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CBe1ioil maMATH HAIEero y4uTesist
npodeccopa MOCKOBCKOIO yHUBEpPCUTETA
leopruss Hukonaesmuaa JlyGommaa
MTOCBSIIIAETCS

BBEAEHUE

Hebecnoit Mexanukoii Ha3bIBaeTCs pasjesl acCTPOHOMUN, 3a-
HUMAIOIIIICS U3y YeHneM 3aKOHOMEPHOCTeH B JIBUZKEHUSTX Hebec-
HBIX TeJI TOJ ACHCTBUEM Pa3/IMIHBIX MPUPOIHBIX ITPUUINH, BbI-
3BIBAIONINX WM W3MEHSIONUX 3Th JBuzkeHus. [losromy mpe-
MeToMm Hebecnoit MexaHUKN sIBISIETCST MEXQHUIECKOE JIBUKEHIE
- UBMEHEHHEe C TeYeHUEeM BPEMEHHM B3aUMHOI'O PACIOJIOKEHUS U
OpHMeHTaInN HeOECHBIX TeJT M UX CHCTEM.

CymiecTByoniye TEOPUU, OIUCHIBAIOIINAE ITOCTYIATETbHO-
BpallaTe/ibHble MEXaHUIECKNEe JBUKEHUST HEOECHBIX TeJ, - 3TO
UMeHHO Ta 6a3a, KOTopasd BO BCe BPEMEHa JIaBaJIa, Ye/I0BEYeCTBY
BO3MOXKHOCTD I103HAaBaTh CTPOeHUEe U 3Bojoni0 Beenennoii. B
HaCTOMAIIee BpeMs CUUTACTCS OOIIENPU3HAHHBIM (DaKTOM, UTO
"ToIbKO Teopus JiBuKeHusi Teji COJIHEUHON CUCTEMbI TO3BOJIH-
JIa, CO3/IaTh Ty NPOCTPAHCTBEHHO-BPEMEHHYIO CHCTEMY OTCUYETA,
KOTOpas, Oy/Iydn Kak Obl MaTepuan30BaHa 3BE3/IHBIMU KaTa-
JIOTAMHU W aCTPOHOMUYIECKUMU €YKETOJIHUKAMU, SBJISIETCS (DyH-
JIAMEHTOM BCEX HUCCJIeIOBAaHUIl, UMEIOIINX JIeJI0 ¢ U3MePEeHHeM
npocrpanctsa u Bpemenu” (Cy66oruH,1968).

Hapsiy ¢ BBemennbiM [Ibepom Jlammacom (1799 r.) repmu-
HOM HebecHaA METAHUKa IO CUX TOp MUMEET IITHPOKOe IIpUMe-
nenne BeeJieHHbii @.T.I1Iy6eprom (1798 r.) u ynorpebiisiembrii
[IOYTH B TOM K€ CAMOM CMBIC/IE TEPMUH MEOPEMUMECKAA ACTM-
POHOMUA, OCHOBHON W IIPUTOM JIPEBHENIITEH 9aCThbI0 KOTOPOU AB-
JISIETCST TEOPUsI JIBUKEHUsT OOJTBITNX TIJIAHET.

Ormanst B 9TUX TEPMHUHAX Pa3HbIE aBTOPhI O0bSICHSIIOT T0-
paszHomy. Yare Bcero cumTaioT, 9To TeopermdecKass acTPOHO-
MU MMEET CBOEH IeJIbI0 M3YUYeHUe JBUXKEHUsI PeasibHO CyIIe-
CTBYIONNX HEOECHBIX TEJI U OTKPBITHE 3aKOHOB ITPUPOJIBI, YIIPAB-
JISTIOIIIUX 9TUMU JIBUKEHUSIMU, B TO BpeMsi Kak HebecHast mexa-
HUKA UCCJIe/IyeT PellleHusi MOJIEJIbHBIX 3a/1a1 00 U/1eaJIM3UPOBAH-
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HBIX KOCMHYECKHX OOBEeKTaX, ABUYKEHUST KOTOPBIX IPOUCXOIAT
1101, JIeicTBIEM abCOTIOTU3UPOBAHHBIX 3aKOHOB ITPUPOJIHI.

Nuave rosops, ¢ sroit Touku 3penus Teopermdeckasi act-
POHOMMSI €CTh YacTh €CTeCTBO3HAHMS, Toraa Kak Hebecnast me-
XaHUKa, ABJII€TCS MATEMaTUIECKOH JIUCIUILINHOMN, 10 IIPUMEHSI-
€MBIM METOJIaM BIIOJIHE AHAJOTHYIHON MaTeMaTHdecKoil (husu-
ke. [lo cyru mena, 61aromapst IIMPOKOMY MCIIOJIb30BAHUIO BCEX
cpeJicTB aucToil’, MPUKJIAJIHON U BBIYUCIUTEIbHON MaTeMaTu-
Ki, HeDecHasi MeXaHUKa, BIIOJIHE MOTJIa Obl MMEHOBATbHCsI, HAIIPHU-
Mep, MaTeMaTu4IecKoil acrpoHoMueii. I nMeHnHo Tak u Ha3bIBa-
jachk Koryia-to (1933 r.) o/HAa M3 ACTPOHOMUYECKUX CIIEIAAJb-
HOCTEell MeXaHHKO-MaTeMaTu4deckoro daxy/abrera MocKoBCKOro
YHUBEPCUTETA.

C MomeHTa CBOEro BO3HUKHOBeHUs n ;10 cux 1op Hebec-
Hasi MEXaHUKaA CJIYy?KUT JIJIsi €CTeCTBO3ZHAHUS HAYYIHBIM IIOJIUIO-
HOM, Ha KOTOPOM HCIIBITBIBAIOTCSI HOBEMIINE CPeJIcTBa MaTeMa-
TUYIECKOI'0 aHaJim3a. boJiee Toro, mnojasiidgroiiee OOJIbITHHCTBO
Bcex HambOoJiee 3HPEKTUBHBIX CPEJICTB U METOJIOB TeOpeThYe-
CKOI'O UCCJIeJOBAHUs "TEHEeTUIeCKN CBSI3aHbI C 3aJadaMu Hebec-
HOIl MexaHMKHU. B KadecTBe XpecTOMATUWHOIO IIpUMEpPa MOXK-
HO cocjiaThcd Ha JuddepeHnuaibHoe U HHTEerpaJIbHOe HUCUNC-
JeHue (ucancieHne GECKOHETHO MAJIbIX ), CHEIHaJbHO pa3pabo-
tannoe Vcaakom Hproronom (1687r.) B KadecTBe MaTeMaTHye-
CKOT'O allllapaTa MeXaHUKN JIJIsl PEIIeHUs], IIPeXKIe BCero, act-
POHOMHUYECKUX 3aJ1a4 C IEJIbIO0 CO3JaHUsT TEOPUN JIBUKEHUU TEJI
Coustneunoit cucrembl. Jla m MeTOJIbI YUCJIEHHOTO WHTEIPUPOBaA-
Hust qudepeHnna bHbIX YPaBHEHUH, BXOIAIINE cefiaac B IUC-
JIO MOIIHEHIINX CPeICTB KOMITBIOTEPHOIO MOJIEJIMPOBAHUS -
HaMHYIeCKNX CHUCTEM, BIIepBble ObLIM pa3paboTanbl JIeoHapmom
DitsiepoM (MEepBBIM METOIOM YHCIEHHOTO HHTEIPUPOBAHUS OBLI
MEeTO/I JIOMAHBIX Diijiepa) B CBS3U C MPAKTHIECKUMU TOTPEOHO-
cTsIME HabJIIOIATE IbHON aCTPOHOMUM.

Hebecnast Mmexannka, Kak cTapeimmii pa3aesn TeopeTnIecKoi
GU3UKU, HE TOJBKO MOXKET, HO II0 IIPaBy J0JKHA CUUTATHCS
IIEPBOOCHOBOI BCEIO TOYHOI'O €CTECTBO3HAHMS U KPAEYTOJIbHBIM
KaMHEM COBPEMEHHON Hay4YHOH KapTUHLI MUPA.

Qu3nueckKuMu OCHOBaMHU KJjaccudeckoit HebecHolt MexaHIKI
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SABJIAIOTCS MexaHuka HbioToHa u Teopus MpocTpancTBa, BpeMe-
HU U TATOTEHUs], M3JIO2KEHHbIE B €ero 3HaMeHUuTOM TpyJie "Mare-
MaTHIeCKue Hadasa HaTypasbHoil dhuiocodun” (1687 1.).

B nebecnoit mexanuke s OIUCAHUS JIBUYKEHUIT HEOECHDBIX
TeJI B 3ABUCUMOCTH OT KOHKPETHBIX YCJIOBUIl UCIIOIB3YIOTCS Pa3-
JInaHble (DU3MIECKUe MOJIEH - UJIeATM3UPOBAHHBIE KOCMUYECKIEe
obbekThl. Hanpumep, mamepuansvras mouka - 310 Tesao, obJia-
JIaloIee Maccoil M CKOPOCTbHIO, pa3Mephl, (bopMa U BHYTPEHHEE
CTpOEHNE KOTOPOT'O B YCJIOBUAX PACCMATPUBAECMOI 3a/1a9H CYIIEe-
CTBEHHOI'O 3HAYEHUs HE UMEIOT. B 4acTHOCTH, TaK KaK B3aUMHbBIE
paccrostans Mexkry CostHIeM ¥ OOJIBIIUME IIJIAHETaMU 3HATM-
TEJILHO IIPEBBIIIAIT UX JIMHEHHbIE pa3Mepbl, TO MPUOJIUKEHHO
X MOXKHO PacCMaTpUBaTh KaK MaTepHaJibHble TOUKH. VIMeHHO
O1arotapsd aToMy obcrodre/beTBy Mcaak HbioTon cmor moctpo-
UTh MIEPBYIO JIMHAMUYIECKYIO TEOPUIO IJIAHETHBIX JIBUYKEHUI.

[Tonmoxkenue MaTepuaabHON TOYKHU, N300PazKaroieil KOHKpPeT-
HBII HEOeCHBINT 00bEKT, BCEr/la OIPEJIE/ISIeTCsl IO OTHOIIEHUI0 K
HEKOTOPOMY, IIPOU3BOJILHO BEIODAHHOMY HEOECHOMY TeJTy, Ha3bl-
BaeMoMy meaom omcyema. COBOKYITHOCTD TeJIa OTCUeTa, CHCTe-
Mbl KOODJIMHAT W YacoB (B KadecTBe yCTPOWCTBA Jijisi OTCUYETa
BPEMEHH ) HA3bIBACTCS CUCTEMOU 0Mcyema, K KOTOPOIl MpuHs-
TO OTHOCHUTD IIOJIO?KEHUE U CKOPOCTH HCCJIEIyeMOro 0O0beKTa B
paccMaTpuBaeMbIii MOMEHT BPEMEHH.

Tpaexmopus nuxKenus: HebecHOro Tesa (opbuma) - 910 Teo-
METPUYIECKOE MECTO €ro TOJIO?KEHUI Ha pacCMaTpPUBAEMOM Bpe-
MEHHOM HHTEPBaJie, TO €CThb JINHUs, OIUChIBAEMas MaTePHa/Ib-
HOIl TOYKON B IIPOCTPAHCTBE. 3aK0H J8UMHCEHUA, KAK M3BECTHAs
3aBUCHUMOCTH COCTOSIHUS JIBU2KEHUSI UCCJIELyeMOr0 O0BEKTa OT
BPEMEHHU, 33JIaeTCd ~KUHEMATHIECKUMH YPABHEHUSIMU JIBUKe-
HUA, TPEJICTABIAIONIMMU COOO HEe YTO MHOE KaK IapaMeTpu-
JecKre ypaBHEHHUS TPACKTOPWH.

Tpu 3akona Heriorona, paBHO KaK W OTKPBITBI UM 3GKOH
BCEMUPHO20 MALOMEHUA, - ITO AKCUOMATHIECKN 33/ IaHHBbIE Me-
Tadu3nIecKre TUIOTe3bl, PAIMOHAILHOE 0OOCHOBAHIE KOTOPBIX
HAXOJIUTCS 3a IMPeJIe/IaMI KJIACCUYECKON MEXaHUKH.

[TepBbrit 3aKk0oH JBMKEeHUA B (hOpMYIUpPOBKe camoro lcaaka
Hprorona yTBep:k/iaer, 4To "BCSIKOE TEJIO COXPAHSIET COCTOSIHUE
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MTOKOsT MJIA TIPSIMOJIMHEHOTO PABHOMEDPHOTO JIBUKEHUSI, TIOKA 1
[IOCKOJIBKY OHO He OYJIET BBIHYZKJIEHO M3MEHUTH ITO COCTOSHUE
10J1, BO3JIECTBUEM JIPYTUX TeT .

Hpyras dopmynuposka mepsoro 3akona Heorona (B dpopme
3aKOHA UMEPUUY) TIACUT: ~CYIIECTBYIOT TAKHE CUCTEMbI OTCUe-
Ta, B KOTOPBIX MaTeprasbHas TOUYKA COXPAHSIET CBOE COCTOSHIE
[TOKOSI WJIM IPsIMOJIMHEHOTO U PABHOMEPHOTO jBuKeHus . Ta-
KH€ CUCTEMbI OTCUYETA HA3BIBAIOTCH UHEPUUAALHOLMY. [Ipyriuvu
CJIOBaMU, WHEPIMAIBHO SIBJISIETCS CUCTEMa OTCYeTa, B KOTOPOi
MaTepuaJibHas TOYKa BCJIEJCTBHUE HYJIEBOI paBHOJEHCTBYIONIEH
BHEITHUX CUJI HE MOJIBEPXKEHA BO3JIEHCTBUIO CO CTOPOHBI JPYTUX
TeJI U TOTOMY JIBUKETCs 110 UHEPIUU, TO €CTh IPAMOJIUHEIHO
u paBHOMepHO. JI100as cucrema orcyeTa, JBUXKYIIAICHA TPAMO-
JINHEITHO M PABHOMEPHO OTHOCHTEILHO WHEPINAIbLHON CHCTEMBI
oTCcYeTa, TAKXKe siBJifseTcsd nHepimaibHoil. Cucrema ke oTcyera,
JIBUKYINASICS OTHOCUTE/IbHO WHEPIUAJBHON CUCTEMBI C YCKODe-
HUEM, HA3bIBAETCs "HEMHEPIIUAILHOW CHCTEMOI OTCYeTa.

DKBUBaJEHTHOCTh MEXAHUYECKUX CBONCTB BCEX UHEPIUAJIb-
HBIX CHUCTEM OTCUeTa COCTABJISIET COJIEPKAHUE METAHUMECKO20
npunyunae ommocumesvrocmy (IPUHIMIA OTHOCUTEbHOCTH [ a-
Jjiest). DTO 3HAYUT, YTO BO BCEX MHEPIMATBHBIX CHCTEMAX OT-
cUeTa 3aKOHBI MEXaHWKH JIEHCTBYIOT OJMHAKOBO. B wacTHOCTH,
HUKAKUMU MEXaHUIECKIMU OIBITAMU BHYTPU UHEPITUAJILHON CH-
CTEMbI OTCUYETA HEBO3MOYKHO OIEHUTH CKOPOCTDH JIBUZKEHUS CU-
CTEMBI.

[Ipucyrtiee Bcem MaTepuaJIbHBIM TeJIaM CBOMICTBO OKA3bIBATH
COIIPOTUBJIEHNE M3MEHEHUIO BEJININHBI WJIM HAIIPABJIEHUS UX CKO-
POCTH IIPOSIBJISIETCS KAK UHEPMHOCMG COCTOsIHUS JIBUKeHust. Me-
pOil MHEPTHOCTHU TeJIa CIYZKUT €r0 UHEPMHAA MACCA, B OTIIINE
OT 2pasuUMaAUUOHHOT MAcCh, - (PUBNIECKON BEJTUUUHBI, ABJISIO-
meiica Mepoit ero rpaBUTAIMOHHBIX CBOMCTB W UT'DAIONIEH POJIb
"IpaBUTAIIMOHHOIO 3apsia’.

BazxHoit MexaHn1IeCcKoil XapaKTepUCTUKON MaTepUaJbHOM Ja-
CTHIIBI SIBJISIETCS KOAUMECTNGO 06UdCEHUA (UMNYALC MACCHL) -
BEKTODHAS BEJUYNHA, YHCJIEHHO PaBHAs ITPOU3BEICHUIO MaCChl
HA CKOPOCTHb W MMEIOIasl HAIIPABJIEHIE CKOPOCTH.

B kauecTBe Mepbl MEXaHUYIECKOI'O BO3JIEHCTBUS HA TEJIO CO
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CTOPOHBI JIDYTHX MaTEPUATBHBIX OOBEKTOB (Tes WU ToJIeit), B
pe3yJibTaTe KOTOPOTO U3MEHSIETCS €70 UMITYJIbC, BBICTYIAET CUAG
- BEKTOpHAasl BEJIMYMHA, B KarKJbIii MOMEHT BPEMEHH XapaKTe-
pusyemMas YUCIOBBIM 3HAYEHUEM, ITPOCTPAHCTBEHHBIM HAIlpaB-
JIEHUEM W TOYKOH IPUJIOXKEHUS.

Corytacao Bropomy 3akony Hbiorona "cuia, neiicTByrotast
Ha MaTepUaJbHYIO TOYKY B HHEPIHAJILHONW CHCTEME OTCUYeTa,
paBHa IIPOU3BEICHUIO €€ MaCChl Ha, COOOIIAEMOE 9TOM CUJION YCKO-
penne”’. ITO OCHOBHOI 3aKOH JIMHAMUKH, TaK KaK, yCTaHABIHBA
[IPOIIOPITMOHAJIBHOCTD MEZK/Iy YCKOPEHHEM U JIEHCTBYIONIEN Cch-
JIOM, OH 3aJ]aeT TeM CaMBbIM JUHAMUYMECKUE YPABHEHUA J6UdICE-
HUA TACTHUIBI B POPME CUCTEMbI OOBIKHOBEHHBIX JIuddepeHtim-
aJIbHBIX ypaBHeHUii. VIMeHHO BTOPOil 3aKOH MEXaHUKH IPEJIITO-
JlaraeT 9KBUBAJCHTHOCTh MHEPTHON U I'PABUTAIMOHHONW Macc.

OpurnnayibHasi (GOPMYTUPOBKA BTOPOTO 3aKOHA KJIACCHIE-
CKOIl MexaHMKH, jaHHasg HbTOHOM riacut: B MHEPIHAJIbLHON
CUCTEME OTCYETa CKOPOCTh U3MEHEHUs UMITYJILCA MaTePUATHLHO
TOYKHU PaBHA JIEUCTBYIOIIEH HA Hee cujie’.

Eciim na MarepmwasibHYIO YacTHILy OJHOBPEMEHHO JefiCTBY-
IOT HECKOJILKO CHUJI, TO KaxKjiasi U3 HUX COODINAeT el yCKOpeHue
cornacio Bropomy 3akony HrbioToHa, HE3aBUCHMO OT JIPyTrux
JIEMCTBYIOMNX CUJI. Pe3ynbTupyroriee yCKOpeHne YacTUIIbI PaB-
HO BEKTOPHOI CyMMe BCeX YCKOPEHUil, COOOIEHHBIX KaxK I0H CH-
JIOH B OTJIETBHOCTH. DTO BhICKA3bIBaHIE (DOPMYJIUPYET TPUHITAIT
HE3aBUCUMOCTHU JEMCTBUS CUJI - NPUHUUN CYNEPNO3UUUL KITac-
CUYeCKOll HeDeCHOI MeXaHUKHU.

Tpernit 3akon HploToHa (3aKOH paBeHCTBA JIEHCTBUST U TPO-
TUBOJEHCTBHSI) YTBEPK/IAELT, YTO B MHEPIHAJbHBIX CHCTEMAX
OTCUYeTa BCAKOE JIEMCTBUE MEXKJy MaTepPUAIbHBIMU YaCTHIIAMUI
uMeeT xapakrep B3anmojeiicTBus. Cuiibl B3auMOJIEHCTBUS OJ1-
HOPO/IHBI 110 CBOEHl TTPUpPOJIe, BCETJIa PABHBI 110 aDCOJIIOTHON Be-
JIMYMHE U IPOTUBOIIOJIOXKHO HAIIPABJIEHBI BJIOJIb IIPAMOI, COE/TU-
HAIOMIEH TOYKN uX npuioxkenns . Tpernit 3akon HbroTona - oc-
HOBA ¥ IPUYIUHA CYIIECTBOBAHUS CUCTEM HEOECHDBIX TeJI, TO €CTh
COBOKYITHOCTEl KOCMIYECKUX 00BHEKTOB, PACCMATPUBAEMbIX KaK
€JINHOE TIEeJI0E.

B pamkax kjaccuueckoit HebecHO MEXaHUKHU B KAIeCTBe Jeii-
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CTBYIOIIUX CUJI OOBITHO PACCMATPHUBAIOTCH CUJIbI T'PABUTAIMH-
HOT'O TIPUTSIZKEHUs (2DasumayuoHHvle Cuabt), CUIIBL YIPYTUX Jie-
dbopmanuit (cusvt ynpyzocmu) M CHIbI CONPOTHBJICHUST CPEJIBI
(cuave mpenus). Cubl yOPYTrOCTH U CUJIBI TPEHUS SIBJISTEOTCS
YaCTHBIME CJIyYasgMU JICKTPOMATHUTHBIX CHJI, HAPSJLY C IPABU-
TAITOHHBIMU CUJIAMU OTHOCHAIIMXCA K Kjaccy (OyHIaMEHTA b
HBIX CHJI U IPEJICTABJISIIONNX (BMECTe C CUIBHBIMEU U CJIa0BIMU
SIIEPHBIME CUJIAMHU) YeThIpe U3BECTHBIX ceiffuac yHIaMeHTaA b
HbIX buznvecknx B3ammo/ieiicteus. Ha kocmudaeckom mpocTpan-
CTBEHHO-BPEMEHHOM YPOBHE OpraHU3alliyd MaTepuu IIpeodiaia-
IOIIAM BJIIETCH T'PaBUTAIIMOHHOE B3anMo/ieiicTBue. VIMeHHO 110
9TOI IPUYMHE TJIaBHAs POJIb B ACTPOHOMUU OTBOJIUTCS, B IIEPBYIO
odYepe/ib, CUJIAM IPABUTAIIMOHHON IPUPOJIBI.

CoryraciHo 3akoHy BcemmpHOro tsarorennsi Vcaaka Hproro-
Ha "MEXK]ly JIByMsl MaTepHaJIbHBIMA TOYKAMH JIEHCTBYeT CHJIa,
B3aUMHOI'O IPUTSZKEHUsI, HAaIPaBJIEeHHAs BJOJIb IMPIMOIi, MIPO-
XOJIAIIEN Yepe3 B3UMOJEHCTBYIONINE TOYKHU, MPAMO ITPOIIOPIIH-
OHAJIbHAsI IIPOU3BEJ/IEHUI0 UX MACC M OOPATHO MPOHOPIIMOHAJIb-
Has KBaJIpaTy PACCTOSHHUSA MEXKIY HUMI . 3aKOH BCEMHUPHOIO
TATOTEeHNs (TaK Ha3blBaeMbIil "3aKOH 0OpATHBIX KBAJIpaToB”) -
9TO TJIABHOE 3BE€HO HBIOTOHOBOU Teopun Tarotenus. [lo Mmuenuio
Awnpu [lyankape mpoBepKa ClipaBe/[JINBOCTH 3aKOHa BCEMUPHOTO
TATOTEHUS SIBJIETCS IJIABHOMN Ie/IbI0 HEOECHON MEXaHUKH.

Hebecnasi MmexaHuKa Ha NMPOTSKEHUU BCEll UCTOPUU €€ CTa-
HOBJIEHUS ObLIa UCTOYHUKOM HOBBIX HJIEi, METOJOB U JIa’Ke HO-
BBIX HAIIPABJIEHUI B MaTeMaTHKe, TPA/UITHOHHO SBJIASACH ILJI0JI0-
TBOPHBIM TIOJIEM TTPUJIOXKEHUS YCUIUHN JIJTs1 TIO/IaBJIAIONIETO 60JTb-
IMIIHCTBA BBIIAOMMXCs yaeHbIX. Cpein mMeH KJIaCCUKOB TOTHO-
ro ecTecTBO3HAHUS (He TOJIBKO aCTPOHOMOB, HO U MATEMATHKOR )
[PAKTUIECKN OTCYTCTBYIOT TaKue, KTO He OTJAJ Obl JIOJIZKHYIO
JlaHb YBasKeHUs HEOECHOI MeXaHUKe.

He TobKO B MeTOJIbI pelieHus ee 3ajad, HO U B METOJIUKY
IIPEIoIaBaHNsA CYIIECTBEHHbBIH BKJIa)I BHEC/IM U 3HAMEHUTHIE JIe-
siresin Poccwiickoit nayku (J1.9iep, M.B.Ocrporpajicknii, A.M.
Jlanynos, A.H.Kpsuios, B.B.Crenanos, 11.B.Memepckuii, H. .
Mowucees, M.®.Cy660run, I.H.lybormun).

C HavaI0M KOCMUYECKOH 3pPbl U OYPHBIM Pa3BUTUEM KOCMU-
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YeCKUX UCCJIEJIOBaHUl BO BTOPON mojioBuHe XX BeKa BO3HUKJIA,
HOBas HaydHasl IUCHUILINHA Acmpodunamuka, n3ydaromiast JIBI-
JKEHUsT UCKYCCTBEHHBIX HEOECHBIX TeJl METOJIaMU HeOeCHO Me-
XaHUKU. B omymmane oT Kjaaccmyeckoi HeOecHO MeXaHUKI B aCT-
POJIMHAMUKE YUUTBIBAIOTCSH CUJIBI UCKYCCTBEHHOTO TTPOMCXOXK e~
HUSI, & TaK:Ke Pas3/IndHble CUJIbl HErPABUTAIIMOHHON ITPUPOJIHI.

[Ipexk e Bcero, 3To CUJIbI TSI paKETHBIX JIBUTATEsEH, adpo-
JIMTHAMIYECKHUE CHJIbI COITPOTUBJIEHHS CPEJIbI, & TAKYKE CUJIbI, BO3-
HUKAIOIIHE OT HEIEeHTPAJIbHOCTH I'PABUTAIMOHHBIX I0JIeil ecTe-
ctBeHHBbIX Tes1 CostHeuHO# cucTembl. HekoTophie crapbie 3a1a4u
HEOECHON MEXaHUKU TOJIYIHIN BTOPYIO *KU3Hb B paMKaX acTpPO-
JIMTHAMUKH, TJIe 38 KOPOTKOE BpeMs ObLIO MOJIYYeHO MHOTO BbI-
JIAIONINXCA U JIaXKe yIUBUTEIbHBIX PE3Y/IbTaTOB.

B npemaraemoit unrtaresnto Kypce JIEKIUNH W3/IaraloTcs OC-
HOBBI KJTaccu4eckoil HebecHoit Mmexanuku. B riiase 1 paccmarpu-
BAIOTCA OCHOBBI TEOPUHM HEBO3MYIIIEHHOTO JIBUZKEHUST HEOECHBIX
TeJ, B TJIaBe 2 - OCHOBBI KJIACCUYECKON TeOpWH BO3MYIIEHU.
['nmaBa 3 mocasinena "orpaHIIeHHOM 3a/1a1e TpeX Tes, UMeroIei
MHOKECTBO 3(DPEKTUBHBIX ITPAKTUIECKUX PUJIOKEHUI B acT-
porHomun u acrpodusuke. B riape 4 paccMarpuBaeTcs 00IIast
3aj1a4a Tpex Tesi. Hakonerr, B ryiaBe b cOJIEPKUTCH KPATKOE BBe-
JICHHE B aCTPOIMHAMUKY KaK TEOPHUIO JIBUKEHUS UCKYCCTBEHHBIX
CIIy THUKOB 3€MJIM U TEOPHUIO MEXKILTAHETHBIX [TePEIeTOB KOCMIU-
JeCKUX allllapaToB.

Kypc nebecHoit MexaHUKN CHCTEMATUICCKH IUTAETCS Ha, OT-
JIeJIeHHH acTpoHOMUN ¢usudeckoro dakyabrera MIY mmeHn
M.B.JIomoHOCOBa U paccauTaH HEe TOJIBKO HA ACTPOHOMOB (CTY-
JIEHTOB U aCIUPAHTOB), HO TaKyKe Ha CIENUANCTOB JIPYTUX OT-
pacjeii TOYHOrO eCTeCTBO3HAHUSI.






I'maBa 1

HEBOSMYHUIEHHOLE
BN KEHNE

1.1 YpaBHeHus JIBU>KE€HU

3adaueti deyxr men HasbIBaeTcsa 3ajada 00 OIpe e IeHIn
JIBUZKEHUS JIBYX MATEPUATBHBIX TOUEK, B3AMMOICHCTBYIOIIIX 10
HBIOTOHOBY 3aKOHY BCEMHUPHOT'O TATOTEHUs. DTa MeXaHUIECKAasT
MOJIE/Tb OTIPEJIE/ISIET HEBO3MYIIEHHOE JIBHKEHHE HEOECHBIX Tell,
B KOTOPOM yYIUTBIBAIOTCS TOJTBKO CHJIBI B3AUMHOTO TTPUTSIZKEHU ST
TeJ ¥ He YIUTBIBAIOTCS HUKAKKe JApyrue (BO3MYIIAOIINeE) CUTIBL.
[Tosromy nazBanus 3ajada 0 "HEBO3ZMYIIEHHOM JIBUKeHUU" U
"saada ABYyX Tea1" 03HAYAIOT OJHO U TO XKe.

Bajaga 1By X Te1 nMeeT (hyHIaMeHTAIbHOE 3HAYeHNe B HeOec-
HO# MexaHuKe. BO-1epBBIX, TTOTOMY YTO JIJIT MHOTHUX aCTPOHO-
MUYIECKUX 33J1a9 CUJIbI B3AUMHOTO MPUTSZKEHUST ABJISIOTCA J0-
MUHUPYIOIMUMEI, 3HATATETHHO TTPEBOCXOIAIIUMEI Bee apyrue. U,
BO-BTODBIX, PEIeHre 3a/a91 JIBYX TeJI MUPOKO MCIIOJIb3yeTCsI B
KadeCTBe MePBOTO MPUOJIMZKEHWsT TPU ONPEJIeIEHUN BO3MYIIIECH-
HOT'O JIBUZKEHUSI TeJI, KOrJ[a IIPUHUMAIOTCS BO BHUMAaHUE JPYTHUe
CHLTBL.

B Comreuanoii cucreme, Kak pPaBuIo, B3ANMHBIE PACCTOSTHUST
MeXKy TesiaMu (TJIaHeTaMi) 3HAYUTETbHO MPEBOCXOMISAT UX JIH-
Heitable paszmepsbl. [loaToMy onpasiana anmpokcuMarysi Hebec-
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HBIX TeJI MaTepuaJIbHBIMU TOYKaMMU.

1.1.1 VYpaBHeHUs aOCOJIOTHOTO JIBU>KEHUS

[Iycte My u M - paccmaTpuBaeMble Tejia, & mg U M -
UxX Maccel. ByjieMm cumrarh, uTo 4epe3 My 0DO3HAYUEHO TEJIO C
OoJIbIIeil Maccoii, Tak 4To Mgy > M.

Beesem abcosornyio cucreMy JIEKAPTOBLIX KOOD/IUHAT
OXYZ c nadajoM B IPOU3BOJILHON HenouBuKHoit Touke O u
¢ HEM3MEHHBIMU HalpaBjeHusasMu oceil. Koopaunarsl Tesr u ux
paJimyc-BeKTOPHI 3aIuIleM B BHUJIE:

MO = (X07}/E]720)7 M = (X7 Y7 Z)7 (11)

/)_EJ = {X(]a}/(]a ZO}; ﬁ: {X, Y, Z} (12)

Cujibl HBIOTOHOBCKOI'O IPUTSXKEHUs, JIeHCTBYIONEe Ha 00a
Te/Ia, PABHEI 1O BEIMUHE i MTPOTHBOIO/IOKHO HAIPABJICHDL. Ha
teso My neficrByer cuia FO, a na rejo M - cuta F:

—

=
—
w

=

&1
kh

o & (1.3)

rie

—

=7~ fi, r= VX=Xl 4 (Y = Vol + (2~ 2P

)
(1.4)
a f - ynuBepcaJibHasl IPABUTAIIMOHHAS TOCTOSHHAS.
Juddepennuaibubie ypaBHEHUS JIBU2KEHUS TEJI IPEJICTABIM
B BHUJIE€ CUCTEMBI JIBYX BEKTOPHBIX YPaBHEHWIT BTOPOTO MOPSAIKA:

o moem
(1.5)

o mom _,

mp = _f T3 r,

IJIe TOYKU HaJ[ BeJIMYMHAMU O0D0O3HAYAIOT MX ITPOU3BOJHLIE 110
BpEMeHU ¢.
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YVpaBHeHUS JIBUKEHUS B CKAJIsIPHOI (hopMe TPeICTaBIIIOTCS
B BUJIE

m@@:frg(x—xm, nm;:_f£ (X — Xo),
. fmom . fmem
mo¥o = T (Y = Vo), mb = — IR — ),
o fmom . fmom
m0Z0 = 3 (Z — Zo), ms = — 3 (Z — Zo)
(1.6)
Ecnun BBecTH B paccMoTpeHne CHIIOBYIO (DYyHKITHIO
U = U(Xo, Y, Zo, XY, Z) = f”:f]m, (1.7)

C IIOMOIIIBIO KOTOpOﬁ CUJIbI IPUTAKEHNA MO2KHO OIIPEIC/INTDL
dopmynamu

- ou - ou
Fy=grad; U =—, F =grad;U=— 1.8
To ypasuenus (1.5) u (1.6) mepernmrmnyTcs B Buje
=2 =L 1.9
mopo 8p—»07 mp ap—ﬂ ( )
Xy = 2L ¥ =
Moo 8X0 ) m 0X )
Yo = — Y = — 1.10
Moto oYy m oy ( )
Gy = L Ay
ML = 57, "e =57

HOTGHHI/IaJIbHaH QHEPI'Ud IIPUTAKECHUA ,HBOﬁHOfI CHUCTEMBI
HeOECHBIX TeJ OIIpeJesdeTCda paBEeHCTBOM:

I=—U. (1.11)

Ckansipaas dynkiusa () = —fmg/r, upeacraBisier co-
6Ol SHEPreTUIECKYIO XaPAKTEPUCTHKY I'DABUTAIMOHHOIO OIS
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Testa My 1 Ha3bIBAETCA NOMEHUUAAOM CATHI IPATIKEHUS TeJa
My. Bekropuas dynkuusa B(7) = grad.[p(7)], onpesensemas
KaK I'PaJIMEeHT MIOTEHINAJIA, - 9TO CUJIOBas XapaKTEePUCTUKA I'Da-
BUTAIMOHHOI'O 110J1s Tesia My, TO €CTb HanpAiceHHocms ITOro
TIOJIS.

YpaBHEeHUS JIBUKEHUS B 3a/1a49€ JIBYX TeJI IPEJICTABISIOT CO-
Ooii cucTeMy OOBIKHOBEHHBIX (P dEepeHITnaIbHBIX YPaBHEHU
12-ro mopsaka. Obwum peweruem ITOH CUCTEMBI HA3BIBAETCS
TaKoe peleHne, B KOTOPOM UCKOMbIe (DYHKITUHU 3aBUCAT OT 12-Tu
HE3aBUCUMbIX ITPOU3BOJILHBIX ITOCTOSTHHBIX:

5075075757 || t’ 017027"'70127 (]-]-2)
nJjim
X07}/07Z07X07}'/07207XaKZ7XaY7Z || t7017027"'70127
(1.13)

rje cjaeBa OT 3HAKa || cToAT MCKOMble (DYHKIMU, & CIIpaBa -
X apryMeHThl (BpeMsi W 12 HE3aBHCHMBIX IIPOM3BOJIBHBIX I10-
crosinnbix). B 3amade Kormm posib pon3BOJIbHBIX TOCTOSTHHBIX
C1, Cy, ..., Clo urparoT HaYaJIbHbIE YCJIOBUS I yPaBHEHU JIBU-
JKCHUS, T.C.

- L S L -(0) 5(0) =(0) (0
£05 P05 Py Ps || t’pO » Po ,p(),p(), (1'14)
rie BepxHuM nHAeKcoM "0" MapKupoBaHbBI Ha9aJIbHbBIE SHAYEHUS
UCKOMBIX BEJIMYNH.
Obwum unmeepasom cucrembl (1.10) Ha3BIBAETCS COBOKYTI-
HOCTH 12-TH HE3aBUCHUMbBIX II€PBBIX HHTEIPAJIOB:

(bl(taXmYb)Z07X07}‘/07207XaKZ7X7Y7 Z) = Cl)

(IDQ(t)XOaYb)ZO)XO)}/O)ZmXaKZ7X7Y7Z)2027 (1 15)

(I)12<t7 X07}/b7 ZO7X07%7 207X7 Y7 ZuX7Y7 Z) = 012'

YeaoBreM He3aBHCHMOCTH TI€PBbIX HTerpasios (1.15) saBis-
eTcsi OTJIMYUe OT HyJisd AKOOUaHa
D(®q, Do, ..., P12)

D(Xo,Yo, -, Z) 70 (1.16)
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CornacHO TeopeMe O HesiBHBIX (DYHKIUAX C yIeTOM Hepa-
BerncTBa (1.16) cucremy ypasrennii (1.15) Bcerja MOXKHO pas-
DEIINTH OTHOCHTEIBHO KOOPAMHAT 1 cKopocreil X, Yy, ..., Z u
B pe3y/bTrare u3 oO0Iero mHTerpaJja MoJIyduThb O0IIee perieHue
(1.13). ITosromy oTBICKaIHE OOIIErO PEIICHHs MM OOIIEro -
TerpaJia CyTh 3aJIa9i MaTeMaTHIeCKU SKBUBAJEHTHbIE.

Kaxk 1p1it 1epBbIil HHTErpaJl IPeIOCTABISET OUPEIETCHHYIO
urdopmanuio o JABmkeHngx tesl. [losromy cHavasma 3aiimeMcs
HOCTPOEHHEM ODITEro MHTErpasia B 3a/ade JIBYX TeJl.

1.1.2 HMuTterpaJbl ABU2KEHUS IIEHTPa Macc

CkuajipiBast ypaBHeHus jpuzkenns (1.5) mowienHo, mo-
JIy4YUM COOTHOIIICHUE

mopo + mp = 0, (1.17)

KOTOpPOE ¢BJIdeTcd CJIeACTBUEM 3aMKHYTOCTH MeXaHU4YeCKOil cu-
creMmbl. VlHTErpupysd 9TO COOTHOIIEHWE OJUH, a 3aTEM BTOPOil
pa3 1oIyYuM

mopy +mp =, (1.18)

Moy +mp = at +b, (1.19)

rae anb- BEKTOPHbBIC ITPOM3BOJIbBHBLIE ITIOCTOAHHbIC, MMEIOIINEe

KOMIIOHEHTDBI
= {(1,1, ag, (1,3},

b - {b17 b27 b3}

MBI MOJTy M/ MIECTh CKAJIAPHBIX HE3aBUCUMBIX ITEPBbIX MH-
terpasos (1.18) u (1.19).

Ecau pacemorpers nientp mace G = (Xg, Yo, Zg) cucrembr

JBYX TEJL, ero PaJinyc-BeKTOp e = {Xq,Ys, Zg}, ckopoctsb j1BU-

(1.20)

e Wg = o = {Xg, Ye, ZG} U UX CBA3L C KOOP/MHATAMUI
U CKOPOCTSIMU JIBUZKCHUS TEJT

S :moﬁo+m/7 5 :moﬁo+mﬁ

1.21
mo+m Pa mo +m (1.21)
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to narerpassl (1.18) u (1.19) MOXKHO HpeICTaBUTL B BH/JIC

moWo +mW = (mg +m)We = @, (1.22)
mofo +mp = (mo +m)je = dt + b, (1.23)

rie WO = Do, W = pu WG - CKOpOCTHU JBIKyIuxcs tes My,
M u 6apunentpa G.

Unrerpast (1.22) onpe/iesisier 3aKOH COXPAHEHHsT KOJITIECTBA
JIBUZKEHMS CUCTEMbI T€JI WM 3aKOH COXPAHEHUs] CKOPOCTH JIBHU-
JKeHUs TIeHTpa Mace, a (1.23) - 3aKOH paBHOMEPHOTO TPSIMOJIH-
HEHOro JIBMZKEHNs HEHTPa MacC B IPOCTPAHCTEE.

Beio coBokymnocts maTerpasnos (1.18) m (1.19) nmasbBaior
UHME2DANAMU QBUNHCEHUA UEHMPA MACC.

—

Eciim BekTOpHBIE IIPOU3BOJIbHBIE ITOCTOSHHBIE @ W b PaBHBI
HYJIIO, TO 9TO O3HAYAET, 9TO B KadeCcTBe Hadasa koopamaat O
BBIOPAH HEIOJIBUZKHBIN IeHTP Macc cuctembl GG. Bu ypaBaennii
JIBUKEHUsT He N3MEHUTCS JTarKe TIPHU [TePEeHOCe HadasIa B JBUKY-
IIUHCS C IIPOU3BOJIBHOM, HO ITIOCTOAHHON CKOPOCTBIO IEHTP MAace
(M KaKyro-TO JIPYTYI0 TOUKY ), TaK KAaK TaKasi CHCTEMa OTCUeTa
Oy/IeT MHEePIHAILHOM.

