1z,B�SUN1QFQZB1y8�nS�B1S�DFE)YfB1S G)S�v
t �TXL[fQFN$G���XLDFz)YfC)G)i)DMQZz)G)S `MNTC9V�JLB1S p Y�c�D1c�HfQZDFS�GoH1B1`FS�BK^�E)bjS�G£QZBM�?CLN]v
E)V?{@|IG)S�GLQ�V�¦¡G)`FG)i)DMQZz)G)S�G�H1DZXLG)i)G)ELNTS�G<x�c@� CLNTS�zfN]�FU�0:UI�jH1E)D�~FBTv
C)G)`FB1E)YKN QZB1k1bjYfG)y QF¦¡DFC)G)i)DMQZz)G?vrQZG)S�S�DFYfC)G)i)E)b�� � N t C)BfQZY,CLNTELQZYfH1BTvH1C)DFS�V.B t GLQZbjHfNTDFY9Q�V C)DFmnDFE)G)DFS � HfNTC)�)mnG?XL[TJON p � c � � � � 
 � �

� � ? � 
 �<�. / . J9x�c �UQ�XLG � N�B1kTXON]JONTDFY£B1Y�XLG)i)E)bjS B1YoE)�TXLV«S�B1S�DFE)Y,B1S G)S t �TXL[TvQFN?� t C)BfQZYfCLNTELQZYfH1BTv�H1C)DFS�V�H1E)Dj~FB1C)G)`FB1E)YKN§B t GLQZbjHfNTDFY,Q�VgC)DFmnDFE)G)DFS � DFC?v
CLN¤p ��c � ��� � � . /�J�L9x��0N�DMQ�XLG¤DMQZYf[a��XLDFz)YfC)G)i)DMQZz)G)y3`MNTC,V�J�PaC)DFmnDFE)G)DFS
� DFC)CLN]vr�¡[1{@SUNTELN?c�ª i)DFC)E)b��\JLbjC$E)DuS�BK^}DFY�k1bjYf[�SUNT~FE)G)Y,E)B1~FB t BKXLV<c�l�FY,B1S�QZS�b:Q�XLD � N �fQZYfC)B1DFELNu~FB1CLNT`ZJLB t C)B1|ID1�Li)DFSoB1k1bji)ELNTV�E)DFH1bjC)BTv
^gJLDFE)ELNTVWG?XLG�H1bjC)B�^gJLDFE)ELNTVW`FH1DF`ZJON?c

A9B1C)G)`FB1E)Y£QZB1k1bjYfG)y�E)DFH1CLNT|}NT{@|IDFyLQ�V p � HfNTC)�)mIG?XL[TJLB1HfQZz,B1y<x � N
ELN]�fBMJLG)Y,Q�V�ELNgY]c�E8c)~FCLNTH1G)YKNT�)G)B1E)E)B1SlCLN]JLG)�fQZD

Rg =
2GM

c2
≈ 3 (

z)S
)

(
M

M�

) p /�c . s�x

p ¦¡B1C)SUN]XL[1E)BgELN§�FYfB1S�CLN]JLG)�fQZD t NTCLNTk1BMXLG)i)DMQZzfNTVWQZz,B1C)BfQZYf[}iLN1QZYfG)��QZYKN]v
E)B1H1G)Y,Q�VWCLNTH1E)B1yaQZz,B1C)BfQZYfG�QZH1DFYKN�x�c

V � ¶ � ¶¸·�¶¸·ÀÅL»¯ÁTÃ]»´¹]Ä]µ�³Z¼�»¸ÅL»´¹]ÄU³ ��¼]·�³wÄ]°�·���ÄT±À¹�¹T±ÀÅhºT±�ÃT»�� ��ºT¼]±��T»¸²´²Oº]»¸¼]»¸²´»´¿T»´¹�ÄTµ
��±À¼�Ä]¶¸±À¹]°�·@²¸± X Æ�°wÄ�juº1·�Áf·À¾0ÇU» ju³�� �£¿T·À²¸°ÀÄ��T»8j}± m ·À¶´Æ8³Z·À»¸°w²¯µ}¹]»´¹1· X Ã]¾8Á1·À»¸Å)Æ�Å�²
X ±�Ã�Â ��Ä	�h¼T·�²¸²¸°Z±�µM¹]Ä#j9È
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�dNTy)YfG�� N.G)`IN1QZY,C)B1E)B1S�G)i)DMQZz)G?�\ELNTkTXL{�JLDFE)G)y$E)D t C)BfQZYfB�;OBKJLG)E)B1i?vELNTV � N E)DRG)`ZXL��iLNTDFY��FE)DFC)~FG){}c 0�DFS tot C)DZJOQZzfNT`FbjHfNTDFS�B1~FB3QZB1H1C)DFS�DFE?v
E)B1y�YfDFB1C)G)DFyRz)HfNTE)YfB1H1B1~FBuGLQ t NTC)DFE)G)V � N p � c 6 