1.1.3 YpaBHeHUsS OTHOCUTEJIbHOTO JIBUXKEHUS

CremmaeM 1epexoJi 0T abCOJIIOTHOM CHCTEMBI KOODJIMHAT
OXY Z x ornocurenbnoii cucreme Myzyz no dpopmynam:

l‘—X—Xo,
7= p— po W y=Y —Yj, (1.24)
Z:Z—ZQ

[Ipeobpazosanue (1.24) npejacrasisier coboil mepeHOC Hava-
sma KoopgauHat O B TOUKy My Tpu COXpaHEeHUN HaIpaBJIeHUS
oceit koopunat. HoBag cucrema Koop/mHAT HE ABJIACTCA UHED-
UaJIbHON, TaK KaK Ha4daj0 KoopjauHaT My JBUXKETCS ¢ yCKOpe-
HUEM.
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Beraurast iepoe ypasaenue B (1.5) 13 Broporo mociie npe-
BapUTEJBLHOIO COKPAlleHUsd IIepBOro Ha 1My, & BTOPOro - Ha 1,
HOJIyYUM yPaBHEHHdA OTHOCUTEJILHOIO JBUZKEHUSA B BUIIE

7f<m(;3+ m) 7 (1.25)

r=A{x,y,z}, r=/x?+y>+ 22 (1.26)

N3 teopun nuddepennuaibHbIX YpaBHEHUN U3BECTHO, YTO
3HAHUE OJIHOIO IIEPBOIO MHTErPaJa JIA€T BO3MOXKHOCTH IOHHU-
3UTH MOPAJIOK CUCTEMbI JbDepeHInaIbHbIX YPABHEHUH Ha OJI-
HY €JIMHUILY.

[Tosromy mepexoy ot ypasaenuit (1.5) ¥ ypasrenuto (1.25)
MOXKHO PACCMaTPUBATH KaK [OHUYKEHUE HOPSIIKA CUCTEMBbI JIU(-
(bepeHnMAIBHBIX YPABHEHUIT HA IIECTH €JIUHUIL C OMOIIbIO MH-
TerpaJioB JBuKenus rentpa mace (1.18) u (1.19).

L

rie

1.1.4 VYpaBHeHUs 6GAPUINIEHTPUIECKOTO
JBUKEHU

OJIOZKEHUE JIBUZKYIIUXCS TEJT u M MOXHO Xapakre-
IT b VIIT Mou M

pu30BaTh GAPUIIEHTPUIECKUMU BEKTOPAMU Sy U §, CBABAHHBIMUI
C po U ) 3aBUCUMOCTSIMU:

So = Po — PG, §=p—pc, (1.27)
rje pg - PajmMyc-BEKTOP LEHTpa Macc B abCOIOTHON cucreme

koopunar (1.21).
Perast cucremy JByX BEKTODHBIX ypaBHEHUi

-5 =T
. _ (1.28)
ms —+ mopSg = 0,
[OJIY MM BBIDAZKEHUs I Sg U § 4epe3 T B BUJIE
- mo - mo
So=— §=—" 7 (1.29)

mo +m ’ mo +m
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Ucnonbayst dopmyast (1.25) u (1.29), moayaum muddepen-
[UaJbHbIEe YpaBHEHUsI DAPUIEHTPUYECKOIO JIBUKEHUSI JIBYX TEJI
B BHJIE:

. fm3 -

So = —7————5=50,

" mo w2y (1.30)
-, fmg - .

(mo + m)253$’

rie so = |So| m s = |3].

B ommune or ypasnenwuit (1.5) cucremy (1.30) moxkno pe-
IaTh OTJEJAbHO JIJId KaKJA0TO Teja, TO eCTh cucreMa 12-ro Io-
psika (1.30) pacimienisiercst Ha JiBe CHCTEMBI 6-I0 HOPSIKA JIJIsT
Tes1 My u M cooTBETCTBEHHO.

N3 cpasnenus ypasuennit (1.25) u (1.30) Buamo, 4ro oHK
UMEIOT OJIMHAKOBYIO CTPYKTYDPY: IPaBbIe; YACTH OTJIUIAIOTCH
TOJIBKO MOCTOSTHHBIM MHOYKUTEJIEM.

Ananornvnyio cTpykTypy uMeror ypasaerus (1.25) nBuze-
nust Tesia M oTHOCHTENILHO HenoJBHKHOrO Tesa My, DTy 3a-
Jlady MOXKHO TaKKe PacCMATPHUBATH KaK 02PAHUMEHHYI0 3a0a4y
dsyx men B OTIMIHE OT U3JI0KEHHOM BbIte obweti 3adayu. 1lom
TepMuHOM "orpaHndenHas TMOHUMAIOT 33149y, Ha MapaMeTphI
KOTOPOI HAJIO?KEHO HEKOTOpOe orpaHuveHue. B manHOM cirytae
TaKUM OTpaHUYEHUEM siBJidgeTcs ycjoBue my > m. C dusuye-
CKOl TOUKM 3peHusi 9TO O3HAYAET, ITO OJUHAKOBBIE 110 aDCOJIOT-
HOI BeJIMYMHE CUJIbI B3AUMHOI'O TIPUTSKEHUs TeJl MOTYT CO3/a-
BaTh CKOJIb YTOJHO OOJIBINNE YCKOPEHUsI B JBUKEHUH MaJjioro
tesia M w HUYTOXKHBIE BO3JeiicTBus Ha Teno My. Ilpumepowm,
WLTIOCTPUPYIONNM TaKyI0 3aJ1a9dy, ABJISETCs JIBUKEHUE MCKYC-
CTBEHHOT'O CIIyTHUKA B TI0JI€ IPUTSIKEHUs HEIIO/IBUKHON 3eMJIN.
Orpanuvennas 3aja9a JIBYX TeJ Win 3a0a4a 001020 Henodsuoic-
HO020 UeHmMpa HA3BIBAETCS TakxkKe 3adavel; Kenaepa.

YpaBHeHus JBUXKEHUS B I10JI€ HEIIOJIBUKHOIO ITPUTATUBAIO-
IETro MEHTPA MOJIYyJaloTCd U3 YPaBHEHUN OTHOCUTEILHOIO JIBH-
xkenus (1.25) npu yerosuu m/my — 0:

_fmo o
3 T

P =

(1.31)
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Bce nepeunciiennbie 3a/1a9u MaTeMaTUIECCKN SKBUBAJICHTHDI
U OIUCBHIBAIOTCS cUCTEeMOil uddepeHInaibHbIX ypaBHeHHI

F= 7 (1.32)

rJe BeJIMYrMHa , UMEHYyeMad I'PaBUTallMOHHBIM ITapaMETPOM CHU-
CTeMbI, IIpUHUMACT SHaAYCHUAI:

(
f(mo+m) — napmkenue teaa M orHocut. My,
m3
— bapulieHTpuYIecKoe JIBUK. Tesa My,
(mo + m)
3
= m
. 702 — Oapunenrpuieckoe JIBHK. Tena M,
(mo + m)
fmo — JIBUXK. B II0JIE HEIOJB. INPUTSIHB.

\ nenTpa (3a1ada Kemepa).

B nmanbueiiiiem, B OCHOBHOM, OyJeM OpPUEHTUPOBATHCH Ha
ypaBHEHUsd OTHOCUTEJBHOI'O JIBUKEHUSA, IIOCKOJBKY 3TU ypaB-
HEHWS dYallle BCETO MCIOJIB3YIOTCH MPU M3YYeHWHN JIBUKEHUIl B
cucTemMax 3Be3ja-3Be3/a, CoJtHIe-TIIaHeTa, IIaHeTa-CIIyTHUK 1
Tp.

Jlajiee mocTpouM o0IIUIT UHTErPAJ ypPaBHEHUI OTHOCUTE/Ib-
HOro jiBuzkenust (1.32) Kak COBOKYIHOCTH IECTU HE3aBUCHMBIX
[IePBbIX UHTErPAJIOB 9TUX yPaBHEHUIA.

1.2 MWurerpajbl ypaBHEeHHIIA
OTHOCUTEJIbHOI'O ABUXKEHUA

Bekropnoe ypasrenue (1.32) 95KBHBAJICHTHO CHCTEME IIIe-
CTU CKAIAPHBIX JuddDepeHIalbHbIX yPaBHeHHI [1epBOro Io-
PsIJIKa, [O3TOMY JIsl IIOJIyIeHUsI ODIIEero HHTerpaja STHX ypas-
HeHUil HEOOXOAUMO OIPEIENTh IIECTh HE3ABUCHUMBIX (CKAJIAD-
HBIX) HEPBBIX HHTErPAJIOB.

1.2.1 HMarerpaJsl miaoniaaein

Yuuoxknum ypasrenue (1.32) Bexropno ciesa ma 7. To-
IJia BBUJY IEHTPAJILHOCTH HOJIsl CUJI B IIPABOl YACTH IIOJIY UM
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HYJIEBOII BEKTOpP, a JIEBYIO YaCTh MOXKHO IIPEJICTAaBUTH B BHUJE
IIPOM3BOJIHOI 110 BPEMEHU:

d .
(X 7) = 0. (1.33)

WNurerpupyst 910 ypaBHEHHE, MOJYIUM BEKTOPHYIO (OpMy
UHME2PAN0E NAOULAIEL

X r=¢  um rxV =g, (1.34)
e ¢ = {c1,ce,c3} - BeKTOpHAsl MPOU3BOJIbHAS TIOCTOSHHAS,
uMeHyeMasi nocmoannot naowadet, a Vo= 17 = {&,9,2}. B

CKaJIAPHOM BHJI€ MHTEI'PaAJIbI HJIOH.{&,HGI;'I IPEICTaBJIAIOTCA:

yZ - Zy = C1,
2k — TZ = ¢y, (1.35)
Ty — YT = C3.

Croe Ha3BaHMEe WHTErPAJIBI TOJIYIIIN B CBSI3U C TE€M, UTO JIe-
Bast yacTh paBeHcTBa (1.34) mpe/icTaB/sgeT HEU3MEHHYIO Y/IBOSH-
HYIO CEKTOPHYIO CKOPOCTh. B TeopeTuyecKoil MeXaHuKe 9TU UH-
TerpaJibl Ha3bIBAIOT UHMEZPAAAMU MOMEHME KOAUYECTNEA 06U-
AHCEHUA U UHME2PANAMU KUHETNUYECKO20 MOMEHMQ.

Kazkiplit iepBbIil MHTErpajl YpaBHEHUI JIBUZKEHUS OIpejie-
JIZET HEKOTOPYIO MOBEPXHOCTH B MMECTUMEPHOM THIIEPITPOCTPAH-
CTBE KOOPJIMHAT X,Y, 2 U CKopocreil &,1, 2. Horjma, Kak B Ha-
IeM CJIydae, ¢ IMMOMOIIBIO TPpeodpa30BAHUI U3 STOTO MHTErpasia,
yAaeTcd MOJIyYUTh YpaBHEHUE ITIOBEPXHOCTH B TPEXMEPHOM IIPO-
CTPaHCTBE KOODJAUHAT ,Y, z. JeiicrBurenbro, ymuoxkas (1.34)
CKaJIIPHO HA T WJIH 17, [IOJIyYUM COOTBETCTBEHHO

Fé=0 wm  VE=0. (1.36)

Orcro/ia ycraHaBIMBaEeM, 9TO BEKTOPBI I U V' Bcerma ocra-
IOTCsI OPTOrOHAJIbHBIMKM HEM3MEHHOMY BEKTOPY €. A 9T0 03Ha4a-
et, 9To Tej0 M B Ipolecce ABUXKEHUsT BCEra PacIoaraeTcsa B
HEU3MEHHO! ILJIOCKOCTH, IIPOXOISINeil yepe3 HauaI0 KOOPIHHAT
M. YpaBHeHMe ILJIOCKOCTU MOXKHO 3allCaTh B BHUIE

CT =012+ coy + c3z = 0. (1.37)

9Ty IIJIOCKOCTBH Ha3bIBaIOT NAOCKOCIT®10 0p6umm.
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1.2.2 UWHTerpaJ 3Heprun

Jng BBIBOJIA MHTErpasia SHEPrud yMHOXKHUM ypPaBHEHHe
(1.32) cransgpro Ha BeKTOp 7=V

= — T (1.38)

YauTeiBasg COOTHOIIEHUE 17 = 7T, ToJydatorieecss audde-
PEHIIIPOBAHNEM PABEHCTBA 1> = 72, IpeJICTAaBUM JIEBYIO 1 IIpa-

Byto dacTu ypaBHeHus (1.38) B BUJI€ [OJHBIX TPOU3BOJIHBIX:

% %»,‘?2 :%(%). (1.39)

WuTerpupys 310 ypaBHEHHE, TOTYyIaeM UHME2Pas IHEP2UL B
BHUJIE

: 2
2 =v2="H (1.40)
T

rie h - nocmosannas snepeuu. B repmunosorun X VIII Beka stor
MHTErpaJsl Ha3blBAJICS WHTEIPAJIOM 2fcu60tl cuiv, (COBIaIarONIeil
C YABOEHHO# KMHETHYIECKOiT sHeprueit). CHCTeMBbl ¢ COXpaHEHUEM
MEXaHUYIECKOI SHEPIUH HA3BIBAIOTCH KOHCEPBAMUBHHLMU.

Tak Kak Jijisd JIeHCTBUTEIbHBIX JIBUKEHUI BCEr/ia BLIOJIHS-
erca mepasercTtso V2 > 0, To U3 MATErpaJia 3HEPTUN Oy IAM
obaacms 603Mmootcnocmu deusicenuti Tea M B Bule HepaBeH-
cTBa

2u +h >0. (1.41)
r

U3 (1.41) BUAHO, 9TO OPU HEOTPHUIATEJBHOM 3HAYEHUH I10-
croguHoii sueprun h > 0 nBuzkenue teyia M HEYEeM He OrpaHu-
Y€HO U, CJIeJI0BATEIbHO, MOYKET ITPOUCXOINTH BO BCEM IIPOCTPAH-
ctBe. Ecim ke h < 0, TO JIBU2KEHNE MOXKET IIPOUCXOIUTH TOJTHKO
BHYTPU 00JIACTH, OI'PAHUYIEHHON cdepoii:

rs - (1.42)
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Cdepy, orpaHmIUBarONIy0 00JACTH BO3MOXKHOCTHU JIBUZKE-
uun (1.42), HA3BIBAIOT NOGEPTHOCTLIO HYACGOT ckopocmu. [IBu-
JKYIIeecs: TeJI0 MOYKET HaXOJIUThCA Ha 9TOH cdepe TOIHKO C Hy-
JIEBOII MTHOBEHHOH CKOpOCThIO. B m100yI0 TOUKy 31Ol cdepbl
TEJI0 MOKET TOIACTh TOJIBKO IIPHU MPAMOJIMHEHHOM PaIUaIbHOM
JBIZKeHNUH, T.e. cdepa r = —24/h ABISETCS TEOMETPHIECKUM
MECTOM TOUY€K BO3BPaTa TPAEKTOPHIl.

1.2.3 HWarerpass! Jlammaca

Vmuozkum ypasuenue jpmskenus (1.32) B suge V = —ur/r?
BEKTOPHO CIIPaBa Ha BEKTOP KMHETHIECKOIO0 MOMeHTa ¢ = 7" X V/

I Koo o
ch:—ﬁrxc. (1.43)
Wcnone3ys cooTHOIIEHNTE
7 =7V =1V cos ZL(FV) = rr, (1.44)

e 7 = V cos Z(FV) - paamasibaas cocTasomas ckopoctn V
u bopMysTy Tt TBOWHOTO BEKTOPHOI'O MPOU3BEJIEHUsT T X C =
= 7x (Fx V) =7 (FV) =V (FF) = (7" — Vr)r, nesyio n npasyro
qactu paseHcrsa (1.43) MOXKHO TpeoOpazoBaTh K BUIY

N wo o
dt<vxc):_ﬁ<rxa:_ﬁ<TT—VT)T:

Ve d (T
e TR G )

(1.45)
HyTeM MHTEI'PUPOBaHUA IIOJIYIEHHOI'O PaBEHCTBa
d = d (7
a(V X )= Ho (;) oupejieaeM unmezpan Jlanasaca B BeK-
TOPHO
Vxe—Lr=X (1.46)
T
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WA CKaJIAPHO# hbopme

. . M
C3Y — C22 — s = A1,

cl,é — Cg.j] — % = )\2, (147)
r

. . MZ_)\
Cﬂ—cly—?— 3

riae A = {A1, A2, A3} - BEKTOpHAasl OCTOSIHHAS WHTErPUPOBAHMUSI
wim eexmop Jlanaaca.

1.2.4 JIBe 3aBUCUMOCTH MEXKJIy
MMePBbIMU WHTErpaJIaMu

[IpoBesiem mosicueT 0OOIIEro Yucsia MOJIyYeHHBIX HMEPBBIX
MHTErpajioB ypaBHEHUI OTHOCUTEILHOTO JABUKEeHHA. TaKoil moj1-
cYeT y00HO MPOBECTH 10 CKAJISIPHBIM ITPOU3BOIBHBIM ITOCTOSTH-
HbIM. VX moy9eHo ceMb:

C1, Ca, C3, h7 )‘17 )‘27 )‘3' (148)

Yucs1o 1mepBbIX UHTErPAJIOB OKA3aJI0Ch OOJIbIIE TTOPS/IKA CU-
creMbl JinddepeHIaibHbIX YpaBHEHU, KOTOPBIN JIJisi CUCTe-
Mbl (1.32) paBen mmectu. DT0 O3HAYAET, YTO CPEJH TIOJTYy I€HHBIX
UHTEI'PAJIOB XOTs Obl OJIUH ABJISIETCS CJICJICTBUEM OCTAJIbHDBIX.
VYauTbIBasi, YTO CPEIU IMOJYYECHHBIX HHTErPAJOB HU OJUH HE
COJIEP’KUT BpeMs ¢ fBHO (& JiJIst JIMHAMUYECKUX CHCTeM TaKoif
HHTErpaJi 00sI3aTeIbHO JIOJIZKEH CYIIECTBOBATH), MOKHO yTBEp-
KJATh, YTO MEXKJYy IOJIyYEHHbIMU WHTErpajlaMU HMeeTcd, I10
Kpaiineil Mepe, JIBeé 3aBUCUMOCTH.

B camom jsiesie, Mexkly MOJTyYeHHBIMU WHTErDaJIaMU CyIIe-
CTBYIOT /IB€ 3aBUCUMOCTU

Xéz )\101 + )\262 + )\303 = 0,

(1.49)
A2 = p? + he?,

e A=A+ M+ A2 c=\d+S+A
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Jlerko yb6euThbCcst B CHPABEJIMBOCTU TUX 3aBUCUMOCTEH.
HeiicrBuresbao, ymuoxKasi (1.46) ckajsipHO HA € U yIUTHIBAsI
nepByto dopmyiay B (1.36), mosyaum HepByr0 3aBUCHMOCTDH B
(1.49).

CupapeJTMBOCTD BTOPOii 3aBUCUMOCTHU YCTAHABIUBACTCS 11y~
TeM BBIUUCJIEHUs KBaJpaTa BeKTopa Jlamaca:

Y o= SAR Ly [ 2p
N = (Vx&)?=2(Vxe)& T+ 72 = V20 A p? = het s
roor r
(1.50)
3ech Goum nenoms3osansl dopayst (V X &) = (Fx V)E = 2,
(1.34) 1 (1.40).

Hukakux Jpyrux 3aBUCHUMOCTEH MEXKJly BbIBEJIEHHBIMU TI€P-
BBIMU HHTErpajlaMi He CyIecTByeT. /lokas3arh 310 Hemocpe/i-
CTBEHHO 3aTPYHUTEJILHO, TaK KaK JJIsi 9TOTO HaJIO BBHIYUC/IATD
dbyHKIMOHATBHBI onpejeuTe b KON naToro mopsiika (CM.
nasnee dopmyiy (1.52)). OxHako, Kak OyJIer MOKa3aHO B Jajb-
HeIIeM, 110 IIOCTOSTHHBIM ILIoIIa e, sHeprun u Jlammaca MOXKHO
OJIHO3HAYHO OIIPEJIEJIUTD ITh KEILIEPOBCKUX 3JIEMEHTOB OpOU-
ThI - (POKAIBHBII TTApaMeTp, IKCIEHTPUCUTET U TPHU yriia iije-
pa, XapaKTepu3yoIINX OPUEHTAIINI0 OPOUTHI B IPOCTPAHCTBE, a
9TH IATH 9JIEMEHTOB 110 CBOEH TeOMETPUIECKON CyTH SIBJISIOTCSI
He3aBucuMbIMU. [T09TOMY MBI MOXKEM YTBEp:KJaTh, UTO U3 Ce-
MU TI0JIyYEHHBIX [IEPBbIX HHTEIPAJIOB HE3aBUCUMbBIMHE SBJISTFOTCS
TOJIKO IATh. JljIsi mocTpoeHus: ObIIero MHTerpaia ypaBHeHMi
OTHOCHUTEJILHOTO JIBUYKEHHsI OCTAETCS MOJIYIUTh €Ile OJMH He3a-
BUCHUMBII MHTETDAJI.

1.2.5 UWHTerpaJ, 3aBUCHIUil SBHO OT BpEMEHU

Bce ceMb 10o/Iy9eHHBIX TEPBLIX UHTETPAJIOB HE 3aBUCAT
sBHO OT BpeMmeHu. [[03TOMY ¢ UX TOMOIIBIO MOXKHO IOJIYYUTh
TPAEKTOPUIO JIBUKeHUsT (OPOUTY), HO HEJb3sl MOJIyYUTh 3aKOH
nBuzkeHus Tesa M 1o 3T0i TpaeKTopuH.

[IaTh HE3aBUCUMBIX MEPBBIX MHTEI'PAJIOB U3 CEMU, KOTOPbIE
OBLTN BBIBEJICHBI paHee, 3allUulleM B BU/JIE

Fi(z,y, 2, &,1,3) = C; (i=1,2,..,5). (1.51)
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Beuy B3anMHOI HE3aBUCHMOCTH STUX HHTEIPAJIOB, HE Or'pa-
HUYUBas OOIIHOCTH PACCYKJCHUIT, MOYXKHO CUUTATH OTJIUIHBIM
OT HyJIsI AKOOMAH

D(Fy, Fs, ..., F5)
D(y, z,...,2)

£0. (1.52)

Torma o Teopeme 0 HEABHBIX (DYHKITUSIX MOXKHO U3 CHCTEMBI
(1.51) ompenenuTh IATh BEJUYIUH Y, Z, T, Y, 2 B BUje (DYHKIUIT
[IPOM3BOJIBHBIX MOCTOAHHBIX C; U abOCIUCCHI T

Y, 2, &, 9, 2 || =, C1, Ca, ..., Cs. (1.53)

Beibupasi st onpeseseHrocT 13 At GyHKIwii B (1.53)
TOJIKO OJIHY, HAIIpUMEP,

d
T = d_:lL; :Qp(x,Cl,CQ,...,CEJ) (154)

1 MHTErpupyd 3TO paBEHCTBO, IIOJIYyYHUM HOCJIG,ZLHI/Iﬁ HE3aBU-
CUMBIi1 HHTErpaJl B BUIE

dx
/<P<$701,Cg,...,05) T ( )

rjie T - He3aBUCUMAas IIPOM3BOJIbHAS [OCTOSTHHAS WHTErPUPOBa-
HUA.

Heonpeenennsiii uarerpas B (1.55) Beerna cBoguTest K Tab-
JIMTIHOMY, HO KOHKDPETHBIH BHJ HEIOCTAIONIErO INECTOr0 MHTE-
rpaJjia 3aBUCAT OT THUIIA JIBUKEHUsI (JUTHIITUIECKOrO, TUepbo-
JITYECKOT0, TapaboIMIecKoro, IMpsAMOJINHEiHOr0) 1 Oy1er pac-
CMOTPEeH B JIaJIbHEIIeM.

1.2.6 OOmwmit uaTErpajl ypaBHEeHMTA
OTHOCHUTEJIbHOTO JIBU2KEHUS

Taxum obpaszom, obruit naTerpas auddepeHImaIbHbIX
yPaBHEHUIT OTHOCUTEILHOTO JIBUXKEHUS MOYKET ObIThH IPEJCTaB-
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JICH COBOKYITHOCTbIO BOCbMMU II€PBLIX MHTEr'PAJIOB

FxV=¢ Vxﬁ—HF:X,
T
T / s t (1.56)
= — — — T
r ’ ({L‘Cl,CQ,.,C) ’

CBSI3aHHBIX JIByMsi cooTHOIeHusiMu (1.49).

H100B! 3aIicaTh BbIPDAYKEHUS JJIsi TIPOU3BOJIBHBIX TTOCTOSTH-
HBIX WHTErPUPOBAHMs Yepe3 HadasbHble YCJIOBHs ypaBHEHHUIT
JIBUPKEHUSI, BBEJIeM ODO3HAUEHMsI KOODJMHAT U CKOPOCTEH Teja
M B HauaJbHBIE MOMEHT BpemeHH t = fp, a TaKyKe HaJalb-
HbIE 3HAYEHUsT MOJLyJIsl PAJINyCca-BeKTOpa T 1 ckopoctu V B BuIE:
Zo, Yo, 20, .j](], yo, Zo, o = \/I’(Q) +y8 + ZS, ‘/E] = \/3'7(2) +y8 + ZS

Ecin B unrerpanst (1.56) BMECTO TeKyIuX 3HaYCHNT KOOP-
JIMHAT ¥ CKOPOCTEll TIOJICTABUThH WX HAYAJIbHbIE 3HAUEHUSI, TO TI0-
JIYIUM HCKOMBIE BBIPAZKEHUSI:

s . Ay — HTo
C1 = Yoco — 20Yo, 1= YoC3 — ZpC2 — )

0

o : Ay — HYo
Co = 2oy — ToRo, 9 = ZpC1 — TpC3 — )

To

. . A — Hzo
C3 = ToYo — Yoo, 3 = ToCy — YoC1 — —r )

0
o 2,u B dx

h = V T = to -
7”0 80(% Cy, Cy, ---,05)

0
(1.57)

BoceMmb 11pon3BO/IbHBIX TTOCTOSIHHBIX HHTEIPUPOBAHUS €1, Ca,
3, A1, A2, Az, h, T cBsi3aHb! iByMs 3aBucumMocTsMu (1.49).

1.3 Tpaekropusi aBukenuns (opobura)

OpbuTy MOKHO TOJIyIUTH KaK JIMHUIO TIEPECeIEHUs JIBYX
IoBepxHOCTEl. Y paBHEHHNE OJTHON MOBEPXHOCTH OBLIO TIOJIYYEeHO
paHee - 9T0 ypaBHeHHe Iockoctu opbutsl (1.37). Vpasuenue
BTOPO! ITOBEPXHOCTU BBIBEICM JAaJiee C MOMOIIBIO BEKTOPHOTO
naTerpaJa Jlammaca.
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1.3.1 YpaBHeHUsS opOUTHI
B OTHOCUTEJIbHBIX KOOPJAMHATAX

Yunoxenue narerpada Jlamraca (1.46) ckaaspHo Ha BEK-
TOp T
7(Vxc)—=r"=AF (1.58)
r
HO3BOJISIeT IOIYYUTh COOTHOIIEHHE, HE COJEpIKalllee CKOPOCTbD.

JleiicTBUTEIBHO, OCYIIECTBIIAS NMUKJINIECKYIO IIE€PECTAaHOBKY B
CMEIaHHOM IPOU3BEJIEHNN BEKTOPOB U yunThbiBasi (1.34), ypas-
uernue (1.58) mepermimeM B Bu/Ie

XF=c—pur. (1.59)

DT0 ypaBHEHHE B TPEXMEPHOM IIPOCTPAHCTBE KOODIUHAT
OLpeJIe/IIeT HEKOTOPYIO IIOBEPXHOCTH. Y YUTBIBAsI, UTO ypaBHe-
mre (1.59) mosydeno n3 mnrerpasa Jlamaca, ykasanmyio mo-
BEPXHOCTB OyzieM Ha3bIBATL NoseprHocmvio Jlanaaca.

TpaeKTOpI/HO JABUZKEHUA TeJla TOrJa MO2KHO IIOJIY9IHUTHb KaK
nepecedenue nosepxuocru Jlamaca (1.59) ¢ mwiockocTsio opbu-
Tol (1.36) U IpeACcTaBUTL B BHJE CHCTEMbBI IBYX YPaBHEHHUIT

N 2
AT =c"—pr, (1.60)

——

cr=20
B opburanbnoii cucreme koopaunar MyénC, T.e. npu X =

={),0,0}, c=1{0,0,c}, 7= {£,n,(}, ypaBHeHust oOpOUTHI IIpe-
obpa3yroTcsd K BULY

AL = _fg :ng 7+ (1.61)

3 nepsoro ypasmenus B (1.61) HermocpeCTBEHHO BH/IHO,
4T0 TmoBepXHOCTH Jlammaca (1.59) sABisgercs ocecHMMETPHIHOI
ITIOBEPXHOCTBIO BTOPOTO MOPsAKa. UTOOBI J1aTh 0oJiee TOUHYIO
XapaKTePUCTHKY 9TOil II0OBEPXHOCTH, & BMeCTe ¢ Heil u OpOUTHL,
OCYIIECTBUM IIepexo/| K cepudeckoii cucreme koopaunar Morovl
[IpH TTIOMOIIY ITPEOOPA30OBAHUS:

£ =rcosv, mn=rsinvcosl, (=rsinvsinl, (1.62)
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Puc. 1.1. ®parment nosepxuoctu Jlamaca qisg & > 0. Touka P =
= (&,1n,¢) = (r,v,]) wuOCTPUPYET TEKYIIYIO TOYKY [TOBEPXHOCTH B
cucremax koopiunar Moén¢ u Myrvl coorsercrsenno (|MyP| = ).

rae [ - monrora, OTCYUTBIBaeMad B Itockoctu Myn( oT ocu 7
B IIOJIOYKATETLHOM HAIIPABJIEHUU, VU - TIOJIAPHOE PACCTOSHUE, OT-
cautbiBaemoe ot ocu Myé (T.e. oT BeKTOpa X) B 110601t m1ocko-
cTH, npoxojidmieit uepe3 ocb My, BeIUInny v MOXKHO PacCMaT-
pUBaTh KaK HOJIAPHBINA YIOJI, OTCYUTHIBACMBINA OT IIOJIAPHON OCchu
M€, Obmwmit Bug wactu nosepxuoctu Jlamiaca (st € > 0)
mokaszaH Ha puc. 1.1.

Ucrnonssyst popmyaiet (1.62), uz (1.61) mosryunm ypaBHeHMst
opouThl B cepudeckoii cucreme koopauHat Myrvl B Buje

_ 2
Arcosv =c¢ — ur,
crsinvsinl = 0.

(1.63)
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Tax Kak /oirora | He BXOIUT B IEPBOE yPABHEHHUE CHCTEMBI
(1.63) (ypaBuenue noBepxuocTH Jlamraca), ToO MOXKHO 3aKJIIO-
YUTh, ITO TA MOBEPXHOCTD SBJISETCS IIOBEPXHOCTHIO BPAIIECHUS
BOKDPYT ocu My€.

[Ipeobpasyem nepsoe ypasaenue cucreMbl (1.63) myTem pas-
peIleHs ero OTHOCHTEIBHO T, &, UCKJI0Yasd U3 PACCMOTPEHUST
npsiMoJiHeliHoe jiBuzKenue (T.e. nosarast ¢ # 0, 7 # 0, v # 0),
BTOpOE ypaBHeHue (IIOCKOCTH OPOUTHI) IIPEJICTABAM B BHJIE Pa~
BerctBa | = 0. Torna cucremy (1.63) MoKHO 3anmcarh B Buje

_ p
"T 1 ecosv’ (1.64)
=0,
IJ1e BBEJIEHBI 0003HAMEHUST
2 A
p:C—, e=—. (1.65)
7 7

Takum 06pa30oM, TPAEKTOPUIO B IJIOCKOCTHU JIBUYKCHUS TeJja
MOKHO 3aIlCaTh B BUJie (DOKAJIHLHOTO ypaBHEHWs KPUBOI BTO-
pOro mopsiJika B MOJISPHBIX KoopiauHaTax (r,v) ¢ nosrocom My,
PACIIOJIOXKEHHBIM B OJIHOM U3 (hOKYCOB:

p

- 1.66
1+ ecosv’ ( )

rae p - pOKaJIBHBIN MapaMeTp KPUBOIA, € - ee SKCIEHTPUCUTET, a
¥ - TOJIPHBIN yTroJI, OTCUYUTBIBaEMbIil OT (hokayibHOI ocu MyE.
Kpusas (1.66) MokeT ObITH 3JUIUIICOM, TTapaboJIoii, rumepoosIoit
U MX BBIPOK/IEHUSIMU - OTPE3KAMU U JIydaMu MpaMbIx. Bparenu-
€M 9TOl KPUBOI BOKPYT MOJIsipHoit ocu Myé mosrydaercs moBepx-
HocThb (1.59), KOoTOpas MOXKET OKa3aThCs JIIHICOUIOM BpAIIle-
Hus, 1apaboJIONI0M BPAIEHUs], BYIIOJIOCTHBIM TUIEPOOJIONIOM
BpAIIEHNS, OTPE3KOM HJIM JIYIOM IIPSIMOIL.

[TonstpHbIit yroy v B ypaBHEHUH OPOUTHI OTCUUTHIBACTCS OT
HaIpaBJieHus Ha OJmKaiiiyo K ey My TOUKY KPUBOIL, KOTO-
pPOE 3aJ186TCsL BEKTOPOM A. DTOT YyTOJI B ACTPOHOMUU HA3BIBACTCS
ucmurrot anomasued. Bianzkaiinas Touka OpONThl HA3BIBAETCS
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nepuyenmpom, HanboJsiee yaagseHtas - anouermpom. s peasn-
HBIX HEOECHBIX TeJT UCIOJIL3YIOTCH KOHKPETHbIE HA3BAHUS: JIJIs
Semnt - nepueet u anoezeti, njst CosHia - nepuzesut u agpeaudl,
s FOmmrepa - nepuuosuti u anouosud, nias JIyHb - nepuce-
AENUT, T anocesenud, IS 3BE3/IbI - Nepuacmp u anoacmp, JJis
Mapca - nepumapcuit u aromapcuii, 171 Beneps! - nepusenepuii
U allOBEHEepHii U T. II.

DoKaJbHYIO OCh HA3BIBAIOT TAKXKe AUHUE ancud opoumot, a
TOYKHU ee TepecevdeHus ¢ opouToii - ancudamu. Ancuasl coBra-
JIAIOT ¢ BepIIMHAMU KPUBOIl BTOPOTO TOPSIIKA.

1.3.2 OpOutaabHasag cucTemMa KOOPAMHAT

Opbumanvras cucTeMa KOOPINHAT BBOJIUTCS CJIEJLYIOITUM
obpasom. Ock Myé manpasuMm 1o BekTopy Jlamraca X, och My(
- TI0 BEKTOPY €, a ocb Myn - MepHeHuKyIIPHO K 9TUM OCAM H
Tak, 9To6bl cucrema Moén( ObLta npasoii (cm. puc. 1.1 Ha cTp.
32). ILitockocTh €1 B opbUTAIbHON CHCTEME KOOPMHAT SIBJISIETCS
[LJIOCKOCTBIO OPOUTHI.

OpThl OPOUTATBHON CHCTEMBI

& ={an, Br,r}, € ={al, By}, € ={a"3"7"}
(1.67)
HOJTHOCTBIO OIIPEJICIIAIOTCS KOMIIOHEHTAMH BEKTOPOB C 1 \:
. X -, X X R c
&= €, =" xé&=—+, G*ZE (1.68)

C momorrpio MaTpuibl A HAIPABJISIONINX KOCHHYCOB OCei
opburasbHoit cucrembl Myén( oraocurenbuo cucrembl Moxyz

Al A3 —c3he

a al o B cA c
A=|p, g p | =L Bhzak ol g

A cA c

S A3 al—oh

A cA c
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Puc. 1.2. Hcnoab3yemble opTOHOPMHUPOBaHHBIE 6a3uchl. Bece BeKTO-
PBI UCXOJISIT U3 Hadaja KoopamHarT My U 3aKaHYMBaKOTCS Ha cdepe
€IMHIIHOTO pajanyca BOKPyr M.

MO2KHO BbIPa3UTb OTHOCHUTEJIbHBIE KOOPAUHATBI 1 CKOPOCTH Ye€-
pe3 opbuTasbHbIE:

3
=A|7|. (1.70)
¢

x §

yl|l =A|n|,

2 ¢
OOpaTHblil TIepPexXo/] OCYIIECTBISAETCH C MOMOIIBIO TPAHCIIO-

HUPOBaAHHON MaTPUIIbI AT coBnagiaronmeit ¢ obpaTHOil MaTpuIieit

AL

CriestyeT 3aMeTHTD, ITO BCE 3JIEMEHTHI MaTpuiibl A - mocro-
AHHbIC BEJIMYNHBI.
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—

B opburanbHoil crucTeMe KOOpAMHAT BEKTOPBI A, C, 7 U V.
UMEIOT CJIIYIONINe KOMIIOHEHTHI:

A= {Av 0, 0}7 c= {07 0, C}v 7= {57 7, Q}, V= {Sa 7, C})
(1.72)

Pajmyc-BeKTOp 7 M BEKTOPBI CKOPOCTU B PAJIMAIBHOM V. U
TpaHCBE€PCaJIbHOM HallpaBJICHUU Vn 6yAeM 3alliCbIBaTb B BHUJE

F=re, V.=V.e V,=V,é, (1.73)
rje € u €' - eIMHUYHbIe B3aMMHO OPTOIOHAJILHBIC BEKTOPBI Pa-
JAAJIBHOIO W TPAHCBEPCAJIBHOTO HAIIPABJICHUN:

¢=A{a, 0,7}, @ ={d, 57"} (1.74)

Hanpasastromue Kocunycol «, (3, 7y, o, 3, v’ saBiusores me-
pPEMEHHBIMU BeJImIrHaMK. BepxHuii uHiekce (ITpux) o3HaYaeT
b depeHImpoBaHe 1Mo yrIoBoii lepeMeHHOM u (UK 110 v, yIu-
ThIBasl, 9TO % = ¥ + w M W = const), 3aBUCAIIEH OT BpeMeHH,
YTO COIVIACYETCS C MPABUJIOM JTUMDPEPEHITNPOBAHUS €IMHUIHBIX
BEKTOPOB.

[Tepexos oT opTOHOPMUPOBAHHOIO Oasuca €., €., €* K 6a3u-
cy €,€’,€* ocyIecTBiIsgercs IMOBOPOTOM Ha YroJl U BOKPYD BeK-
Topa €*. MOXKHO TakxKe pacCMaTpUBATh OPTOHOPMHUPOBAHHBII
6asuc €y, €y, €*, B KOTOPOM CIMHIMHLII BEKTOD €y HAIIPAB/ICH
u3 Touku My B Bocxomsiuit y3en opoutsl N. Ilepexon ot Oa-
3HucCa €y, € ]i,, €* K bazucy €y, €., €* ocyIecTBiIsercs MoBOPOTOM
Ha YroJI W BOKPYT BeKTOopa €. B3ammuoe pacroJioxkeHne 9Tux
BEKTOPOB MpeJIcTaBJIeHO Ha puc. 1.2 Ha cTp. 35.

1.3.3 KemiepoBckue 3j1eMeHTbI OPOUTHI

BmecTo mponsBOJIBHBIX IMOCTOSHHBIX €1, Co,C3, h, A1, Ao,

A3, T B aCTPOHOMHM OOBIYHO HCIOJIL3YIOTCH 0OJiee HATrIsiTHbIE

u Gojiee yJIOOHBIE TOCTOSIHHBbIE WHTETPUPOBAHUA, HA3BIBAEMbBIC
KEeNACPOSCKUMU IAEMEHMAMU opoumoL: p, e, i, 0, w, T.

JIBa 1IepBBIX KEILJIEPOBCKUX 3JIEMEHTa, p - (DOKAJIbHBIN I1a-

paMeTp U e - SKCIEHTPUCHUTET, OLPEIESTIOT pasMep u hopmy
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opOUTHI. DJIEMEHT T O3HAYAET MOMEHT ITPOXOXK/IEHUsT TEJIOM IIe-
putieHTpa opouThl. Ero Ha3bIBAIOT elne " IuHAMUIECKUM MOMEH-
TOM”, TaK KakK 9TO €IUHCTBEHHBIN KEIJIEPOBCKUN JIEMEHT, Xa-
PAKTEPU3YIONNI TUHAMUKY JIBUKEHUsI 110 OPOUTE, B OTIUINE OT
OCTaJIbHBIX JIEMEHTOB, NMEIOINX NeOMETPUIECKIIT XapaKTep.

Bce yruel Oyziem TakzKe m300pazkaTh JyraMu Ha HeOECHOI
cdepe. Ilpsimast, 10 KOTOPOIT IIJIOCKOCTH OPOUTHI IIEPECEKAETCSI C
OCHOBHO# KOOPIMHATHON ILJTIOCKOCTHIO Myxy, Ha3bIBACTCs AUHU-
eti Y3406, a TOUKH ee IepecedeHne ¢ HebecHoit cdepoit - y3.aamu
opoUTHI. ¥Y3es1, IPU MPOXOXKJIEHIN KOTOPOIo TeJIO IIepeMeIaeT-
cd U3 noJynpocrpancrsa z < 0 B mosynpoctpanctso z > 0,
HA3BIBAETCS GOCTOOAULUM Y3A0M OPOUTHI, & TPOTUBOIIOIOKHBIIN
Y3eI - HUCTOOAUUM Y3A0M.

Tpu yrioBeix ajieMenTa (2, ¢ U W OUPEIEJIAIOT OJOKEHUE
opOUTHI B IPOCTPAHCTBE. Y10 {2 B aCTPOHOMHUHU HA3bIBAETCS
donzomoti eocrodawezo yaaa. OH OTCINTHIBAETCS B IJIOCKOCTH
Myxy OT MOJIOXKHUTETLHOrO HallpaBjieHnus ocu abcruce Moz 10
HaIpaB/IeHus HA BOCXOJIAIINI y3ea opouTsl. /luanazon nuzmene-
nust yraa: 0 < Q < 27,

VroJ1 ¢ HA3bIBAETCS HAKAOHEHUEM OPOUMDBL T HAKAOHOM.
DTO - JABYIPAHHBII YroJ MEXKy IJIOCKOCTBIO MyTy U ILJIOCKO-
CTBHIO OPOUTHI, U3MeHsIomuiica B auamnazone 0 < i < 7.

V1ot w MexX Iy JIMHUeR y3J10B U JIMHUeH aIcuj] Ha3bIBaeTCs
Y2A06BLM PACCTNOAHUEM NEPULUEHMPA OM Y3AQ WA AP2YMEHNOM
wupomu, nepuyenmpa opouTsl. OH U3MEPAETCA B ILJIOCKOCTH OP-
OUTHI OT BOCXOJSIIErO y3JIa 10 HAIIPaBJICHUs Ha IEPUIIEHTP Op-
ournl, 0 < < w < 27.

Vraet 2, ¢ 1 w - 370 PAKTUIECKI XOPOIIO M3BECTHBHIE W3
TEOPETUIECKON MeXaHUKN SUIePOBBI YIJIBI IIPENeCCu, Hy TaIlun
1 COOCTBEHHOI'O BPAIIEHUsI, OIIPEIeISIONIINe OPUEHTAIINI0 OpOu-
TabHO cucTeMbl Koopauuat Myén( oTHOCUTENIHLHO Ocell cucTe-
MbI Myxyz.

B acrponoMun yriiom mpereccuu CIyXKHUT JIOJN0Ta BOCXOJIdA-
mero ysJya opouTsl ), yIJIOM HyTAIlMM - HAKJOHEHHE OPOUTHI
7, & YIJIOM COOCTBEHHOT'O BpAIIEHUs - apT'yMEHT IEePUIEHTPA W.
Vret ¢ n §) ONPeIeSIioT MOJI0KEHNE TIJI0OCKOCTH OPOUTHI B ITPO-
CTPAHCTBE, & YIOJI W - OPUEHTAIINI0 OPOUTHI B 3TOH ILJIOCKOCTH.
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CooTHOIEHUST MEKTy TPOU3BOJIHLHBIMU TIOCTOSTHHBIMU THTE-
IPUPOBAHUS U KEIIEPOBCKUMU 3jieMeHTamMu (), w, ¢ MOYXKHO I10-
JIy9uTh 110 opMmyJiaM cHepuduecKoil TPUTOHOMETPUU U3 COOT-
BETCTBYIONUX CHEPUIECCKUX TPEYTOJHLHUKOB Ha HEOECHO cde-
pe. Bepiuabl 9TUX TPEYroJbHUKOB Oy/IeM 0003HaYaTh TEMHU YKe
OyKBaMu, YTO U COOTBETCTBYyIoIue ocu. Harpumep, BepinmHa-
Mu Tpeyrosibiuka Nx( ABISIIOTCS TOYKH HeOecHOl cdepsl, 1o-
JIydeHHbBIE ee TlepecevueHreM C IOJIOYKUTE/ILHBIM HAaIPaBJICHIEM
oceit Ox u O(, a Tak»Ke C HAIIPABJIEHUEM Ha BOCXOJIAIIUN y3eJl
opoOUTHI ON. Anasornro CTPOSITCS IPYTUE TPEYTOJBHUKH, TP~
€M BEPIUHBI COEIMHSIOTCS JyTaMu OOJIBINNAX KPYTOB.

Paccemorpum cnadasia ynmoMssHy Thiil TpeyroabHuk Nx(. Yros
npu Bepmmmae N y sToro TpeyroibHuka pasen 90° — i. CtopoHa
(myra) N¢ pasua 90°, cropona N pasha (2, a cropona z( eCTh
arccos(cy/c). Ilo Teopeme KOCHHYCOB TOTJIA MOJIY UM

1 _ sinQsini. (1.75)
c

AHAaJIOTUIHO, UCIIO/IB3YsT TEOPeMY KOCHHYCOB, MOYKHO ITOJIY-
4UTh JiBe (hopMyJibl u3 TpeyrogbHukoB Ny( u Nz( B BUje
Co C

— = —cossini, = = cosi. (1.76)
c c

Paccmorpum Teneps Tpeyrosbauk Nz€ (cm. puc. 1.3). On
xapakTepusyercd yriom 180° — ¢ nipu Bepmuae N U CTOPOHAMU
N = Q, ]Tf\f =wu ;E = arccos(A1/A). Ilo Teopeme kocu-
HYCOB cos(;g) = coscosw + sin Qsin w cos(LxNE) u3 sroro
TPEYTOJIbHUKA TTOJIY THM

A
2L = cosQcosw — sin Qsinw cos . (1.77)

A

Anajiornasbie hOPMYJIbI MOXKHO BBIBECTH U3 TPEYTOJIHHIKOB
Ny& u Nz€.

Bea COBOKYITHOCTb Cl)OpMyJI, OlIpeJe/IdI0muX IMoCTOAHHBIE MH-
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Puc. 1.3. Cdepuueckuit tpeyrosbank Nz€.

TETrpUpOBaHrsd Y€PE3 KCIIJIEPOBCKHE IJIEMEHTDBI, TaKOBa:

C1

o = — =sinsin i,
c
C2 .
[* = —= = —cosQsini,
c
« _ C3 .
= — = cos1,
c
_ JZ a3
c=/C]+c3+c3=./up,
)\2_,u2
h=—735—,
c

Ay = X =
= cos ) cosw — sin 2 sin w cos 7,
5= =

= sin {2 cos w + cos ) sin w cos 1,
A3 .

’}/T—T—SIHWSIHL

A=A+ A+ N = pe,

T=T.

(1.78)
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[Tocnenmee pasencrso B (1.78) o3madaer, 9TO MOCTOSHHA
UHTEIPUPOBAHUS T COBIIAIACT ¢ MOMEHTOM ITPOXOXK/ICHHSA depes3
[EPUIIEHTD.

C momortpio dopmyit (1.78) MOXKHO OCYIIECTBUTH OOPATHBII
11ePEXO/], OT HOCTOSIHHBIX HHTErPUPOBALUsl C, \, i, T K KEILIepoB-
CKUM 3JIEMEeHTaM D, €, i, §), w, 7. JIj1s1 37010 CHAYa 18 BBITUC/ISTIOT-
cs p u e o opmysnam (1.65). Barem u3 paBencTBa ¢3/c = cosi
OJTHO3HAYHO OIpe/ieisieTcsi HakIoneHue i. [amee mo aBym Ha-
PABJISIIONIUM KOCHHYCAM €1 /C U Cy/c OJJHO3HAYHO (C yKa3aHUEeM
YeTBEPTH) OHPEJE/ISeTCs JI0JIN0OTa BoCcxojsiero y3ia . A mo
JIBYM HAIIPABJIIONINM KOCUHYCAM BEKTOPA \ TAKKe OJHO3HAM-
HO OTIPEJIeJISIeTCsl APIYMEHT TIEPUIEHTPA W.

Ypasuenusi (1.78) onpenessaioT BbIpayKeHusl JIJIs HAIIPABJIsi-
onux Kocuuycos oceit O§ u O( depe3 yrioBble KeIJIEPOBCKHUE
971eMeHThl opouThI €2, i, w. AHAJOTUIHBIE BBIDAYKEHUS /IS Ha-
MPABJISTIONTIX KOCHHYCOB ocu (1) UMET BUJ

/ Cg)\3—C3)\2 . . .
a = ———"= = —cos{)lsinw — sin {2 cos w cos 1,

T cA
, Al — 1A
B, = w = —sinQsinw + cos Qcoswcosi, (1.79)
c
’ Cl)\g — CQ)\l .
v, = —————— = coswsini.
cA

1.4 OO0iee pemnieHue

Obmiee pemienne 3aJa9u ABYX TEI MOMKHO IOJYYUTD U3
obrero uaTerpada (1.57), npejcraBisionero coboit He 9To HHOe,
KaK HedBHYIO (pOpMY 3a/iaHus OOIIEro pereHus.

1.4.1 OO01iee pernenue
B OpOMTAJIbHBIX KOOPAMHATAX

B stom pasnene paccmarpuBaercs jgBuxkenue teja M B
OopOUTATBHBIX TPAMOYTOIbHON Moén( n mummaapImdeckoit Morv(
cucremax koopauHat. llosiokenune opbuTa/bHON CHCTEMBI KO-
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Op/INHAT B TPOCTPAHCTBE OIPEJIEISIeTCS TPeMsl KeIJIePOBCKIU-
Mu sjeMmentamu €2, 1, w. donarora Bocxojsiero ysiaa () u Ha-
KJIOHEHUE { OIPEJIE/ISIOT TOJI0KEeHNe TI0cKocTu opouthl Myén,
a apryMeHT IEepUIeHTpa w omnpejenser nojoxenue ocu Myé B
tockocT opouThl. [Ipn mepexoae oT OTHOCHUTEILHON CUCTEMBI
Myzyz x opburanbroil cucteme MoEn( KEIIepOBCKUE JIEMEHTHI
), 1, w canTatoTcd n3BectTHbiMu. [loaToMy 0bIiee perrerue B op-
OUTAJIBLHON crcTeMe KOOPAUHAT 3aBUCUT TOJIBKO OT TPEX OCTaB-
IIAXCsT KEIJIEPOBCKUX 3JIEMEHTOB P, €, T, KOTOPbIE MOXKHO Pac-
CMATPUBATh KaK MPOU3BOJIbHBIE MMOCTOSHHBIE. DTO OTPAYKEHO B
nocieayomnieit opmyre (1.92), B Koropoit (hboKaIbHBINA Hapa-
METD P, SKCIEHTPUCUTET € U BPEeMs IMPOXOKICHUST depes3 Iepu-
HEHTP 7 BXOAAT B obliee perienue Jjisg opOMTaIbHON CHCTEMbI
EnE N, ¢ =0, =0, asnemertst ()i, w MOABJISIOTCI TOJIb-
KO TIPH TIepexojie K OTHOCUTEILHOM cucTeMe KOOP/IMHAT TTOCPe I
CTBOM HAIIPABJISIONIX KOCUHYCOB O, B, Yoy Oy By Y.

Sajiaga onpeje/ieHns: OOIIero peneHns B OpOUTAIBHBIX KO-
OpJIHATAX CBOJUTCA K IOy YCHUIO 3aBUCUMOCTEI:

&,m, é, n || t,p,e.T, - mas upsamoyrosbHoit cuctembt Moén(,

r,u, 7,0 || t,p,e, T, - Iag nUIMHIApHIecKoil cucteMbr Myru(,
(1.80)
a anmmkaTa ¢ U ee IMpoOu3BO/IHaAs C TOYKJIECTBEHHO PaBHBI HYJIIO.
YpaBHeHue oOpOUTHI B HOJISIPHBIX KoopauHaTax (1.66) cBs3bl-
BaeT repeMeHHbIe 7 1 v. /715 BBIBO/IA 3aBUCHMOCTH BEJIUYIUH T
7 U OT BPEMEHH PAacCMOTPUM HMHTEIrPaJI IO i€l B IUJIMHIPU-
Jeckoii cucreme koopauuat. Cradasa u3 (1.35) mpu ¢; = co =0
U Cc3 = ¢ Cc yudeToM ( = C = (0 3anmiemM nHTErpaJl IJIoma/Ieil B
OpOUTAILHBIX JIEKAPTOBBIX KOODJUHATAX B BUJIE

& —ng=c (1.81)
a 3aTeM IIyTeM 3aMeHbI ITePeMEHHbBIX

& =rcosv, & =rcosv —rosinv,

n =rsinv, 7 = 7sinv + rocosv (1.82)
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u3 (1.81) mosydaum MHTErpas IIoma/ei B IUINHIPIIECKON Ci-
creme koopjuaat Myrv(

o =c, (1.83)

rjie 7 onpegessiercs gopmysioit (1.66).
VuTerpupyst 3T0 paBeHCTBO, MOy IAM 3aBUCUMOCTD BPEMEHI
t OT MCTUHHOI aHOMAJIUU U B BUJE

v

J:/@p—dv:c(t—f), (1.84)

+ ecosv)?
0

rJie IPOU3BOJIbHAS MOCTOSHHAS T (MOMEHT MPOXOXKJICHUS de-
pe3 MEPUIEHTP) COOTBETCTBYET 3HAYCHUIO UCTHUHHON aHOMAJIUK
v = 0. DT0 ypaBHeHHE MbI OyIeM HCIIOJIB30BAThH B JaJIbHEHIeM
BMecTo uHTerpasa (1.55), 3aBucsInero siBHO OT BDEMEHH.
Besmanny ¢ moxHO mosydanth u3 (1.83), a BesmdmHy 7 -
muddepentmposanrem paserncrsa (1.66) r = p/(1 + ecosv):

] c ] p(—esinv)v ec .
_ - = £\ v . 1.85
VT " (1+ecosv)?2 p S (1.85)

[TojicraBiss 0y YeHHbIE 3HAUEHUSI JIJisi U U T B BHIPAYKEHHSI
(1.82) mist € u 1) ¥ yIUTHIBasi, 9TO 3aBUCUMOCTD ¢ OT v 3a/aeT-
cst opmyitoit (1.84), momyuum obiree perieHre B OpOUTAIBHOIT
[IJINHJIPUYECKOIl CHCTeMe KOOp/IMHAT

p . €ec .
r= (1—}—60@051})’ r:?smv,
t:7'+1/—p2 dv ®:£(1+ecosv)2.

c) (1+ecosv)? p2

’ (1.86)

C yuerom (1.86) obrree perieHre B OPOUTAJBHBIX MTPSIMO-
YPOJIBHBIX KOOpJMHATaxX Oyier 3agaBaThest dopmyaamu (1.82)
nocsie obparennst uarerpasa (1.84), T.e. mosyvYeHus 3aBHCHMO-
CTH UCTHHHOW aHOMAJIMK ¥ OT BpeMeHu t.
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PaILI/IaJIbHaH u TpaHCBepCaJibHad KOMIIOHECHTBI CKOPOCTHU /IBU-

JKeHust Tesa M 1pecTaBIAoTCs B BUIE
. ec . . C

V, =7 = —sinv, Vo =10=—(1+ecosv), (1.87)
p p

a CaMa CKOPOCTD 3allUCbIBacTCdA B BUJIC:

: 2
VZ\/€2+T']2:\/—'u—i-h:E\/leQecosijez. (1.88)
r D

1.4.2 OOGmiee periienne ypaBHEHU
OTHOCHUTEJIbHOTO JIBU2KE€HUS

Paccemorpum na nebecnoii cdepe chepudeckuii Tpeyroib-
nuk NMx, vie M - npoekius TeKyIero mnojoxenus tejaa M
Ha nebecuyio cdepy. CTOpoHaMu 9TOro TpeyroJbHIKa ABIAIOTCH
JIyTu OOJIBITTIX prrgB\xN =0, NM =u=w+v - apeymenm
wupomor texa M, xM = arccos(z/r). Yroa npu Bepimte N
pasen 180° — i. IIpu v = 0 Tpeyrombuuk N Mz npeobpasyercs
B Tpeyrosibuuk Nz, nzobparkennniii Ha puc. 1.3 na ctp. 39. Ilo

TeopeMe KOCHHYCOB C(PepUIecKoil TPUTOHOMETPUH U3 TPEYTOJib-
HukoB NMx, NMy u N Mz nomydnm

x =ra =r(cosQcosu — sin 2 sinu cosi),
y =1 =r(sinQcosu + cos Qsinu cosi), (1.89)
z =717y =rsinusini.

Hamnpassromume KocuHycoI o, 3,y painyc-BeKTOpa 7~ OTHOCH-
TeJIbHO oceil cucteMbl Myxyz 3/1eCh MOXKHO 1oty anThb u3 (1.78)
3aMEHOI apryMeHTa TMEePUIEHTPa W Ha apryMeHT ITUPOTHI U.

Borauciss myrem jauddepeHinupoBaiust 110 BpeMeHn ¢ KOM-
[OHEHTBI CKOPOCTEH, IOJIydrM O0DIlee pelleHre ypaBHeHuii OT-
HOCHUTEJIbHOIO JIBUZKEHUsI B BUJIE

T =rao, T =ra+roa’,
y=rp[, y=r0+ros’, (1.90)
z=ry, Z=ry+roy/,
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rjie
o = cos {2 cosu— a’ = —cosQsinu—
— sin Q) sin u cos 1, — sin ) cos u cos 1,
B = sin € cos u+ [’ = —sin Qsinu+
(1.91)
+ cos ) sinu cos, ~+ cos ) cos u cos i,
v = sinwusin, ~v! = cosusini,
uU=w-+v,

a IMITPUX O3HAYAET IPOM3BOHYIO 110 APIYMEHTY IIHPOThI:
(..) =d(..)/du.

K s1Mm cooTHOMeHUsAM cireyeT 106aBuTh ypasHenus (1.86).

OO6iriee pellieHre MOYKHO BBIBECTU JIPYTUM ITYTEM, HUCIIOJIb-
3yd pelienne B opoOUTAILHBIX Koop/mHaTax. B aTom cirydae Ha-
[PaBJISIONEe KOCUHYCHI OY/IyT HOCTOAHHBIMY BEJTMYUHAMUI, UTO
YJIO0OHO TIPU BBIYUCIEHUE KOOPJIMHAT U CKOPOCTEH J1jisi GOJIBIIOro
YKC/Ia MOMEHTOB BPEMEHH.

Ucnonbsys dopmyasr (1.70), obiee perierne B 3TOM CJIydae
MOYKHO [IPEJICTABUTH B BUJIE

~

T T ar  a )
. £ ¢

y g |=|8 B s (1.92)
: A

z z Y 7

e BemanHbL €, 1),€, 1) OUpejensior obliee pelenue B OpOu-
TaJIbHON cucTeMe KoopauHat 1o dopmystam (1.82) u (1.86).

1.4.3 YpaBuenue bBune

Jlpyroii crrocob moJiyuenns TPAeKTOPUHU JIBUKEHUS B 3a-
Jlade JIBYX TeJl CBSA3aH C ITMPOKO M3BECTHBIM ypaBHeHneM BuHe.
9TO YpaBHEHUE 3allUCbIBaCTCAd B HI/I.HI/IH,ZLpI/ILIeCKOIU/I CUcCreMe KO-
opauHat Myre(, nogydaioneiics 3 pacCMOTPEHHON panee Ch-
crembl Morv( myTem noBopoTa BOoKpyr ocu My( Ha HEKOTOPBIi
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yToJ w* COTJIACHO PaBEHCTBY:
p=v+w". (1.93)

DTO oO3HAYAET, UYTO HAIPABJEHUE IOJISIPHON OCH B ILJIOCKOCTH
¢ = 0 B cucreme Myre( BboIOUpaeTCs IPOU3BOJILHBIM, B TO Bpe-
Ms Kak B cucreme Morv( noJiipHast OCh BCErJia HalpaBjieHa Ha
[IEPUTICHTD OPOUTHI.

Ucrionb3ys obosnadeHus

F=16 F=7ré+r¢e, r=7ie¢—ro’c+ 2rpe’ +rge’, (1.94)
F={r0,0}, 7= {r,re, 0}, 7= {F —r? 27¢ + 1@, 0} (1.95)
N N3BECTHLIE U3 TeOpeTI/I‘IeCKOﬁ MEXaHUKN HpOGKLLI/II/I yCKOpeHI/IH

Ha pa/JuaJibHOE, TpaHCBEPCAJIbLHOEC U 6I/IHOpMaJIbHOG HallpaBJie-
HUA

S e .92 .. . X

r= {T —res, 2T90 + 71, C}v (196>
MOXKHO 3amucarh JauddepeHiua buble ypaBHeHnsT OTHOCUTE b
HOrO JBUKeHud Teja M

_ U _ {—ﬂ 0,0} (1.97)

or r2’

=y

B CKaJIApHOi dopme
r—rp-=—= 27 ro =——(r =0 = 0.
@ =l prrg=-——0"¢)=0 ¢
(1.98)
U3 Broporo ypasuenus (1.98) mosydaeM mHTErpaJ IIOMA-
Jell B BUJE
¢ = c. (1.99)
[TomcraBiisst ¢ U3 9TOro ypaBHeHUs B iepBoe ypasrenue (1.98)
U Jle1as 3aMeHy ePEeMEeHHBIX 110 (bopMyIam

1 d2 *
dp = T—Cth, ut = —» ToecTh = —ctu? d:Q , (1.100)
MIOJIyunM ypaBHeHHe Dune
L p
. (1.101)

dy c
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VpaBuenne Bune siBjsiercst IMHEITHBIM HEOIHOPOIHBIM (-
depeHIUaAIbLHBIM YpaBHEHUEM BTOPOT'O MOPSJIKA C IIOCTOSTHHBIMU
ko3 durmentamu. Ero obimee perieHne nMeer BUL

H .
ut = §+Cl cos ¢ + Cysin g, (1.102)
e Ch u Cy - TpOM3BOJIbHBIE TIOCTOSIHHBIE HHTETPUPOBAHMS.
BwMmecto nocrognnbix € u C'y MOXKHO BBECTU BEJIUYUHDLL € U
w* o dpopmystam
e e

Cy = —cosw”, (9= —sinw” (1.103)
p p

U C y4eTOM 3aBUCHUMOCTH p = ¢2/u 3anmcaTh obliee peleHue B
BUJIE

1 e
ut = —+ —cos(p —w"). (1.104)
p p

YuanteBast (1.93), orcioga mosydnMm ypaBHeHHE OpOUTHI B
y2Ke n3BecTHO popMe (hOKaJILHOIO ypaBHEHN T KOHIYECKOTO Ce-

YCeHUS
p

= 1.105
1+ ecosv’ ( )

raiev=e— w* - UCTUHHAY aHOMAJIU.

1.5 O6mmuii naTerpaj u
oOl11lee pellleHUe ypaBHEHUii
abCOJIFOTHOIO JBM>KEHUS

B HEKOTOPBIX aCTPOHOMUYECKUX 3a/a49aX JIJIst OUCAHNS IBU-
JKEeHUI HeOECHBIX TeJI UCIIOJIb3YeTCs abCOIOTHAS CHCTEMA KOOP-
muaar OXY Z (em. dopmyist 1.2). Takue apuzkennst paccmar-
PUBAIOTCSA B 9TOM pasJieJie.
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1.5.1 IlepBble uHTErpaJibl ypaBHEeHUI
abCOJIIOTHOIO JBU>KEHUSI

Kpowme mrectu uHTErpasios JApuzkerus rentpa mMace (1.18)
u (1.19) muddepennuanpusie ypasaenust (1.9) momyckaor Tax-
JK€ CYIIECTBOBAHME WHTEIPAJIOB MOMEHTA KOJMYECTBA JIBHUIKE-
HUsl, MHTerpajia SHepruu, uHTerpajos Jlamiaca u uHTErpasa,
COJIEPZKAIIETO SIBHO BPEMS.
1t moJtyueHns HHTErpajioB MOMEHTA KOJIMIECTBA, JIBUKE-
HUsI YMHOXKHUM [1epBoe ypasHenue B cucreme (1.9) BeKTOpHO cJie-
Ba HA fy, & BTOPOE - HA ) U CJIOKIM:

ou

aﬂo op ( )

Mofy X o+ mp X =Py X 7=

B mpaBoit wacTu MoJIy4eHHOTO paBEeHCTBa 3allicaHa CyMMa
MOMEHTOB CHJI, JEHICTBYIOIIUX HA TeJia. DTa CyMMa PaBHA HYJIIO,
TaK KaK CHJIbI, JIeiCTBYIOINE Ha Tesa, PACIOJIOKEeHbl Ha OJTHOM
IIPSMOI, PABHBI 110 BEJIMYNHE U IIPOTHUBOIIOJIOZKHO HAIIPABJIEHBI.
[Tosromy, narerpupysi ypasaenue (1.106), moy<auM BeKTOPHBII
HUHTErpaJl MOMEHTa KOJIMIECTBA JIBUKEHUST (MJIN KHHETHIECKOTO
MOMEHTa) B BUJIE

Mofo X o +mp X p=Cy, (1.107)

rie €, = {Ca1, Ca2, Cq3} - BEKTOPHASI IPOM3BOJIbHASI TIOCTOSIHHAS.

nTerpast SHEPrUM HOJLYIUM Iy TeM CKAJIAPHOTO yMHOKEHHUST
[epBoOro ypapHeHust cucreMbl (1.5) Ha Py, a BTOPOro - Ha J, T10-
CJIEJIYIONIErO MX CJIOXKEHHsI ¥ WHTErPUPOBAHUSA:

m? m&—7mm ha, (1.108)

e h, - nocrostuHast sHeprun. B jesoit yactu ypasaenus (1.108)
CTOUT IOJTHAST MEXaHIYeCKasi SHEePrHsi JIBOHHON crcTeMbl. B or-
JIMYIe OT OTHOCHUTEJLHOTO JIBUZKEHWsI [PU 3aliCh HWHTerpaJia
SHEPIUHU 3J/1€Ch HE IIPUHATO YMHOXKATH €0 JIEBYIO YacTh Ha J[Ba.
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JLis1 BbIBOJIa MHTErpaJsioB Jlamiaca yMHOXKUM BEKTOPHO CIIpa-
Ba Ha C CHavaja repBoe ypasHenue cucrembl (1.5), a 3arem -
BTOPOE, U BBIYUTAs U3 BTOPOI'O PABEHCTBA II€PBOE, MOJTYIUM:

mom

(mp — mopy) X ¢+ 2f (7 —po) x¢=0. (1.109)

Yuureisas coornomtenue d/dt(7/r) = —(7 x &)/r3 (cm. dop-
myuiet (1.45)), ypasnenue (1.109) MOXKHO 1IpeJICTABUTH B BH/IE

d d (T
dt(mp Mopy) X 2fm0mdt <;) =0. (1.110)

I/IHTerI/Ip}/'H, OTCIOla ITIOJIYIUM HMCKOMBIEC UHTEI'DaJIbI Jlamna-
Ca B BEKTOPHOM BH/IE

—»
—

(mp — mopo)xc—meom— Aa, (1.111)
T

rime A, - BeKTOpHasd IocTosiHHas Jlarraca B abCOIIOTHOM JIBU-
JKEHUM.

WuTerpas, cogepzKaliuii sBHO BpeMsi, MOYKHO 3aIliCATh B BH-
ne, anajgornanom (1.55):

de-&) _,
[ o=t (1112)

rjie ¢ - HekoTopas yHKius pasnoctu abcrcee (€ — &p).
[Mosyuennsre unrerpassr (1.107),(1.108), (1.111) u (1.112)
BMecTe ¢ uaTerpasamn nentpa mace (1.18) mopy + mp = @
u (1.19) mopy + mp = at + b OIIPEJIEJISIIOT OOIIMIA MHTErpaJl
ypaBHeHuit abcoII0THOTO JIBUKeHus. MexK 1y sTuMu uaTerpasa-
MU TaKzKe CYIIECTBYIOT JIBE 3aBUCUMOCTHU. VX MOYKHO 110JIy4nuTh
U3 BBIBEJIEHHBIX paHee coorHorenuii (1.49), ecin 3HaTh 3aBuUCH-
MOCTH M€Ky HMOCTOAHHBIME WHTEIPUPOBAHU B aOCOIOTHOM U
OTHOCUTEJIHHOM JIBUKEHUM, KOTOPBIE IIPUBEIEHBI HUKE.
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1.5.2 CBs3b IMOCTOSHHBIX MHTETPUPOBAHUST
ypaBHeHMiT abCOJJIIOTHOIO 1
OTHOCHUTEJILHOI'O JIBU>KEHUIA

Mek 1y HpOU3BOJILHBIMU ITIOCTOSHHBIMUA aOCOIIOTHOTO U
OTHOCHUTEJIbHOTO JIBUZKEHUI CYIECTBYIOT CJIETYIONIE 3aBUCUMO-
cTu

(mg +m)c, = memc + b x a,
2(mg + m)h, = momh + a2, (1.113)
(mo + m)Xa = 2momA — (mg — m)a@ x .

st mokasaTesibCcTBa CHPABEJINBOCTH STUX 3aBUCHUMOCTE
B HUX HYKHO TIOJICTABUTH BBIPAXKEHUS /I MMOCTOSHHBIX WHTE-
IpUpOBaHUs B aOCOJIIOTHOM U OTHOCUTEJILHOM JIBUYKCHUU U€pe3
KOOP/IMHATHI U CKOPOCTH.

Eciin B nepsoe ypasuenue B cucreme (1.113) Bmecro € u ¢,
[IO/ICTABUTH

E=FXF=(F=po) X (F— ) u Co=mofox po+mpxp,
(1.114)

TO TIOJTy IIM
(mo + m)c, — memé = m3py X po + mompy X p+

+momp X po + m2p x ﬁz_}(mopo +ﬁmp_’) X (mopo + mp) =
= (dt+b) xad=>bx
(1.115)
9TO JIOKa3bIBaeT CIPABEJIMBOCTD IePBOro u3 ypasrenuii (1.113).
Eciin jasiee BOCIOIB30BATbCS BBIPAYKEHUSIME JIJIsi HHTErPa-
JIOB HEPTUU B BUJIE

mo+m . mo+m
h=V?—2f——— =52 —2pp+p” 2f0f;
-9 9
Po P momm
ha: _ - )
Moy Mg r

(1.116)
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TO TI0CJI€ TIPUBEJIEHUsI MOJOOHBIX UJIEHOB BTOPOE ypDABHEHWE B
(1.113) moxkno 3anmcars B ¢hopme

2(mo + m)ha — momh = (mZpE + mempe + memp? + m?p?)—

—mom(p — —20f + §2) = (miE +m2p?) = .
(1.117)
OTUM yCTaHaBIMBAETCA CIIPaBEJITBOCTH BTOPOI'O COOTHOIIIE-
mus u3 (1.113).
[ noKa3aTesIbCTBa TPEThero ypaBHEeHHA U3 3aBUCHMOCTel
(1.113) BOCIOJIB3yEMCsT COOTHOIICHISIMA

v LohN o T . SN o T
A= (p—po) XC—f(moer);, Aa = (mp—mopo)xc—meom;

(1.118)
u npeobpaszyeM BhIpazkeHue (mg + m)A, — 2moma:

(mo + m)Aa — 2moemA = (mg + m)(mj — mofy) X é—
—2mom(p — po) X &=
= [(momp — m2py + m25 — mompo) — (2memp — 2memy )] x
X& = [m(m — mg) g+ mo(m —mg)py)] X €=
)a X C.
(1.119)

Taxkum obpasom, Bce 3apucumoctu (1.113) mokazamsr. s
6apuUIeHTPUYIECKOI CUCTEMbI KOOPAMHAT STU 3aBUCHMOCTH YIIPO-

= (m —mg)(mopy +mp) x &= (m —my

MAIOTCS, TaK KaK B 9TOM cjy4dae d = b = 0.

1.5.3 OO0miee periienne ypaBHEeHU
abCOJIIOTHOTO JIBUKEHUSI

Ecim ompejiesieno obiee perienne BEKTOPHOTO ypaBHe-
HIsI OTHOCUTEJILHOTO JiBuzKenus (1.25), To obiee perieHne ypas-
HeHUil abcoToTHOrO BuzKeHus (1.5) MOKHO MOy InuTh 6€3 po-
HeAypbl MHTEIPUPOBanus. s 9TOro, MCHOIL3Ysd ypaBHEHUSI
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(1.18), (1.19), (1.24), 3anuiem JBe cUCTEMbI JTMHEHHBIX ypaBHe-
HUi OTJEJIBHO JIJIS KOOPJUHAT 1 CKOPOCTEl

mp + mopy = at + b, mp + mopo = a

C OJIMHAKOBBIM olpejiesiutesieM cucteM A = mg + m # 0.

Pemmrag sty cucremy, momydmm oOiree perreHne abCOJIOTHO-
ro JIBUKEHUS B BHJIE Y€THIPEX BEKTOPHBIX (12-TH CKaJsSIpHBIX)
YPaBHCHUIA:

5 m R 6t+b iR m N a
0 — — ) 0 — — T+ ;
mo +m mo+m mo +m mo +m
N mo - 6t+b AN mo 5 a
P = r ) p= 4+ ,
mo +m mo +m mo +m mo +m

(1.121)

IJle KOMIIOHEHTBI BEKTOPOB ©* U ¥ OIPEAEIISIOTCs (hOpMy/IaMu
(1.90) nmm (1.92).

D10 00IIee perenne ONpeesieT KOOPAUHATHI U CKOPOCTH
ten My nu M B 3aBEUCHMOCTH OT BpeMeHU U 12 IMPOU3BOJILHBIX
ITOCTOSAHHBIX

ﬁOaﬁ?ﬁO7ﬁHt757 l_)»’p, €7i797w77—7 (1122>

I/Ie BEKTOPHBIE ITIOCTOSHHBIE HHTEI'PAJIOB JIBUKEHNS IIEHTPA MacC
aub BxoJAT B ypaBHeHust (1.121) gBHO, a KeluiepoBCcKue 3Jie-
MEHTBI - HESIBHO, ITOCPEICTBOM BBIPDAXKEHUI JIJIsl T 1 7.
Hpuxxenusa ten My u M TpoUCXOJAT 110 KOHUYECKUM ceve-
HUSAM, T€OMETPUYECKH IMOJ00HBIM KOHUYECKOMY CEUYEHUIO B OT-
HocuTe/IbHOM JiBuzkeHun. KosddurmenTo mojiodust ycranaBiiu-
BAIOTCA COIVIACHO yPaBHEHUSAM OapUIIEHTPUUECKOTO JIBUZKCHUS
(1.30). Drcuenrpucurersr opour teix My u M Beerjma ojuHa-
KOBBI. JIuHus, coeauudronias Tejia BCETJIa ITPOXOJIUT Uepe3 UX
o0t EeHTp Macce. 3HaYeHHe UCTUHHOW aHOMAJIMU Uy TeJI TaK-
»Ke Bcerja OJMHAKOBOe, HO OTCUYET MCTUHHOM aHOMAJIUN BeJIeTCs
OT JInaMeTPaJIbHO IIPOTUBOIIOJIOXKHBIX HalpasjieHnii. [To u3sect-
HBIM OapUIEHTPUIECKUM JIBUKEHUSIM TeJI JIETKO ITOCTPOUTH OT-
HOCHTEJIbHOE JIBUYKEHUE, MCIIOJIb3ys 3aBUCUMOCTL I° = § — §j.
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1.6 Tumbl HEBO3MYIIEHHOI'O JBUXKEHNS

Pesynbrarsl poBe/IEHHOIO MHTErPUPOBAHUS TTO3BOJIAIOT

cchopmympoBaTh JBa MEPBLIX 0000IIeHHbIX 3akona Keruiepa.

[lepBbIit 3aKOH: HEBO3MYIIIEHHO OPOUTOI SABJIIETCH KPUBas
BTOPOT'O TOPsIJIKA, B OTHOM 13 (POKYCOB KOTOPOIl PACIOJIOXKEHO
[PUTATUBAIOIIEE TEJIO.

Bropoit 3akomn: miomajib, oMeTracMas PaJInyCOM-BEKTOPOM
JIBUZKYIIETOCS TeJla, M3MEHAETCS ITPOITOPIUOHAIBLHO BPEMEHH.

QopMyIUPOBKY TPETHETO 3aKOHA PACCMOTPUM JIaJIee JIJIsl 3JI-
JINIITUYECKOT'O JTBUZKEHUS.

1.6.1 Ompenesenue Tura opoONTHI

W3 xypca aHaInTUIeCKON T€OMETPUN M3BECTHO, UTO yPaB-
Herne (1.66) B 3aBUCHMOCTH OT SKCIEHTpUCHATETA € U (DOKAJb-
HOT'O IapaMerpa P OLPEJIeseT CJIe/IYIONUe TUIILI OPOUT:

p#0 e=0, - OKPY?KHOCTb,
p#0 0<e<, - 3JLINIIC,
p#0 e=1, - mapabouia,
p#0 1 <e< oo, - runepboa,
p=20 e=1, - TIpsMas.

2 2 2 2

YauThIBasi 3aBUCUMOCTH ¢° = up, € = A\/p u A*> = pu? + he?,
TUI OPOUTHI MOYKHO YCTAHOBHUTD 110 IPOU3BOJILHBIM IIOCTOSTHHBIM
UHTErpUpOBaHus ¢ u h:

c#0, h = —%, - OKPY?KHOCTb,
c#0, h <0, - BJLINIIC,

c# 0, h =0, - mapabo.ia,
c# 0, h >0, - runepboia,
c=0, h — mobas, - TIpsMas.

Tur opOUTHI MOXKHO TAK2Ke OIIPEICTUTh 110 HAYaJIbHBIM yCJIO-
BUAM V, g U HAJIAJILHOMY YIJIy 0y MEXK]Iy BeKTOpamu Vo U T,
YUIUTBIBasI, 9T0 h = V02 —2u/ro u ¢ = 1oVpsin dp:
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sindg =1, Vo = ﬁ, - OKPY2KHOCTb,
To
. 2u
sin dg # 0, Vo </ —, - BJLINIIC,
To
. 21
sin §g # 0, Vo=14/—, - mapabo.Jia,
To
. 21
sin &g # 0, Vo >/ —, - TunepboIIa,
To
sindg = 0, Vo — mmrobast, - IpsIMAas.

Ckopoctb, onpegensemast 1o dopmyiae V. = y/u/r, Ha3bl-
BaeTCd nepeotl Kocmuueckol WA Kkpyz060t CKOpOCThIO. Takoit
CKOPOCTBIO 0obJiajiaeT Tesio M 1pu JBUKEHUM 110 KPYTOBOI Op-
6ure paguyca r. Ckopocts V' = 1/2u/r HasbBaeTCa 6mopot
KOCMUYECKOT, Napabosuteckoti MIH CKOPOCTBIO 0C80002t1cOeHU.
Teso, obyraaromiee Takoil CKOPOCTBIO, MPH t — 00 YIAJSIETCS
OT IEHTPA IPUTSZKEHUS HA OECKOHETHOE PACCTOSTHUE (C HYJICBOI
CKOPOCTBIO Ha OECKOHETHOCTH).

Jaee paccMOTPUM sIBHBIN BIJI 3aBUCUMOCTH UCTUHHON aHO-
MaJIMd OT BPEMEHU U, B KOHEYHOM CYeTe, aJITOPUTM pacHeTa Ko-
OpJIMHAT W KOMIIOHEHT CKOPOCTH KakK (DYHKIIUN BpEeMEeHU st
KasKJI0T0 TUTIA JIBUYKEHUSI.

1.6.2 Kpyrosoe aBukeHne
(p#0, e=0)

Kpyrosoe jBmxkenue mpejicrasiiser coboii HanboJiee mpo-
CTOM ciryvail IBUKeHUs B 3a/lade JBYX Tesl. ToJIbKO JjIs KPyTro-
BOTO JIBUKEHUsI (M IIPSIMOJIMHEHHOTO JIBUYKEHUsI C HYJIEBOI SHEp-
rueil - cM. jiajiee) KOOPAMHATHI U KOMIIOHEHTBI CKOPOCTHU JIBU-
JKYIIErocs TeJia BBIPAXKAIOTCH SABHBIMU (DYHKIIMSIMU BPEMEHHU.
JleficTBUTE/ILHO, TIPH JIBUXKEHUS 110 KPYTroBOil opbute pajmyca
r = p = a opOUTAJILHBIE MPSIMOYTOJIbHbIE KOODJIMHATHI U KOM-
IIOHEHTBI CKOPOCTEH MPEeACTaBIAIOTCA B BUJIE:

& =acos M, S:—ansinM,
(1.123)
n = asin M, 7 = an cos M,
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rae M = n(t —7), n = \/u/a®? - nocrosiHnas yriosas cko-
POCTB JIBUZKEHU 110 KPYTOBOI opbuTe.

1.6.3 DaaunrudeckKoe IBUXKEHUE
(p#£0,0<e<1)

Kanonunveckoe ypaBHEHHE 3/ITUIICA B IPAMOYTOJIBHBIX KO-
opaunarax O&'n' ¢ nagasom O B 1ieHTpe 3juHIICa U HOKAIBHOM
ocbio O& mmeer BuI

§/2 /

——-+—?;;:: 1, (1.124)
rjie a - 6OJIbLHa${, a b - majaga IIOJIyOCH JJIJIUIICA. HOJIy(bOKyCHOG
PacCTOAdHUE C = a€ CBA3aHO C IIOJIYOCAMUN 3aBUCHUMOCTDLIO

2= b+ OTKYy/Ia b=aVv1—e? (1.125)

a (bOKAJILHBII TTapamMeTp OpOUTHI BhIPAXKAETCS Yepe3 OOJIBIITYIO
[IOJIyOCh U SKCIEHTPUCUTET (POPMYJIOit

p=a(l—e?). (1.126)

Bumecre ¢ ypasuenunem (1.124) 6ygem paccmaTpuBaTh apa-
MeTpUYecKue ypaBHEHUS 3JIJIMIICA:

& =acosk, n =bsinE, (1.127)

rje £ - yroj ¢ BepHIMHOI B IIEHTpE 3JUINICA, OTCYUTHIBAEMBIiT
or ocu O B MOJOKUTETHHOM HAIPABJIEHWUHU, T.e. IPOTUB XOJa
CTPEJIKH YaCOB. DTOT yroJl Ha3bIBAETCS IKCUEHMPUUECKOT AHO-
masueti. Ha puc. 1.4 mposejiero moctpoenue Touku M Ha 31U
ce 110 33/TAHHBIM 3HadeHusM a, b u E. Ypasuenns (1.127) npeso-
CTaBJIAIOT YI00HYIO BO3MOXKHOCTb F€OMETPHYECKOTO IIOCTPOEHUS
9JUINICA 110 Py TAKUX TOYEK.

1 mostydeHns 3aBUCHUMOCTH MeXK/1y MUCTHHHON WM SKCIEH-
TPUYECKOM aHOMAJIMAMHI BOCIIOJIb3yeMcs (hOpPMyIaMi Hepexoia
or cucrembl kKoopauunatr O&'n' k opburanbHoit cuctreme Moén B
nockocTu opouTs! ¢ = 0:
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E=¢ — ae, n=n. (1.128)
YaunrsBaz (1.82), (1.125), (1.127) u (1.128), orcioga mosty-

YUM CUCTEMY JIBYX YPaBHEHUI ¢ TpeMs NePEMEHHBIMU BEJIUYU-
Hamu r, v u K-

& =rcosv=a(cos £ —e),

n=rsinv =ay1 —e?sin E.