� � ? � � � . /fq]s�xUB1k1CLNTYfE)B
t C)B t B1C)�)G)B1ELN]XLDFE_z)HfN]JLCLNTYf�ISUN1QFQZb � N�GIJ)XLV � N�`FH1DF`ZJLE)B1y_SUN1QFQZb�E)G?v
i)YfB�^_E)B§SUN]X�cPR<N§H1C)DFS�V�QZ�9|IDMQZYfH1B1HfNTE)G)V���QZDZXLDFE)E)B1y�S�B1~F�9Y t BMXLE)BfQZYf[1{ErGLQ t NTC)G)Yf[fQ�V
G � N.QhELNMiLN]XL[1E)B1yaSUN1QFQZB1yWS�DFE)DFD

1015 ~gp SUN1QFQFNuk1BMXL[1mnB1y
~FB1C)b ELN�R=DFS�XLDTx�c � N]XLB1SUN1QFQZG)H1E)bjD�� N JLDFyLQZYfH1G)Y,DZXL[1E)B�S�B1~F��Y�QZ�9|IDZv
QZYfH1B1HfNTYf[)�9E)BIG?� t C)B1GLQ��fBK^_JLDFE)G)DdE)DhQZH1V?`MNTE)BuQ �FH1BKXL{@�)G)DFyW`FH1DF`ZJ�c e ¦hv
¦¡DFz)YfG)H1E)BfQZYf[ �FE)DFC)~FB1H1b�JLDZXLDFE)G)V t C)GnQZH1B1k1BKJLE)B1S t N]JLDFE)G)G}H1DF|nDMQZY,HfN:ELN� N G)`¡S�DF^_`FH1DF`ZJLE)B1y\QZC)DZJLb�YKNTz)^}D¡SUN]XON?�)G t B1zfNuHfQZD t B t bjYfz)GWELNTy)YfG
YKNTz)G)DdBKJLG)E)B1i)E)bjD�� N E)D t C)G)H1DZXLG\z��fQ t DZ���1c

U JLELNTz9B_DMQ�XLG�� N HT�fBKJLG)Y�H_QZBfQZYKNTHuYfDMQZE)B1y�JLH1B1y)E)B1yaQZGLQZYfDFS�bd� t C)G
t DFC)DFYfDFzfNTE)G)G�H1DF|nDMQZYfHfNIQ QZBfQZDZJLE)DFy�`FH1DF`ZJLb«H1B1z)C)��~ i)DFC)E)B1y_JLbjC)b�p zfNTz
G3H1B1z)C)�9~�E)DFy)YfC)B1E)E)B1yo`FH1DF`ZJLb G?XLG�k1DZXLB1~FB$zfNTCfXLG)zfN�xnB1k1CLNT`F�1DFY,Q�V � � �
� � � 
�� ������
 � ��� �
�1�,H1DF|nDMQZYfH1BICLNT`FB1~FC)DFHfNTDFY,Q�V�JLBnH1b:QZB1z)G?�_YfDFS t DFCLNTYf��C8�G�S�BK^}DFYRELNTkTXL{�JONTY,[fQ�V�zfNTzaV?C)z)G)y$C)DFE)Yf~FDFE)B1HfQZz)G)y$GLQZYfB1i)E)G)z8c Q B1H1C)DZvS�DFE)E)bjS�G�S�DFYfBKJONTS�G�C)DFE)Yf~FDFE)B1HfQZz9B1y�N1QZYfC)B1E)B1S�G)G�B1k1ELNTC)��^}DFE)BlQZH1b�v
mnD . s_zfNTE?JLG?JONTY,B1H�H � N PRE)DFH1G?JLG)S�b��az,B1S t B1E)DFE)YfB1H�C)DFE)Yf~FDFE)B1HfQZz)G?�
YfDMQZE)b���JLH1B1y)E)b��¥QZGLQZYfDFSj��SUN1QFQFNWz9B1YfB1C)b���k1BMXL[1mnD

3M�
c e YfG�GLQZYfB1i?v

E)G)z)G�E)D¥V?HTXLV?{@Y9Q�V«C)DFE)Yf~FDFE)B1HfQZz)G)S�G t �TXL[fQFNTCLNTS�G�G?XLG�kfNTCLQZYfDFCLNTS�G8�
Y]c�D1c t N]JONT{@|IDFDaH1DF|IDMQZYfH1B¤E)D\ELN t CLNTHTXLV�DFY9Q�V£SUNT~FE)G)YfE)bjS t BMXLDFS.GlE)D
ELNTzfN t XLG)HfNTDFY,Q�V�ELNoYfH1DFCfJLB1y t B1H1DFC,��E)BfQZY,G8c Q Sjc t BMJLC)B1k1E)DFD�HoB1k1`FB1C)D
�Ic � c �¡DFC)D t NT|I�9zfNap ª@�}� 9Ts1s_99x�c