Ecyin u3 31X ypaBHEeHUN HCKIIOYATD SKCIICHTPUIECKYIO aHO-
MaJIMIo, TO TIOJIyYUM ypaBHeHHe KoHudeckoro cedenus (1.66).
Nckmovuas NCTUHHYIO AaHOMAJIAIO IIyTeM BO3BEJIEHUS YPaBHEHMIT
(1.129) B KBajIpaT U MOCJIEYIONIEr0 CJAOXKEHUS, Oy IUM 3aBU-
CUMOCTD IIOJISIPHOTO paJinyca I U BEJIMYUH 7 £ 7" COS U OT IKCIEH-
TPUYECKOl aHomaymu F B BHjIE

(1.129)

r=a(l —ecosF), (1.130)

r+rcosv=a(l —ecosv)+a(cos E —e). (1.131)

Beipazkenns juist (r+&) u (r—¢) ¢ yaerom (1.129) u (1.130)

MMEIOT BT
r+&=r(1+cosv)=a(l—e)(l+coskE),
(1.132)
r—&=r(1—-cosv)=a(l+e)(l—coskE),

WJIA, TEPEX0/id K MOJOBUHHBIM yIlaM W U3BJICKad KBAJPATHBIN
KOPEeHb, IPUXOJIUM K PABEHCTBAM:

E
\/;cosg =+/a(l —e)cos X

E
\/Fsing =+/a(l +e)sin X

Orcrona, genernem Broporo coorrornernst B (1.133) Ha mep-
BOE IIOJIYYUM UCKOMYIO CBS3b MCTHUHHOM aHOMAJINN C SKCIIEHTPU-

YEeCKOI:
) l1+e FE
tg— = tg—. 1.134
95 =\ T2 193 (1.134)

(1.133)
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S
5/
Puc. 1.4. Tlocrpoenne rtouku sumunca M = (&§,17) = (a cos E,

b sin E) mo 3navenuio skcrenTpudeckoit anomannu E. IItpuxossie

IIpsiMbIe, TAPAJLIEBHBIE OCAM KOOPINHAT, WLIIOCTPUPYIOT IOCTPOe-

nre Touku M I 331aHHOTO 3HAYUEHUS SKCIIEHTPUIECKON aHOMAJIIHI
E. Touxka II - nepunienTp opobuTnl, A - aloueHTp.

3aBUCHUMOCTD MEXKJIy MCTUHHON aHoMaJsueil 1 BpeMEeHeM 3a-
naerca ypasaenneM (1.84). s Borancienus unrerpasa J B ero
JIEBOM 9ACTH C/IeIaeM 3aMeHy II€PEMEHHON MHTErPUPOBAHUS 110
dbopmyste (1.134). Ioxcrasmnss B (1.84) Bolpakenust

dv l+e dE sv a(l—e) L FE
7 = 1—7E, COSs 527(?08 5,
cos” = ~Cos? = r

2

9 COS

r=a(l —ecosF)

(1.135)
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u yuurtbiBag, 9To F = 0 npu v = 0, jyig unrerpaja J moydnm

v E
1
J:/Tde:(ZQ +e(1—e)/(1—ecosE)dE:

1—ce
0 0

= /pa(l —e?)(t —1).

(1.136)
HOCJIG NHTETrpupOBaHrd IIOJIYIUM OKOHYaTE/JIbHOEC ypaBHE-

HUE B BHJE:
E —esinE = M, (1.137)

rie BBeJICHLI 0003HAUCHIA

M =n(t—r1), n= ag—\/g. (1.138)

Ypasuenue (1.137) nassiBaercs ypasuenuem Kenaepa, Besu-
unHa M B aCTpOHOMHUHU Ha3BbIBAETCS cpedHetll aHomanuetl, a Be-
JIMIWHA N - CPEOHUM 0BUNCEHUEM.

Cpennsist anomasst M cBsizaHa cO BpeMeHeM JIMHEeHHOl 3a-
sucnmocThio (1.138). CpejHee JBUzKeHUE N €CTb CPEJIHSs yT-
JIOBass CKOPOCTDb JBUKEHUA 10 djummncy. Ilpu npuxkenun Tesa
110 SJUIMIITHYECKON OpOuTe MCTUHHAS, SKCIEHTPUICCKAsd U CPE/I-
Hslsl AaHOMAJIMU U3MEHSIOTCS TaK, 9TO IIOJIOBUHBI 3THX YIJIOB BCE-
IJ1a HAXOJIATCsI B OJHOM YerBepTu. Takum o6pa3oM, SKCIEHTPH-
YeCKYI0 aHoMaJymio F MOXKHO paccMaTpuBaTh Kak OOpPaTHYIO
dbyurimo cpeneii anomamnu M = M(E), 3a1aHHYI0 HEsIBHO
nocpejicrBoM ypaprennst Kerurepa (1.137).

[To zamamHOMy 3HAYEHUIO SKCIICHTPUIECKONH aHoMmaauu F
cpeansas anomaausa M, a BMecTe ¢ Heil 1 BpeMs ¢, OlpeeasioTcs
HenocpeicTBeHHO u3 ypasHenusi Kerurepa (1.137). Ho st BbI-
YHUC/ICHNUs] TPACKTOPHUU JBUKEHUsI 110 3a/IaHHBIM KeILIEPOBCKUM
9JIeMeHTaM HeoOXo Mo permuTh ypasuerue (1.137) B o6paTHOM
HaIlPaBJIEHUU: OLIPeJIeUTh [ J1jist 3a/JaHHOI0 MOMEHTa BPeMeHH
t, T.e. HIPUXOANUTCA MUMETD JEJIO C TPAHCHEHJICHTHBIM yPaBHEHU-
€M, PEIINTh KOTOPOe B KOHETHOM BHJI€ HEBO3MOXKHO. /st perre-
HUS ypaBHEHHs Keriepa MOXKHO BOCIIOJIb30BATHCA N3BECTHLIME
YUCIEHHBIME METOJIaMU PelleHns] HeJTMHEHBIX ypaBHEeHUi.



o8 I'maBa 1. HEBO3MYIIIEHHOE /IBU?KEHNE

PacemorpuMm Kitaccumieckyio cxeMy Merojia ureparnuii. B ka-
YecTBe HyJieBoro mnpuodsmxkenus BosbMeMm Fy = M. Torna mep-
BOE, BTOPOE U IOCJIEYIONINe MIPUOINKEHUs TOJIyIuM 110 (hop-
MYyJTaM:

Ei =M + esin Ey,
Ey = M + esin Fy,
.................... (1139)

BBH,Hy TO2KAECTBEHHOI'O BBIIIOJIHEHUA YCJIOBUA

d(M + esin F)
dE

’ <1 wm lecosF| <e <1, (1.140)

UTEPAIMOHHDIN ITPOIECC BCErjia CXOAUTCA K MCTUHHOMY 3HaUe-
HUIO SKCIEHTprYecKoil anomasiuu F. Ilpu sToMm 4yeMm MeHbIe
SKCIICHTPHUCUTET, TeM ObICTPee CXOUMOCTh UTEPAIIMOHHOIO ITPO-
recca.

Jluneitnbie pazMepbl n POPMY SJUIUNITHIECKON OPOUTHI OIIPe-
JIeJISIIOT OOJIbINAast MOJIYOCh @ ¥ 9KCIIEHTPUCHUTET €.

[locTosiHAYIO SHEPrUM B JUIUINTUYECKOM JIBUZKEHUU MOZKHO

BBIPA3UTH Yepe3 OOIBINYIO TOIYOCh OPOUTEI ¢ TOMOIIBIO (hOPMYJT
(1.49) u (1.65):

h:

A2 2 2 _
S e (1.141)
c P a

rjle yuTeHo, uto ¢?/u=pu \/p = e.
[lepuos obpartieHus: 1o opbuTe opeIe/geTcss PAaBeHCTBOM

2 B 2mra’/? B 2ras/?
n VI Vf(mg +m)

Orcrozia ostyvaaercst Tpetnit 00001ennbIit 3akoH Kertepa B
BHUJIE

T —

(1.142)

T? 4
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B ornuume ot dopmysimposBku 3akona, jannoii Keriepom
(TE/T? = a3/a3), B newoit wactu ypasuenust (1.143) mpucyt-
CTBYET B Ka4eCTBE MHOXKUTEJIA CyMMa Macce. Tperuil 3akoH 1uia-
HETHBIX JIBUXKEeHUi B OpuruHa/ibHoil hopmyuposke V. Keriepa
MOKHO ToJTyanTh 13 3aja4u Keriepa (1.31), st koropoit m <
< My, TaK 9T0 [t = Mg, B TO BpeMsl KaK B OTHOCUTEIbHOM J[BU-
xerun = f(mgo + m).

C nomomnpio 06061enHOro 3akoHa Keriepa MOXKHO onpe-
JIEJIATH MacChl ILIaHeT, 00JiaJ@aonmx ciuyTHukamu. [lycrs my
- macca Cosmma, m, - Macca IUTAHETBI, Mg - Macca CILyTHHKA
IUIAHETHI, IPHYeM My > m, > m,. Tormga, ncnonssys (1.143),
HOJTY IUM

2 3 2.3
Lyag _my+m, — my o o D%
= = — )
T?2a3 mo+m, mo+m, mo  TZa3 —T2a3
(1.144)

rie 1), n T - mepuoapl obpalenns IIaHeTHl U CIy THUKA 110 CBO-
uM opbutam. C MOMOIIBIO 9TOH (GOPMYIIBI MOXKHO OIPeIe/INTh
OTHOIIIEHNE MACCHI IIaHeThl K Macce CostHIla, TaK Kak 00JIbInme
[IOJIyOCU U TIePUOJIbI OOpAIleHus IIAHEThl M CIIyTHUKA BeChbMa
TOYHO OIPEJIEIIOTCS 13 HADJIIOIEHUI.

Tabsmma 1.1. Tabauna HEKOTOPBIX KEILJIEPOBCKUX 3JIEMEHTOB

P e 7 Q w T
a = sinp=| v= | Q4 180° T = M, =
2—1%—2 i = O+ w|=nlty—)
m
= 32 e =7+ M,

Hapsijty ¢ BBejleHHBIME paHee KeIJIEPOBCKUMU dJIeMEHTaMU
OPOUTHI JIJIsI SJUITHITUIECKOTO JIBUKEHUsT MCIOJIB3YIOTCS TaK:Ke
JIpPyTHe 3JIeMEHTBI, HAIIPUMED, IpejcTaBieHnble B Taduie 1.1.
B sToit Tabsmuie BBeJEHBI HEKOTOPBIE HOBBIE 9JIEMEHTBI: (0 - 204
aKcyenmpucumema, T - doazoma nepuyermpa (H3MepseTcs JIBy-
MsI YIJIAMH, DACIIOJIO?KEHHBIMU B Pa3HBIX IJIOCKOCTSX), My -
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CPEOHAA AHOMAAUS 6 InoxTy tg, € - cpednas doazoma 6 2noxry
to, €2+ 180° - morora HUCXOJSIIETO y3J1a OPOUTHI.

B zak/miouenue 3armiineM ajaropuTM BbIYUC/IEHUS KOOPIUHAT
U CKOPOCTEH B 3JIIUIITUIECKOM JIBUKEHIH Ha 3aaHHbIII MOMEHT
BpeMeHHU { IPU M3BECTHBIX KEILJIEPOBCKHUX 3JeMEHTaX OpPOUTHI
a,e, i, w u cpenneit anomaauu My B 910Xy to. AsropuT™m 3a-
JlaeTcs HUKec/IeyoIeil cBoIKoit (hopmyir:

Vi
n:m7 M:M0+n(t—to),
E—esinEl =M, - YUCJICHHO olpejensiercd F,

; v 1+€t E
— = —, - BBIYHUCJIAETCS U,
P97 V1-¢"2
a(l —e?)
= —, U =w -+,

14 ecoswv
, 1 . .. y/pa(l—e?)
r=,/———=esinw, V=Uu=Y—-c—",

a(l —e?) r?
T =ra, T =7ra+ra'v,
y=rp, y=rB+rp',
z =rY, Z=ry+ry'o,
(1.145)
0
a = cos () cos u— o/:—a:—costinu—
ou
— sin Q) sin u cos 1, —sin ) cos u cos 1,
0
3 = sin Q) cos u+ B = a—ﬁ = —sinQsinu+  (1.146)
U
+ cos {2 sinu cos, ~+ cos ) cos u cos i,
v = sinusini, "= — = cosusini.
ou

B sTom asropurme HalpaBisoniue KOCUHYChl o, [, v, a’,

(', v’ 3aBucAT OT BpeMeHH, Tak Kak (DYHKIMel BpeMeHU siBJIsIeT-



1.6. 'Turibl HEBO3MYIIIEHHOI'O JIBUXKCHHUST

61

¢ apryMeHT IUPOTHI . [ BbIYuc/ienus KOOPAUHAT U CKOPO-
cTell MOXKHO IMPUMEHUTH JIPYTOil aJrOpuT™M, B KOTOPOM HCIOJIb-
3yIOTCS HE 3aBUCAINNAE OT BPEMEHU HAIPABJIAIONINE KOCUHYCHI
opbuTabHOI (hoKaJIBHON cucTeMbl KoopauaaT. CBoka hopMyJt
9TOr0 aJrOPUTMa ITPUBOIUTCH HUKE:

Vi
E —esinE =M,

n =

r=a(l —ecosE),
£ =a(cosE —e),
n

=av1—e2sinF,

!/

T T oy al
y y|=|6 B%
z 2 Yo Y

o, = cos ) cosw—

— sin €2 sin w cos i,

B, = sin {2 cos w+

~+ cos ) sinw cos 7,

Y- = Sl W S 7,

M = M0+n(t—t0),

- YUCJIECHHO OIIPpEJe/IAeTCA E,

P
. . T
¢ =—aFEsinF,

N =av1—e?E cos E,

£ ¢
non
da, .
al = 8& = —cos)sinw—
w
—sin 2 cosw cos 7,
JB- o
gl = 3ﬁ = —sinQsinw+ (1.147)
w
+ cos ) cos w cos 1,
!/ 87T . . .
Yr =5, — Coswsini.

1.6.4 T'unepbosmmieckoe ABU>KEHUE
(p#0, e>1)

Kanonuueckoe ypasuenue runep0oJibl B IEHTPAJILHBIX TPsi-
MOYTOJIbHBIX KoopauHaTax O&'n' npejcrasisiercss B Buje

¢

a2

12

n
b2

(1.148)
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e a - JeficTBUTe/IbHAA, a b - MHUMag IOJIyOCH THIEPOOJIbI.
[TonydokycHoe paccTosinue ¢ = ae CBA3aHO C MOJIYOCAMU 3aBU-
CUMOCTBIO

2 =a® 41, OTKY/1a b=ave?—1, (1.149)

a (oKaJILHBII MapaMeTp BbIPaXKaeTcsd 4Yepe3 JIeHCTBUTETbHYIO
[IOJTyOCh U SKCICHTPUCUTET (DOPMYJIOit

p=a(e* —1). (1.150)

I sukenue rena M Beera IpOUCXOAUT TOILKO 10 OJHOM BeT-
BU TUIIepOOJIbL: OmzKaiiiieit Kk hpoKycy, B KOTOPOM PACIIOJIOXKEHO
rpasuTupyiomee teao My, B Caydae IPUTIKEHNs TeJl, 1 yIaaeH-
Hoit or oKyca B ciydae MX OTTaJKuBanus. Mbl orpanmaumcst
PACCMOTPEHUEM TOJILKO IIPUTHAMKCHUS TEJL.

Bwmecte ¢ ypaBrennem (1.148) Gyzem paccMarpuBaTh mapa-
METPHYECKUE yPABHEHUS MUIIEPOOJIBL:

¢ = =achH, n'=btgF =bshH, (1.151)

cos F'
rje F' - yros ¢ BepimmHoii B ieHTpe runepooJIbl, OTCYUTHIBAEMBbIIT
or Hanpasyeaust ocu O&. Yron F aBigercss anano2om KcueH-
mpuveckols anomasuu, a Besuauia H - ero BbIpaXkKeHueM depe3
rurepooJimiecKkre (OyHKINN

1

F
H=Intg|—=+4+45°), chH=——,
2 cos I’ (1.152)

sh H = tgF, thE = th.
2 2
SHanre BeJMIMHBI aHAJOTA IKCICHTPUYIECKOH anomaynu F
JIaeT BO3MOZKHOCTH N€OMETPUYECKOT'O TIOCTPOEHUST TOYKHU TUIIEP-
6os161 M, aTo nipejicTaBieHo Ha puc. 1.5.
CBs13b MKy OpOUTAIBHBIMEI (DOKATHHBIMI KOODP/IMHATAMM
&, m v neHTpabHBIMU KoopauHartamu &', n' uMeer BuI

E=ae—¢, n=-n' (1.153)
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Anajyiornano QJUIAIITUICCKOMY JABUXKEHNIO MO2KHO IIOJIYyHYUTDH
JIBa COOTHOIIIECHUA, CBA3bIBAIOIINE IIEPpEMEHHBIC BEJINIUHBL 7", U U

F

1
§=reosv=a (e a COSF) (1.154)
n=rsinv =ave?—1tgF.

Hamnpagsiienne orcdera yrjioB v ¢ BepHIUHON B (pOKyce rurep-
60Jibl 1 F' ¢ BepIIUHOI B 1IeHTPE IUIepOOJIbl B3AUMHO TTPOTUBO-
[OJIOKHBI, T.e. ipu v > 0 6yaer F' < 0 u HaobopoT.

[Iyrem BO3BeJieHUsT B KBaJIpaT U IOCJIEIYIOIIETO CJIOKEHUS
U3 TUX YPaBHEHUN MOXKHO UCKJIOYUTH UCTUHHYIO AHOMAJIAIO U
U TOJIYYUTh 3aBUCUMOCTD 1" OT [

rza( ‘ —1). (1.155)

cos F

Uckirouenne r u3 pasencts (1.154) npuBoaut K ciiejyromeit
3aBUCUMOCTH MeXKy v u [

v e+ 1 F
tg — = tg —. 1.156
g5 =\ 183 ( )

VoeuThCs B CIPABEIJIMBOCTH TAKOH 3aBUCUMOCTU MOXKHO
IIyTeM BBIYUCJIEHNS TAHTE€HCA TTOJIOBUHHOTO yTJIa, UCIOJIB3YSI JIJIsT
storo dopmyssr (1.154) u (1.155):

1
__1—cosv_r_a(e_cosF)

v
tg — == — = =
&9 sin v aver—1tgF

1

-
~(e+1) (cosF )_ e+1 F

3aBHUCHMOCTD MeZKy aHAJIOTOM SKCIEHTPIUIECKOI aHOMAaIHN
U BpEMEHeM II0JIyInM [0cJIe BhIMucIenus unrerpaia J B (1.84).
Juia sToro B unrerpasie J cjejiaeM 3aMeHy IepeMenHoil v na F'
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n'
b
a
(0] I1 & M,
3 F /l Y &
7
/4
[ /1/,
| /]
n——— — — |
M
n

Puc. 1.5. TTocrpoenue touku runepboist M = (&',1') = (a/ cos F,
btg F) 1o 3HaueHUIo aHajora KcreHTpudeckoit anomanuu F. Touka
IT - nepurienTp opOUTHI.

o dopmyie (1.156). Torga, yaurssas (1.155) u

()

F
2 2
1 cos” 1 (e —1)cos® —
dv = ex 2alF,cosQE: T = 27
Ve—1 F 2 1+tg2— e — cos F
9 2

cos?
(1.158)
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JJId MHTerpaJia J IIOJIy9YUM

v F
+1 e—cosF\*> dF
J /r vea 6—1(6 ) cos F’ e —cosF
0 0
=pa(e2 =1)(t—1).
(1.159)

[IpoBosg mHTerpupoBaHue U YIPOIIEHWE, ITPEJICTABUM pe-
3y/IbTaT B BHUJE

F
etgF — Intg (5 + 450) = %(t — 7). (1.160)
a

DTO ypaBHEHHE CBOEro MMeHH He nMmeeT. Ero oObIYHO Ha-
3BIBAIOT AHAA020M YpasHeHus Kenaepa Njs THIIEPOOTINIECKOTO
JIBUKEHUS.

Ecyin ucrionbzoBaTh rutiepbotmdeckue (pyHKIMI, TO 3TO yPaB-
HeHue NpUHUMaeT Oojiee rpoctoii Buj. [lelicrBuTresbHO, eciiu
y4ecTb, 9TO

F
H:lntg<§+45°), tgF:ShH,

DN r _thH (1.161)
cos O ey T
to ypasrenne (1.160) sanumiercs B Buje
eshH — H =n(t—r), (1.162)

Vi
a3/2’

AJtropuT™M BBIYMHCIEHUS KOOP/MHAT U CKOPOCTEl B TUIepOo-
JIMIECKOM JIBHKEHUN Ha 3aJIaHHBI MOMEHT BPEMEHU { Ipu u3-
BECTHBIX KEIJIEPOBCKUX 3JIeMeHTax a,e, i, ), w u My B smoxy tg

rae n —= a - ,H‘GI'/JICTBI/ITGJII)HaE{ I10JIYOCh FI/IHep6OJII3L
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3a/1€TCs HUZKECIeYIOMei CBOIKON dhopMy.T:

_ W

T a3/2’
eshH — H=mn(t—7), - uaucienHo oupezessiercs H,

v e+1 H

M = M0+n(t—t0),

tg— = th — - OIIPEJIC/IACTCA VU
g2 6—1 2 ) p ﬂ )
2
ale® —1
= 7< ), U=w-+v,
1+ ecosv
: H : . Vpa(e? —1)
r=,/————esinv, V="
a(e? — 1) r2
T =ra, T =ra+ra'v,
y=rp, y=rB+rB',
z=ry, Z=ry+ry'o,
(1.163)
a = cos ) cos u— a’ = —cosQsin u—
— sin 2 sin u cos 1, — sin € cos u cos i,
B = sin Q) cos u+ B’ = —sin Qsinu+ (1.164)
+ cos () sin u cos, + cos £ cos u cos i,
v = sinu sin ¢, ~v' = cosusini.

Bropoit anropurm, ucnosbsyiomuit popmysibl mepexoga K
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Op6I/ITaJIbeIM (bOKa.HbeIM KoopJguHaTaM, UMeCT BUI:

_ W

M = MO—FTI(t—t()),

=
eshH — H=n(t—r1), - Bbruncisiercs H,
r=alech H—1), H:%,
,
£ =ale—chH), §=—aHshH,
n=ave?—1shH, n=ave2—1HchH,
T T a, al .
. £ ¢
y y|=| 6 B b
. , o Mmeon
z 0z Tro V-
o, = cos{dcosw— a! = —cosQsinw—
—sin Q2 sin w cos 7, —sin ) cosw cos i,
B = sin ) cosw+ Bl = —sinQsinw+
+ cos2sinw cos i, + cos €2 cos w cos 7,
v, = sinwsin 7, ! = coswsini.
(1.165)

1.6.5 Ilapaboamdyeckoe ABUKEHME
(p#0, e=1)

VpaBHeHue napadoInIecKoil OpOUTHI 3aIIMCHIBAIOT B BU/IE

p q
= = 1.166
" T cosw cog2 ( )
2

p
rjae BeJIMYuHa q = 5 olpejeideT pacCTodHue OT IEHTPa IIPU-

Tsxkenus My J10 BepHIuHbl 1apadoJibl. Benuuuny ¢ Ha3biBaloT
nepuYeHmpuseckum paccmoanuem s napabdosnl. Ee obbramno
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MCIOJIB3YIOT B KadecTBE KEIJIEPOBCKOTO 3dJIEMEHTa BMecTO ¢o-
KaJILHOT'O HapaMeTpa OpOUTHI p.

v
Jlns Berancaenus unTerpata J = [r2dv cuenaem 3ameny
0
HepeMeHHOil MHTerPUPOBaHus 110 hOPMYIIe

tg o = o, (1.167)

2

Torna, yuanrbiBas, uro o = 0 npu v = 0, a TakxKe

d 1
do = —" 1402 (1.168)
2 cos? — cos? 2
2 2
[IOJLY YUM:
/ de
J= = a+1da—\ﬂ/_(t—7) (1.169)
COS —
0 0

Broraucienune omnpesesieHHOTO MHTerpaJjia IPUBOJIUT K Ypaes-
nenuto Baprepa:

o3
?+a:n(t—7), (1.170)

rie BBeJIeHO 0DO3HAYCHUEe N — \/77” Onpenesnenne BeIMINHBI

2%
0 U3 3TOT0 YpaBHEHHS 110 3aJaHHOMY BpPEMeHH t OOBIIHO IIPO-
BOJISIT UMC/IEHHO, TaK Kak u3BecTHas (opmysna Kapmaano masio
OPUrOJIHA JJIsI BBIYUC/IEHUIA.

AJITOpuTM Jj1s1 BBIYMCIEHNST KOOPJAWMHAT M CKOPOCTEH B Ia-
paboINIeCKOM JIBUKEHUH TTPU 38IaHHBIX KEILJIEPOBCKUX 3JI€MEH-



1.6. 'Turibl HEBO3MYIIIEHHOI'O JIBUXKCHHUST 69

Tax ¢,1,$),w U T IPEeJCTaBUM B BH/IE:

3
o 4T
— 4 o0= t—1), - YHUCJIEHHO OIIPE/IeNISIETCS T,
tg - = o, - BbIYUCILETCd v,
r = q T uU=uw-+v,

cos? =

2
TR . V2pq
r=,/—sinuv, v = )
2q r2

T =ra, T =ra+ra’v,
y=rp, y=rp+rp',
z=ry, Z=ry+ry'o.

(1.171)

Hanpasastromue kocunycol «, 3,7y, a’, 3, ~' onpenensitorcs
dbopmynamu (1.146).

Kak u it npejp/yux THIIOB JIBUYKEHUsI, TIPUBEJIEM BTO-
poil ajaropuTM:

3
% +o=n(t—r1), - YHCJIEHHO OIIPEJIeNIAeTCs O,
r=q(1+0o?), n= , 0

q( ) ' \/ﬁ -

g = Q(]- - 0-2)7 5 = _anda
77:2(]07 77:2q0',
T T a, al .
. £ ¢
y y|=| 06 B '
. , non
z Z Tr Ve

(1.172)

Hanpagssroniue Kocuaycbl opouTabHoil (pokaIbHOM cucTe-

MBI KOOPJUHAT Oy, Br, Yoy 'y B2, ;' BeIpazkatorcst popmyiia-
v (1.147).
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1.6.6 IIpsimosmHeiiHoe NBUXKEHUE
(p=0,e=1)

[TonbITKa MHTErpUpOBAaHUA ypaBHeHud 7“0 = ¢ = 0 jjia
PSIMOJIMHERHOTO JIBUKEHUSI He TPUBOJUT K TOJIYUYEHHUIO HeJ0-
CTAIOIIETO TIEPBOI'O MHTErpaJsia, COJIEPKAIINEro SBHO BpEMd, a
JINIIB OIIPEJIE/IAeT YpaBHEHHUE MPAMON B IOJISIPHBIX KOOP/IMHA-
tax: v = 0 u v = const. DT0 ypaBHeHNE [TOKA3BIBAET, UTO IPsi-
MOJIMHENHAS TPAEKTOPHUS BCET/Ia ITPOXOIUT Yepe3 HavajIo Koop-
nauHat M.

JList mostydeHus HeJIOCTAIONIEr0 MHTErpaJsia UCIoIb3yeM WH-
rerpast sueprun. Momysb ckopoctu V' = V72 4+ r202 B ciydae
IPSIMOJIMHENHOT'O JIBUZKEHUS HE COIEPXKUT TPAHCBEPCAIBLHOI CO-
crapiisitonieit, T.e. V' = 7, a uarerpas suepruu (1.40) s npsi-
MOJIMHENHOTO JIBUKCHUS 3aIUIIETC B BUJIE

2

2 d 2
72 = 'u+h WJTH —T:i nia

h. 1.173
r dt r + ( )

PaB,HeJIHH IIepeMEHHbIC, ITPUXOAUM K KBalpaType

[

rJie T - BpeMsl IIPOXOXKIEHUsI Yepe3 MEePHUIEHTD, COBIaakIiee (B
[PSMOJIMHEHHOM JIBUYKEHUH) C MOMEHTOM COYJIADEHUsT Tel.

JleBast vacTb ypauenusi (1.174) jierko BBIYHCIISIETCS, HO Pe-
3yJITAT 3aBUCUT OT 3HAKAa IIOCTOSIHHOW MHTerpaJia suepruu h.
BosMOXKHBI ciierytoriye Tpu CIydast:

+(t—7), (1.174)

h <0,
I V24 + hr/—hr ) —hr
—2arcsiny [ — | = £(t — 1),
hv/ —h W 20
(1.175)

h=0, r:{%g@—ﬂrm, (1.176)
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h >0,

po |2+ e
=3 p =2 (V2 hr 4+ Vi) | = £t - 7).

(1.177)

Orcrofia BUIHO, YTO I 3aJIAHHOINO MOMEHTA BPEeMeHH t B

ciaydae h = 0 BeJIMYUHBI " U 7° JIETKO BBIYUC/IAIOTCA B KOHETHOM
BHUJIE:

(1.178)

s cinygaes h # 0 npu oupee/eHuy © IPUXOAUTCA UMETh
JIEJIO ¢ TPAHCIEHICHTHBIME YPABHEHUSIMHU, PEIIaTh KOTOPBIE MOYK-
HO JIUIIb ITPUOIMZKEHHO ¢ HOMOIIBIO YUCJEHHBIX METOIOB.

Ho 1151 9TuX IBYX CIydYaes BLIYACICHHE ' U €TI0 IPOU3BOIHOM
7 IS 3aJJAHHOIO MOMEHTA, BPEMEHHU ¢ MOYKHO IIPOBOJIUTEL HE II0
dbopmymam (1.175), a mo 6osee yI0OHBIM U TPUBBITHBIM (HOPMY-
JIaM 3JUIMITHYECKOTO UM THIEPOOJINIECKOrO JIBUKEHNH, Ipei-
BapUTEJLHO OCYIIECTBUB B HUX HPEJIE/bHBIN mepexo: e — 1.

JeitcTBuTenbHO, IoTarasg € = 1, u3 (pOpPMyJI SJLIUITHIECKOTO
JIBUZKEHUS IS ONIpe/IeJIeHNs] 3HAYCHUI 7' U 1 IOJIyYUM CHCTEeMY
YPaBHEHUN:

E—sinE=n(t—r71), r=a(l —cosF),
_ _ (1.179)
E:%, n:@, 7 =asin FF,

r a3/?

ONPECIIAIONTAX TPAMOJINHEHHO-3JJTUIITUIECKOE TBUKECHUE.
Anajiornaao u3 GopmMysr runepboTMIEcKOro JIBUKEHUsT 110~
JIy9UM

shH — H=n(t—r1), r=a(chH —1),
. . (1.180)
=" n:%, = ash HH,

r a’/

T.€. YPaBHEHHUA I NPAMOJUHEHHO-TUIIEPOOTUICCKUX JIBUZKE-
HUIA.



72 I'maBa 1. HEBO3MYIIIEHHOE /IBU?KEHNE

KeriepoBckumu sjieMeHTaMu TPAMOJIMHEIHOW OPOUTHI KPO-
Me y’Ke HUCIOJIb30BAHHBIX 4, € = | U T gBJIAIOTCI TaKXKe JIBa
yIJIa, XapaKTepPU3yIOuX HAIIPaBJIeHUE IIPSAMON B IPOCTPAHCTBE.
OpuenTanys TpAMOJINHENHON TPAEeKTOPHUH B TIPOCTPAHCTBE OITpe-
JIeJISIeTCS BEKTOPOM X, UCXOJIAIINM W3 Havdaga KoopauHat M.
Hamnpassienne BekTopa X MOYKHO 3aJ1aTh JIByMsl YIJIaMU, HAITPU-
Mep, JI0roToi u mupoToit. Ho 4Tobb! j1j1st ipsMotmHeiiHoi op-
OUTBHI COXPAHUTH MPEYKHUE KEIJIEPOBCKHE 3JIEMEHTHI, HEOOXOII-
MO U3 Tpex 3JIeMeHTOB (), w U 7 BRIOPATH J[Ba, UTI'PAIOIIUX POJIb
JIOJITOTHI ¥ MIIUPOTHI, & TPETUI JIEMEHT MOJIOZKUTH PABHBIM HEKO-
TOPOMY 3HAYEHMIO, coxpaHsonieMy 3asucumoctu (1.90) u (1.91).
DTO MOXKHO OCYIECTBUTH, Tojiarasi, Hapumep, ¢ = 90°, a 3re-
MEHTHI {) 1 w Torja Oy/IyT ONPEIeIAThH OPUEHTAIUIO TIPSAMOiT B
pocTpaHcTBe. BO3MOXKHBI 1 JpyTHe COCOOBI BHIOOPA YIVIOBBIX
semerToB. ObIIee YNCI0 HE3aBUCUMBIX KEILJIEPOBCKUX IJIEMEH-
TOB HPSAMOJINHENHOI OPOUTHI PABHO YeThIpeM: a, T, ) u w.

Jnsa cnydas h = 0 npsMosinneiiHo-iapadboimdeckas opouTa
Oy/IeT XapaKTepu30BaThCsd TPEMsi HE3aBUCUMBIMU 3JIEMEHTaMHU,
TaK KakK BEeJUYUHA @ U3 9JIEMEHTOB UCKJII0UaeTcs (a — 00 mpu
h — 0). Hapsisty ¢ KpYyroBbIM JIBUKEHUEM JJIsI [IPSIMOJIMHETHO-
apaboJITIecKoil OpOUTHI OIIpejie/IeHrne KOOPANHAT U CKOPOCTeit
OCYIIECTBJISIETCS 110 KOHEIHBIM (hopMy/IaM 0e3 MCIOIb30BAHUS
IPUOJIMKEHHBIX METO/IOB PeIleHUsT HEeJIMHENHBIX YDABHEHMIA.

Y100B! TIOTyIUTH AJITOPUTM BBIUUCIEHUS KOOPJIMHAT U KOM-
HNOHEHT CKOPOCTEHN JIJIT OTHOCUTEJIBHOTO NPAMOJUHENHOTO JBU-
enust, K dopmyaam (1.178), (1.179) u (1.180) meobxomumo 10~
0OaBUTh:

x = rcos{cosw, T = 1 cos ) cosw,
y = rsin€cosw, y = 7sin€) cosw, (1.181)
z =rsinw, z =rsinw,

rJle HaKJIOHEHUe ¢ 10JI02KeHO paBHBIM 90°.

OpburaabHbIe KOOPAUHATHI 115 IPSAMOJIMHEHOIO JIBUKEHIST
He OIpeJiesIeHbl, TaK KaK He OIIpejeseHa IJIOCKOCTh OPOUTHI.
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1.7 Bbrauciaenue agpemepu.
HEBO3MYMIIEHHOT'O JIBUXKEHMS

DPpemepudoti Ha3LIBAETCS TAOYTMPOBAHHAS COBOKYITHOCTD
TeONEeHTPUIECKUX ITOJIOKEHNT HeOECHOTO Teja JId Psajia, Kak
[IPABIJIO, PABHOOTCTOAIINX MOMEHTOB BpeMenu. [lostoxkenue 18u-
JKYIIUXCSA TeT Ha HebecHoit cdepe MOKHO XapaKTepu30BaTh He-
6ECHBIME SKBATOPUAIBHBIMU KOODIHHATAMU: NPAMbYLM GOCLTONHC-
dernuem o u ckaonenuem o. JIs onpesesieHnst MOJIOKEHIST Te-
Jla B MIPOCTPAHCTBE HEOOXO/IMMO TaKyKe 3HATh MeONEHTPUIECKOe
paccrosame p. OOImee perreHne 3a/a9d JIBYX TeJ IMO3BOJISIET
OIIPE/IeJISITH HEBO3MYIIIEHHBIE S(heMepu/Ibl HEOECHBIX CBETHJI (Ha-
npuMep, IUIAHETHI, ACTEPOUIA U KOMETHI).

Baj1a1y MOXKHO cOPMYJIMPOBATH TAK: 38/ IaHBIl MOMEHTHI BPe-
MEHH t1, t9, ... Ty U U3BECTHBI IPAMOYTOJILHBIE TCOICHTPUYICCKAC
skBaTopuasbubie koopauHarel Cosana X, Y, Z Ha 9TH MOMEH-
ThI BPEMEHU, TPeOYeTCst ONPeIe/INTh ChepruIecKue reoreHTpIIe-
CKM€ 9KBATOPHAIbHBIE KOODJMHATHI CBETUJIA 0, (v, § JIIST STUX JKe
MOMEHTOB BPEMEHH B IIPE/ITOJIOKEHNN, UTO ITO TEJIO JBUKET-
cs1 Bokpyr CoJtHITA 10 HEBO3MYIIEHHON OpOUTEe ¢ M3BECTHBIMU
KEILJIEPOBCKUMHE dJIEMEHTaMu P, €, i, {2, w, 7. OcobeHHOCTh 3a-
JIaYdd 3aK/IF09AETCsl B TOM, 9TO YTJIOBbIE KEILJIEPOBCKHE 3JIEMEHThI
OTHOCSATCS K IKJIUINTUIECKON CHCTeMe KOODMHAT, & BHIIUC/IUTh
HY?KHO 9KBATOPUAJIbHBIE KOOP/INHATHI TEJIA.

Jlnst perieHnst 3aa91 PaCCMOTPUM TPEYTOJTBHUK: 3ems 1,
Coutanie My u vebecunoe teio M. Obozuaunm: p = {pcosd cos a,
pcosdsina, psind} - reoneHTpUYIECKUil panyc-BeKTop Tesa M,
TSKB = {T9KB,Y3KB; Z9KB} - Pajuyc-BekTop Tesa M B rejmo-
LLeHTPUUECKOil 9KBATOPHAJILHOM CHCTeMe KOopuHaT, i = {X,Y,
Z} - paguyc-Bektop COJIHIA B T€ONEHTPUIECKON IKBATOPUATH-
HOW cECTeMe KOODJIMHAT. DTU TPU BEKTOPA CBSI3aHBI 3aBUCHMO-
CTBIO .

p =Tk + R. (1.182)

[IpaBasi 9acTh 9TOr0 paBEeHCTBA M3BECTHA, TaK KaK BEKTOD
R cumTaercs 3aJaHHBIM, a BEKTOD Toxp IIYTEM IEPeXoa K 9K-
JIMITUYIECKAM KOOD/IMHATAM BBIPAXKAETCS Yepe3 BEKTOP T, KO-
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TOPLIA Yepes 3a/[aHHble KeIIEPOBCKUE 3JIEMEHTDI OLPEIe/IIeTCs
o opMyJsiaM 3aJa4dd JABYyX TeJ, PACCMOTPEHHBIM B IPEIbLIILY-
[IUX pas3jiesiax.

CBsI3b MEXKILY Togp U T UMEET BU/I:

T3KB 1 0 0 T
ysxB ||=|| 0 cose —sine y |- (1.183)
Z3KB 0 sine cose z

3/1ech € - ABYTI'PAHHBIN yTOJI MEXK/Ty TJIOCKOCTSIMU 9KBATOPA 1
SKJIUNTUKA. Paumyc-BeKTOp 7 IPH 38/ JaHHBIX KEILJIEPOBCKUX JIe-
MeHTax onpejessiercs mo gopmyiie (1.92), a BeKTOp Tskp TOTIA
MOZKHO IIPEJICTABUTDL B BHJIE

TIKB Ar A/T
§
Ysxs || =|| Br : H , (1.184)

T

Z3KB C; C/T !
e
A AL 1 0 0 ar ol
B, B” ||=||0 cose —sine| | G (L. (1.185)
c, C! 0 sine cose Yo Y
Hamnpassisione Kocunycol o, -, ... , Y., a takxke opbu-

TaJbHblE KOOPIAMHATHI £, 1) BBIYACISIOTCI TI0 (DOPMYJIaM JLIHII-
THaeckoro aprkenns (1.147).

[Tocsie Bbrunciienns npapbix dacreil ypasaerns (1.182) mpsi-
MO€e BOCXOXKJIEHUE, CKJOHEHHE U IeOleHTPUIECKOE PACCTOSHUE
OIIPEJIEJISTIOTCS U3 CUCTEMbI yPaBHEHUI

pcosdcosa = Tykp + X,
pcosdsina = ysgp + Y, (1.186)
pSiIl5 = Zokp + Z.
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Cuagasia ompejesisiercs p IyTeM BO3BEJ/IeHUsI YpaBHEHUN B
KBaJIpaT, CJIOKEHUST U BHIYUCICHUS apu(OMETHICCKOI0 3SHAUCHUS
KOPHsI. 3aTeM U3 TPEThEero YpaBHEHHS OJIHO3HAYTHO OITPeIe/IsTeT-
ca ckonenne B jguamnazone —90° < § < 90°, a u3 MepBBIX JIBYX
yPaBHEHUIT OIPEJIEIsieTCs IPAMOe BOCXOXKJICHUE (v B JINATIA30HE
[0, 24%).

Burauciasiembre Takum criocobom adpemepuibl Maabix e Coll-
HEJIHOI CHCTEMBbI IPUBOJATCSI B ACTPOHOMHUYECKUX €XKEeroJIHH-
Kax.