¬dQZYfB1i)E)G)zl�FE)DFC)~FG)G t C)GoJLGLQZz9B1H1B1y«NTz)z)C)DF�)G)G�H1DF|nDMQZYfHfN�P�~FCLNTH1G?v
YKNT�)G)B1E)ELNTV �FE)DFC)~FG)V<� BfQZH1B1k1B�^gJONTDFSUNTV�H t C)B1�)DMQFQZD¥JLH1G)^}DFE)G)V�iLN1QZYfG?v
�)b t B�Q t G)CLN]XLG$H�NTz)z)C)DF�)G)B1E)E)B1S JLGLQZz9DIH1B1z)C)��~Iz9B1S t NTz)YfE)B1y$`FH1DF`ZJLbdc
ªh~�XLB1H1B1ylS�B1S�DFE)Y�B1Y¥iLN1QZYfG)�)b S�B�^IDFY�B1YfH1BMJLG)Y,[fQ�V£QZG?XONTS�GlH1V?`Fz9BfQZYfG
p H1B1`FS�BK^�E)B)�LQZH1V�`MNTE)E)B1y�QhYf��C)k1�TXLDFE)YfE)BfQZYf[1{�`MNTSUNT~FE)G)i)DFE)E)B1y t XONT`FS�b¡xG?XLG t BfQZC)DZJOQZYfH1B1S�z,BfQZb����TJONTC)E)b���H1BMXLE8��H1B1`FE)G)zfNT{h|nG?�¥H�JLGLQZz9D t C)GH1`MNTG)S�BMJLDFyLQZY,H1G)G3QZYfC)��G¥H1DF|IDMQZYfHfN?��GLQZYfDFzfNT{h|nDF~FB$Q_QZBfQZDZJLE)DFy3`FH1DF`ZJLbd�
QnJLGLQZz,B1Sjc 
W¢BTXL[1mINTV�iLN1QZYf[��FE)DFC)~FG)Gop BfQZE)B1H1ELNTV�QZH1DFYfG)S�BfQZYf[�NTz)z)C)DF�)G?v
B1E)E)B1~FBWJLGLQZzfN�x H1b�JLDZXLV?DFY,Q�V�H1kTXLG)`FG¥H1E)��YfC)DFE)E)DFy¥~FCLNTE)G)�)b JLGLQZzfN?��z9BTv
YfB1C)bjy¥B t C)DZJLDZXLV?DFY,Q�V¥H\Q�XL�9iLNTD�E)DFy)YfC)B1E)E)b��¥`FH1DF`ZJ¥P\XLG)k1B\CLN]JLG)�fQZB1S
SUNT~FE)G)YfBfQF¦¡DFC)bd�)Q@z,B1YfB1C)B1y�H1`MNTG)S�BMJLDFyLQZY,H1�1DFY t XONT`FSUNnJLGLQZzfN?��XLG)k1B t BTv
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H1DFCf�?E)BfQZYf[1{ �[R�� DMQ�XLG�JONTHTXLDFE)G)D3DFD¥SUNT~FE)G)YfE)B1~FB t BMXLV�E)D3Q t BfQZB1k1E)BBfQZYKNTE)B1H1G)Yf[ t N]JONT{h|n��{ t XONT`FS��1c@� Q�XL�9iLNTD¥i)DFC)E)B1y�JLbjC)b H1E)��YfC)DFE?v
E)G)y�CLN]JLG)�fQ¥JLGLQZzfNoB t C)DZJLDZXLV?DFY,Q�V t BfQ�XLDZJLE)DFy��fQZYfB1y)i)G)H1B1y�z)C)��~FB1H1B1y
B1C)k1G)YfB1y t C)B1k1E)B1y�iLN1QZYfG)�)b H t BKXLD�Y]V?~FB1YfDFE)G)V�i)DFC)E)B1y�JLbjC)bdc:N§XLV
E)DFH1CLNT|INT{h|nDFyLQ�V�i)DFC)E)B1y�JLbjC)b

Rin = 3Rg
�jJ)XLV�z,DFC)C)B1HfQZz9B1y i)DFC?v

E)B1yoJLbjC)bd��G)S�DF{h|nDFylSUNTz�QZG)SUN]XL[1E)B¤H1B1`FS�B�^_E)bjylS�B1S�DFE)Y¥H1CLNT|IDFE)G)V
Jmax = GM2/c

�
Rin = 3/2Rg

p ~FB1C)G)`FB1E)Y�QZB1k1bjY,G)ylJ)XLV�YKNTz,B1y � N
CLNTH1DFE

Rg/2 = GM/c2
x�c

�������¤� � �¥*��5;O%&��6&��/?; >�4 � � 
5*)#"%&% ��*��l*O/?; ��4£654 �&*�
"6 �a*
+ ��
 �

� �¡[1{@Y,B1E)B1HfQZz,B1S t C)G)kTXLG)^}DFE)G)G t C)G t N]JLDFE)G)G�H1DF|nDMQZY,HfNuELNIY]V?~FBTv
YfDF{h|nDFD5YfDZXLB@SUN1QFQZb � Q&CLN]JLG)�fQZB1S �3ELN@~FCLNTS�S$H1DF|IDMQZYfHfN H1b�JLDZXLV?DFY,Q�V
~FCLNTH1G)YKNT�)G)B1E)ELNTV��FE)DFC)~FG)V

ε ≈ GM

R
=
c2

2

Rg

R

p /�c .�. x
p `ZJLDMQZ[WS�b t C)DFE)DFk1C)DF~�XLG¥ELNKiLN]XL[1E)B1y t B1YfDFE)�)GLN]XL[1E)B1y¥G$z)G)E)DFYfG)i)DMQZz9B1y
�FE)DFC)~FG)DFy$ELN_�TJON]XLDFE)E)B1S CLN1QFQZYfBKV?E)G)G�B1Y�Y]V?~FB1YfDF{@|IDF~FB��)DFE)Y,CLN�x�c �UQ�XLG
YfDFS t NTz)z)C)DF�)G)G¥p ~FCLNTS�S3HuQZDFz)��E?JL�Ox

Ṁ ≡ dM/dt
�?YfBnS�B1|IE)BfQZYf[uH1b�JLDZv

XLV?DFS�B1y��FE)DFC)~FG)G
dE

dt
= G

ṀM

R
= ηṀc2

p /�c . 99x
~�JLD

η = 1/2(Rg/R)
P��M¦d¦¡DFz)Y,G)H1E)BfQZYf[¥�FE)DFC)~FB1H1b�JLDZXLDFE)G)V£ELN$~FCLNTS�S

H1DF|nDMQZYfHfN?c �«NTz)z)C)DF�)G)B1E)E)b��WJLGLQZzfN]���FYKN}H1DZXLG)i)G)ELN_C)DFz9B1CfJLE)B�H1b:QZB1zfNH;
η = 0.06 t C)G¥NTz)z)C)DF�)G)G�ELN � HfNTC)�)mnG?XL[TJLB1HfQZz)��{ i)DFC)E)�9{ JLbjC)�\G?XLG
ELN�E)DFy)YfC)B1E)E)��{ `FH1DF`ZJL�¥QZBMXLE)DFi)E)B1y�SUN1QF�Zb Q_CLN]JLG)�fQZB1S�B1z,BKXLB . s\z)Sj�
G�JLBfQZYfG)~�NTDFY

η = 0.42 t C)G�NTz)z)C)DF�)G)GaELNgz9DFC)C)B1HfQZz)�9{ t C)DZJLDZXL[1E)B�H1CLN]v|INT{h|n��{hQ�V_i)DFC)E)��{�JLbjC)�1c p N§XLV_QZCLNTH1E)DFE)G)V ;9H¡��G)S�G)i)DMQZz)G?�_C)DMNTz)�)G)V��
p ~FB1C)DFE)G)D�JLC)B1H)�TH1`FC)bjHhY,C)B1YfG?XON�x

η ∼ 10−9 �]H@Y,DFC)S�BKV�JLDFC)E)b��}C)DMNTz)�)G)V��p H1BMJLB1C)BKJLELNTV\k1B1S�kfN?�LE)DZJLCLNg`FH1DF`ZJ8x�ErHfQZDF~FB*G
η = 0.0067

� x�c � B�^_E)B_QZzfN]v
`MNTYf[)��i)YfB�NTz)z)C)DF�)G)B1E)E)bjD�JLGLQZz)GoP�B1i)DFE)[¤�M¦d¦¡DFz)YfG)H1E)bjD t C)G)C)BMJLE)bjDErSUNTmnG)E)bpG t B t DFC)DFCLNTk1B1Y,z,Dn~FCLNTH1G)Y�NT�)G)B1E)E)B1y\�FE)DFC)~FG)G�HgG)`ZXL��i)DFE)G)D1c