1.8 Pﬂﬂbl DJIVINIITNYIECKOI'O /JIBU2KEHUM

Ob61ee perrenre ypaBHEHUI HEBO3MYIIIEHHOTO JIBUZKEHUST
He MOXKET OBbITh IIPEJICTABICHO B KOHEUHOi dopme (Kpome ciry-
YaeB KPYTrOBOI'O JIBU2KEHUS U MPIMOJIMHEIHOrO JIBUKEHUs T1a-
paboJIMIECKOro BHJIA), TAK KAK 3aBHCHMOCTD KCIEHTPUICCKOI
aHOMaJIMKM OT BPEMEHU YCTaHaBJIMBACTCA TPaHCHEHIACHTHDBIM
ypasuenuem Keriepa

E —esinE =n(t—r1), (1.187)

a opbuTaIbHble KOOP/IMHATHI &, 1) U TOJIAPHBIN PAJIyC T OIIpeie-
JISI0TC (POpMyTIaMu

E=a(cosE—e€), n=avl—e?’sinE, r=a(l—ecoskE).
(1.188)
O1HaKO JIJIs1 TIOCTPOEHUsT AHAJIUTUIECKON TeOpUN BO3MYITIEH-
HOIO JIBUYKEHUS HEOOXOJMMO UMETh SIBHBIE 3aBUCHMOCTH KOOD-
JIMHAT T,Y,Z U CKOpOCTEii &, 1, 2 oT BpemeHu. Takue 3aBUCHMO-
CTH MOYKHO IOJIyIUTH TOJIBKO B (pOopMe OECKOHEUHBIX PsJIOB.
Haunbosibmuii nHTEPEC MPEICTABISIOT PACCMAaTPUBAEMbIe Ja-
Jiee pAdbl SJIJIMIITUYIECCKOI'O JBU2KCHMA. KaK BUJHO U3 ypaBHE-
auit (1.147), pasioxkenus B psijibl KOOPAUHAT T, Y, Z U CKOPOCTEii
2,1, 2 OyJIyT TOJTHOCTBIO OIPEJIESIEHDI, €C/IUA TTOJIyIUTh COOTBET-
CTBYIOIIE Pa3JIoyKeHus Jjid sin E u cos E.
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1.8.1 Tpuronomerpudeckue psIbl

Ecim dyuknus f(M) na unrepsase (0,27) omnpeesena
U HelpepbIBHA BCIOJLY 3& MCKJIIOUEHNEM KOHEYHOI'O YUC/Ia TOYEK
paspbiBa [IEPBOrO POJIA, UMEET KOHEYHOE YHCJIO IKCTPEMYMOB,
a BHe yKazaHHOro mHTepBasa (ynknusa f(M) ymoBiaerBopsier
yestouto niepuoguanocru f(M + 2m) = f(M), o takyio dyHK-
[UIO MOYKHO Pa3JIOKUTh B TPUIOHOMETPUYECKUN DSl WM P
Dypbe:

f(M) = o + ay, cos kM + by sin kM), 1.189
2
k=1

rye koapdurmentol Pypbe onpeaendioTces GopMyiamMmu

2 2m
1 1
ak:—/f(M)coskMdM, bk:—/f(M)sink:MdM.
T T
0 0

(1.190)
B roukax menpepsisaoctu dbyuknuu f(M) cymma psaa Dy-
pbe B ClIlydae ero CXOJMMOCTH paBHA 3HAYEHUIO (DYHKIINU, & B
TovKax paspbiBa oHa pasaa [f(M — 0) + f(M + 0)]/2.
Eciin dyukius f(M) gernas, To psiji npuHUMaeT 6oJiee mpo-
CTOH BUA

oo 9 L
f(M)=%+ZakcoskM, akZE/f(M)coskMdM,
k=1 )

(1.191)

a €CcJin HedeTHasd, TO

™

= 2
f(M) = E by sin kM, bk:—/f(M)sinkMdM.
T
k=1 0

(1.192)
B nocnenytomux dgpopmysnax posib aprymenta M Oyier wr-
paTh cpeiHss aHOMaJIns. 3anuckiBas ypasHenue Kermiepa (1.137)
B BHUJIE

E—M=esinFE, (1.193)
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nosryduM £ — M Kak HelnpepbIBHYIO HEYETHYIO MEPUOITICCKYIO
dbyukmuio M, aro no3BoJisieT 3ammcaTh jiist Hee psij Bua (1.192):

™

> 2
E—M:§ by sin kM, bk:—/(E—M)sinkMdM.
v
k=1 0

(1.194)

Jns Beraucsaenus koddduimenToB Pypbe BOCIOIb3yeMCA

dopmyJI0it HHTErPUPOBAHUS TI0 YACTAM foﬂ udv = uv|j — foﬂ vdu,
nonarag u = FE — M, a dv =sin kM dM:

™

2
bp = — —(F — M) coskM

2 s
— M(dE — dM) =
o + ’ /Cosk (d dM)

™

0
0
T

:i/coskMdE—i/coskMdM:i/coskMdE:
kr km kr
0 0 0

2 s
=1 /cos(kE —xsin F)dFE,
0

(1.195)
rje obosnaueno x = ke. ITpu BoiBose dbopmyssr (1.195) yureno,
4TO dKCIeHTpudecKas I u cpenusasa anomaauun M ogHOBpEMEH-
Ho obpamatorcs B 0 u 7. B nocsiesinem wHTErpasie ocyIecTnie-
Ha 3aMeHa IepeMeHHoil mHTerpuposanus M ua E ¢ momornsio
(1.193).

Ucrionb3ys uHTerpaabHoe npejcrasienne gy becces

T

1
Jp(z) = — /Cos(kE —xsin B)dE, (1.196)
T
0
Jtst KoadunuentoB Oypbe MOy INM BBIPAZKEHNE
2
a psn (1.194) npumer Bu
> Jk<l€€) .
E—-—M=2 sin kM. 1.198
; p (1.198)
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Paznoxenne jyig sin E caeayer n3 (1.193) u (1.198) B Buje

. 2 > Jk(k:e) .
E=- EM. 1.199
sin . kgl p sin ( )

Ocraercs MOJIyIuTh pasjokeHue s cos K.
00 s
Qo 2
cosE:5+ g ag cos kM, ar = — [ cos EcoskM dM.
s
k=1 0
(1.200)
Ornpenenmnm cHadasia KOIMOUITUEHT Gg, KOTOPbI BBIUNC/IsI-
eTcsl TocJIe 3aMeHbI IlepeMeHHoil mHTerpupoannsa M Ha F:
s ™

2 2
aO:—/CosEdM:—/COSE(l—ecosE)dE:

m m
0 0 (1.201)

2 ™
:—/(COSE—GM) dE = —e.
T 2
0

st nonydenusi KO3(pMOUIUEHTOB @) BHOBbL BOCIIOJIH3YEMCs
HHTErPUPOBaHKEM 110 YacTsM (npu u = cos K, dv = cos kM dM)

™

2
ap = — cos E'sin kM

> [ .
- +k—/s1nk;Ms1nEdE—

A
0

0

2 [ . 1]
= E/sm(kE—xsmE) sin EdE = E/COS[(/{Z— 1)E—
0 0

1 ™
—zsin E)] dE — p /Cos[(k: +1)FE — zsin E| dE,
7r
0

(1.202)
e 0603HauYeHo T = ke U UCIHO/IBb30BAHO TPUTOHOMETPUYIECKOE
coorHotenne 2 sin asin f = cos(a — 3) — cos(a + ().
YuanteBas (1.196), juis cos £ Torja HOIyanM pas/iozKeHne

cosF=—=+ Z Ji-a(ke) ; Jira(ke) cos kM. (1.203)
k=1

oo
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[Tomydennble BbIpazkeHus 71 sin I/ u cos /' matoT BO3MOXK-
HocTh U3 (1.147) cpasy moJyduTh pas3jioyKeHusl JiJisi KOOP/MHAT,
OTHECEHHBIX K OOJIBINOI 1OJIyOCH, B BUJIE:

2

T e L Je_1(ke) — Ji1(ke)
a—1+5—z ’ cos kM,
k=0
& Z A(k cos kM, (1.204)
a =
T =S B®sinkM,
a
k=0

(AW cos kM + BY sin kM),

[
Mg

b
Il
o

(A% cos kM + B sin kM), (1.205)

S
I
[

b
Il
o

(A® cos kM + B® sin kM),

hE

ol

o

IJIe BBEJICHBI 0003HaUeHUs JIJ1si KOI(MDPUITHECHTOB

3e
0 k k k k
Ag):——Q, BO =0, AP =aA", BY =a.BP,
_ Jia(ke) = T (K
(k = 1( 6) k’ k+1( 6)7 ?(Jk) - ﬁ’r (k 9 Bl(lk) = ﬁg—ng)a
2\/1 —e2J
B = ‘ ’f(k ) AP =~ AP B =41 B

(1.206)
Jlna dbyuknun Beccesist u3BecTHO pasiioxkenne B (popMme cre-
[IEHHOI'O PsIIa

i n+2s
Z s+n's' ( ) ’ (1.207)

¢ moMoIIpbio Kotoporo koaddunmentor Pypoe by, B (1.194) u ay,
B (1.200) MOKHO TIPEJICTABUTH B BUJIE CTEIEHHBIX PsiJIOB, PACIIO-
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JIO?KEHHBIX 110 CTEIICHAM SKCIECHTPpUCUTETA:

K\2) & si(s+h)l (1.208)
/{?6 2s
k1 oo (—1)°(k+2s) | —
1 (ke 2
aki%(?) > s!(s+k)<! ) - (1209)

C HOMOIIIBIO 9TUX PSIJIOB MOXKHO MOJIYIUTh PA3JI0KEHUs JIJIsT
KOOD/IMHAT U CKOPOCTEN SJUIUITUYECKOro JiBUKeHus. B kuure
Cy66oruna [10], Hampumep, IPUBEEHBI OTPE3KH TAKUX DsIJIOB
10 €% BrmounTensro. Tam ke mpusoaaTca KoadOUIIEHTE pas-

T n T n .
JIOZKeHUH J11st (DYHKITNIT BUIA (—) cosnu u (—) sinnw, rje v -
a

a
HCTUHHAA aHoMaJnd. Takue (bYHKL[I/II/I HCIIOJIB3YIOTCA B TE€OPpUU

BO3MYLICHUI.

ITonyuennsle Bbime pajpl Pypbe I KOOPJIUHAT U KOMIIO-
HEHT CKOPOCTEll JITMITUYECKOI'O JIBUZKEHHUsI a0COIIOTHO U PaB-
HOMEPHO CXOAATCA JJId BCEX IEMCTBUTEJIbHBIX 3HAUYEHUN Cpell-
Hell aHOMaUInU U 9KCIEHTPUCUTETa B NUalla30Hax

—0c0< M<oo, 0<e<1-4, (1.210)

rjie 0 - HEKOTOPOE CKOJIb YTOJHO MaJjoe TOJIOKHUTEIHHOE THC-
J1o. [losTomy 9TH pgbl MOXKHO MOYWIEHHO JTUdDEepeHnpoBaTh
U UHTEI'PUPOBATD, & TAKKe ITPOU3BOJIUTH C HUMU PA3JIMIHBIC aJi-
rebpanvecKkue Olnepaluu.

Citejiyer oOpaTuTh BHUMAHUE HA TO, YTO UHOTJA STU PsJIbI
upu e > ey, (cMm. crp. 87) OomubOIHO TPEINOJIAraloT CXOIAIIN-
MUCS JIUIIb YCJIOBHO.

1.8.2 Psaapl mo creneHaM 3KCHEHTPUCUTETA
1.8.2.1 Psax Jlarpam>ka u dbopmysa Jlarpan>ka

st mostydenus pelienus ypaBHenus Keruepa B BUIE PAJIOB
110 CTENEHAM 3KCIEHTPUCUTETA BOCIIOJIb3yeMCA METOJIOM, pa3pa-
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ooranabiM Jlarpamxkem. C 3TOi 1e/IbI0 PACCMOTPUM yPaBHEHUE
Jlarpanzxka
Flzya)=z—a—af(z)=0, (1.211)

rJie @, z - KOMIUIEKCHBIE YHUCIA, @ - BEMECTBEHHOe Ynciio, a f(z) -
aHaJuTHIecKast (PYHKIS KOMIIIEKCHOIO [IEPEMEHHOTO 2 BHYTPU
HEKOTOPOI'0 3aMKHYTOI'O KOHTYPa S, OXBaTBIBAIOIIETO TOUKY .

Pertennem ypasuenust (1.211) sBisercs psig Bypmana-Jlar-

paHxKa
o

z:a+Zidn—i[f"(a)], (1.212)

a jobast rosomopduast dyukimsa $(z) npejgcrasisercs Gopmy-
Jioit Jlarpamnxka

d(z) +Z W d‘f; [ (a) ™ (a)). (1.213)

OrpanuanmMcs pacCMOTPEHUEM YaCTHOIO CJIydasl YPaBHEHUS
Jlarpanzka, a MMeHHO, paccMOTpuUM ypaBHeHme Kerutepa s
KOMILJIEKCHBIX 3HAYCHUI SKCIICHTPUIECKON aHomMamun F u dKc-
IEHTPUCUTETA € TIPU TOCTOSHHOM BeleCTBEHHOM 3HadeHuun M:

F(Ee)=F —esinE — M =0. (1.214)
Pemenne E = E(e, M) sroro ypaBHeHUs TIPEJICTABIISIETCS B
Bujie psja Jlarpamxa

n n—1

9] e .
n=1

a sobast roomopduas dyukiusa $(FE) omnpenensgercs dbopmy-
Jioit Jlarpanzxka:

O(E) = d(M)+ 3 Z—Tdﬁnil [@'(M)sin® M],  (1.216)

n=1

IJIe TI0J1 IIPOU3BO/IHOM HYJICBOTO TIOPsIJIKA TOHUMAETC 3HAYCHUE
camoii quddepennupyemoit pyukiuu. [pu e = 0 sxcnenTpute-
cKasl aHoMaJius paBHa cpejneil: B = M.
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B copaseuBoctu bopmysibt (1.215) MoKHO yOeauThCsT Cte-
Jgyronmme paccyxaeausyvu. Cpeass anomasusa M B ypaBHe-
nuu Keriepa urpaer posib IMOCTOSHHOIO HapaMeTpa, KOTOPbIii
MOZKET IIPUHUMATDH [TPOU3BOJIbHBIC 3HadeHus. 1103ToMy sKcIeH-
TpUYecKas aHoMaJIns aBJsieTcss PyHKIMeH cpeineil aHoMaInm u
srcrientpucurera: = E(M,e). duddepenimposanuem ypas-
Henust Keriepa or/esibHo 110 € 1 10 M IpuxojuM K COOTHOIIIe-
HUAM

OF 0FE
a(l—ecosE)—sinEzO, a—M(l—ecosE)—1:0,
(1.217)
C TIOMOIIIBIO KOTOPBIX JIJIsl YACTHBIX ITPOM3BOJHBIX MOJIyYaeTCst
3aBUCHMOCTD 9E pys
— =sin F— 1.218
ge oM (1.218)

cripaBe/JInBast 1 It IPOU3BOJIBHOM /i deperiupyemoit hyHK-
i O (F)

% = SlnEa—M. (1219)

[Iyrem juddepenimpoBanus Jierko yOeIuThCA B CIIPaBE/I-
JINBOCTU (POPMYJIBI

rje F(E) - npousBosibhas jguddepenimpyemas yHKIMs.
Jlastee MeTOIOM MaTeMaTHIeCKON MHIYKINNA JTOKaXKeM (hop-

MyJ1y
o ot o 0P
Son — N (sm Ea—M) (1.221)

[Ipu n = 1 a1y dopmyay yxke moayqawin B Bujge (1.219).
[Ipeamonaras ee cripaBe yuBoil 1715 1, mokazkeM jjist n+ 1. s
9TOr0 BBIUUC/IUM [TPOU3BOHY O

8n+1q) _g 8n—1 ) nan) B 8n—1 g ) nEa—(I)
dentt — deoM 1 \" Ton ) T ammtae \O Yo )
(1.222)
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C momomipio cooromenns (1.220), mosaras B KOTOPOM
F(F) =sin" E u yuntoBaz (1.219), 3ammmem

0 0P 0 o\ 0 (. 4,00
%(sm Ea—M)—a—M<1n Eae)—a—M(sm E@M)'
(1.223)
Oxonuarensio n3 (1.222) u (1.223) nosmyanm

n+1 n—1 m
0 q): 0 g( ”Ea—q)): 0 (sin”“Ea—q)).

dentl  OM™ 1 Oe oM oM™ oM
(1.224)
Paznoxkenne dynknun $(E) B psii MakaopeHa o cTerneHsM

SKCIICHTPUCHTETA, IIPEJICTAB/IACTCS B BUJIE:
e” [(O"D n
nt\den J,

0P e [0°D
v q“ﬁ(a) a(@)o
(1.225)

e ungieke 0 o3nadaer, 4To (pyHKIUSA U ee TPOU3BOJIHBIC B3ATHI
upu e = 0.

[Moncrasisss B (1.225) st MPOM3BOJHBIX UX 3HAYEHHUSI 110
dbopmyre (1.221) momayuum dopmymy Jlarparka (1.216) u npu
®(F) = E pan Jlarpanxa B Buge (1.215).

[lepsbie wiensr paznoxkenuit (1.215) mua E, ®(F) =sin E u
®(E) = cos E npe/IcTaBIsIOTCS B BUJIE

2 3

E:M+esinM+%sin2M+%(3sin3M—sinM)+...,
e 3e?

cos E = cos M + 5(0032M— 1)+ ?<COS3M—COSM) +...,

1 2
sinE=—(FE—-M)= sinM+gsin2M+ eg(&’usiné’uM—
e

sin M) +
(1.226)
Snas passoxkenus i sin £ u cos F, HETPYIHO MOIYYNTDH
PSR I KOOPAMHAT M CKOPOCTEH, TaK YKe KaK 3TO yrKe OBbLIOo
csies1ano i psiaos Pypoe.
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Puc. 1.6. Ocobble TOYKM Ha KOMILIEKCHON ILJIOCKOCTH 3KCIEHTPU-

deckoii anoMasuu. OOO3HAYEHUsI: CILIOMIHON JIMHUEH W300paskeHa

KpuBasi, OlpeJleisieMasi BTOPbIM ypaBHeHunem B cucreme (1.230),

[IPOHYMEPOBAHHLIMY IMITPUXOBBIMU JIMHUSIMU - TEPBBIM YPaBHEHUEM

B (1.230) jyist pasnuusbix 3uadennii M. udposbie obozHaueHus:
MMITPUXOBBIX KPUBBIX cM. puc. 1.7.

1.8.2.2 Kpyr cxogumocTtu Jlaminaca

Pamuyc cxomumoctu er psios (1.215) u (1.216) cormacuo
nepBoii Teopeme AGesis onpesessieTcss pacCTOsTHIEM OT IEHTPa
pasznoxkenust e = 0 10 6mzkaiieit ocoboit Touku [10] Ha maoC-
KOCTH KOMILIEKCHBIX 3HAYEHUIT SKCIEHTPUCHTETA.

Ocobpre Toukn dyukimm E = FE(e), 3a1aHHoil B HesABHOI
dbopme ypasaennem Kerurepa (1.214) ¢ BerecTBeHHBIM ITapaMeT-
poMm M, onpeJie/iaioTesd CUCTEMOM ypaBHEHMI:

E—esinE— M =0, 1 —ecos £ =0. (1.227)

st orbickanust obractu cxopumoctu psiios (1.215) u (1.216)
BOCIIOJIb3yeMCcs CJeytonieil cxemoit Borauciennii. Vckovuas u3
epBoro ypapHeHusi cucreMbl (1.227) 9KCHEHTPUCHTET € TOMO-
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Puc. 1.7. Ocobble TOUKN HA KOMIUIEKCHO}I IJIOCKOCTH 9KCIEHTPUCHTE-
ta. O6osnauenus. CrutomHast Kpusasi (B hopMe JIMH3BI) - BCe MHOXKE-
cTBO 0CO0BIX TOYeK. [ToMeveHHble OyKBaMU IITPUXOBBIE OKPYKHOCTH:
a - kpyr cxoxumoctu Jlamraca, b - kpyr [lapiabse ¢ MakcuMaIbHBIM
HUHTEPBAJIOM CXOAUMOCTH, ¢ - Kpyr cxopumoctu psija [lapibe npu
ep = 0.8. IIponymepoBamubie ocobble ToUKN: 1 - 11t 3HAYEHUS CPE/I-
neit anomasmn M =0, 2 - wis M =7/8, 3-M =7n/4,4-7/2,5 -
37/4, 6 - Tn/8, T -, 8- 97/8, 9 - 5 /4, 10 - 37/2, 11 - T /4, 12 -
157/8.

I[LI0 BTOPOIO YpPaBHEHUs, [IOJIYYUM ypPaBHEHUE JJIst OIIpeIeJie-
HUsI OCOOBIX TOYEK SKCIEHTPUIECKOi anomanuu E* kax yHK-
mun cpejreit anomamuun E* = E*(M). [oxcrasnsia sty dyHK-
uio B nepsoe ypasmenue (1.227), moydnm ocoOble TOUYKH IKC-
neHTpucuTeTa B Buje GyHKIUN cpejHeit anomasmn: €* = e*(M).
OnHako moJyauTh gBHbIE 3aBucumoct E* (M) n e* (M) neos-
MOZKHO, IIO9TOMY BOCIIOJIbL3YEMCs UX YUCJICHHBIM IIPEICTABJICHU-
eM.

Wrax, ijst orpeiesieHnst 0COObIX TOUEK SKCIEHTPUIECKON aHO-
MaJIU TIOJICTABUM BbIpakenue e = 1/cos |, mnosydenHoe wus
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BTOpOro ypaBHeHus cucrembl (1.227), B nepsoe. Toraa mosyanm:
E—tgE— M =0. (1.228)
3Has KOMILIEKCHOE 3HaveHUe SKCIEHTPUIECKONW aHOMAaJIuu

E =z +1iy, tie i = v/—1, MOXKHO TOJIyInTh Besmauibl 1/ cos E
n tgFE B BUNE

1 cosxchy+isinxshy

e = =
cos B/ cos? x + sh’y

E_M:th:Sinxcosx+ishychy (1.229)

cos? x + sh?y

Torna meificTBUTeIbHAST 1 MHUMasi 9acTu ypaBHeHus (1.228)
JJIyT CUCTEMY JIBYX YpPaBHEHUI JJisi OTBICKAHUSA JEHCTBUTE b
HBIX BEJIMYUH X U Y, OIPEIE/SIONUX 0coOble TOUku F* = x*+
+iy*, B BUJIE

sin  cos x M=o, y— _shychy 0. (1.230)

v cos? x + sh’y cos? x 4 sh’y

PemmTh 3Ty TpaHCIEHIEHTHYIO CUCTEMY B SIBHOM aHAJIUTU-
YeCKOM BHJIe HeBO3MOKHO. Ho 3Ta cucrema jierko perraercs 4uc-
JIEHHO, ompejesisisa wucyennse 3apucumoctu x*(M), y*(M) n,
caeoBaresnbio, E*(M).

Bropoe ypasuenue B (1.230) MOKHO pa3pemnTb OTHOCUTEb-
HO T ¥ MOJIyYUTh YpaBHEHUE KpuBoil I = ™ 4 1y*, Ha KOTOpOit
pacroiaraoTcst Bce 0coOble TOUKH:

h y* ch y*
x* = arccos (i\/w — sh2y*> +2km, k=0,£1,+2, ...
Yy

(1.231)

['pacduk 3T0it ABY3HATHON T-TIEPUOTUICCKON (DYHKIINM, Ha-
TIOMWHAIOITEN JIBE ITepeceKaoNnInecs CHHYCON bl BUJIa y = =+ sin z,
n306pazkeH Ha puc. 1.6 (crutonrHasi KpuBasi) HA KOMILIEKCHOI
IJIOCKOCTH TlepeMenHoil E st unrepsasia z € [0, 7). Ha srom xe
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pUCYHKe n300pazkKeHbl MTPUXOBbIE KPUBbIE, OIIPeIeIsieMble TIep-
BbIM ypaBHeHueMm cucreMbl (1.230) it pas/IMaHbIX 3HAYCHUI
M. Tlepecevenue sTux KpuBbIX ¢ KpuBoii (1.231) nmpoucxoaur B
JIBYX KOMILJIEKCHO-COIIPSI?KEHHBIX OCOOBIX TOUKax F* = x* £iy*.
[Ipu M = km 3Tu TOYKU CJIUBAIOTCA B OJHY JE€HCTBUTEIHLHYIO
touky E* = km, a npu M = 7/2+ k7 conpsizKeHHbIE KOMILIEKC-
HbIE 0COOBIE TOYKU IPUHUMAIOT 3HaueHus K* = w/2+kr+iFEp,
e Ep, = 1.19967864... - u3BecTHOE 3HaYEHNE SKCIEHTPUIECKON
AHOMAJINU IIPpU OIIPeJIeSIEHNN pajinyca cxomaumocTu Jlamraca, T.e.
KOpeHb BTOpOro ypasrenus B cucreme (1.230) mpu = 7/2, Ko-
TOPO€e MOYKHO 3aICaTh B BHUJE:

y = cthy. (1.232)

3HaHMe 0COOBIX TOUYEK IKCIEHTPUUIECKO aHoMmasmu FE* raer
BO3MOXKHOCTbD IOJIYUYUTb OCOOBIE TOUKHU € JIJIsi SKCIICHTPUCUTETa,

o 1 :COSZE*Chy*+’iSiI;ZE*Shy*. (1.233)
cos E'x cos? x* + shy*

Ha komruiekcHoit miockocTu sKcreHTpucurera ¢ = Re(e)+
+ilm(e) pasencrso (1.233) mjist Bceil COBOKYITHOCTH 3HAYEHUI
cpenneil anomaauu M ompeessieT HEKOTOPYIO 3aMKHYTYIO KpU-
BYIO, MMEIONIYI0 (OPMY CeYeHUs JIMH3bI, C IIEHTPOM B TOYKE
e = 0. I'pacduk sToit kpusoit npejcrasien Ha puc. 1.7. Kaxo-
my suadennio M € [0, 27| Ha 9T0i KPUBOI COOTBETCTBYET HEKO-
Topast 0cobasi ToUKa (CM. TOUKH, OMEYEHHbIe TdpaMu BIOJTb
KPUBOIi). DTa yKe TOUKa COOTBETCTBYeT 3HadennaM M +2km, k =
=0,=£1,+2,.... B uacraocru, npu M = 2k, Ha kpusoii (1.233)
nosyuuM Touky €* = 1, ipu M = (2k + 1)7 - Touky e* = —1,
aupu M = £7/2 + 2k nosydaercsi apa CONPsSIJKEHHBIX 0CO-
6bix Touek e* = tiep, rye e, = 1/cos B, = 0.6627434196... -
u3BecTHBIN npeden Jlanaaca. Kpyr cxomumoctu Jlammaca ompe-
JIeJISIeTCsl PACCTOTHUEM OT HadaJa KOOPAUHAT 0 OJmzKaiirieit
ocoboit Toukn (310 cpady jase Touku +ie;). Ha puc. 1.7 xpyr
Jlarmmaca n3obpazkeH ero rpaHuIieii - OKpyKHOCTBIO (KPUBAst @).
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Tabauna 1.2. CxogumocThb psijia Jlarpam:ka 1pu e > ey, Ha 4acTh 3Ji-
JIMIITHYIECKOU OPOUTHI, olpeiesisieMoil nareppajiom km — M* < M <
<km+4+M* tme k=0,+1,%+2, ...

e M* e M*
(rpan) (rpas)
ey, 90° 0.80 | 19.°¢40151216

0.663 | 86.53854876 | 0.81 | 17.54962921
0.664 | 82.34699258 || 0.82 | 15.82340240
0.665 | 79.75353235 || 0.83 | 14.21390533
0.666 | 77.70252221 || 0.84 | 12.71152497
0.667 | 75.95363615 || 0.85 | 11.30939483
0.668 | 74.40456384 || 0.86 | 10.00133514
0.669 | 73.00174715 || 0.87 | 8.782539369
0.67 | 71.71016691 || 0.88 | 7.648200987
0.68 | 62.05387119 || 0.89 | 6.594200139
0.69 | 55.19977568 || 0.90 | 5.618476869
0.70 | 49.68463896 || 0.91 | 4.717597961
0.71 | 45.00995637 || 0.92 | 3.889503479
0.72 | 40.92922210 || 0.93 | 3.132820128
0.73 | 37.30030061 || 0.94 | 2.448234559
0.74 | 34.03255465 || 0.95 | 1.834373475
0.75 | 31.06281281 || 0.96 | 1.293296812
0.76 | 28.34438325 || 0.97 | 0.8277511594
0.77 | 25.84293366 || 0.98 | 0.4439163206
0.78 | 23.53237152 || 0.99 | 0.1548385620
0.79 | 21.39072418 1 0
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1.8.2.3 (O6JyacTu CXOANMOCTH IIPH € > e,

Pamnyc cxomumocTu psajga Jlarpanzka MOXKHO yBEJIUYUTD, €C-
JII UCKJIIOYUTH U3 PACCMOTPEHUs 0COObIE TOYKU, ITPUICTAIOINTIIE
K TOYKaM tiey. DTO MOXKHO CJI€JIaTh, €CJIN Ha SJIITHIITHIECKON
opbuTe HEe paccMaTpPUBATL HEKOTOPbIE O0JIACTHU, PACIIOJIOXKEH-
Hble BOJIM3M 3HadYeHWil cpeineit anomamuu M = /2 4+ 2km u
M = —7/2 4 2k7, 7. e. uccie0BaTh CXOAUMOCTH psijia Jlarpan-
’Ka He Ha Bcell opduTe, a TOJIHLKO HA HEKOTOPBIX €€ YaCTdAX, OXBa-
TBHIBAIOIIUX allCU/IbI OPOUTHI.

3aBUCUMOCTD PaJUYCa CXOJIUMOCTHU € OT CPeJIHell aHOMAaJIuu
M ycranasiuBaercs popMyJIoit

1
\/cos? z* + sh’y* ’

er = |e*| = (1.234)

B KOTOPOIt ™ u y* siBJisitorcst QyHKIUSAMEU cpeineit anomasuu M,
ompeiesisieMbiMu cuctemoii ypasuenuit (1.230). Oyukrus ep =
er(M) npencrasiisier coboii IEPUOINIECKYIO (DYHKIIUIO C HEpHU-
OJIOM T.

Ha miockocTu fieiicTBUTEIbHBIX TEPEMEHHBIX " CpejIHss aHO-
MaJIid - SKcIeHTpucuTeT" 31a (PyHKIUS OIpejIe/sdeT I'PAHUILy
obaactu cxopumoctu psyios (1.215), xKoropast m3obparkeHa Ha
puc. 1.8 una maTepBage M or 0 go m u B Tabaune 1.2. Kpn-
Bast e(M) mocturaer cBoero MUHHMYyMa € = e; B Toukax M =
7/2 + km, a B toukax M = k7 (mepurieHTp u amnoneHTp opou-
THI) OPUHUMAaeT MakcuMmaJsbHoe 3uHadenue e = 1. [lpu e < ef
psiz Jlarpanzka CXOIUTCS HA BCEH SJUIMNTHYECKOH opbute (00-
JIACTH CXOJIMMOCTH M300parkeHa ¢ HaKJIOHHOM mTpHXOBKOﬁ). Psn
Jlarpamnzka ocraercs CXOJAINIMMCH U JIJIsi 3HAYCHUN SKCIEHTPHU-
curera OoJibiie Tipejiesia Jlammaca ey, HO TOJILKO Ha HEKOTOPOIt
YACTH JUIUIITUIECKON OPOUTHI B OKPECTHOCTU TEPUIIEHTPA UJIN
anoreHTpa (#Ha puc. 1.8 sra 006/1aCTH UMEET TOPU3OHTAJBHYIO
MTPUXOBKY). VIHTEpBaJbI cpejiHeill AaHOMAJINK, BHYTPH KOTOPBIX
ps Jlarpan:ka abcoTIOTHO U PABHOMEPHO CXOJIUTCH, ITPUBOJIAT-
cd Takke B Tabsmie 1.2 Jijisd psjia BHIOPAHHBIX 3HAYEHUN 9KC-
IEHTPUCUTETA € > €, a HA puc. 1.9 31u 0bJ1acTU CXOIUMOCTH Ha
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0.5 1

0.25+

Puc. 1.8. O6iactb cxomumocTu psizia Jlarpamxka Ha Beeil sJuunTude-
ckoii opbure npu e < ey, (06aCcTh MOMeYeHa HAKJIOHHON IITPUXOB-
KOi1) ¥ Ha YaCTH SJIITHIITHIECKOIl OpOouThl Ipu e > e, (rOPU30HTAIb-
Hasl MITPUXOBKA). DTH 00JIaCTU HEPUOJUIECKU [TOBTOPSIOTCS Ha BCEi
YHUCJIOBOI ocu cpejnHeil anomasmu M ¢ epuosioM .

JaCTAX JTUINTHICCKON OPOUTHI M300pazkeHbl ¢ MOMOIIBIO KPY-
TOBBIX JIMarpaMM CpeaHeil aHOMaJIun.

DTHU pPe3y/IbTATHI IPEJICTABJISIOT HE TOJHKO TEOPETHIECKUId,
HO U NPAKTUIECKUI MHTEPEC JIJisi aCTPOHOMUM U ACTPOIUHAMI-
KU, OTKPbIBas HOBbIE BO3MOXKHOCTH JIJIs CO3/IAHUS AHAJUTUIE-
CKUX TeOpHuil JIBUKEHUS HEeOECHBIX TeJI 10 opouTam ¢ O6OJIbIITIM
SKCIICHTPUCUTETOM IIPH FapaHTUPOBAHHOW CXOJIMMOCTH PSAJIOB B
okpecTHOCTH aricuji opout. Takue abCOTIOTHO CXOISIINIECs psi-
JIbl MOXKHO HCIIOJIb30BaTh, HAIPUMED, JJIs BBIYUCIEHUA OPOUT
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Puc. 1.9. JIuarpammbl objracTeil CXOIUMOCTH psifia JlarpanxKka mpu
e > er,. Obosnavenns: P (nepurentp), A (amomnenrp) - ancujpl op-
ourel, 1 -M = -M*2-M=M*3-M=nr—M*4-M =7+ M*.
Bepxustst auarpammva npusejiera st e = 0.665 > er, (M™* = 79.°75),
cpequsst - e = 0.7, (M* = 49.°68), mmxkusis - e = 0.9, (M* = 5.°62).
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KOMET WJIM acTEPOUJIOB C OOJIBINUM SKCIECHTPUCUTETOM PU UX
IIPOXOKJIEHUH Yepe3 OKPECTHOCTH IePUresus, Ijie B OCHOBHOM
U MPOBOJSATCA WX HAOJIO/eHust. A Jjisi MCKYCCTBEHHBIX CITYT-
HUKOB 3eMJIH ¢ OOJIBIITUM SKCIIEHTPUCUTETOM, ~'3aBUCAIONINX B
okpecTHoCcTH anores (cryTHuUKN Tuna "MosHus”), OpOUTHI MOXK-
HO OIPEJIE/ISATD C IIOMOIIBIO PACCMATPUBAEMBIX PAJIOB C TaPAHTHU-
POBaHHOI CXOJIMMOCTBIO Ha YCTAHOBJIEHHBIX BbIIIE MHTEPBAJIAX
cpeJiHell aHOMAJINH.

1.8.2.4 Kpyr cxoagnmoctu Ilapine

WNuTepBast cXoIMMOCTH PAJIOB 110 CTEIEHIM SKCIICHTPUCUTETA,
MO2KHO yBEJIMYUTh, ecyiu, ciaeiyd [lapibe, BMecTo psijia Makiio-
pena (1.215) pacemorpers ps Teiiiopa 1mo cremeHsiM e — eq:

E=FEy+ecile—e) +cale—eo)+..., (1.235)

e Ko UImenTsl ¢; sapidiores gpyumuamu Fy u M.

[Ipu e = ey pax (1.235) npunumaer 3uadenne F = Fy, Ko-
TOPOE, B CBOIO OY€PE/Ib, OIIPEIEIsIeTCs aOCOTIOTHO CXOSIIIIMCS
psiiom @ypre (1.198)

Ey= M + 22 Julk - ) gin kM. (1.236)

k=1

Anajornaabivu psgamMu Pypbe MOTyT ObITH IIPeICTaB/IEHbI
KOI(DDUIMEHTDI (1, Cg, ... . Torga psiz (1.235) npeobpasyercs: B
nosTopHbIil paj Oypoe-Teitopa. Takue psabl HA3BIBAIOT Psa-
mu [lyaccona. Ps (1.235) mist 3ayia4m IByX TeJi CIPABEJINBO
TakKe Ha3bIBaThL padom Illapave.

Tak Kak ykazaHHBIE Dbl Dypbe aOCOTIOTHO CXOMATCS JITIs
JIIOOBIX 3HAYEHU SKCIIEHTPHUCHUTETA, TO WHTEPBAJ CXOIUMOCTU
psa (1.235) onpejiensieTcs TeMu XKe 0COOBIMU TOYKAMHU, 9TO U
psiioB (1.215). VsmeHsieTcsi TOJIBKO TIOJIOKEHUE TIEHTPa, Pa3Jio-
JKEHUs - TOUKH €.

HecmoTpss Ha yMeHbIIEHHE paJlyca CXOJUMOCTH PSIIOB
®ypoe-Teitiopa 1o cpasuenuio ¢ psyamu Makopena (1.215),
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MHTEPBaJ CXOAUMOCTH, KakK mokazaJ [Ilapibe, MoxKHO yBesun-
quTh. [IpaBas rpanuiia mHTEpBasa cXoUMOCTH pA1oB [Hlapibe
BCEIJIa paBHA €y + €r, B TO BpeMs KaK JieBas I'DaHUIA TIPH W3-
MeHeHnHn ey oT () 1o HEKOTOPOI'o 3HAYEHHS €c OCTAeTCs PaBHOM
HYJIIO0, T. K. 3HadYeHusd e < 0 He uMeroT (hU3UIECKOro CMbICTIA, a
IIPU €y > €c CTAaHOBHUTCS PaBHOU ey — eg. Ilpu ey — 1 myuna
WHTEpBaJa CXOAUMOCTHU CTATUBaeTCd K HYyJ0. MHTepBasibl cxo-
jqumoctu psajios (1.235) B 3aBUCHMOCTH OT BEJIUUUHBI €q JJIs J1efi-
CTBUTEJILHBIX JIBUKEHUi 1pejicraBienbl Ha puc. 1.10. O6paso-
BaHHas TUMHM WHTEPBaJAMU O0JIACTb CXOJIMMOCTU HA PUCYHKE
3allITPUXOBaHA.

HaubGouibimuit uHTEpPBaJI CXOIUMOCTH COOTBETCTBYET 3HAYTeE-
HUIO €9 = €¢, & PAIUYC CXOJUMOCTU €R ITPU STOM TaKKe paBeH

€c.

—ec <e—ec <ec=0.447743205 wunnm

0 <e < 2ec = 0.895486410, (1.237)

rje JeBasi rpanuia e = 0 (KpyroBoe JBUKeHHE) BKIIOYEHA B 00-
JlacTh cxojuMocT. Kpyr cxoaumocTu Jijist eg = ec n300pakeH
Ha puc. 1.7 (kpuBasg b). 3Havdenue e¢ caelyer HA3BIBATH npede-
aom Hapave (apibe Jyis 9TOro mpejiesa Moyl 3HAYCHIe
€Ec = 0445)

MozKHO MOJTyIuTh abCOIOTHO CXOAAIINECH PAJIBI /IS 3HATe-
HUI SKCIEHTPUCUTETA, CKOJIb YIOJHO OJIM3KUX K ejquaure. Jlis
9TOT0 3HAYEHUEe €y CJeJyeT BbIOPATh JIOCTATOYHO OJIM3KUM K
eaunurie. Ha puc. 1.7 jaya wumoctpanun n300pazkeH Kpyr CXo-
qumoctu 1pu eg = 0.8 (KpuBasi ¢), /I KOTOPOIO HHTEPBAJ
cxopumoctu psjoB [llapiabe cranoButcsa paBubiM 0.63... < e <

<0.97....

1.8.2.5 OxkoHuaTeJIbHbIE PE3YJIHTATHI

Nsioxkennabie pe3yabTaThl MOXKHO COPMYIUPOBATH CJIEIY-
FOIIUM 00pa30M:

- passoxkenusi B popme psagos Jlarpanxka (1.215) abcomoTHo
U paBHOMEPHO CXOJATCS JIJIsT 3HAYEHUN SKCIEHTPUCHTETa, VIO~
BJeTBOpsiomux HepapencrsaM 0 < e < ey, e e;, = 0.662743420



94 I'maBa 1. HEBO3MYIIIEHHOE /IBU?KEHNE
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Puc. 1.10. UnrepBasibl cxomumoctu psifia [llapibe. SamrpuxoBannast

00J1aCTh OIpeJie/isieT IPAHMIIBI UHTEPBAJIA CXOIUMOCTH B 3aBUCUMO-

CTH OT 3HAYEeHUs IEeHTpa pasjoxkenus eg. LIITpuxoBbie mpsmbie wi-
sgocTpupyioT npenessl [Hlapibe ec u Jlannaca ey,

- upegnes Jlamnaca, u Jiyid BcexX 3HAYEHUI cpejaHell aHOMAaJIUN
—00 < M < o0;

- mpu e > ep pajgnl Jlarpamxka cxogdrcd TOJBKO Ha Ya-
CTH SJUIMITHIECKON OpOUTHI JUId 3HAYEHUN cpejiHeil aHoOMaJIin
B OKPECTHOCTHU IIepUIleHTpa uiau anonentpa kr — M* < M <
< km + M* (cm. puc. 1.8);

- pasnoxkenne B dopme pagos Hlapabe (1.235) npu ey =
ec = 0.447743205 nMeeT MaKCHMAaJIbHBI WHTEPBAJ CXOIUMO-
cru 0 < e < 2ec = 0.895486410 (cm. puc. 1.7 u 1.10), e ec -
npegiest [Hlapibe. Panpr [Hlapibe MOXKHO NCIIOTB30BATD /1 3HA-



1.8. Psapr sJmOTHYecKOro JBUYKCHHST 95

YeHU IKCIEHTPUCUTETA, CKOJIb YI'OJIHO OJIM3KUX K €JUHUIIE, HO
PaJIMYC CXOJMMOCTHU IIPU STOM YMEHDIIAeTCs, CTPEMSACH K HYJIIO
mpu e — 1.