�UQ�XLG��\NTz)z)C)DF�)G)C)�9{h|nDF~FB\B1k"!8DFz)YKNRDMQZYf[ t B1H1DFC,��E)BfQZY,[¥p ELN t C)G)S�DFC8�E)DFy)YfC)B1E)ELNTV�`FH1DF`ZJONlG?XLG�k1DZXLbjy�zfNTC,XLG)z<x��@~FCLNTH1G)Y�NT�)G)B1E)ELNTV��FE)DFC)~FG)V
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H1b�JLDZXLV?DFY,Q�V}H¡H1G?JLD�YfD t XON t C)Gu�TJONTC)DjB t B1H1DFCf�?E)BfQZYf[)cf�¡B¡�§i)DFC)E)B1y}JLb�vC)b E)DFY t B1H1DFCf�?E)BfQZYfGRP_i)YfB1k1b«H1b�JLDZXLG?XON1QZ[_~FCLNTH1G)YKNT�)G)B1E)ELNTVW�FE)DFC)~FG)V<�
YfC)DFk1��{@Y9Q�V�Q t DF�)GLN]XL[1E)bjD3C)DF^_G)S�b t N]JLDFE)G)V<c¡�dN t C)G)S�DFC8� t C)G�QZYfC)BTv
~FB1S�QF¦¡DFC)G)i)DMQZz)G?vrQZG)S�S�DFYfC)G)i)E)B1S�C)DF^_G)S�D t N]JLDFE)G)V¥ELNWi)DFC)E)��{.JLbjC)�
�M¦d¦¡DFz)YfG)H1E)BfQZYf[3�FE)DFC)~FB1H1b�JLDZXLDFE)G)V t BMXLE)BfQZY,[1{ B t C)DZJLDZXLV?DFY,Q�V ¦¡G)`FG?v
i)DMQZz)G)S�G��fQ�XLB1H1G)V?S�G$H t N]JONT{h|nDFy t XONT`FS�DRp t XLB1YfE)BfQZY,[)�OYfDFS t DFCLNTYf��CLN?�SUNT~FE)G)YfE)B1D t BKXLDTxIG£zfNTz t CLNTH1G?XLB¤B1i)DFE)[¥E)G)`FzfN?�

η � 1
GlQZH1V?`MNTELN�Q

B1k1bji)E)bjS�G t C)B1�)DMQFQFNTS�G�p YfD t XLB1H1B1DjG?XLGgE)DFYfD t XLB1H1B1D:G)`ZXL��i)DFE)G)DTx�H¡CLNT`ZvC)DF^}DFE)E)B1y t XONT`FS�D1c  ¡B1�FY,B1S�� t C)GaQF¦¡DFC)G)i)DMQZz)G?vrQZG)S�S�DFYfC)G)i)E)B1y¥NTz)z)C)DZv
�)G)G§~FCLNTH1G)YKNT�)G)B1E)ELNTVI�FE)DFC)~FG)V§H:BfQZE)B1H1E)B1S��9E)BfQZG)Y9Q�VdH1S�DMQZYfD"Q t XONT`FS�B1y
t BMJa~FB1C)G)`FB1E)Y�QZB1k1bjYfG)y8�LE)DdH1b:QZH1DFi)G)HfNTV)QZ[)c

��C)DMN]XL[1E)b���N1QZY,C)Bf¦¡G)`FG)i)DMQZz)G?�_�fQ�XLB1H1G)V�� t XONT`FSUNIH§B1k1|nDFS�Q�XL��iLNTD
B1kTXON]JONTDFY�B1Y�XLG)i)E)bjS B1Y�E)�TXLV3S�B1S�DFE)YfB1S G)S t �TXL[fQFN ~L � t B1�FYfB1S�� t C)GJLH1G)^}DFE)G)G�H t BMXLD§Y]V?~FB1YfDF{@|IDF~FBgYfDZXON t BKV?HTXLV?DFY,Q�VR�)DFE)Y,C)B1k1DF^_E)bjyWkfN]v
C)[1DFC8�

Ueff (r) = −GM
r + L2

2mr2

c*N§XLVgDF~FB t C)DFBMJLBKXLDFE)G)V�H1DF|IDMQZYfH1BdJLBKXL^gvE)B�B1Y�JONTYf[_S�B1S�DFE)YRG)S t �TXL[fQFN?c�N§XLV��FYfB1~FB�E)DFB1kT�fBMJLG)S�B)�<i)YfB1k1b.p . x5~�NT`
H§JLGLQZz9D@H1CLNT|}N]XOQ�VRJLGL¦d¦¡DFC)DFE)�)GLN]XL[1E)BgGap 99x�QZ�9|IDMQZYfH1B1HfN]X��M¦d¦¡DFz)YfG)HTv
E)bjygS�DZ�1NTE)G)`FS�H1V�`Fz9BfQZYfGgS�DF^gJL�}QZBfQZDZJLE)G)S�G�Q�XLB�V�S�G8c9 ¡DFC)H1B1DjYfC)DFk1B1HfN]v
E)G)DnNTH1YfB1SUNTY,G)i)DMQZz)G�H1b t BMXLE)V?DFY,Q�V t CLNTz)YfG)i)DMQZz)G\HfQZDF~�JON?�OY]c�z8c t C)B1k1ELNTViLN1QZYfG)�LN}Q E)DFE)�TXLDFH1bjSoS�B1S�DFE)Y,B1S�G)S t �TXL[fQFNIJLH1G)^}DFY,Q�VRH t BKXLDhY]V?~FB1YfDZvE)G)V t B¡z,D t XLDFC)B1HfQZz,B1yRB1C)k1G)YfD1c#N§XLV}JLH1G)^}DFE)G)V t Bdz)C)��~FB1H1B1y_z9D t XLDFC)B1HTvQZz,B1yaB1C)k1G)YfDnQdCLN]JLG)�fQZB1S

r
YKNTE)~FDFE)�)GLN]XL[1ELNTVaQZz9B1C)BfQZYf[

vφ =
√
GM/r

�
z)C)��~FB1HfNTVgiLN1QZYfB1YKN

ω(r) =
√
GM/r3

� t B1�FYfB1S��uS�DF^gJL�uQZBfQZDZJLE)G)S�GRQ�XLBTvV?S�G$H�JLGLQZz9DgH1B1`FE)G)zfNT{@YWB1Y�XLG)i)E)bjDgB1Y�E)�TXLV�Q�JLH1G)~FB1H1bjD_ELN t C,V?^}DFE)G)V
σrφ = r(∂ω/∂r) = −3/2ω

c �UQ�XLG�z9B1�M¦d¦¡G)�)G)DFE)YuJLG)ELNTS�G)i)DMQZz,B1yWH1V?`Fz,BTv
QZYfG

ηd
H\~�NT`FDRB1Y�XLG)i)DFE�B1YaE)�TXLV=��YfB�H1B1`FE)G)zfNT{hY�H1V�`Fz)G)DRELN t C,V?^}DFE)G)Vp Y]c�D1cTQZG?XONhYfC)DFE)G)V<��JLDFyLQZYfH1��{@|}NTVIELNhDZJLG)E)G)�)� t XLB1|IN]JLG<x Wrφ = ηdσrφ

c
U@Y�XLG)i)E)bjygB1YdE)�TXLVIS�B1S�DFE)Y§H1V?`Fz)G?�uQZG?X��TJLDFyLQZYfH1�9{h|nG?�uELNhz,BKXL[1�)B§CLN]v
JLG)�fQFN