Ecyin ucrionb3zoBaTh ojfHOBpEeMeHHoe pasJjioxkenue B psj Ma-
KJIOPEHA I10 CTeleHsIM SKCIEHTPUCUTETa U B TPUIOHOMETPHUYUe-
ckuit psg Pypwe, To nosxyunrcs psij [lyaccona. B syunrute-
CKOM JIBMZKEHUM JIjIsi npou3BoJibHON dyukimu f(e, M), 3aBu-
cATEeil OT SKCIEHTPUCHTETa U cpejHeit anomasmn, psii Oypbe-
MakJjiopeHa MOXKHO IIP€JICTaBUTh B BHJIE

fle,M) = Z Z e'(a;jsin jM + by cos jM). (1.238)

i=0 j=—00

Ecyin sToT psia paccMarpuBaTh KaK MOBTOPHBIN ¢ BHEITHIM
CYMMUPOBAHUEM II0 CTEIEHSIM SKCIEHTPUCUTETa, TO OH CXOIUTCS
abCoOJIIOTHO B 0DJ1acT

0<e<e,=0,6627434, —oo< M < oo. (1.239)

Ecin ke psajg @ypre-Maxiopena (1.238) paccMarpuBaTh Kak
[IOBTOPHBIH PsiJ ¢ BHYTPEHHUM CYMMHPOBAHUEM 10 SKCIEHTPU-
CUTETY, TO OH CXOJIUTCsI aDCOJIIOTHO B 00J/1aCTU

0<e<l, —o0o<M <o0. (1.240)

NzBectHo, 4TO IepecTaHOBKA OECKOHEYHOI'O HHCJIA IJICHOB
B abCOJTIOTHO CXOJIAIIEMCS PsiJie HE BJIUSAET Ha €r0 CXOIUMOCTD.
YCTaHOBJIEHO Tak:Ke, 9TO psijl JlarpaHrka Mo CTereHsiM 9KCIIeH-
TPUCUTETA TIEpEeMeIeHneM OeCKOHEYHOI'0 YUCa YIeHOB (op-
MaJIbHO MO2KHO IIPpHUBECTU K BUJ/LY, COBIIa[aloieMy C PAJI0M (Dy—
pbe JI KpaTHBIX 3HAa4YeHUuil cpejneit anomaymu. Bo3moxkHo u
obpatHoe hopmasbHoe nepecrpoenue psijia Pypwe B pst Jlarpan-
ka. Onupasich Ha 9TH MOJIOYKEHUs, B HEKOTOPBIX PYKOBOJICTBAX
110 He6eCHOﬁ MeXaHuKe IIPUBOAATCA HEBEPHbIC CBE/JICHUA O CXO-
JIUMOCTH PsA10B Pyphe BIJIOTH JI0 YTBEPKIeHUA 00 UX YCJIOBHOI
CXOJMMOCTH TIPU IKCIEHTPUCUTETE, TIPEBBIIIAONEM mpees Jla-
iaca.
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Ha camowm gmeste nipejient Jlamnaca He nMeeT HUKAKOrO OTHO-
meHus K pajuycy cxoaumoctu psjia Pypoe. Pamnr Jlarpam:xka
u Pypbe gBJIAIOTCH KAYeCTBEHHO pasHbIMU pajgamu. Psmg Dy-
pbe IpejcTaBisieT coboit (DYHKITMOHAJBLHBIN PAJl 110 CHHYCAM
U KOCHHYCAM KPaTHBIX 3HAYCHUN CpeJiHeil aHOMaJiud, B KOTO-
POM SKCIIEHTPUCUTET SABJISIETCS JIeHCTBUTEIbHON KOHCTAHTOM. A
psia Jlarpamzka - 970 (GYHKIMOHAJIBHBIN PsAJI 110 CTEIEHSIM SKC-
IIEHTPUCUTETA, PAJIUYC CXOJMMOCTH KOTOPOT'O OIIPEJIE/TAIOT KOM-
[JIEKCHBIE 3HAYeHUsl IKCIeHTprcuTera (ocobbie Toukn). Cpeji-
HdAd aHOMaJIUA B psije JlarpaH»Ka siBIsieTcs BEIeCTBEHHBIM II1a-
pamMerpoM. YIoMsaHyTas (popMajbHas IepecTaHOBKA YJIEHOB B
psjie Pypbe MPOU3BOIUTCH TTOCTIE TTPEIBAPUTETBHOM 1TOICTAHOB-
KU B 9TOT P& PA3JIOKEHHiT B cTelleHHble psibl (pyHKImit Becce-
nst. Ho mozcranoBka psijia B psiji MOXKET MPUBECTH (M B HAIEM
cllydae TPUBOJNUT) K WU3MEHEHUIO PaJINyca CXOIMUMOCTH BHOBb
[IOJTy4aeMOro psjia. be3 ydera 3TOro u3MeHEeHUd U IOJIY9aeTCs
OIIMOOYHBIN BBIBOJI O PaJINyCcax CXOJUMOCTH PACCMaTPUBAEMbIX

9391(0): 3

Caenyer 3ameTuTh, 9T0 paabl [llapibe HUKOrIA HE UCIOJIb-
30BaJINCh B MMPAKTUYECKUX MPUIOKEHUAX, TaAK KaK HEU3BECTHBI
AHAJUTHIECKIE BbIPaXKeHUsI JIsi KOO(MDPUIINEHTOB STUX PsIIOB.
CoBpeMeHHbBIE BO3MOXKHOCTH JIJIsl IPOBEICHNS aHAJTUTUIECKIX 1
YHCJIEHHBIX BBIKJIQJIOK Ha KOMITBIOTEPAX MO3BOJISIOT, 110 KpaitHeil
Mepe IPUHIUIHAJIBHO, HCIOJIb30BaTh abCOTIOTHO CXOISITUNCS
psan lapibe ms ornpeesiennst opOUT HEOECHBIX TeJI ¢ IKCIEH-
TPUCUTETOM, CKOJIb YT'OJIHO OJIU3KUM K €JIMHUIIE.

1.8.3 Psanbl o creneHdaM cpejiHEl aHOMAaJINNT
1.8.3.1 IlocTpoeHue psiaoB

Panpr Teitnopa no crenensam pasuoctu M — My jiia SKCiieH-
TpUYeCcKoil aHoMmasuu E u pajmyca-BeKkTopa T B 3ajade JIBYX
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TeJI MO2KHO IIPpe/ICTaBUTL B BUJEC:

E—p . i (M —S!MO)S <dsE(M))M:MO _

— dMs
1
= F S M — My)— 1.241
ot (1—ecosE)MMO( 0) ( )
esin K (M — My)? N
(I—ecos E) |\ s 2! Y

L L= (M = My [ dF -
"= O+Z s! dMs M:MO_

dF 27 M — Mp)?
= 7o+ (—T) (M — M) + ( Z) ¥+
i), . i), 2

0
37 M — M,)?
+( 7’3) Q+m,
3!
M=M,

(1.242)
rjie Mo u Eg - COOTBETCTBEHHO CPeJIHsAsI U SKCIIEHTPUIECKas aHO-
MaJIiu B 310Xy tg, 7o U (dr/dM ) - Hada/IbHbIE 3HAYCHUST PAJIAYC-
BekTOpa u ckopoctu. [Ipu My = 0 3T psajbl mpeodpasyoTces B
paabl Makiopena 1o crenensm M.

Psanpr (1.241) u (1.242) npu HEOOXOAUMOCTH MOXKHO Tepe-
CTPOUTH B PAJIBI 110 CTereHsIM BpeMenu. J1jist 3Toro ciejyer Boc-
[OJIb30BATHCA 3aBUCUMOCTAMUI

d? 1 d°
M():n(t(]—’?'), M—M():n(t—to), dMs :E%,
(1.243)

rJie T - BpeMsl IIPOXOK/IEHUsl Yepe3 EPUIEHTD, N - CPeJIHee JIBH-
JKEeHHe.

Bcee npomssommbie B paznoxkenusx (1.241) u (1.242) serko
oupenenstored. s pana (1.241) Bce IpOU3BOHBIE SKCIEHTPU-
YeCKOfl aHOMAJINHU BBITHCIISIIOTCH IyTeM S-KpaTHOro auddepen-
mupoBanus ypasaenus Kerurepa. A jyrst psina (1.242) 3nade-
HIsI JIBYX [IEPBBIX CJAraeMbIX YCTAHABIMBAIOTCS 110 HAYAJIbHBIM
SHAYEHUsIM KOODJMHAT U CKOPOCTEil, TpeThe CJaraeMoe BbIpa-
JKAETCsT depe3 IPaBylo YacTh YPABHEHHH OTHOCHTEIHHOTO JIBH-
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5] Re(M)

a
| w
a

Puc. 1.11. Ocobbre TOYKM 1 KPYTU CXOAUMOCTH Ha KOMILIEKCHOMN TLJIOC-

KocTu cpenneii anomaaun g e = 0.2. ObozHavenus: 1, 2 - ocobbie

Touku +i03; 3, 4 - ocobbie TouKM 27 + i3; 5 - KPYT CXOIAUMOCTH JIJIst
My = 0; 6 - kpyr cxomumocTu Jitst My = 7.

xernus (1.25), T.e. ¥ = —ur/r3, a Bce mambHeilIue MPOU3BOI-
Hble ompeeadioTcs auddepeHImpoBaneM TN TpaBoil YacTu
C TIOCJIEIYIOMIE 3aMEHOMN MOSIBJIAIONINXCS BTOPBIX ITPOU3BO/IHBIX
paJjiyca-BeKTOpa Toii ke npaBoil yacTbio ypasuenus (1.25).

Koopmunatsr, ckopoct 1 paznocts £ — M B 3/UTMITHYECKOM
JIBUKEHUU SIBJIAIOTCS 27-TIEPUO/INIeCKUMU (PYHKIIUSIMU CPeJTHel
anoMaJsinu. [losromy g onpejienienus 00JIACTU KOPPEKTHOIO
MIPAKTUIECKOTO UCTIOTb30BAHNS STUX PSATOB MOXKHO OTPAHUIATH-
cd U3YyYEHUEM CXOJMMOCTH Ha KaKOM-JIUO0 MHTEpBaJe CpeIHeil
AHOMAJINU, JIJINHOM 27T, T.e. HA OJIHOM 0DOPOTE IO SJLIUITHYE-
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ckoit opoute. Ecin, j1oka3aThb CXOMMOCTD PAJIa Ha TAKOM UHTEP-
BaJie, TO C TOMOIIBIO ITOTO CXOAIIErOCHA PsiJia MOXKHO OIpejie-
AT 3uadenus (M) na Beeit unciosoit ocu M, tak kak 7( M+
+2k7) = 7(M). CxopumocTH psijia Ha BCeil THCIOBOI OCH He3a-
BUCHMO#1 iepemenHoit M Jijist 9TOro He TpedyeTcs.

Ompenentenne pajyca cxonuMocTr psjios (1.241) n (1.242)
CBOJIUTCSI K MIOUCKY OCOOBIX TOoueK HesiBHOI dyukimu F (M), 3a-
JanHoil ypaBuennem Kerutepa B IIPeJIIIOIOKEHIN, ITO SKCIEH-
TPUCHUTET UMeEeT MIOCTOSHHOE BellleCTBeHHoe 3nadenne e < 1, a F
u M npuHuMaloT KOMILJIEKCHBIE 3HadeHus1. KoopmHaTbl 0cobbIx
TOYEK OINPEJIEISIOTCS U3 CHCTEMbI ypaBHEHUIT:

F(E,M)=F —esinE— M =0,
OF (1.244)
— =1—ecosE =0
OF ’
KowmriekcHble 3HaUEHNsT SKCIIEHTPUIeCKOoit anomanu F, yiio-
BJICTBOPSIIOIIIIE BTOPOMY ypaBHeHuIo B cucreme (1.244), r.e. yciio-
Buio cos F = 1/e, MOXKHO IIPEJICTABUTD B BH/IE

E® = +ia 4 2km, (k=0,£1,42, ...),
1 14V (1.245)
n—.

« = arccos — = 1|
e e

Torma u3 nepsoro ypasuenus cucteMbl (1.244) BbIYuC/ISIOTCS
KOMILIEKCHbBIE 3Hadenust cpemeii amomanun M ¥ ompemeststio-
e 0coObIe TOUKM Ha KOMILJICKCHON Iockoct M

M®) = E®) _ esin BE® = 2k + 43, f=a—V1-—e

(1.246)

Bce ocobblie Toukn gB/IsiioTCA W30 UpoBaHHbIME. [Ipu mmocTo-
AHHOM 3HAYEHUU SKCIEHTPUCUTETA Ha KOMIIEKCHOW IIJIOCKOCTH
M onm pacmnosaraloTcd Ha JIBYX HPAMbBIX, PABHOOTCTOSIIUX OT
JleficTBUTEIbHON ocn. 3HadeHne cpeneil anomasauu My B 510Xy
tp 3a/1a€TCA COOTBETCTBYIOIIEH TOUYKOI Ha JICHCTBATEIHLHON OCH.
Pamuyc cxommmoctn Mp panos (1.241) u (1.242) Torga ompe-
JIeJIeTCA paccTodgHreM OT Touku My 0 Oaumzkaiimieir ocoboi
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T
r
2

Puc. 1.12. CxoaquMocTh psiJIOB IO CTEIEHSIM CPEJIHell aHOMaJIuu Ha,
BCell 9JUIMIITUYECKO opOuTe 1 Ha ee YacTU. 3allTPUXOBaHa 00JIacTh
sHadyenuii My u e, Jjisi KOTOPBLIX HUMEET MECTO CXOJIUMOCTH Psijia
(1.241) Ha BCeil uUIITUYECKON OpOUTE; B HE3AIITPUXOBAHHOM 0618~
CTH - CXOJIUMOCTh TOJIBKO Ha YACTU OPOUTHI, OIIPEIe/IIeMOi HepaBeH-
crBoM |M — My| < Mg < 7.0603HaueH s TOPU30HTATIBHASL IITPUXO-
Basl IpsiMasi WIIIOCTPUPYET Ipeesl XOJIIEBHUKOBA € = €, CILIOII-
Hast KpuBasi 1 - 'PaHUILy CXOAMMOCTH Ha BCEil 3JINIITHIECKON opouTe,
KpuBas 2 - CXOAMMOCTb Ha 4acTu opbursl, pasHoil 80% mnepuosna ob-
pamenusd, 3 - Ha yactu B 60% nepuona, 4 - 40%, 5 - 20%, 6 - 10%, 7
- 5%.

toukn M®*) . He orpannmumsas obminocTn, 3uaueHne M, Gyiem
CIUTATH TAKUM, 9TO OJIMZKAWIINMEA OCOOBIMU TOYKAMU STBJISTIOT-
ca nBe Touku M* = £i3. CiieroBaTe/ibHO, PAJIUYC CXOJUMOCTHU
otpeiesisieTcss (GOpMyIIoit

Mp = |(M")j=o — My| = | £ — Mo| = /52 + Mg. (1.247)

Oxkpyx)HocTh pajguyca Mp ¢ neatpom B Touke M, orpee-
JIIeT TPAHUILy KPyra CXOIUMOCTH, & TOYKH IePEecedeHud STO
OKPY2KHOCTU C JIEHCTBUTENHHON OCHIO OIPEJIE/ISAIOT UHTEPBAJI
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Tabuiuma 1.3. I'panuna cxomumoctu psigos (1.241) u (1.242) na Beeit
9JUIMNTHYECKO opbuTe, onpejeseMas HepaseHcTBamu 2km + M/ <

< My <2(k+1)r— M, tne k=0,+£1,+2, ...

e M e M*
(rpa) (rpas)

0 0° 0.045 | 82°.2148968

ex 0 0.048 | 89.0426656
0.0319 | 7.9190034 | 0.050 | 93.0270541
0.0320 | 11.2757142 || 0.055 | 101.513473
0.0321 | 13.8314011 || 0.06 | 108.442874
0.0322 | 15.9753009 || 0.07 | 119.225018
0.0323 | 17.8564081 || 0.08 | 127.334450
0.0324 | 19.5507718 || 0.09 | 133.715281
0.0325 | 21.1034627 || 0.10 | 138.895412
0.0326 | 22.5438122 || 0.11 | 143.199062
0.0327 | 23.8921833 || 0.12 | 146.838842
0.0328 | 25.1634010 || 0.13 | 149.961168
0.0329 | 26.3686588 || 0.15 | 155.044981
0.0330 | 27.5166565 || 0.16 | 157.142206
0.0335 | 32.6004307 || 0.17 | 159.007650
0.0340 | 36.9110629 || 0.18 | 160.676871
0.0345 | 40.6973902 || 0.20 | 163.534960
0.035 | 44.0967998 || 0.25 | 168.708204
0.036 | 50.0492786 || 0.30 | 172.110869
0.037 | 55.1812109 || 0.35 | 174.450350
0.038 | 59.7147619 0.4 176.101680
0.039 | 63.7864145 0.5 178.136110
0.040 | 67.4874282 0.6 179.185028
0.041 | 70.8825472 0.7 179.699533
0.042 | 74.0197604 0.8 179.920863
0.043 | 76.9358561 0.9 179.991091
0.044 | 79.6597996 1 180

CXOJUMOCTH JId MHTEPECYIOIUX HaC ,Hef/'ICTBI/ITeJIbHI)IX 3Ha4e-
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HU# cpenHell aHoMaJIun
My — Mr < M < My+ Mg. (1248)

Ha puc. 1.11 gjist e = 0.2 uzobpazkeHbl JBa Kpyra CXOMMO-
ctu: HanMenbInwuii - i My = 0 u naubosibimuii - jyist My = .

Basucnmocts (1.247) pamuyca cxomumoctn Mg ot e u My
npejcTaBieHa Ha puc. 1.12 Ha miockoctu Mye. KpuBast Mp = w
(kpuBast 1 Ha puc. 1.12), onpejiesnsiemMasi pABEHCTBOM

\/ B2+ Mg =, (1.249)

YCTAHABJIMBAET TPaHUILy cxojumoctu psia (1.241) Ha Beeil 9u1-
mantraeckoit opoure (—m < M < 7, KoTopast IpUBe/IeHa TaKKe
B Tabsmuie 1.3. Huxke kpusoit (1.249) pacrnonaraercst 06JacThb
CXOJIMMOCTH Ha BCEl JUIMIITUYECKON opbure (HA pHUCYHKE 06-
nactpb 3amrpuxoBana). Kpusas (1.249) nupu My = 0 numeer mu-
numyMm e = ex = 0.031803065887..., obnapyxkennbiii K.B.XoJ1-
meBHUKOBBIM. [Ipu e < ex psipr (1.241, 1.242) GymyT cxoasm-
MHUCS Ha BCEH SJUIMIITUYECKON OpOUTE HE3aBUCUMO OT 3HAYCHUA
Mj. Benuuuny ex ciiejryer Ha3bIBaTh npedesom XoauwesHurosa.

Borime kpuBoit My = 7 pacnosaraiorcs 00JIacTU CXOJIMO-
CTU JIUIIb HA YaCTU JUINITHYECKON opbutrhl. Kem, manpumep,
SKCIICHTPUCHUTET YJIOBJIETBOPseT HepaBeHCTBY e < (0.2, To, Kak
BUJHO U3 puc. 5, s 3Hadenusa My = (0 rapaHTHpoBaHa CXO-
JIMMOCTDB Ha 9acTu opbuTbl 4yTh Gosee 40% mnepuoma obpare-
HUsI, HO ¢ yBejgudenueM |My| 10 3HaYeHMii, COOTBETCTBYOIMINX
3AIITPUXOBAHHON YACTH PUCYHKA, O0JIACTH CXOJIUMOCTHU YBeJIH-
quBaercs 10 noaroro (100%) nepuosa.

Ha pwuc. 1.13 mpuBesieHbl KPYTOBbIE IHArPAMMBI YTJIOBBIX
3HaYeHMl cpejneit anomasmu M, WTIOCTPUPYIONINE YacTh dJi-
JIUIITUIECKON OPOUTHI, Ha KOTOPBIX CXOjsTest psajint (1.241,1.242).
DTu auarpaMmbl UJLTIOCTPUPYIOT OOJIACTH CXOJMMOCTH Ha, Ya-
CTH 3JUTMIITUIECKON opouThl (061aCTH CXOJAUMOCTH 3aTE€HEHBI).
MoKHO 3aMETUTh, UTO MEPUIIEHTDP OPOUTHI BCEI/Ia PACIIOIOKEH
BHYTpU 00JIACTU CXOJIMMOCTH.

Ocobo cremyer ormeruTh, uro psiabl (1.241, 1.242) Gyayt
CXOJISIIIMMUCS HA BCEH 3JUIMIITUYECKO opouTe Jijist JIIOOBbIX e <
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< 1, ecytm cpejraioro anomasinio My B 910Xy to MOJIOKUTH paBHOM
T.

1.8.3.2 OxkoHuaTeJIbHbIE PE3YJILTATHI

Takum oOpa3omM, MOXKHO CHOPMYJTMPOBATH YCJIOBUS CXOJIU-
moctu psaos (1.241, 1.242) no cremensiM cpejiHeli aHOMAJIUHN B
zapucumoctu ot Besudaud M, My u e B ciiejiytomieM BHje:

- upu 3Hadenusx e u My, yJIOBJIETBOPSIONINX HEPABEHCTBY
VB2 + MZ > 7, paapl cxoaaTes abCOTIOTHO ¥ PABHOMEPHO Ha
Beell simnTrdeckoit opoure (Ha puc. 1.12 06acTh CXOAUMOCTH
3allITPUXOBAHA);

- B yactHoM ciyuae npu 0 < e < ex psJibl CXOIUTCS JIJIst
Jmobbix My Ha Beeil /UIMITHYECKOW opbute, T. €. g —m <
<M <m;

- B JIPyr'OM 9acTHOM cjiydae npu My = 7 psiJibl CXOJATCA Ha
BCell SJITUITUYECKON opouTe /st JIIOObIX 3HAYEHUN SKCIEHTPU-
cuteta 0 < e < 1;

- 1pu 3HaYeHuAX e u My, yJIOBJIETBOPSAIONIUX HEPABEHCTBY
V% + MZ < 7, pAmbl CXOAATCA TOJBKO Ha HEKOTODOil dacTh
SJLTUIITHIECKOH opouThr (cM. puc. 1.12).

Psiyib o crernensiv cpesieit aHoMasmu (MM BPEMEHN) TIPU
e > 0 cxodTCs TOJBKO Ha KOHEYHOM UHTEpBaJie 3HAUCHUIT Cpe/I-
Heii anoMajuu. Ho, eciim 3TOT MHTEpPBaAJ OXBATBIBAET IEPHUO]L
obpallleHns 10 SJUINITHIECKOii opbute (T.e. GoJbine 27), TO,
YUIUTBIBas 2M-TEPUOJUIHOCTDb BCeX (DYHKIUI SJITUITUYECKOrO
JIBUKEHUs, ITOJIyYeHHBIE C IOMOIIBIO PsiJIOB 3HAYUEHUS BHIUUC/IsI-
eMbIX (PYHKIIUl JIjIs OJHOrO IIePUOJia MOXKHO MCIIOJIL30BaTh Ha
BCEI 4MCJIOBOI ocH cpejHell aHOMaJIuU.

Boobie, pasioxkenus mnepuoudecKux GyHKIUNH B PAJIbl 10
CTEIeHSIM He3aBUCUMOII IIepEMEHHOI He 0053aTeIbHO IPOBOJIUTH
Ha BCell YMCJIOBOI OcH 3TO# iepeMeHHoit. /locTaTouHO Oy InTh
CXOJISIIMECS PsiJIbl TOJILKO HA UHTEPBaJie, PABHOM OJTHOMY II€pU-
O/1y U3MEHECHU HEe3aBUCUMO IIEPEeMEeHHO, a BHE 9TOI0 NHTEepPBa-
Jla, 3HaYeHUs (PYHKINI ONPEJIEIsaTh U3 YCJAOBUN UX IEPHOINY-
HOCTU. B 3TOM cMbIC/Ie CTeleHHbIe PAJIbI JJId MEPUOTTICCKIX
dyHKIHMit, cxondIuecss Ha OJIHOM IIE€PUOJIe U3MEHEHUs UX ap-
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Puc. 1.13. Jlnarpammbl obs1acTeil CXOJUMOCTH HA YaCTU SJUIUITHAYE-
ckoit opouTsl (obs1actu 3arenensl). O603naueHus: P - EPUIIEHTD Op-
ouThbl, A - amoneHTp, BepxHsia auarpamma - st e = 0.5, My = 36°,
(cxommmocts Ha uHTepBaste —8°.31 < M < 80°.31), cpemusis -
e = 0.15, My = 135°, (—28°.05 < M < 298°.05), umxkuss (Ha Beeil
opbure) - e = 0.2, My = 163°.53, (—16°.47 < M < 343°.53).
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IyMEHTa, SKBUBAJEHTHBI CTEIIEHHBIM PsIJIaM JIJIsi TPOM3BOJIHHBIX
(Herepuojueckux ) (DYHKIU, CXOIANMXCA Ha BCEil IMCIIOBOIL
OCH He3aBUCHUMOI mepeMenHoil. Tem He MeHee, Jjisi CTEIEHHDBIX
PSIIOB TIEpUOAMIEeCKUX (DYHKIIHI, CXOIANINXCST Ha OJTHOM TepH-
0/1e HE3ABUCUMOI ITePEMEHHOMN, He CJIelyeT MPUMEHSTh TePMUH
"CXOJIMMOCTD Ha BCEil YUCJIOBON OCH’, a MCIOJIHL30BATH MOHATUE
"CXOIMMOCTH Ha BCEH SJUITMITHIECKON opbute”’, 9T0 U CHAeIaHO
BBIIIIE.

JList psiioB, CXONAIINXCA HA HEKOTOPOH YaCTH SJLIUITHIE-
CKOIl OpOUTHI, aHAJIOTUIHBIE PE3YIHTATHI UMEIOT MECTO TOJIBKO
Ha COOTBETCTBYIOIIEH YacTh OPOUTHI, TEPUOINIECKHU TIOBTOPSIIO-
mieiicss ¢ MepuogoM 27 MPU HEOIPAHMIEHHOM YBEJIUYECHUN WJIN
YMEHBIIIEHUU CPeIHell aHOMaJ U,

B sdemepuaHoit acTpoHOMUM Psibl IO CTEIEHSIM BPEMEHU
HCIIOJIB3YIOTCsT, HAIIPUMED, TIPHU OIPeJIe/IeHNH TTPEIBAPUTETbHBIX
OpOUT MaJIbIX IJIAHET U KOMET 110 acTPOMETPUYIeCKUM HabJIio1e-
HUSIM.

1.8.4 3amevaHme O peryjasgpu3aluu

Kak Bu1HO U3 IIpeIbIIyIIIero pasjiesia, CXOIUMOCTH PsiJIOB
[0 CTEIEHAM BPEMEHU MEIIAI0T 0COOble TOYKHU, COOTBETCTBYIO-
Iyue MOMEHTaM CoyJ/lapeHus Tejl. Bo3HMKaeT BOIPOC: HEJIb3s JIn
¢ TIOMOIIBIO KAKOI'0-TO IIPeodpa3oBaHus OCBOOOJIUTHCS OT ITOIO
zaTpyaHerns? OKa3bIBaeTCsI, ITO COOTBETCTBYIOMIEE IIpeodpa3o-
BaHMe CYIIECTBYeT. Kro Ha3bIBaIlOT pe2yAapusupyroujum npeood-
PA306aAHUEM, & CAMY TIPOIEIYPY - peeysapusayued. Pazmuaaior:
PeryJIigdpusanuio peleHuil u peryjigapusaliiio ypaBHeHUN JIBUXKe-
Hus. PerysigspHoCcTh pereHuil o3nadgaer, 9T0 TPACKTOPHUH JIBUZKE-
HUA HE UMEIOT OCOOBIX TOYEK, a PEry/aspHOCTb ypaBHEHU JIBU-
JKEHUs O3HAYAeT OTCYTCTBHE OCOOEHHOCTEH B CAMUX YPaBHEHUAX
JIBUKeHUsI. Pazimyune B 9THX MOHATUAX BUJIHO U3 CJIEIYIOIIETO
[IPUMEPA.
Pacemorpum auddepeniuaibHoe ypaBHEeHIE BTOPOIO TOPSi/I-
Ka

(1 —cost)i —&sint+x = 0. (1.250)
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[IpaBast 9acTh 9TOr0 ypaBHeHus (IOC/IE €ro paspereHus OT-
HOCHTEJIbHO BTOPOI IPOU3BOJIHOIN) nMeeT 0COOEHHOCTD, TaK Kak
3HAMEHATEJIb COJEPKUT MHOXKHUTEJIb 1 — coSt, T.e. ypaBHEHUE
siBsisieTcst cUHTYsipHbIM. ObIIiee pereHne 3Toro ypaBHEeHNUs, Ha-
IPOTHB, SIBJISIETCS PEryIAPHBIM. [[eficTBUTEILHO IPOBEPKOIT MOK-
HO yOeUThCs, ITO YACTHBIMU PEIIEHUsIMU ITOI0 YDABHEHUS SIB-
asiiorest (1 — cost) u sint, a obiiee perienne uMeer BUJ T =
= (1 (1 —cost) + Cysint, re. pemenus ypasuenus (1.250) Bcio-
JIy PeryJisipHbI.

DTOT MpUMep MOKA3BIBAET BAYKHOCTH POIECCa Perysipu3a-
UM yPaBHEHWH JBUKEHWsI DU IIPOBEJCHUN BBIYUCIEHUIH, TaKk
KaK HUKAKas BBIYUC/IUTE/bHAsT MANIMHA TP [TPOBEJICHUN HC-
JIEHHOI'O MHTEIPUPOBAHUS HE CMOXKET IIPOHTH 0COOYIO TOUKY t =
= 0, HECMOTPsI Ha PEryJsPHOCTH PEIIeHHUs.

Hamee orpaHmYnMCs paccMOTPEHHEM TOJIBKO MPSIMOJIMHET -
HOTO JIBVZKEHMUsI, JIJIT KOTOPOIO TPAHCBEPCATbHAsI COCTABIISIIO-
masi ckopoctu orcyreryer (V= 7). Uexomnoe muddepentm-

aJIbHOE ypaBHeHUe JIBUKEeHUA T = —uf/r3 B caydae pajualib-
HOTO MPSAMOJIMHEHHOTO ABUKEHUS NMEET BUJT
. M
—— (1.251)
r2

7 JOITYCKaeT MHTETrpaJl SHEPTAN

2

P L (1.252)
r

MTOCJICIYIOIUM WHTerpupoBaHueM Kotoporo npu h =0 u 7 = 0

JUIS pajimyca T moJiydaercs sisHoe Bbipazkenue (1.178), comep-

JKalree 0Co6eHHOCTD (TOUKY Bo3spata) npu ¢t = 0, B BuJe:

9
r=3 7“ £2/3, (1.253)
CHadgajia mpoBeJIeM PeryJIspu3aIiuio pertennii quddepeHim-
aspHOrO ypasaenusi (1.251). Beemem BMecTO ¢ peryaspusupyo-
IIYIO TIEPEMEHHYIO § TI0 (hopMyJIaM:

d d 1 1, 1
L — A F= ! — " (1.254
() 7 Tdt’ 7 r, 7 '+ =" (1.254)

r3 r2
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Torna ypasuenue (1.251) mocie npeobpasoBaHust K HE3aBU-
CHMOI IIepeMEHHOl § 3alMIIeTCa B BUJIE

= 4 pr =0, (1.255)
orkyna (B ciydae h = () moJTyquM pery/sipHOe perenne
2 3
r=t =B (1.256)
2 6

B TO BpeMms Kak ypasrenne (1.255) ocraercst CHHTYISIPHBIM C
OCODEHHOCTBIO THIIA TMOJIOCAa B TOUKe 7 = (), 9TO BUJHO IOCTIE
JeJIeHnd Ha MHOXKUTEJIb T IIPU CTaplleil IIPOU3BOIHOM.

st perynsipusanuu ypasaenus (1.255) mojcraBuM BMeECTO
BEJIMUHHBI 7> e BHIPAKEHNE U3 HHTEIPAJIA SHEPIUN

% = 2ur + hr?. (1.257)

Torna nostyunm peryispuoe guddepeHnuaibHoe ypaBHeHue
JIIS IPSIMOJIMHEHOTO JIBUYKEHUS B 3aJ1a9e JIBYX TEJ

" — hr = p. (1.258)

JIpyruM npuMepoM PeryJisipu3upyIoniero mpeoopasoBaHus siB-
nsiercsi ipeobpaszosanue (1.100) mpu BeIBose ypaBHenust bBune
(1.101).

B zakodenue ciejyer 3aMeTUTh, 9TO PEry/ispu3alius ypas-
HEHUI JIBUKEHUA UT'PAET OOJILIIYIO POJIb HE TOJIBKO JIJIA TOJIY-
YEeHUA CXOJANINXCA PAJIOB, HO U MPOCTO NPHU BBIYUCJICHUU JIIO-
OBbIX TPAEKTOPUIl, ITPOXOJAIINX JIOCTATOTHO OJIM3KO OT IEHTPA
Tdarorenus. /leyio B TOM, 9TO XOTs COy/lapeHusl B 9TOM CJIydae
He IIPOUCXO/UT, HO MPABbIe YaCTU YPABHEHUl JIBUYKEHUS CTAHO-
BATCA OYEHBb OOJIBINUMU, U3-3a YEr0 MPOUCXOJIUT Pe3Kas MOTeps
TOYHOCTHU BbhraucjeHuil. Takas cuTyarusi uMeeT MECTO He TOJIbKO
B 3a/1a4e JIByX TeJI, HO U B 3a/la9e MHOTUX TeJI IIPU TECHOM COJIU-
JKeHMeM XOTs Obl 0j1HOI nlapbl Tesi. HenpusitHocTell, CBA3ZAHHBIX
C TEeCHbIM COJIMKEHHEM, KaK IPABUJIO, MOYKHO M30€KaTh, €C/n
OCYIIECTBUTH peryssgpusanuio 1uddepennnaabHblX ypaBHEeHU
JIBUZKEHUS.

Herabnoe obcyx)jieHne poOIeMbl PETYISPUBAIIT COIEP-
xkures B kuure ltudens n [leiidene "Jluneitnas n perymsap-
Has HeOecHast Mexanuka [14].
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1.9 HepaBeHncTBo 3yHIMaHAa

HepasencTBo 3yHaMaHa 3aliChbIBaeTC B OapUIlEHTpUYIE-
CKOIl cucTeMe KOOP/IMHAT, II09TOMY BOCIIOJIH3YEMCs TICPBBIMU HH-
rerpasamu nuddepernuanbbix ypapaennii (1.30). arerpasst
JIBU2KEHUSI TIEHTPa Macc, SHEPIUU U MOMEHTa KOJIMIECTBa, JIBU-
JKEHUsT TAKOBBI

m0§0 +ms = 0, m0§0 +ms = 0,

(1.259)
mom . .
7 Mo = ha, MoSo X 5o+ M3 X §=C,,

T

rne T = (mo5¢ + ms?)/2 - KUHeTHYecKas SHEPIUs CUCTEMbI
JIBYX TeJl B ODapUIeHTPUIECKOI crcTeMe KOOpWHAT, I° = § — §p,
r = |F], a Besmauisl h, U ¢, CBA3AHBI ¢ A U ¢ COOTHOIICHUAMI
(1.113).

Mowment unepriuu [ jiByx ToueunbiX Tesi Mo m M orHOCH-
TeJBLHO UX OapuIeHTPa

I = my5y +ms? (1.260)

¢ momorpio dbopmya (1.29), re. So = —mr/(mg+m) u § =
moT/ (Mo + M), MOXKHO TIPEJICTABUTH B BUJIE

mom
I =mgs? +ms? = ——72 (1.261)
mo +m
Auajornano ¢ momompio Ghopmyl 5, = —mr/(mg 4+ m) u

§ = myr/(my + m) moxkHO TpeobpasoBarh xkusyio cuiy’ 27T,
T.€. YABOCHHYIO KHHETUIECKYIO SHEPIUIO:

mom -9
ro.

T = mys2 + ms? = (1.262)

mg +m

Torna ¢ momorpio (1.261) u (1.262) mpousseenue 17" npe-
CTABUMO B BHUJIE

1 2
IT == (M) 722, (1.263)
2 \mg+m
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Takum ke 06pazom ¢ momonisio dhopmyst (1.29) MoxKHO mpe-
obpaz3oBaTh KBaJIPAaT MOMEHTA KOJUYECTBA JBUMKCHUS:

(m0§0 X §0 + ms x §)2 =

= (M)Q(FXW 2 (M)QC@ (1.264)

mo +m mo +m

Cpasnmsast (1.263) n (1.264) u yuuTbBIBag HEPABEHCTBO
7272 > (Fx 7)? = 7272 (sin 0)?, tae 0 - yroa Mexkly BEKTOpaMu
7 U T, TOJIYIUM

2
mom :
2 < (L) 727 (1.265)
mo +m

a 3aTEM HEPABEHCTBO
2

7> %@ (1.266)

KOTOPOE U €CTh HepaBEeHCTBO JyHIMaHa JJIsI 3a/1a9U JIBYX TeJI.

C mOMOITBIO 9TOr0 HEPABEHCTBA MOXKHO YCTAHOBHUTDL I'DAHI-
1Bl BOBMOKHOI'O M3MEHEHUs B3aMMHOT0 paccrosaus . s sro-
ro B HEPABEHCTBO 3yHMaHa BMecTO [ m T TOJCTABUM WX BBI-
paxkenust u3 (1.261) u (1.262), a jy1st ¢, BOCIOJIB3YeMCsl 3aBUCH-

moctbio (1.113) npu @ = b = 0:

2 2
mMom 2 fmom n mMoem ) > moem c
mo +m r 2(mo +m) mo+m/) 2
(1.267)
[Tocsie HeCTOXKHBIX TPeoOPa30BaHMIl 9TO HEPABEHCTBO 3alll-

IIeM B BHJE

hr? + 2f (mg +m)r > 2 (1.268)

FpaHI/H_[aMI/I U3MEHEHUA paauycCa 7" ABJIAOTCA KOPHHU KBa/l-
PaTHOI'O YpaBHEHUA

hr? + 2f (mo +m)r — 2 =0, (1.269)

KOTOPbIE 3allUChIBalOTCA B BUIE

A2 — _

f(mo +m) ¢\/JQ(moer)Q +C_2
h2

. 1.270
h h (1.270)
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Eciu ucniosibzoBath coorHommenus = f(mg+m), A/ u = e,
p2/h? = a®u A\? = 1% + he?, ro xopuu M u r?) npencrapumb
B BUJIE

A1) — _% VD, r®— _% + VD, (1.271)
e
2 2 2
_ M AN 9,

st snmanradeckoro apuzenns (h < 0) xopmuu v 1 r?)

OLPEJIETIAIOT MUHUMAJIbHOE (B IEPUIIEHTPE) U MaKCUMaJjbHoe (B
arornenTpe) yuaanenue reixa M or Moy:

rD <r<r@ wm a(l—e) <r<a(l+e), (1.273)

rJie a ¥ € - GOJIbINAs OJIYOCh U YKCIEHTPUCUTET SJUIUIITHYECKOIT
OPOUTHI.

Js runep6osaeckoro asukenus (h > 0) kopens r) < 0
He uMeeT (BU3UIECKOrO CMbIC/IA, & JUAIIA30H U3MEHEHUS I* Olpe-
JIeJIFeTCs HePaBEHCTBAMI

r® =a(e —1) <7 < oo, (1.274)

rjie @ - JefCTBUTEIbHAS TTOJIYyOCh THIIEPOOJIBL.
g mapabommdeckoro jpuzkenns (h = 0) HemocpeacTBEHHO
u3 (1.268) mosyanm
2
—=—<r<oo. (1.275)
2 2u
O6paruM BHEUMaHME Ha TO, 9TO HEPABEHCTBO JyH/IMAHA Ha-
Jaraer orpaHmveHne Ha IOCTOAHHBbIE MHTErpasa SHeprum h u
uHTEerpaJsa wioga/eil ¢ B Buje TpeboBanmsi HEOTPUIATEIHLHOCTH
JIMCKpUMUHaHTa [)
2 2
uoooc
D="—=+—>0, me. hc*®>—p? (1.276)
h?  h
2 _ 2.2
YTO COOTBETCTBYET OYEBHJIHBIM HEpaBeHCTBaM A° = p“e” > 0
wmp<aupue<lup>aupue>1l.
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1.10 3amava aByX TeJa
C IIepeMeHHBIMI MacCCaMM

JList MHOTUX aCTPOHOMUYECKUX 3a/1ad HeOOXO/IUMO Y-
TBIBATH U3MEHEHHEe MaCChl IPUTATUBAIOMNXCA Tesl. Briepsble B
HeOeCcHON MexaHuKe 3aJ[ady 00 OTHOCUTE/ILHOM JIBUXKEHUU TEJI
¢ TIepEeMEHHBIMEI MaccaMi IMocTaBmI B Konile XIX Beka poccuii-
ckuii actponom Xyro ['mibien, 3amucapimuii quddepeHiualib-
Hble YPaBHEHUS B TAKOM Ke BUJIe, KaK U JIJI TeJl C TOCTOSTHHBIMUI
MaccaMu:

- u(t)

T=— 2T, (1.277)
r

rie pu(t) = flmo(t) +m(t)] - mepemeHHbIi TPaBUTAIMOHHBII T1a-

pamerp tea My u M.

Crporuit BbIBOJ ypaBHEHUI JIBUKEHUS ITOW 33/ OCYIIEe-
crBus B Hadasie XX Beka I1.B.Memepckuit. Paccmorpum stor
BBIBOJI, Ji7ist Tesia M ¢ maccoit m(t). Jlist 9Toro ciemyer BOCIOb-
30BAThCA BTOPBIM 3aKOHOM MEXaHWKWU B OPUTHHAJIBHON (hopmy-
nmupoBke HbloTOHA: N3MEHEHNe KOJIMIeCTBa JIBUXKEHNUST TEJIa PaB-
HO UMIIYJIbCY PaBHOJIEHCTBYIOINIEN BHEITHUX CUJI. arie 9ToT 3a-
KOH M3BECTEH B JIpyroit hopMe: MPOU3BEICHNE MACChl HA YCKO-
penune pasHO jielicTBytorei cuse. OHaKo 3Ta (hOPMYyJIUPOBKA
CIIpaBeJINBa TOJIBKO JIJIS TeJI ¢ MOCTOSHHBIMU MaccaMu. Ecim
JK€ MaCChl 3aBUCAT OT BPEMEHH, TO CJIEJIYeT MOJIb30BATHCH TIep-
BOHAYAJILHOI (popMmyinpoBkoit HeioToHa.

JLnst manbHeRuX paccyKIeHni Ipe3BbIvaiiHo CyIeCTBEHHO
[PEJIIIOJIOKEHIE O TOM, ITO JacTuria Am, MOKUHYBITIast TEJI0, T1e-
pecTtaer OBITh YACTHIO 9TOTO TeJIa U HUKAKOTO BJIUSIHUS Ha HETO
B JlajbHedineM He okasbiBaeT. O003HAMUM KOJMYECTBO JIBUZKE-
nug teina M depes Q = mV. Torna BTOPOI 3aKOH MEXaHUKU
3aIlUIIEM B BU/JIE

— —

AQ =FAt,  AQ = (m+Am)(V+AV)—mV — Ami,
(1.278)
rjae ﬁ - a6COJIIOTHa${ CKOPOCTb HOKI/IHyBLHGﬁ TEeJ10 M JaCTHUIbI C
Maccoit Am, a F- paBHOJIEHCTBYIONIAS BCeX BHEMHUX cuJl. [le-
pexojist K nipejenty upu At — 0, T.e. 3aMeHsIsT IpUpAIEeHIs JTud-
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depeHIaIaMu, 1 yIUTbIBas, ITO AmAV /At — 0 mpu At — 0,
a m(t) asisiercs auddepennupyemoit GyHKImed Bpemenn ¢, mo-
Jgyaum ypasrnernue Mewepcrozo

v 5 _dm
m— = F 4+ w— 1.279
dt dt’ ( )
re w = u — V - oTHOCHTETbHAS CKOPOCTb MCTEYEHUs] JACTHI]
_dm
BEIIECTBA, a IPOU3BEICHIE wﬁ OIPEJIENIAET PEAKTUBHYIO CHILY.

Ypasuenue Merepckoro MCIOIL3YeTCS B PAKETOIMHAMUKE
[IPU U3yYEHUN JIBUZKEHUS PAKETHI ¢ pabOTAIONIUM JIBUTATEIEM U
orepeil MacChl BCISICTBIE UCTEUEHNUS BEIECTBA U3 COILIA JIBU-
raTesis pakeThbl. PeakTuBHas Cujia Jjid PAKEThI SIBJISETCH CUIIOMH
TATU JIBUTATEJIS.

B acTtponomun Hapsity ¢ yMeHbIIIEHHEM MACChl HEOECHOT'O Te-
Jia, (J1J1s1 3BE3/1bl, HAIIPUMED, U3-3a 3BE3JHOTO BETPA) MOYKET IIPO-
UCXOJIUTDH €€ YBeJIMYeHre, BCIe/ICTBIE “HAJUIAHUA YaCTHUIL ITPU
JIBIZKEHUH TeJIa BHYTPH IIBLIEBOTO 00JIaKa.

Vpasuenusi Memiepckoro abCoOIOTHOIO JBUKEHUSA B 3a/1a4e
nByx Ter My u M ¢ nepemenubiME MaccaMu mo(t) u m(t) samm-
CBIBAIOTCS B BUJIE

L .dm

mom
—, (1.280
p= 7+ e ( )

Z mom , =
Mmopo = f7r+wOW7 mp = —f

—

WM, YIUTBIBas, 9TO Wy = g — Vo u W = 4 — V/, B Bujie

d - mom _, _ dmg d - mom _, _dm
E(mo%) = fTT -+ UQW, £<mV) = —f 7’3 r—4 UE
(1.281)

A ypasuenne Merrepckoro jijisi OTHOCUTEIHHOTO JIBUZKEHUST
testa M orrOCuTenbHO M,y Oyner

mo+m_ wdm Wy dmyg

po pro Ty, T T8 1.282
" f r3 T+mdt mgy dt ( )

B zamade 1Byx Tes B caydae BbIOpOCA WM MMPUTOKA YACTHIL
C HyJIeBOIl paBHOJIEHiCTBYIONIEHl PEAKTUBHBIX CWJI, B HaCTHOCTH,



1.10. 3ajsadga gByx TeJI ¢ MEPEMEHHBIMHU MACCAMI 113

IPU H30TPOIHOI II0TEPEe MACCHL, T.€. O/IHHAKOBOIl HHTEHCHBHOCTI
HCTEeYeHHsT MaCChl BO BCEX HallpaBJIeHusX, Auddepenuaabuble
ypaBHEHUA abCOJIIOTHOIO JIBHKEHUSI TeJI C HEePEMEHHBIMU Mac-
camu umeroT Bug (1.5),

mo(t)m(t)

mo(t)po = f

e 7= — po.
Bekropnoe ypasuenue japukerus tesa M OTHOCUTEIBHO Te-
ja My upejicraHeT B BHE

7= —fmor#ﬁ (1.284)

Ypasuenue (1.284), ucrnosnb3yemoe ['iiibieHOM 1 CTPOTO BbI-
Bejennoe Memepekum, HasbiBaercst ypashenuem Iuavdena-Me-
wepcroz0. ITO ypaBHEHUE B CJIydae MPOU3BOJIHLHOIO 3aKOHA M3-
MEHEHMsI MacChl OTHOCUTCS K JHCJIy HEMHTerpupyeMbix. Boee
TOrO, B OOIIEM CJIydae He CYIIECTBYIOT JlazKe OT/IeJbHbIe [ePBbIe
MHTErpaJibl, aHAJIOTUIHBIE HHTEIPAJIAM JIBUXKEHHsT TIEHTPa Macc,
uHTerpasaM Iomnaeii, sueprun u Jlammaca. OHaKO U3BECTHDI
oT/IeIbHBIEe 3aKOHBI n3MeHeHus macce (Mermepckoro n esbdra-
Ta), IPU KOTOPBIX 3aJava JBYX TeJ ¢ HePEMEHHBIMUA MAaCCaMU
HHTErPUPYETCs B KBaJpaTypax.

Kpowme Toro, ypasaenue (1.284) unrerpupyercs B caydae me-
peTeKaHus MaCChl C OJIHOTO TeJia Ha JPYToe TPH OTCYTCTBUH Pe-
AKTUBHBIX CHJI, T.€. P YCJOBUHM HEU3MEHHOCTH OOIIEH Macchl,
Korma mg(t) + m(t) = const. Takyio 3aady HA3BIBAIOT KOHCED-
samueHol 3aadeii BYX TeJI ¢ MePeMEeHHBIMI MaCCaMU. YPaB-
nenue ['mibena-Memepekoro (1.284) miist sToro cirydasi TOUHO
COBIIAJIAET C ypaBHEHUEM OTHOCHTETHHOIO JIBUXKEHUS TeJI C MO~
CTOSIHHBIMHU MaCCaMy ¥ C TOM ke cyMMapHoii Maccoil. [Toaromy
JIUTsl KOHCEPBATUBHOMN 3a/1a<i MOYKHO HCIIOJIB30BaTh OOIIee pe-
IIEeHNe [T OTHOCUTEJILHOTO JIBIZKEHHS B 33/1a9€ JBYX TeJI C I10-
crogHHbIME MaccaMu (1.92). DTy 3a1ady MOXKHO HCIOTIB30BATH
B KAQUeCTBE [IPOMEXKYTOYHOTO PeIleHus (IepBOro mpubIiKeHns )
[pU U3yYEHUN JBUKEHUIT 3BE3]] B TECHBIX JBOWHBIX CHCTEMAX C
KOHCEPBAMUBHDBIM 0OMEHOM MACCOIA.
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Kpowme ypasuenus I'nibnena-Merepckoro B aCTpOHOMUH UC-
[OJIL3YIOTCH JIPYTUE YPABHEHUS 3a/Ia1U JIBYX TeJ C IePEeMEeHHbI-
ME MaccaMu mg = mg(t) u m = m(t). D10, B IEPBYIO0 OYEPE/Ib,
ypasuenus Merepckoro-Jlesu-HuButobt

d - mom d -

—(moVp) = f T —(mV)=—f

dt rs dt
JIOIYCKAIOIIUE CYIIECTBOBAHNE UHTEIPAJIOB KOJIMYECTBA JIBUZKE-
HUS U MOMEHTA KOJIMIECTBa JIBUKCHIA

Mo 5 (1.285)

r3

moVy +mV = a, mopo X Vo + mp X V=e (1.286)

Hukakux npyrux mepBbIX HHTErpaJjioB 3TU YPaBHEHUsT HE 0~
IIyCKalOT.

Ypasuenus Merepckoro-Jlesu-HuBurer mpu mg > 0 u m >
> () UCIIOJTB3YIOT, HAIIPUMED, [IPU U3yUEHUH JIBUKEHUIN JIBONHOI
3BE3/IHON CHCTEMbI, HAXOJSIIENCS B ra30-IbLIEBOM O0JIAKe WJIN
B TYMAHHOCTH B CJIydae HAJUIAHUSA BEIIECCTBA Ha 00€ 3BE3JIbI.

Cy1iecTBOBaHEe WHTEIPAJIOB KOJUYIECTBA M MOMEHTA KOJIU-
JecTBa JIBUXKEHUs ChIIpaJio ¢ ypaBHenuem Merepckoro-Jlesu-
Yusutol "3i1yto myTKy . lesas anpuopuopHoe MpeIoiozKeHne
O CYIIECTBOBAHUK MHTErPAJIa MOMEHTa KOJIMIECTBA JBUKEHUS B
3aJ1ate 00 OIpeIe/IeHU OTHOCUTEILHOTO JIBU2KEHUST 3BE3]1 B TEC-
HOIT JIBOHO# crcTeMe ¢ KOHCePBATUBHBIM OOMEHOM MAacCoil, He-
BOJIBHO HCIIOJIb3yeTcd Mojesb Merepckoro-JleBu-YuBuTol, Tak
KaK HM B KaKUX JAPYIUX Ciaydasx oOrme ypaBrHenusi Merrep-
ckoro (1.280) rakux mHTerpasoB He JoryckaioT. Ho B Moesnn
Mermepckoro-JleBu-HuBurhl cpasy moJydaeM MapaoKCaaIbHbII
pe3yJIbTaT, YTO UCTEUYCHUE BEIECTBA CO 3BE3JIbI-JOHOPA SIKOOBI
IIPOUCXOJIUT HE Yepe3 OKPECTHOCTH 0CODOI TOYKH IojiocTu Po-
II1a U CO CKOPOCTBIO, OJIN3KOII K CKOPOCTHU 3ByKa B CTOPOHY BTO-
pOil 3Be3Jbl, a CO CKOPOCTBIO, 10 BEJIMYUHE PABHOI CKOPOCTU
JIBUZKEHUST 3Be3JIbl, HO ITPOTUBOIIOJIOKHO HAIIPABJIEHHOI (T.e. co
CKOPOCTBIO "HAJIMIIAHUSA  BEIIECTBA U3 HEIOBUZKHOI'O IIBLIEBOTO
ob/1aka). DTa HEKOPPEKTHAas MOJIeJb UCIOJIb3yeTcs yKe Goee
[IOJIyBEKa U II0 Ceil JIeHb.



I's1aBa 2

BOSMYIHIEHHOLE
BN KEHNE

2.1 VYpaBHeHHus abCOJIOTHOTO
ABV>KEHUS 3aJ1a91 MHOTTX TeJl

Saﬂa‘{eﬁ MHOI'IX TeJI Ha3bIBaeTCd 3aJa4da O ABUZKCHUHN CU-
CTeMbl KOHEYHOI'O YHCJIa MaT€pHaJIbHbIX TOYEK, B3aWMMHO IIDU-
TATUBAXOHINXCA 110 3aKOHY Hrerorona.

Paccmorpum cucremy n+1 ten-rouexk My, My, ..., M, ¢ mac-
caMu Mg, My, ..., M, COOTBETCTBEeHHO. B abco/ioTHol cucreme
nexkapToBbix KoopauHar OXY Z ¢ HadajaoM B (pUKCHPOBAHHOM
touke O 1 HEM3MEHHON OpueHTaIneil KOOPINHATHBIX OCe TesIo
M; (i =0,1,...,n) ¢ Mmaccoii m; umeer kKoopuHaTel X;,Y;, Z;.

Cuna npurszxenus Fj; rena M; Tesiom M; 1 paBHOIEHCTBYIO-

mag F; Bcex cuil, JIefCTBYIOMNX Ha TeJI0 M; cO CTOPOHBI JPYTUX
TeJl CUCTEMBI 3aIUIITyTCA B BUJE

re.
4 J#

_ fmim; = — = n
R D M) DS
= —
i
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re
= e = (X0 Vi 22},
rij =/ (X; — X2+ (Y; = Vi)2 + (Z; — Z;)%

Junddepennuanbibie ypaBHEHUS JBUXKEHUS TOIJA MOYKHO
3aIUCATDH B KOOP/IMHATHOM NI BEKTOPHO (hOpMe COOTBETCTBEH-
HO:

(2.2)

d2 X;—X;
—fzmmj 3

bdt? T
J#z
&Y, Y, - Y
Mg = D i (23)

J#
d*Z; a Z; — Z;
Z—dtZ = f JZO mzm] 7“'(:)’ .
J#i

dt2

Z]

mezm] ’_pl, (i=0,1,2, ...n) (2.4)
J#l

Ecism BBecTn CHUJIOBYIO (bYHKLLI/IIO B3aUMHOI'O IIPpUTAZKEHUA
paCCManI/IBaeMOﬁ CHUCTEMDbI TeJI

SRR I e

TO BEKTOPHOE U CKAJISIPHbIE YPABHEHUS JBUKEHUS TTEPEITUIITY TCS
B BUJIE

d’p; U _
M T o grad;U, (1=0,1,2, ....n), (2.6)

LA 9% g OY Lz Y g
T Tox, "ar T oy "ar T oz, (2.7)



2.2. JlecaTp KjlaccHIeCKHX HHTEIPAJIOB 117

CunoBas dyukius U n moTeHIIHATIbHAST SHEPTHUS TPUTAZKE-
nug I cucreMbl rpaBUTUPYIONIUX TEJT PA3IMIAIOTCA 3HAKOM, TO
€CTh

= -U. (2.8)

[TopsiioK BBIMUCAHHBIX CHCTEM OOBIKHOBEHHBIX uddbepen-
IMaJbHBIX YpaBHEHUI JaBUzKeHusA pasen 6n + 6. [Ipu n = 1 no-
JIVIUM YpaBHEHHUS PACCMOTPEHHOW paHee 3ajiadm JIByX Tel. B
9TOil ry1aBe OyJIeM cuuTaTh, 9ro n > 1.

Bcee cunbt B qudpdepennnaabHbIX ypaBHEHUSX JIBUKEHUS 3a-
JIaYu MHOT'UX TeJl He 3aBUCAT SIBHO OT BpemeHu. Kpome Toro, B
CUJIy TPETHEro 3aKOHA MEXaHWKH - JIEWCTBUE PABHO ITPOTUBO-
JICCTBUIO, BCE CHUJIBI IPUTIKEHUSA BXOJAAT B YPABHEHUS JIBUKE-
HUsA TIapaMU, PABHBIMU JIPYT JPYTY MO BEJMIUHE, HO MPOTUBO-
IIOJIOZKHO HAIpaBJIeHHbIMU. B TeopeTndeckoil MexaHUKe TaKue
CUJIbI HA3BIBAIOT 8HYMPEHHUMU, & COOTBETCTBYIOIINE MeXaHIe-
CKHE CUCTEMBI - 3AMKHYMObLMU, TTOTICPKUBAS STUM OTCYTCTBHUE
sHewnrux cua. CyMMa BCeX CHJI, a TaKyKe CyMMa BCEeX MOMEH-
TOB CHJI OTHOCHTEJILHO ITPOU3BOJILHOM (PUKCUPOBAHHOM TOYKHU, B
3aMKHYTOI CHUCTeMe BCerjia paBHa HYJIIO.

2.2 JlecaThb KjaccuiyecKuX IepBbIX
MHTErpaJjioB B 3aJa4€e MHOTUX TeJl

Jlo cux 1op moJiyuuTh B KOHEYHOM BHUJIE ODIIee pereHue
win oOIuil MHTErpaJl 3a/ia9i MHOTUX TeJl HUKOMY He yJIAJI0Ch.
O 1HaKO M3BECTHBI JIECATH KJIACCHIECKUX MEPBBIX WHTETPAJIOB,
KOTOPBIE JIAIOT BaKHYI0 WH(MOPMAIIMIO O CBOWCTBAX JIBUKCHUIL
HEOECHBIX TeJI.

2.2.1 W HaTerpaJibl ABUXKEHUHA MEeHTPa Macc

[IpocymmupyeM 1o HHJIEKCY i ypaBHEHUsT ABuKeHns (2.4).
B npaBoit gacTu pe3ysIbTUPYIONIEr0 PaBEHCTBA BCJIEJCTBUE 3a-
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MKHYTOCTU CUCTEMDI IIOJIyIUTCA HYJIb:

i mp; = 0. (2.9)
=0

JIBazKIbl UHTETPUPYs 9TO BEKTOPHOE YPaBHEHUE, TI0CJIC/I0BA~
TeJIBHO TIOJIyYUM JIBA BEKTOPHBIX (MJIN IIECTh CKAJISIPHBIX) Hep-
BBIX MHTEIPAJIOB

Zmlﬁl = C_I:, a= {CLl, asg, CL3}, (210)
1=0
Zmzﬁz :6t+g, g: {bl,bg,bgg}, (211)
=0

—

rie d u b - BeKTOpHBIE IIPOU3BOJILHBIE TTOCTOSIHHBIE.

DTHU UHTErPAJIbI OIIPEIEISIIOT abCOFOTHOE JIBUKEHNE TIEHTPA
MacC CHCTeMbl IpaBUTHUpYIOMUX Tes. JleficrBurenbno, B abco-
moTHOl cucreme KoopunaT OXY Z nonoxenne pg  CKOPOCTD
P GapuIieHTpa OIpeJIe/IsiiOTC PABEHCTBAMIE:

. i, b S
pc=— ) mip;=—t+—, ﬁG:_Zmiﬁi:_7
m ‘= m m m 4 m
(2.12)
rae m = mg +my + ... +m, - CyMMa MacC BCEX TEJI CUCTEMBIL.

W3 sTux nHTErpaJioB BUIHO, 9TO HMEHTP Macc G N30/ TMPOBAH-
HOI cucTeMbl HEOECHBIX TeJI ABUXKETCS IPAMOJIMHEIHO U PABHO-
MepHO. B wactHOM cirydae mpu @ = 0 u b =0 bapuneaTp G
OCTaeTCsl HEIIOJBUKHBIM U PacIiojlaraeTcd B HadaJje KOOpAuHaT
abcostroTHoi cucteMbl OXY Z.

WNuTerpasibl IBUKEHUS [EHTPa MACC IO3BOJISIIOT OIIPEIE/NTh,
HanpuMmep, JaprKkenne CoJIHIIA OTHOCUTEIHHO TPYIIILI OJIHKAali-
mux 3Be3n. [lycrs My - Comnne, a My, ..., M, - paccmaTpuBa-
eMag TpyIina 38e3/1. B 6apuiienTpuyeckoit cucreme nuMmeem

n ) ) 1 <& )
m;p; =0 WK g = —— m; ;.- 2.13
2 TP
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[Tocnenee cooTHOIEHNE TTO3BOJIAET OIPECTUTH CKOPOCTH
npuzkeHnst CoJIHITA, €CJTM U3BECTHBI CKOPOCTHU JIBUKEHUS U MaC-
CBI TPYIIIBI OJIMKANIIIX 3Be31. TakuM 1myTemM ObLIO yCTaHOBJIE-
Ho, uro CoJiHeUHAs CHCTEMa JBUYKETCS B HAIPABJICHUH CO3BE3-
st Lepkysieca co cKopocTbio 19,5 KM/c, a alleke 3Toro JiBuKe-
HUsT UMeeT psMoe BocxoxkaeHme o = 270° u ckjIoHeHHe § =
= +30°.

2.2.2 HWHTerpaJibl mjiomaaeii

Tak Kak CHJIbI B3aMMHOT'O IPUTSI?KEHUST TEJT YIOBJICTBO-
PSIOT MpaBuWIy - “JeficTBUE PaBHO IMPOTUBOJIEHCTBHUIO”, TO CYyM-
Ma MOMEHTOB BCEX CHJI OTHOCHUTEJIHLHO KaKO-IMO0 HEo[BUK-
HOIT TouKM (HamprMep, Hadaaa KOOPIMHAT abCOIOTHON crucTe-
mbl O) pasHa nHys0. Crie0BaTebHO, MOCTE YMHOKEHHs YDaB-
HeHWil BrKeHns (2.4) BEKTOPHO CJIeBa HA PaJINyC-BEKTOD J; U
MOCJIEJTYIOIIEr0 CyMMUPOBAHUST 110 WHJIEKCY 7, MOJIyIHM DaBEH-
CTBO

> mip; x i =0, (2.14)
=0

UHTErpupysd KOTOPOE MPUXOAVUM K MHTErpajy IJIOMAJIEeH B BEK-
TOPHOM BH/JIE

Zmiﬁi X g, =¢ rae c={c1,c9,c3}. (2.15)
i=0

CMBbICTT HA3BAHUS CBSI3AH C TEM, UTO BEJIUUIUHA p; X f; UPEJ-
cTaBIsieT CODON Y/IBOEHHYIO MIHOBEHHYIO CEKTODHYIO CKOPOCTD
Tejia M;.

Nnrerpansr mwiomaseit (2.15) gaiorT BO3MOXKHOCTB HOCTPO-
UTH HEIOABUKHYIO IJIOCKOCTH, IPOXOJAIILYIO Yepe3 HEHTP Mace
U TIEPICHINKYIIAPHYIO K BEKTODY C:

E(ﬁ— ﬁg) = Cl(X—Xg)+CQ<Y—Yg)+C3<Z—Zg) =0. (216)

DTa MJI0CKOCTH Oy IUIa Ha3BAHNIE HEUIMEHHOU NAOCKOCTIU,
Jannaaca.
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st CostHEYHOM CHCTEMBI 9Ta ILJIOCKOCTh OTHOCUTEIHBHO K-
JanTukn 1 papHojeHcTBUs 1950.0 onpeensiercst 10JroToit 2 =
= 107°13’ u nmaknonenuem [ = 1°39’.

Heusmennasa mmockocth Jlamsaca, Ha3bIBaeMasl TaK:Ke WH-
BapUAHTHOW OapHUIEHTPUIECKON ILI0CKOCThIO Jlamiaca, nmeer
OOJIBITIOE 3HAYEHNME B TEOPETUUIECKUX HccienoBannsax. OIHAKO
UCIIOJIb30BaTh 3Ty ILIOCKOCTH B KAYECTBE OCHOBHOM ILIIOCKOCTH
CUCTEMBI OTCUeTa B 9eMEePUIHON aCTPOHOMUN HEBO3ZMOXKHO, TaK
KaK TOYHOCTb €€ OIpeJIe/IeHUsT HEIOIyCTUMO HHU3Ka, UTO 00Y-
CJIOBJIEHO MHOTMMHU NPUYNHAMH, CPEJIU KOTOPHIX OCHOBHOM AB-
JIIeTCS HU3Kas TOYHOCTDL 3HAHUS MACC TeJl.

2.2.3 MUuterpaJ sHeprun

YMHOKHUB ypaBHeHue (2.6) cKaJsipHO HA BEKTOD f; U IPO-
CYMMHUPOBAB 110 UHEKCY 4, HOJIyIUM PABEHCTBO:

n

55 . = aU
i=0 !

1=0

Orcrona, yanteiBasi, ato OU /0t = 0 - cunoBasi byHKIMS He
3aBUCHUT 4dBHO OT BPpEMEHU, IIOJIYIUM HHTEI'DaJI QHEPIrUU B BUE

R R T o oa o
T—§;mwz —§;mi(){¢ +Y?+2)=U+h, (2.18)

rje h - nocTognnad sHeprun, 1’ - KHHeTHYecKasd SHePIud CHCTe-
Mbl HebecHbIX Test. Vurerpas (2.18) mokasbiBaer, 9TO IIOJIHAS
MeXaHHIecKasd SHePIusd CHCTEeMBI ocTaeTca HemsMennon 1"+ 11 =
= h. Taxue cucTeMbl TeJl B MEXaHUKE HA3BIBAIOT KOHCEPEAMUG-
HOLMU.

MbI BbIBE I AeCATh KJIaCCUYeCKUX MHTEIPAJIOB 3a/ia4i MHO-
I'UX TeJI C He3aBUCHUMBIMU IIPOM3BOJIHLHBIMU ITOCTOAHHBIMU: @1,
as, asz, by, by, b3, c1,co,c3, h. OQHAKO 3TU MHTErpPAJbl HE JIAI0T
BO3MOKHOCTH IIOCTPOHUTH OOINUil MHTErpasl ypaBHEHUIl JBUIKe-
HHUA U [OJYyYUTH o0llee pelleHue Jazke Jid 3aJadd TPex Tell,
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o0l mHTErpaJ KOTOPOl COCTOUT U3 18 He3aBUCHUMBIX EPBBIX
UHTETIPAJIOB.

Teopema Kot cymectBoBanust perienuii cucrembr gudde-
PEHIMAILHBIX YPABHEHUN JIBUZKEHUST YTBEPKJIACT, ITO JJIsI pe-
I'YJIAPHBIX MPaBbIX YacTeil quddepennmnaabHbiX ypaBHEHUH 00-
ee perreHne odsA3aTe/IbHO CYIIeCTBYeT, 110 Kpaiineil Mepe, Ha
KOHEYHOM MHTEepBaJie BPEMEHH BILIOTH JI0 TIEPBOI'O COY/IapEeHUs
test. OJIHAKO, HECMOTPsI Ha MHOI'OYHCJ/IEHHbIE OE3yCIIeITHbIE 110~
IIBITKM MHOTUX 3HAMEHUTBHIX MaTeMaTHKOB, MEXaHUKOB U aCTPO-
HOMOB, JIO CHX ITOP He HaiJIeHO JlarKe OJIHOT'O TIEPBOI'0 HHTErpaJia,
OTJIMYHOI'O OT KJIACCUYECKUX.

[To100HBIE MOIBITKA PE3KO COKPATUINCH, XOTsI U He IIpeKpa-
THJIUCH, TIOCJIe TOTO, KaK B 1887 r. BpyHc mokaszaJ, 4To B 3a/1a4e
TpeX TejJ He CYIIECTBYET HUKAKUX JPYTMX WHTErPAJIOB, JIEBbIE
YaCTU KOTOPBIX ObLIN ObI ajredpandecKuMu (pyHKIIUAMUA KOOP-
guHat u ckopocreit. B 1889 r. Ilyankape mokasaJj, 9TO B 3a-
Jlade TpexX TeJl He CYIIECTBYeT TaK:Ke OJHO3HAYHBIX TPAHCIIEH-
JIEHTHBIX WHTerpaJsioB. A 3arem [lensieBe mokasalsi, 9To He CyIIe-
CTBYIOT ajiredpanvdeckKue MHTerpasibl OTHOCUTEIHLHO KOOD/IUHAT
U CKOPOCTeil B 3aJjlade MHOTIUX Tes. be3pesysbTaTHbIME OCTa-
JINCH TaKKe TIOMBITKUA OTBHICKAHUS HOBBLIX IEPBBIX HHTErPAJIOB
Ha, KOMIIbIOTEpax.

[TosTomy, eciu jazke OyJIeT HaiijleH KaKoii-Tub0 HOBBI MHTEe-
rpaJi, TO OH, IO-BUJIUMOMY, OY/IET MPEJICTABIATHCS HEO/IHO3HAY-
HBIMU, TPAHCIECHICHTHBIMU U HEYJIOOHBIMU JIJIsI IPOBEICHUS BbI-
YUCJCHUH PYHKIIUSIMU KOOPJIUHAT U COCTABJISIONINX CKOPOCTEI.

2.3 YpaBHeHUud 0apUIEHTPUIECKOTO
JBUXKEHUS

OcymectBuM 1epexoy ot abcostotnoit cucrembr OXY 7
K Gapurentpudeckoit GX'Y'Z" myrem 3aMeHbl €peMeHHBIX 110

dopmyiam

— —

i = pa + S, (1=0,1,2, ...,n), (2.19)
rae ﬁl = {XZWY;E ZZ}7 ﬁG’ = {XG7YG7 ZG} n 5; = {Xi/7}/ilv ZZ/}
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Ocu KoopmHAT OAPUIIEHTPUIECKONH CUCTEMBI BCETIa NMEOT
HEU3MEHHOEe HAIPABJIEHUE U OCTAIOTCA MAPAJIICTLHBIMU COOT-
BETCTBYIOIIUM OCSIM a0COJIOTHON CUCTEMBI, & HavasI0 KOODJIH-
Hat G JIBUZKETCSI PABHOMEPHO U MPSIMOJIMHEHO B COOTBETCTBUN
¢ dopmynamu (2.12). D10 o3HAUAET, UTO GAPUIIEHTPIIECKAsT CH-
CTEMa KOOPAWHAT ABJIACTCA MHEPIIMAJIBLHON CUCTEMOM.

YuuTbiBas, 9TO B COOTBETCTBUU C IIEPBOil (hOpMYIJIOit B cucTe-
Me (2.12) Bropasi IpOM3BOjHAS JINHEHHO 3aBUCSIIETO OT BPEMe-
HU BEKTOPA P PaBHA HYJIO pi = 0, MoyuanM ypaBHeHus dapu-
[EHTPUIECKOTO JIBUKEHUS TOI YK€ CTPYKTYPbI, UTO U yPaABHEHU
abCOJIIOTHOIO JTBUYKCHU:

mié:fzmimj%, (i=0,1,2, ....n).  (2.20)
i#i i

WNurerpasbl Bu2KeHUs IEHTPa MacCc B OApHUIIEHTPUUIECKOI
cucreme koopaunar GX'Y'Z' upumyT TpUBHAJbHBIA BHJI, Tak
Kak HeHTp Macc (G BCerjia pacio/iozKeH B HadaJsie KOOP/IMHAT:

imE’ =0, imE’ = 0. (2.21)
=0 1=0

B cuity coornomenwuii (2.12), (2.15), (2.19) u (2.21) unrerpa-
JIbL IJIOIIQAEH 3allnIyTCA

n n n
— ° - N 1 — '
c= E m;8; X 8; + E mipa X pa = E m;S; X §;+—(at+b) xad
m
i=0 i=0 i—0

(2.22)

nJIn B BUJIIEC

@xb. (2.23)

. 1
E m;5; X §;=¢C, rme ¢ =cC+ —
; m

S,ZLQCI) m = Z m; O3HAYa€T IIOJIHYIO MaCCy CUCTEMBI TEJI.
=0
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Anasormano, yaursBaz (2.12), (2.19) u (2.21), moxHO 3a-
HACATD UHTErPaJjl SHEPrun

U h=T =13 mi?  fo Y mit 2> mi=
=0 =0 =0

1 ., 1,
—§;m15i+%a

(2.24)
nJIn B BUJIIEC
LN~ B2 U W (2.25)
-y m;§i = ,  TIe =h——. :
2 ¢ A 2m

Unrerpas sueprun B Buje (2.25) MOXKHO 3alcaTh Cpasy,
ONMPAsCh Ha U3BECTHYIO B TEOPETHMYECKON MEXaHHKe TeopeMy
Kenwnra, riacsrnyio: KHHETHIECKAs SHEPTU CUCTEMbI paBHA, CyM-
Me KMHETUIECKOU SHEPTUU ee MEeHTPa MacC B ITPEJIIOJIOKEHNN,
9TO B HEM COCPEJIOTOYCHA MACCa BCeil CUCTeMbl, 1 KUHETUIEeCKOI
SHEPIUU CUCTEMBI B €€ JIBUZKEHUU OTHOCHUTEHLHO IMEHTPa Macc.

Amnasoruano, coorHonenne (2.23) MOXKHO MOJIy9UTh U3 JPY-
ol TeopeMbl TCOPETUYECKON MEXaHUKU, COIVIACHO KOTOPOI Ku-
HETUYECKUNT MOMEHT CHUCTEMbI PaBeH KMHETUYEeCKOMY MOMEHTY
IIEHTPa MAacc, IpeJosaras, YTo B HeM COCPeJI0TOYeHa BCd Macca
CUCTEMBI, CJIOZKEHHOMY C KHHETHYECKUM MOMEHTOM B JIBU2KEHUH
OTHOCHUTEJILHO TIEHTPA MacCC.

C moMOIIbI0 HHTErPaJIoB JIBUKEHUs TleHTpa Mace (2.21) Mox-
HO TOHU3UTL HOPSIOK CUCTEeMbI JinddepeHIualIbHbIX YPaBHE-
HMil Ha IIecTb eAuHull. [[1g 3Toro us MHTErpasoB JBUZKEHUsI
[EHTPa MaCC HYKHO BBIPA3UTH KOOPJWHATHI Sy U CKOPOCTH S(
resia My ¥ TIOJICTAaBUTh UX B ypaBHeHUs Jpuzkerus (2.20).

Hosble ypaBuenus jBuzkeHus y»ke He OyJyT JOIMYyCKAThH WUH-
TerpasioB JIBM2KEHHA IeHTpa Macc. Ho wmHTerpasnl miomaeit
U 9HEprum coXpaHgaioTcsd. VX MOXKHO HOTy4YUTb U3 HHTErPAJIOB
(2.23, 2.25), ecin BMeCTO Sy 1 So MOJCTABUTDH UX BBIPAYKEHUS W3
HHTErpaJsioB JBHKEHNs IeHTpa Mace (2.21).
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2.4 YpaBHenue Jlarpanxka-Zkobu

[Tocite ckansgiproro ymHoxkenus JuddepeHimaabHbIX YpaB-
HeHWil JBuzKeHns (2.6) Ha pPaMyCc-BEKTOD p; C MOCJIEILYIOIINIM
cyMMUpOBaHmeM 110 mHJeKey ¢ = 0, 1,2, ...n TpuxoauM K CIemry-
IOIEMY PaBEHCTBY:

z S " oU
5 5 Pi
=0 =0
Jlerko ybeuThbest, uro cunoas GyHKIws (2.5) sBisiercs oji-
HOPOJIHOW (DYHKIHEH CBOMX apryMeHTOB crerneHu k = —1, To
€CThb BBITOJIHSIETCS PABEHCTBO
U()\p_bu Aﬁh ) Aﬁ”) = AkU(ﬁOa ﬁlu ) ﬁn)a (227)
e k = —1, a A - IpOU3BOJILHOE YUCJIO.
Huddepennupys ypasaenne (2.27) mo A u 3areM HOJICTAB-
Jgsag A =1 u k = —1, nojyaum paBeHCTBO
oU ou oU = OU
—0o+ —p1+ ...+t —p,=-U wm —p; = —U,
5Pt 557 577 Z o5 =
(2.28)

KOTOPOE SIBJISI€TCS YTBEPKJIEHIEM TeopeMbl Diliepa 006 ojiHO-
POJIHBIX (DYHKIUSX JJIsi YACTHOIO 3HAYCHUST CTEIEHH OJIHOPO/I-
Hoct! k = —1.

CI10KNB HOYJICHHO Y/IBOCHHBIN mHTerpas sueprun (2.18) c
paBeHcTBOM (2.26) ¢ yuerom (2.28), B pe3ysbrarTe MOJIyIiM, 9TO

> mipipi + pi%) = U + 2h. (2.29)

=0
JleBagt gactp ypasuenus (2.29) MoKeT OBITH IIpeICTABIICHA
B hopme

n

i 2
Z my pzpz + pz dt Z mzpzp_; = ;CZ? Z mzﬂ, 2 30)
1=0
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Pagsencrsa (2.29) n (2.30) B COBOKYIIHOCTH JIAIOT:
P & 5
e > mip;® =2U + 4h. (2.31)
i=0

O6o3nauns B (2.31) yepe3 [ MOJHBI MOMEHT WHEPIUH CH-
CTeMBI OTHOCHUTEJILHO Hadasia Koopauuat cucreMsl OXY 7

I=> mipi’, (2.32)
=0

npuxoauM K jiuddepeHuaibHOMy COOTHOIIEHUIO
[ =2U + 4h, (2.33)

U3BECTHOMY B acTpoHoMum Kak ypasuenue Jlarpam:xa-dkoou.
Jlnsa ciaydast cucreMbl Tpex Tes ero nosyumi 2K.JL.Jlarpamxk, a
K.Axobu obobmmi 310 ypaBHEeHHe Ha Cjydail IPOU3BOJILHOIO,
KOHEYHOT'O YHCJIa aKTUBHO I'PABUTHPYIONIUX TEJ.

Oinako ucrosib30BaTh ypasaenne Jlarpanxka-fkobu B kate-
cTBe JuddepeHnnaabHOr0 YPABHEHUS MOXKHO TOJIBKO IIPU €0
pertieHnn (HAIIPUMED, YHUCJIEHHOM) COBMECTHO C IOJIHO cucTre-
Moit nddepennmaibabIX ypaBHeHuii jBuzkenusi. Ho Torna 3a-
Jlada MoJIyYeHus perenns ypasuenus Jlarpamxa- A kobu Tepser
CMBICJI, 10O 3HAHUE PeIleHNs YPaBHEHUI JIBUXKEHUs Cpa3y I103-
BOJISIET BBIYUC/IMTD JIIOObIe MOMEHThI uHeptwu. [losTomy coot-
Horerwne (2.33) Ha3bIBAIOT Tak:Ke hopmyJioit Jlarpamxa- fkobu.

n
Mowment unepiun [ = > m; [ OTHOCUTEILHO HAYAJIA KOOD-

1=
nuHaT abcosoTHol cucrembl OXY Z MOXKHO ¢BS3aTh C MOMEH-

n
TOM MHepIEu [ = Y m;5; OTHOCUTEIbHO Havala GapUIeHTPH-
i=0

YEeCKOM CUCTEMBbI
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GX'Y'Z'. JIns 97010 U3 TOXKJIECTBEHHOINO COOTHOIIEHUSI

SO mamiE = 303 mamy (5 - 246+ 57) =

i=0 j=0 i=0 j=0
= mZmiﬁf - QZmiﬁ@-ijﬁj + mijﬁf = (2.39)
i=0 i=0 =0 =0
—2m S mip? — 2m252 = 2ml — 2(dt + b)?,
i=0

JJIgd MOMEHTa MHEPIINN I IIOJIy49UM BbIpazKeHune

n B 1 n n B 1 - .
I = Z mip; = 5 Z Z mim;r;; + E(at +b)?  (2.35)
i=0

i=0 j=0

—

KOTOPOE C IIOMOIIBIO 3aMEHbL J; = P+ 8;, T3 = pj — i = 5, — 5,
npeobpasyeM K BUILY

I=73% mi(pg + 5;)*

n n n
o> mi+ 2P > mi8; + Y. m§ =
i=0 i=0 i=0

=0

3

m;52 + —(at + b)>.

1
m

[e=]

i=

(2.36)

MowmenT unepnuu I B OapUIEHTPUIECKOI crCTEMEe KOOP/IH-
HaT IPUMET BH/JT

n 1 . 1 n n
=0 =0 j=0

3aBUCUMOCTb

-

1
I=1Ic+—(at+b)? (2.38)
m

MOZKHO IIOJIyYUTh HEIMOCPEACTBEHHO U3 U3BECTHON B TeOpeTHde-
CKOIl MEXaHMKE TEOPEMBI, COIJIACHO KOTOPOHl MOMEHT WHEPIUH
OTHOCUTEJILHO JIF000# TOUKH (I0JIF0CA) PaBeH MOMEHTY WHEPIIUH
OTHOCUTEJIHHO IEHTPa MacC, CJAOKEHHOMY ¢ MOMEHTOM HHEpIUH



2.5. Teopema o BupuaJie 127

CaMOr0 IEHTPA MACC OTHOCUTEIHHO BBIOPAHHOTO HOJIIOCA B IIPE/I-
OJIOZKEHUH, 9TO BCS MACCa CUCTEMbI HAXOAUTCA B IIEHTPE MaCC.

ITocste BBIMUCICHNST BTOPO# TPOU3BO/HOI 13 (2.38) mosryanm
CBSI3b

. 9
[=Ic+ = (2.39)
m

Ecisin, kpome Toro, nepeiitu K GApUIEHTPUIECKON MOCTOSTH-
HOiT mHTerpasia sHeprun h' 1o dopmyse (2.25), To ypaBHEHUE
Jlarpamxa-kobu (2.33) nepenuiiercss B OKOHIATETHHOM BH/IE

CL2

I = 2U + 41, e W =h——. (2.40)
2m
Ypasuenue Jlarpamxa-Akodu MupoKo UCIOIB3YeTCs B acT-
pornomun. C ero HOMOIIBIO MOZKHO ITOJIYYUTD JIOCTATOYHOE YCJIO-
BHE Dacliajia CUCTEMbI HEOECHBIX TeJ - yXOJla XOTs Obl OJHOIO
Tesia U3 cucTeMbl. JlelicTBUTEIBHO, ecyn Jijist KaKoi-imbo cucre-
MBI TeJ BbImoJHsiercs: yesoue h' > 0, To cormacho (2.40) s1o
YCJIOBHE IPUBOJUT K MOHOTOHHOMY U HEOI'DAHUIEHHOMY BO3pac-
TAHUIO MOMEHTA UHEPIUH [, 9TO BOZMOXKHO TOJIBKO IIPU MOHO-
TOHHOM YBEJIMYEHUN OJTHOI'O UJIM HECKOJIBKMX B3aUMHBIX PACCTO-
AHUI 7, T.€. XOTd OBl OJHO TEJIO MOKHUIAET CUCTeMY IIPH ¢ — 00.
Takue nBUKEHUS TeJI HA3BIBAIOT HeyCTOYMBBIME 110 Jlarpanxky
(Iy1st HUX He CyNIeCTBYeT KOHEYHOIH 3aMKHYTON 00JIacTH Mpo-
CTPAHCTBA, B KOTOPOil HAXOMJINCH OBl BCE TeJia CUCTEMBI).
Ecin ke Boinosasiercs yesosue h' < 0, TO MOJIyIuTH OKOHYA-
TeJIbHBII Pe3y/IbTaT 00 yCTONYMBOCTU CHCTEMBI TeJl U3 ypaBHe-
aust (2.40) He yJgaercs - BOSMOXKHBI KAK YCTONUUBBIE JIBUZKEHUST
B cmbicie Jlarpamka, Tak u neycroiuusbie. [losTomy ycmoBue
h' < 0 gaBiisiercst JIUITb HEOOXOMMBIM YCJIOBUEM YCTONIMBOCTU
CHCTEMBI TPaBUTUPYIONIUX TeJI.