r
� t C)G)H1BMJLG)YWz$G)`FS�DFE)DFE)G){ DF~FB�S�B1S�DFE)Y�N�G)S t �TXL[fQFN?c � DZ�1NTE)G)`FS

H1V?`Fz,BfQZYfGuH¡NTz)z)C)DF�)G)B1E)E)b��IJLGLQZzfN]�}B1z,B1E)iLNTYfDZXL[1E)BdE)D5H1bjV)QZE)DFE8�1BMJLELNTz9B
ELNTG)k1BMXLDFDdH1DFC)B�V?YfE)B)�?i)YfBnH1V?`Fz,BfQZY,[uQZH1V?`MNTELNuQ@Yf�9C)k1�TXLDFE)Y,E)bjS�G�JLH1G)^}DZv
E)G)V?S�G t XONT`FS�b H�JLGL¦d¦¡DFC)DFE)�)GLN]XL[1E)B�H1CLNT|INT{h|nDFSUQ�V¤~�NT`FB1H1B1S�JLGLQZz9D1c
�5B1`FS�BK^_E)B)�9HfNT^_E)��{�C)BKXL[nH§Yf��C)k1�TXLG)`MNT�)G)G_JLGLQZzfNnG)~FCLNT{@YnSUNT~FE)G)YfE)bjD
t BMXLV<�LH1S�B1C)B�^IDFE)E)bjD}Hgz,BfQZS�G)i)DMQZz)��{ t XONT`FS��1c
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0�NTz)G)S B1k1CLNT`FB1Sj� t C)G�ELN]XLG)i)G)G�H1V?`Fz,BfQZYfG�S�B1S�DFE)YlG)S t �TXL[fQFN t DZvC)DZJONTDFY,Q�V H1V?`Fz)G)S�G�ELN t C9V�^}DFE)G)V?S�G t BoCLN]JLG)�fQZ�«HTJLBMXL[oJLGLQZzfN�ELNTC)�9v
^_�1� t C)Go�FYfB1S�H1DF|nDMQZYfH1B�ELNKi)G)ELNTDFY¤S�DZJ)XLDFE)E)B t C)G)kTXLG)^nNTY,[fQ�V�zo�)DFE?v
YfCLN]XL[1E)B1S��uYfDZXL�1c e YfB1Y t C)B1�)DMQFQ E)BfQZG)YdJLGL¦d¦¡�9`FG)B1E)E)bjy��TNTCLNTz)Y,DFC8c,¬¡`Zv`MNdQZG?XgYfC)DFE)G)VI~�NT`jCLNT`FB1~FC)DFHfNTDFY9Q�V}JLBdH1b:QZB1z)G?�}Y,DFS t DFCLNTYf�9C8�]GuH1b�JLDZXLV�vDFSUNTV�~FCLNTH1G)YKNT�)G)B1E)ELNTV��FE)DFC)~FG)V t DFC)DFCLNTkfNTY,bjHfNTDFY,Q�V�Hu��XLDFz)YfC)B1SUNT~FE)G)Yfv
E)B1D�G)`ZXL��i)DFE)G)D1c�0�NTz)G)D�~�NT`FB1H1bjDRJLGLQZz)G3Q�H1V�`Fz9BfQZYf[1{ p H�B1YKXLG)i)G)D1��ELN]v
t C)G)S�DFC8�OB1Y�z,BMXLDF� Q NTYf��C)ELN�x"ELNT`FbjHfNT{@Y9Q�V � ��� � � 
�� ������
 � �Lc U@E)GaH1B1`Zv
E)G)zfNT{@Y}HIJLH1B1y)E)b���`FH1DF`ZJLE)b���QZGLQZYfDFSUN]� t C)G t DFC)DFYfDFzfNTE)G)GRH1DF|nDMQZYfHfN}QBMJLE)B1y¥`FH1DF`ZJLb ELN�JLC)��~F��{�p YKNTz)G)DuV?HTXLDFE)G)V$H1B1`FS�BK^_E)b t C)G��FH1BMXL{h�)G?v
B1E)E)B1S¤CLN1QZmIG)C)DFE)G)GRBKJLE)B1y�G)`:`FH1DF`ZJ���QZSjcf~�XONTH1��q,x�c � z)z)C)DF�)G)B1E)bjD@JLGLQwv
z)G¤YKNTz)^}D_S�B1~F��Y�B1k1CLNT`FB1HfNTYf[fQ�V¤H1kTXLG)`FG�QZH1DFC,��SUN1QFQZG)H1E)B1y�i)DFC)E)B1y�JLb�v
C)b£H§�)DFE)YfC)D@NTz)YfG)H1E)B1y_~�N]XONTz)YfG)z)G_G?XLG�z)HfNT`MNTCLN?c9�5DF|nDMQZYfH1BnJ)XLV}JLGLQZzfN
t BfQZYKNTHTXLV?DFY,Q�V3~�NT`FB1Sj��G)S�DF{h|nG)S H�QZG?XL�¤Q�XL��iLNTy)E)b�� t C)G)i)G)EoS�B1S�DFE)Y
G)S t �TXL[fQFN?�UkTXLG)`Fz)G)y£z�E)�TXL{}��N$Y�NTz)^IDR`FH1DF`ZJONTS�G8�UCLNT`FC)��mINT{h|nG)S�GLQ�V
t C)G?XLG)H1E)bjS�GaQZG?XONTS�G t C)G t C)BMXLDFYKN]�WH1kTXLG)`FG�i)DFC)E)B1yWJLbjC)bdc  ¡BfQZz,BMXL[Tv
z)�$S�B1S�DFE)YaG)S t �TXL[fQFN\`FH1DF`ZJ�B1YfE)BfQZG)YfDZXL[1E)B\i)DFC)E)B1y¤JLbjC)b.E)DFE)�TXLDFH1B1y
p BfQZB1k1DFE)E)B\HWQ t G)CLN]XL[1E)b��¥~�N]XONTz)YfG)zfN]�=x��8H1DF|nDMQZYfH1BWB1k1CLNT`F�1DFY\JLGLQZz�H1BTv
z)C)�9~@�)DFE)YfCLN]XL[1E)B1y�QZH1DFCf�?SUN1QFQZG)H1E)B1yRi)DFC)E)B1y�JLbjC)bdc���ELN1QZY,BKV?|nDFDhH1C)DZv
S�V�~�NT`FBTv t b�XLDFH1bjD�JLGLQZz)G£SUN]XLb���CLNT`FS�DFC)B1H¥H�V�JLCLN]�3~�N]XONTz)Y,G)z£E)D t BTvQZC)DZJOQZYfH1DFE)E)B�ELNTkTXL{�JONT{hY,Q�V�HWB t Y,G)i)DMQZz,B1S�G¥¬ � v JLGLN t NT`FB1ELN]�¥z9BfQZS�G?v
i)DMQZz)G)S�G\GWz)C)� t E)bjS�G\ELNT`FDFS�E)bjS�GaYfDZXLDMQZz,B t NTS�G8c

�@z)z)C)DF�)G)B1E)E)bjDnJLGLQZz)GaH1B1z)C)�9~Ii)DFC)E)b��WJLbjC�zfNTz\GLQZYfB1i)E)G)z)Ga�FE)DFC?v
~FG)G�NTz)YfG)H1E)b���V�JLDFC�~�N]XONTz)YfG)z�G�z)HfNT`MNTC)B1Hlk1b�XLG�H t DFC)H1bjD�z,BMXLG)i)DZv
QZYfH1DFE)E)B CLN1QFQZS�B1Y,C)DFE)b�N�c �dG)E?JLDFE?v 
5DZX)XLB1S$G<Nn^\cK ¡C)G)E)~�XLB1S�p >�H ��� � �?vA � 
�
��'F

� ? � � 
 � x0H . /�J�/§~�cP0�DFB1C)G)V�QZYKNT�)G)B1ELNTC)E)b���NTz)z)C)DF�)G)B1E)E)b���JLGLQZz9B1H
H1B1z)C)�9~hz,B1S t NTz)Y,E)b���`FH1DF`ZJ�HIYfDMQZE)b��gJLH1B1y)E)b���QZGLQZYfDFSUN]�_k1b�XONnCLNT`FCLN]vk1B1YKNTELNRHRQZB1H1DFY9QZz)G)S�G$N1QZY,C)Bf¦¡G)`FG)zfNTS�G¥�uc ¬uc � NTz)�9C)B1yop . /fq*99xjG�©�c �Ic
Q {@E)V?DFH1bjS�H_ELNMiLN]XLD . /fq]s]v�i\~FBKJLB1H)c��@ELN]XLG)` t B1zfNT`FbjHfNTDFY]� i)YfB t BKXLELNTVQZH1DFYfG)S�BfQZYf[ NTz)z)C)DF�)G)B1E)E)B1~FB@JLGLQZzfN:E)D"`MNTH1GLQZG)Y B1Y S�DZ�1NTE)G)`FSUN:H1V?`Fz9BfQZYfG
G¤B t C)DZJLDZXLV?DFY,Q�V¥~FCLNTE)G)i)E)bjS�G��fQ�XLB1H1G)V?S�G¥PaY,DFS t B1S�H1YfDFzfNTE)G)V�H1DF|IDZv
QZYfHfNRHRJLGLQZz8�

Ṁ
�8CLN]JLG)�fQZB1S�H1E)��YfC)DFE)E)DFy�~FCLNTE)G)�)b�JLGLQZzfN

Ri
G$`FELNKi)DZv

E)G)DFS��TJLDZXL[1E)B1~FB�S�B1S�DFE)YKNWG)S t �TXL[fQFNaELNWH1E)��YfC)DFE)E)DFy¤~FCLNTE)G)�)D�p t C)DZJ)v
t BMXONT~�NTDFY,Q�V<�"i)YfB$H1E)DFmnE)G)ylCLN]JLG)�fQ�JLGLQZzfN$S�E)B1~FB�k1BMXL[1mID\H1E)��YfC)DFE)E)DZv
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~FB)�
Rout � Ri

x�c �UQ�XLG�H1DF|nDMQZY,H1B�H_JLGLQZz9DnJLH1G)^}DFY,Q�V t B�z,D t XLDFC)B1HfQZz)G)SB1C)k1G)YKNTS�H t XLB1Yf[RJLB�QFNTS�B1y¥H1E)��YfC)DFE)E)DFy�~FCLNTE)G)�)bd��DF~FB t BKXLELNTV¥QZH1DFYfG?v
S�BfQZYf[

Ld =
1

2

GMṀ

Ri
,

p /�c . L9x
Y]c�D1cOQZBfQZYKNTHTXLV?DFY�C)B1H1E)B t BMXLB1H1G)E)��H1b�JLDZXLV?DFS�B1y$~FCLNTH1G)YKNT�)G)B1E)E)B1y��FE)DFC?v
~FG)G8c NnC)��~�NTV t BKXLB1H1G)ELN G?JLDFY ELN���H1DZXLG)i)DFE)G)D�z)G)E)DFYfG)i)DMQZz9B1y �FE)DFC?v
~FG)GoJLH1G)^}DFE)G)V£iLN1QZYfG)�8�UH�QZB1B1YfH1DFY,QZYfH1G)G£QWY,DFB1C)DFS�B1y£H1G)C)GLN]XON?c NnC)�9v
~FG)S�G Q�XLB1HfNTS�G8�WQZH1DFYfG)S�BfQZYf[ JLGLQZzfN.ELN.~FCLNTS�S H1DF|IDMQZYfHfN H.YfB1i)E)BTv
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