2.5 Teopema o BupuaJe

SaMkHyTasg cucremMa N + 1 TOUYEUHBIX Macc Mm;, MOJIBepP-
JKEHHBIX BO3JIEHCTBUIO CJI I} TPOU3BOJILHOM IPUPOJIBI, B Gapu-
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neHTpudeckoii cucreme koopauaar GX'Y'Z" onuceiBaercs qud-
bepeHnuaIbHBIMUA yPABHEHUAMU JIBUYKEHUST

m;s; = F; (i=0,1,2, ....n). (2.41)

[Tocie ckangprOro yMHOXKeHust ypaprenuii (2.41) wa Gapu-
[EHTPUYIECKUil PAIUyC-BEKTOD §; U CyMMHUPOBAHUS 110 BCEM Te-
JIaM, TIOJIy9IaeTCsi PABEHCTBO

S mi(sE) = Y G F (242

=0 1=0
B mexanmke cucrem MaTepHuaJIbHbIX TOYEK BEJIMYMHa

V= zn: 5 F, (2.43)

1=0

1

ABJIACTCA QHGPFGTH‘IQCKOP'I XapaKTepHCTHKOﬁ MeXaHUYECKON Cu-

CTeMbl U Ha3bIBaeTCsl gupuasom Kaaysuyca.
o do ey Ly
YdauTBIBasi COOTHOIIEHUsT 55 = E(Sg) —5 ns =5 =

1d
= 5%6 %), paBencTso (2.42) npuBOAUTCA K BHLY

357 Somis?) = YA+ Y mii (244)
i=0 i=0 =0

Ucnonp3yst GapUIeHTPUYECKUAl MOMEHT HHEPIUH CHCTEMbI
n
(2.37) B BUge Ig = >, m;57, uz (2.44) nomyanm muddepen-
~
IIAILHOE COOTHOIICHIE
121,
2 dt?

=V +2T, (2.45)

rje "kuBas cuia” (T.e. yIBoeHHas KuHeTnaeckas sneprust) 27 =

n .
= Y m;5? - Ipyrag sHepreTUyecKasg XapaKTePUCTHKA CUCTEMBL.
i=0
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Ecim cunt BSaI/IMOILeI'?'ICTBI/IH B MEXaHHYECKOI CHCTEMeE IIO-
TeHI[haJIbHDbI, T.€.

2 0 ., m;m; I,
Fiz—a—sﬂ( si), 11(5;) = ZZ —, i =15 — 5,

(2.46)
rie I1(5;) - morenuagbHas SHEPrusi HHIOTOHOBA TSATOTEHUSI, U,
CJIeJIOBATEIIbHO, SIBJISIETCs OJIHOPOJIHOI (110 Ditepy) dyHKImei
MUHYC TIEPBO#l CTEleHu, TO 10 TeopemMe Ditjepa 00 OHOPOTHBIX
PYHKIUAX 0Ty IUM

"L /ol
V=—>" S35 =1II. (2.47)

1=0

DTO O3HAYAET, UTO B CJIyUae B3AaUMOJIEHCTBUS 110 3aKOHY BCe-
MUPHOIO TATrOTeHUsl BUpHas Kiasmyca coBHAJaeT ¢ IOTEHIH-
aJIbHON SHEpruell CUCTEeMbl TPABUTUPYIONIUX TEJL.

[Tocsie 110JICTAHOBKYU TIOJIyI€HHOTO 3HAYEHUS BUPUAJIA COOT-
Homenue (2.45) npuobperaeT Buj

d*Ig
dt?

B nunamuke 3Be3IHBIX CUCTEM IIOCJIE/IHEE PABEHCTBO M3BECT-
HO KaK ypasHerue Fddunemonra. s Tak HAZBIBAEMBIX CMAUUO-
HAPHYIT TPABUTAITMOHHO CBA3AHHBIX CUCTEM HEOCCHBIX TeJI, YII0-
BJIETBOPSIONINX YCIOBHUIO

— 4T 4 2IL (2.48)

I
=0 2.49
dt2 ) ( )
TOr'/la BBITEKAECT PAaBEHCTBO
2T = 1L (2.50)

B pesysbrare npuxomgum K Teopeme o Bupuaje B pOpMYy/In-
poske Anpnu Ilyankape:
B CTAIMOHAPHON 3BE3IHOI cucTteme ee >KuBasi cuja’ paBHa ad-
COJIFOTHON BeJIMYMHE IMOTEHITUAIBHON SHEPIUH ITPUTIKEHUS.



130 I'maa 2. BOSMYIIIEHHOE JIBU?>KEHUE

YuauTeiBasi ¢Bsi3b (2.8) MOTEHIMAIBHOM SHEPIUM U CHJIOBOIL
dbyuknun, paBencrso (2.50) samuchiBaeTcs B SKBUBAJECHTHOM

dopme
1
T = §U' (2.51)

Teopema Ilyankape o BupuaJjie urpaeT B aCTPOHOMUM BbIIAI0-
IILYIOCA POJIb, SIBJIAACH OCHOBHBIM CPEJICTBOM JIJIsd OIIPEICICHUS
TaK HA3bIBAEMBIX 'BUPHUAJIbHBIX MacC’ Pa3/IMIHbIX cUCTEM Hebec-
ubix Tes1. imenno 6GJiarojgapst 3Toit TeopemMe BOZHUKJIO TTOHSTHE
CKPOIMOT, MacCChl, TPUHAJJIEZKAIIEH HECBETAIIEeCs KOCMIYECKOit
MATEPUU U [IPOSABJISIONIENHCS TOJIHKO OJ1aroiaps FPaBUTAIIMOHHO-
My B3aUMOJEUCTBUIO.

B 3Be3noil unamuke mpusiozkenust reopembl [lyankape nau-
bosiee 3(DEKTUBHBI TP OIPEIEJIeHNN MACC CHePpUIECK CHM-
METPUYHBIX CHCTEM HEOECHBIX T (IMApPOBBIX 3BE3/HBIX CKOILIE-
HUI U CKOIUIEHUIT TaJIaKTHK ).

Ecyim BBecTn cpejHuil B3BENIEHHBINH 110 Macce KBaJpaT CKO-
POCTHU CUCTEMbI HEOECHBIX 00bEKTOB

n
1 .
<0 >= i > mis”, (2.52)
1=0
n
rie yepes M = > m; obo3HaueHa IIOJHAST MACCa CUCTEMBI, TO
=0
€€ KUHETUYIECKad JHEPIrus IIPUBOAUTCA K BUIAY

1
T =M< v? >, (2.53)

a BbIpaXkKeHUe JJId IIOTCHIINAJIBHON 3HEPIun yIIPOIaeTcd IIyTeM
BBEJIEHHS CpeJHel MacChl m HeDECHOTO Tejla N HEKOTOPOT'O CPeJI-
HEro 3HAYEHUsT B3AMMHOTO paccTosHus < A > MeX Iy 3Be3/1aMu
TaK, YTO MOTEHIUaIbHas dHeprus (2.46) npuHuMaeT BuL

B fe~ m? _ fan+1) m?
H__§;<A>___ (2:54)

2 2 < A>T

s (2.51), (2.53) u (2.54) Torga mosydaercs
M

2
<V >= ————
2 <A >’

(2.55)
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YTO JIAET BO3MOXKHOCTH BBIYHUC/IUTD MOJIHYIO Maccy cucrteMbl M
o ee "pajuycy”’ < A > U CpeHEB3BEIIEHHOMY KBaJIpaTy CKO-
poct < v? >.

OueBnsiHO, 910 ¢ yaeroMm dopmynsl [I = —U u maTerpasia
SHEprun GAPHUIEHTPUIECKOro JBIzKeHns (2.25) ypaBHeHne Dji-
JUHITOHA (2.48) MPUBOJUTCS K CTAHIAPTHOMY BUJLY YDABHEHHUSI
Jlarpamxa-fkobn (2.40).

2.6 HepasencrBo 3yHaMaHa

Hapsny c ypaBuenuem Jlarpamnzxka- A kobu i1 KadecTBeH-
HBIX UCCJICJIOBAHUI JTUHAMUYECKUX CUCTEM ITUPOKO UCIIOJIb3YeT-
cdl 3HAMEHUTOE HEPABEHCTBO 3yH/IMAHA

21(U + h) > &, (2.56)

rae ¢ = /¢ + 3 + ¢ - BeJIMIMHA OJIHONO MOMEHTa UMITYJIbCA,
a h - nojHasg MeXaHUYeCKasl SHEPIUs CUCTEMBI.

YoemuMcst B CIpaBeJIMBOCTU 9TOIO HEPABEHCTBA HEIIOCPE/I-
CTBEHHOI IIPOBEPKOIL.

YunreiBas uarerpasi sueprun 1 = U+h, tne T' = Z m; pz ,

=0
nepenuimeM HEPaBEHCTBO ByHﬂMaHa B BHJE

n n n n
Zmipi ijpj > Zmz‘ﬂz‘ X pi ijﬂj X pj
=0 j=0 1=0 j=0
(2.57)
WJTH
n
> Aymim; > 0. (2.58)
i,j=0
Brigesmv B 3ToM HepasencTse Kosdddurment A;; npn mpo-

U3BEJICHUM MaCC M;m; 1 m;m; 1 yoeaumcs, 9To OH OOJIbIIe NI
PaBeH HYJIIO:

-2 592

Ay = pRoy + 707 = 200 % 5:) (75 % py) > 0. (2.59)
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VUauThIBas HEPABEHCTBA, JJIsi CKAJIAPHOIO U BEKTOPHOI'O TIPO-
M3BEJIEHUI TTPON3BOJIbHBIX BEKTOPOB A u B

—

—(AB) > —AB,  —|Ax B| > —AB, (2.60)
HeperuieM HepaBencTso (2.59) B Buje

Ay = PR+ 070 = 207 x Alld < ) =
> 207 + 0252 = 203l N5 = (pil5) = ilfil) > 0.
(2.61)
CrpaBe/I/IUBOCTD TIOCJIEIHEro HepaBeHcTBa odeBuHa. [lo-
9TOMY JIJIsl JIIOOBIX ¢ U J, BKJIIOYAs ¢ = j BBIIOJIHAETCS HEPABEH-
crBO (2.59), a BMecTe ¢ HUM U UCXOJIHOE HEPABEHCTBO 3YHIIMAHA

(2.56).

2.7 YpaBHeHUd OTHOCUTEJIbHOI'O
JBU2KEHUSI

Beesem oTHOCHTEIBHYIO CHCTEMY MPSIMOYTOJIBHBIX KOOP-
nunat Moxyz. Haganmo koopjaunar pasmectum B Touke My, a
HAIIPaBJIEHUsI OCeil BbIOEPEM IMapaJIIe/IbHBIMU OCSIM CHUCTEMbI
OXY Z. llonoxenne ten My, Ms, ..., M, B OTHOCHTEJILHON CH-
creme kKoopguHat Myryz OyneM XapaKTepH30BaTh PaJIMyCaMU-
BekTopamu 7; = {x;, yi, zi }, (1 = 1,2, ..., n), HCXOAANUMEI U3 Ha-
gasia koopauHat M. [lepexos o abcoJioTHOI K OTHOCUTEIHHOM
cuCTeMe KOODJMHAT 33JIaeTCs 1Ipeodpa3oBanueM

I B KOOPJIMHATHOI dopme
;= X; — Xo, y; = Y; — Yo, 2 = Zi — Zy. (2-63)

BamuceiBast ypaBHeHUsT abCOTIOTHOTO JBIKeHust (2.3) s
resta My (¢ BBIIEJICHHEM UJIeHA, COJIEPIKAIIEr0 MHOYKUTEb f11;)
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1 OTAEJBHO JJIS OCTAJILHBIX Tes M; B Buae

po—me] —meJ =mejTﬂ+fm@-—;,

ot i1 o "'0i

J?éo JFi
— P T ‘
fZ%w Z—fZMH R

J#_} . . J#z

:mej%—fmo—;, (ZILQ, ,n)
=1 T3 T0;
(2.64)

U BBIYUTAs] W3 BTOPOTO YPABHEHUs IEPBOE C YIETOM, UTO T; =
= Toi = P — Po U Tip = Toi = T, HOJYIUM
_ =T T T
5 §— T j i
== Yo m (= ) = fmo i) (2.69)
, T T2 T
=1 ) J ?
i
OkoHYATEILHO YPaBHEHUS OTHOCUTEILHOIO JIBUKEHUS 3alli-
1IeM B BUJIE

RN (TR Y
Terf(moerz)r—?—mej T_T_? (=12, ...,n)
G
(2.66)
WA B CKaJISIPHOM BHJIE
xz+f(m0+ml),ri fzmj< Z] T’?)’
J;;Lz
i Yi Yi — Y% Yj
i + f(mo +my) = = fzmj (]73 - _é) ) (2.67)
" j=1 T T
J#z
Z; Zi Z
zz+f(m0+ml)—3—f2mj 7—7;
Lk ij J
J#Z

3a cuer mepexoga K OTHOCHUTEIBHBIM KOODJMHATAM ITOPS-
JIOK CHUCTEMBbl ypaBHEHWI TOHU3WJICSA Ha ITEeCTb €JIWHUIl U pa-
Ber 6n. Ecim B ypaBHeHUsSIX OTHOCHTEIBHOTO JBUKeHus (2.66)
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HOJIOZKATE BCE 1M; PABHBIMHU HYJIIO, TO BCE IIPaBbIe YacTH 00Opa-
TATCA B HYJIM, W JJIs KaxKJIOr0 ¢ IOJyIUM YpPaBHEHHS 3a1a9u
aByx test My u M;, 910 00bsicHsieT (PU3MIECKUN CMBIC ITPABBIX
qacTell ypaBHEHUN ABUXKEHUS - 3TO BO3MYIAIONINE YCKOPEHUS],
JieiicTByIomue Ha Tej1o M; B €ro JBUKEHUU OTHOCUTE/ILHO Tesa
My co cTOpPOHBI BCEX OCTAJILHBIX TEJ.

ODTU BO3MYIIAIOIINE YCKOPEHUsT JJIsT KarKJI0r0 Tejaa MOXKHO
BBIPA3UTH Yepe3 IMPOU3BOIHBIE OT OJIHON (DYHKITNN, HA3bIBAEMOit
603MYyUar0WEt W nepmypbayuontoti dyuxmueit. Bosmymaio-
mast (pyHKIMs BBOJAUTCA B BUJIE

i B T;T; + YiY; + ZiZ;
3 .
Tij T‘j

R; = fzijij, rae Rij =
j=1

J#i
(2.68)

Jlerko ybeauThbes, 9To

8RZ’]’ . SL’]' — X; .’L‘j 8RZ] . yj — Y yj 6RU . Zj — Z Zj

3 37 o 3 37 - 3 3"
axi Tij T]‘ &y@ T’ij Tj 8,22‘ T'ij Tj
(2.69)
Torma ypasuenust (2.67) mepenuiryrcs B BUJIE
L ORy ooy ORp L iz OR;
n S Owy’ vit 3 Oy s 3 0z
(1=1,2,...,n)
(2.70)
I B BEKTOPHOI hopme
5o M, OR;
T =T = ==, 2.71
+ r? I (2.71)

riae p; = f(mo + m;) - rpaBuTannoHHbI napamerp Tea My u
Mi-

DTH ypaBHEHUS SIBJISIOTCS OCHOBOI TEOPUM JIBUKCHUS ILIa-
uer. IIpaBble 4acTn ONpeneIAioT BO3MYINAIONME YCKOPECHUS B
JBUKEHUH IUTaHeThl M, 1oj JeficTBUeM NPUTSXKEHUS APYTHUX
mwiager COTHEYHOI CHCTEMEL.
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YpaBHEHNST OTHOCATEIBHOrO IBIzKeHns (2.70) JomycKaioT cy-
IIECTBOBAHUE TOJILKO YETBIPEX HEPBBIX HHTEIPAJIOB: TPH UHTeE-
rpajia IWiomaeil u uHTerpas sHepruu. HTerpaos IBHKEHU
[EHTPa MAaCC JIJIsA 9TUX yPABHEHUIT He CYIIECTBYET, 9TO Cpasy sIC-
HO U3 HEMHEPIUAILHOCTH CHCTEMbI OTHOCHTEILHBIX KOOD/HHAT
Myzyz.

Nurerpasisl mIomaieit 1 SHEPIUU MOXKHO HOJLYIUTh U3 KJIac-
CHYECKUX HHTEIPAIOB B aOCOIOTHOMN CHCTEME KOOD/MHAT, €CJIN
B HIX OCYIIECTBUTH 3aMEHY IIEPEMEHHBIX [0 (GOPMYIIaM Iepexo-
Ja (2.62) or abCoIOTHO K OTHOCHTEILHO CHCTeMe KOODIMHAT
1, KDOME TOT0, BAMEHNTH i [J IX BHIPAKEHISIMI 13 HHTErPAJIOB
JIBHZKCHUS [ICHTPA MaCC:

n 1 n n
Emmxri—— mir; | X msri | =
m
=1 i=1 7j=1
— ]-—» ' -/
=Cc+—axb=c,
m
1 — 1 _ ’ 2
— mi'Ff—— miis | =U+h——=U+hH
2 2m

2.8 YpaBHeHUd ABUKEHUS
B KoopAamHaTtax fkobm

B ypasruennsx (2.70) masd KaxKJ0ro Tesia UCHOIb3YETCS
cBOs1 Bo3Mmymarorias pyakiusa ;. Opua n3 crnocoboB ycTpane-
HHSI 9TOI'0 HEJIOCTATKA - IePexojl K KoopauHaTaMm fKoou.

JL71s1 9TOro pacCMOTPUM TIEPEX0/i K KOOPAUHATAM, OIIPeIeIs-
eMbIM HeM3MEHHBIM HalPaBJIEHHEM OCeil KOOPJIMHAT, HO C pa3-
JIMIHBIM HadajoM KoopauHat (; Jyid Kaxkjioro tema M;, Haxo-
gamumcd B Oapunientpe cucrembl My, My, ..., M;_q, T.e. KOOp-
JUHATBL T}, y;, 2, Teja M; onpenensiorcs B cucreMe Gi_12,y.z;.
DTO U €CTh CHCTEMbI KoOpumHaT SKo0n.

Cas3b kKoopanHaT ZIKOOM M abCOIOTHBIX KOOPIMHAT OIpe-
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Jiesigercs 1o popmyJie

Pi = Pai_, + 75 (2.73)

e
ﬁi = {Xh}/iv Zi}7 ’FZ = {l‘;,yg, Z;}a ﬁGi—l = {XGi—17YGi—17 ZGi—l}’
(2.74)

YuurbiBasi, 9TO IO OIpPEJEJIeHUI0 GAPUIEHTPA 050G, , =
i1

= Y m;p;, re 0D03HAYEHO 0; = Mg + My + ... M;, 3aMeHy IIe-
Jj=0

peMeHHbIX MOZKHO 3alliCaTb B BHUJC

N = B o - S oy 01 4y
P1—Po=T1, Po—P1=T2 ——T1, ooy Pit1—Pi = Tit+1 — o 1.
1 i
(2.75)

[IponsBojis TaKkyio 3aMeHy I€pEMEHHBIX, IIOJIyYUM YypaBHe-
HUsl 33/Ia90 MHOTUX Te€J B KOOpAuHATaX f1KoOu B CKAJIAPHOI

U ., oU ., oU
mii, = 8—33;’ mij; = 8—y2’7 m;z = 8—,2; (2.76)
WIK B BEKTOPHOIT (popme
- oU .
# =2 G=1am @)
re
g;—
a;
J—1 —— 2
2 _ Tk
i = x;—x;+z -
. , k=i - s (2.79)
/ ! MLy ! ! k2,
+ y]_yz+; o + Z]_ZZ+; Ok

Kak BujiuMm, 9TO ypaBHeHUs JIBUXKEHUSA B KOOpJMHATaX KO-
Ou MMEIOT TaKO#l »Ke BHUJI, KaK M JIJIsI aDCOJIFOTHBIX KOODIMHAT.
OHu JI0IIyCKAIOT TPU HHTErpaJia IO el 1 HHTerpasl SHEPIUu.
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2.9 VYpaBHeHUsd JIBU>KEHUSI
B OCKYJIMPYIOMINX 3JIEMEHTAX

laee B 9TOM pazjiesie y BCeX BEJUYUH HUYKHUN MHJIEKC
1, XapaKTepus3yIonuii napaMerpsl Tejia M;, Tpu BBIBOJIE YpaBHe-
HUIl JIBUZKEHUS B OCKYJIUPYIONIUX dJEMEHTaX Jjisd IIPOCTOTHI HE
BBITICHIBAETCS.

2.9.1 Omnpegenenne OoCKYJINPYIOMINX
3JIEMEHTOB

Ockymupylolue 3JeMeHThl ObLI BBeJIeHbI Jlarpamzkem,
UCIIOJIB30BABIINM HJICI0 Diijiepa - COXpaHeHus JIJIsd BO3MYIIEHHO-
O JIBUYKEHHsI BceX (hOPMYJI HEBO3MYIIIEHHOT0. DTY UJIEI0 MOYKHO
OCYIIECTBUTh, €CJIM KEIlJIEPOBCKUE 3JIEMEHTBI OPOUTHI IIPEJICTa-
BUTH TAKNMHU (3apaHee HEM3BECTHBIMU) (DYHKIUSAME BDEMEHH,
9TOOBI OHM OOpalla/i ypaBHEHHs BO3MYIIEHHOIO JIBUZKEHUS B
TOXKJIECTBA.

Takum 06pazoM, OCKYAUPYIOUUMU INEMEHMAMU HASHIBAIOT-
Csl TaKue 3aBUCSINUE OT BPEMEHH 3JIEMEHTBI, KOTOPbIE OIPe/Ie-
JISIOT TI0JIOYKEHNE U CKOPOCTH BO3MYIIEHHOI'O JIBUKEHUS TeJI 110
bopmysiaM HEBO3MYIIEHHOIO JIBUKEHHUSI.

C maTeMaTHIecKoit TOYKM 3peHus ujes Jlarpam:ka 3akjIio-
yaeTcst B 3aMeHe I[ePeMEeHHBIX I, Y, Z, &,1,Z Ha HOBbIe Iepe-
mennbie p(t),e(t),i(t), Qt),w(t), 7(t). Hosromy muddepenin-
aJIbHbIE YPABHEHUsI BO3MYIIEHHOTO JIBUYKEHKsT MOXKHO 3aIlicaTh
B OCKYJIUPYIOIIUX 3jeMeHTaX. B Teopun jmddepeHuabHbIX
ypaBHeHuil Metos JlarpaH:ka NPUHATO HA3BIBATH METOJOM 6a-
PUAUUL NPOUBEONLHBIL NOCTNOAHHVIT, B KAIECTBE KOTOPBIX B aCT-
POHOMUM BBICTYIAIOT KEILJIEPOBCKUE 3JIEMEHTHI HEBO3MYIIEHHO
OPOUTHI.

YpaBHeHUs] BO3MYIIEHHOTO JIBUKEHUS OTJIMYAIOTCA OT YPaB-
HeHUil HEBO3MYIIIEHHOTO JIBUKEHUST HAJTMYUEM JIOTIOJIHUTEIbHO-
ro (BO3MYIIAIOIIEr0) YCKOPEHHsI, TI09TOMY OCKYJIUPYIOIIHe JJie-
MEHTBI B KasKJblii MOMEHT BPEMEHU OIPEIE/ISIOT KOHMIECKOe
cevYeHne, COPUKACAIOIIEECst C BO3MYIIEHHO TpaeKTopueii, a uc-



138 I'maa 2. BOSMYIIIEHHOE JIBU?>KEHUE

TUHHAA OPOUTA ABJII€TCsI OTHOAIONIEH ceMeficTBA TAKIMX KOHUYe-
ckux cedennii. CONpUKACAIONINECS KPUBbIE HA3ZBIBAIOTCS 0CKYAU-
PY0OUUMU, COOTBETCTBYIONINE 3JIEMEHTbl KOHMYECKOI'O CeYeHUs
- OCKYAUPYOWUMY IAEMEHMAMU, & MOMEHT BPEMEHH, K KOTOPO-
MY OTHOCATCHA OCKYJUPYIONINAE 3JEMEHTHI, B aCTPOHOMUN Ha3bI-
BAIOTCA 2NOTOU OCKYAAUUL.

2.9.2 OcHoBHas oriepaIus

st BeIBOIA JindbbepeHnraIbHbIX YPaBHEHN BO3MY IIEH-
HOT'O [ABUXKEHUA B OCKY/JIMPYIOHNIUX 3JIEMEHTaX BOCIIOJIbB3YEMCHA
METO/IOM C UCIIOJIb30BaHUEM IIPOIIELY PhI, HA3bIBAEMOI 0CHO6HOU
onepayued.
[IycThb /1151 HEBO3BMYIIIEHHOT'O JBU2KEHUSA, OITUCHIBAEMOTO JTH(hD-
depeHInaIbHBIMA YPABHEHUAMI OTHOCUTEIHHOIO JIBUKEHUST

o4 =7 =0, (2.80)

TIe Ty, 1 T, - BEKTOPBI ITOJIOYKEHUsT I CKOPOCTU HEOECHOI'O 00bEK-
Ta B HEBO3MYIIEHHOM JIBU2KCHUU, UMEEM KaKOe-IH/I6O BEKTOpHOE
(MM cKaJISIPHOE) COOTHOIIEHUE MEXKILY Ty, Ty, ¥ KEILJIEPOBCKIMU
9JIEeMEHTAMK HEBO3MYIIEHHONH OPOUTHI B BHJIE

U,y (7, 7, €0) = 0. (2.81)

3/1eCh UCIIOJIL30BaH IIECTUMEPHBINH BEKTOD JIJIsI HEBO3MYIIIEHHBIX
KEIIEPOBCKUX JIEMEHTOB €, = {Ppn, €n,in, Qn, W, Tn}, & HAK-
HU WHAEKC 'n” 03HadYaeT MPUHAIIEKHOCTD COOTBETCTBYIOIIEH
BEJIMIUHBI K HEBO3MYIIIEHHOMY KEILJIEPOBCKOMY JIBUKEHHIO C T10-
CTOAHHBIMU 3JIEMEHTAMU €, .
s mudpdepeHnumaabubIX ypaBHEHUN BO3MYIIIEHHOIO JIBU-
JKEHUST ) .
Pt %F: F, (2.82)

rae 7 U 7 - BEKTOPBI MOJIOKEHUS U CKOPOCTU HEOEeCHOTO 00beKTa,
B BO3MYIIIEHHOM JIBUKEHUU, & F' - BEKTOP BO3MYIIAOINIETO YCKO-
penust, coorHomerue (2.81), coryiacCHO OCHOBHOM Wjiee MeToja
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ﬂanaHma Bapualuy IIPOU3BOJIBHBIX ITOCTOAHHBIX MHTET'PUPO-
BaHW#d, JOJI2ZKHO OCTaBaTbCidA CIIpaBEAJINBBIM, T. €.

—

T(t, 7,7 &) = 0. (2.83)

Broraucienue mosiHbIX MPOU3BOIHBIX 0 BpeMeHU (QYHKITUI
U, u ¥ jaer ciejyionume JiBa PABEHCTBA:

dv, ov, 0U,. 0, -
_ AERALY S 2.84
i~ ot Tom s =0 (2.84)

AU ¥ 9¥. OU. OU.
= P4 —F+ —E=0. 2.
7 B + aFrJr aFT—I— 57¢ 0 (2.85)

Pesynbrarom Berauranusi ypapaenus (2.84) u3 (2.85) spis-
eTcsl PAaBEHCTBO:

AU d@n__<a@ a®n>

dt dt ot ot
o .. O, -, o ., 9, - v -,
+ (ﬁr — a—Fnrn> + <§r — o rn> + ?6 =0.
(2.86)

B coorBercrBuu ¢ ocHoBHOIT njieeit Jlarpam:xka dyukiun W n
U, a TaKyKe UX JacTHbIe IPOU3BOHBIE 110 BPEMEHHU, KOOPIMHA-
TaM U CKOPOCTSIM COBIIQJIAIOT JPYT C JIPYTOM:

Yoot ot oF  of aF  oF,

(2.87)

BekTopbl MOIOKEHNST 1 CKOPOCTU Ha BO3MYIIEHHOI 1 HEBO3-
MYIIEHHOT 0pOUTaX B TOUKE COIPUKACAHUS COBIAIAIOT (yCJIOBUS
OCKYJISATINN )

T =T, =Ty, (2.88)

a CBA3b Me2K/1y BOBMYIICHHBIM U HEBOSMYIIEHHBIM YCKOPEHUAMU
MOZKHO TOJIy9uTh U3 juddepeHnuaibubix ypasuenuii (2.80) u
(2.82):

F=r,+F. (2.89)
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HOSTOMy UMEIOT MECTO paBeHCTBa

ov, . OU. OU ov -
ov oW OWn 0¥ ni Z %Y B (2.00
o o oF o™ e or " oF (2:90)

—

ov 9w, OV .

B CHJIy KOTODBIX ypasHernne (2.86) mpecTaBiisercs B BHJIC

AU dU  dvU, OV - 8\1/
dt dt dt or 86

rJe {d\If / dt} - O3HAYaeT Pa3HOCTh IIOJIHBIX ITPOU3BOJIHBIX 110

BpeMeHu oT (DPYHKITUU \ff, BBIYHUCIAEMbIX B cuty Juddepeniim-
aJbHBIX ypaBHeHuit nerxkenus (2.82) u (2.80).

DTy pa3HOCTH MOXKHO PACCMATPUBATDL KAK HEKOTOPYIO CIIe-
LIMAJIBHBIM 0GPA30M OIPEIEIIEMYIO IPOU3BOAHYI0 dyHKIH W,
KOI/Ia, KOOP/IMHATBI M BPEMs PACCMATPUBAIOTC:H KAK IIOCTOSH-
Hble BEJTMIUHBI, YCKOPEHUE T 3aMEHsIeTCs Ha F a juddepen-
[UPOBAHUE 10 KETJIEPOBCKUM 3JIEMEHTAM [TPOBOJIUTCH OOBITHBIM
obpazoM. ByjieM Ha3bIBATH BBIYUC/IEHUE TAKOW TPOU3BOIHON 0C-
H068HOU onepayuel; 1 0003HaIATE ee purypabiMu ckobkamu. Co-
crajieHre cootHomenus (2.91) u ectb mpore/ypa MpUMeHeHUs
OCHOBHOI omeparun K coornorenuio (2.83).

Ecim B KadecTBe MiecTn CKaJIAPHBIX COOTHOIIEHUIA \Ilgf) BU-
Ja (2.81) ucrosib30BaTh OOIIHI MHTErPAT HEBO3MYIIEHHOIO JIBU-
JKEeHUsI, TO, IIPUMEHSSI K HEMY OCHOBHYIO OIEPaIUIO, IOJIYYIUM
HIECTh He3aBUCUMBIX JIMHEHHBIX ajlreOpanvdecKux ypaBHeHHi OT-
HOCHTEJIbHO KOMIIOHEHT BEKTOPa, €

W - ov; =
Wi g (i=1,2,..,6). (2.92)

o€ or

Pemast Ty anrebpamyiecKyio cucreMmy ypaBHeHHil OTHOCH-
TesibHO P, €, di/dt, ), w, T, mosyuuM ucKoMble guddepentm-
aJIbHBbIE YPABHEHMS BO3MYIIIEHHOT'O JIBUKEHUS B OCKYJTHPYIOIINAX
snemerTax. KOHKpPETHBIN BBIBOJ TAKUX yPaBHEHUIT paccMaTpH-
BaeTCs B CJICYIONIEM pa3Jesie.
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2.9.3 BroiBoa muddepeHNMAIBHBIX YyPAaBHEHMI
B OCKYJIUPYIOIIUX 3JIEMEHTAaX

2.9.3.1 1. ¥YpaBueHus# /ijia POKAJIBHOrO MapaMerpa,
JOJITOTHI BOCXOJAIIETO y3Jja U HAaKJIOHEHUS
opoUTHI

Paccmorpum B KadecTBe coornornenns (2.83) mHTErpast
IJI0IIa e, IpeJICTaBACHHbI BEKTOPHBIM PaBEHCTBOM

U(t, 7,7 e i Q) =Fxi—c=0, (2.93)

A

rae €* = {sinisin ), —sinicos(), cosi}, a ¢ = \/up €* - mepe-
MEHHBIH (OCKYJIMPYIONIHT) BEKTOP MOMEHTA KOJIUIECTBA J[BUKE-
HUA B BO3MYIICHHOM JBYKCHHH.

[IpumeHsist OCHOBHYTO Ollepalio K paseHcTBy (2.93), moy-

qYumM .,
ov dc

rJie OOBIKHOBEHHAs! TPOM3BO/IHAS dC/dl 3aIMCHIBACTCS B BUJIE

dc D d
e _ /ip p &4 \/—
dt — 2p d (2.95)
— P 1dpﬂ*+6e dQ+8e di '
B 2p dt o0 dt  0idt)’
YauTbiBas BbIPayKEeHUs JIJIsi IIPOM3BOHBIX €IMHUTHOIO BEK-
Topa €*

de* o o o

20 = {sinicos (2, sinisin {2, 0} = siniey,
- | (2.96)
5 = {sinQ cosi, — coscosi, —sini} = —€y,

i

ypasrenue (2.94) npejcraBum B BHJIE

1d ds? di _,
%d—f€*+sinz%eN—d—z N—T‘XF/—T[ x F'], (2.97)
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IJie BBEJIEHO 0DO3HAUEHUe F'=F / V/#p- BexToproe ypapHenue
(2.94) npezcrasisier coboii cuCTEMY TPeX JIMHEHHBIX CKAJISPHBIX
aJredpandecKuxX ypaBHEHU JIJId ONpeIe/IeHs ITPOU3BOIHBIX 110
BPEMEHU OCKYJIMPYIOIIUX 3JIEMEHTOB P, €1, 7.

[IycTh BEKTOPHI BOZMYIIAIONIETO YCKOPEHUS F wm F' CyTh

F’/ _ {S,, T/, W’},
(2.98)

e S, T, W - pagnajbHasi, TpaHCBepcaabHas U OMHOPMAJIbHAS
[IPOEKIINN.

YMHOXKEHUEM BEKTOPHOTO COOTHOLICHNA (2.97) ckassipHO CHA-
gaJia Ha €%, 3aTeM Ha €y U, HAKOHeIl, Ha, €y BLIBOIATCS CIICIYIO-
e Tpu CKaJIHprIe paBeHCTBa, KayKJ[0€ U3 KOTOPBIX COJEPXKUAT
JIAIIB TI0 OJIHO¥ M3 MCKOMBIX BesmauH dp/dt, dS)/dt win di/dt:

F=8¢+T&+We ={ST W},

5l

1 d — —
oo = e [ex P = rFe" x @] = r(Fe) = 1T,
p
ds?
sini— = réy[é x F'] =
dt (2.99)
= rF'léy x €] = r(F'é*)sinu = rsinulV’, '
di /
—= = renle x F) =
— rF'[ey x @] = —r(F'é*) cosu = —r cosuW".

Takum 06pa3oM, 1epBble TPU yPaBHEHNs BO3MYIIIEHHOT'O JIBU-
JKEHUS B OCKYJIUPYIOIINX dJIeMEHTaX UMEIOT BUJL
dp ds? sinu__, di

—oprT!, == — = g
a7 it~ Tsmil o a e
(2.100)

2.9.3.2 2. YpaBHeHUe AJis1 SKCIEHTPUCUTETA

Huddepennnaibioe ypaBHeHe st OCKYJIUPYIOMIETO 9KC-
[EeHTPUCUTETa OPOUTHI BBIBOAUTCS C moMoIbio dhopmyst (1.87),
IepeNMCaHHbIX B BUJIE:

esinv = \/EVT, ecosv = \/§Vn -1, (2.101)
[ [
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rne V, =Ve,V, = Ve’ - coorBercreeHHo pajipaibHas U TPaHC-
BepCaIbHas COCTABJISIONIME BEKTOPa CKOpoCcTH V.
[Ipumensiss OCHOBHYIO OIlepaliio K paBeHCTBAM

U = eginw — \/EVT =0, U@ =1+ecosv— \/EVn =0,
U

7
(2.102)
IpUXoaAuM K JIBYM COOTHOHICHHAM

. de dv p[[adV; V.. dp

smv%jLecosv{E}: ;[{ dt}—l—%%},
de : dv p|[dV, V,, dp

COSU% —esmv{a} = \/% {{W} +%E} .

[IpuMmensist OCHOBHYIO OIepalfio K PaJuaJibHOM U TpaHCBEp-
CaJIbHOM COCTABJISAIONINM CKOPOCTHU

dv, av_| [av ). 4.
{dt}_{ﬁe}_{ﬁ}e_}%_s’
av,\ _ Jav\.  a.

U ToJIcTaBIsst 3Hadenue i dp/dt uz (2.100), ypaBraenus (2.103)
[PEJICTABUM B BHJIE

(2.103)

d d
sinvd—(z + ecosv {d_:} =pS’ + resinvT’,

de ) dv B 1+T N T
cosvdt esinv prll i P ’ T€CoS v ,

(2.105)

rae S' = S/\/upu T =T/ /up.
Perras Ty ImHelinyI0 aJredpandecKyro CUCTEMY OTHOCHTEIh-
HO de/dt u e{dv/dt}, noayuaum muddepenimanibHoe ypaBHeHTe
JIJIS OCKYJIMPYIOIIErO SKCHEHTPUCUTETa OPOUTHI € U BLIPAZKCHUe
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OCHOBHOM OIlepalnu JIJId NCTUHHOA aHOMAaJIAN V:

d
d—j = psinvS' +p {cosv + (cosv + e)f} T,

d
e{—v} = pcosvS’ — psinv <1 - f) T
dt P

2.9.3.3 3. YpaBHeHUe OJis apryMeHTa HepUlleHTpa

(2.106)

[Ipu BBIBOJIE U depeHInaIbHOrO YpaBHEHU JIJId OCKY-
JINPYIONIEr0 apryMeHTa MEPUIEHTPA BOCIOIB3YEMCS COOTHOITIE-
HUSIMU

x = ra = r(cosucos ) — sinusin 2 cos i),

y =rp = r(cosusinQ + sinu cos 2 cosi), (2.107)

CJICACTBUAMU KOTOPBIX ABJIAIOTCA CJICAYIOHNINE PaBEHCTBa:

xcos )+ ysin ) =rcosu, —xsin{) + ycos{) = rsinwucosi.
(2.108)
Boi6epem byuxmmn ¥ g U@ B pue

UG = rcosu—zeosQ—ysinQ =0, VW =y —v—w=0,
(2.100)
rie a1a U®) ucnonssopano nepsoe paserctso u3 (2.108), a ars
U™ - p3BecTHAS 3aBHCHMOCTD MEXKIY ApryMEHTOM IIHPOTHL U,
apryMeHTOM MEPHLIEHTPA W U UCTUHHONW aHOMAJIUel v.
Ocnosnas omeparus st bynkrmit ¥ u U npencrasis-
eTcs B BUJIE

—rsin du = (—zsin Q+ Q)@ dul _ Jdv +d_w
B PP YOS I Var [~ | &t dt’

(2.110)
Ucmonb3yst jiyist yrporerusi Bropoe pasencTso B (2.108), mpe-
obpasyem ypasaerus (2.110) K Buy

du dS) du dv dw
{E}__COSZE’ {E}_{E}JFE’ (2.111)
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OTKY/Ja IIOJIyYUM

dw .dS) dv
= oSt — { } . (2.112)

Haxowser, 110JIcTaHOBKa BMeCTO npou3sojnoit dQ2/dt ee BbI-
paxKeHusi U3 BTOporo ypapenusi B cucreme (2.100), a BMecTo
{dv/dt} BeIpazkenus n3 Broporo ypasrenus B (2.106), mpuso-
T K 1uddepeHnantbHOMyY YPABHEHUIO ISt apryMeHTa Mepy-
HEeHTpa B BUJIE

dw P

= ——cosvS'+p+T

= ; . sinvT’ —rsinuctgi W'.  (2.113)

2.9.3.4 4. YpaBHeHUe [Jid MOMEHTA IIPOXOXKJIEHUS
yepe3 NnepulilieHTp

[Tocrenmee (mecroe) ypaBHEHHE BO3MYIIECHHOIO JIBIZKE-
HUsI, OIPEJIE/IAIONIee OCKYJIUPYIOMUiT MOMEHT T IIPOXOXKJICHHUSI
4epe3 MepUIEeHTp OpOUTHI, BbIBEJIEM B Haubojiee oOIeM BUJIE,
[PUTOHOM JIJIsd JIBUZKEHUH JII0O0Tr0 THIIA.
Ucnonb3yst coorrorenne (1.84), 3amuinemM paBeHCTBO

v — B - =0, (2.114)
p

re
v

dv
Iy :/(— (2.115)

1+ ecosv)?’
0

u npuMeHnM K (2.114) OCHOBHYIO OllepaIluio:

dw®) 3 [u dp wdr dJ,
=" /- = /=2 _ ==V _0. (2.11
{ dt } N a N pa {dt} 0. (2.116)

Orkyna ¢ yuerom (2.114), 1. e. noacrapigasa (/u(t — 7) =

= p>/2 ]y, nosydanm

W dr 3 1dp {dJl}
_ J =1t
dt

——JSi-—— =

i L (2.117)
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rie
dJl 8] 1 de 8] 1 dv
— — < — 5. 2.11
{dt} De di o \ @ (2.118)
Borunciienne 4acTHBIX IPOM3BOAHBIX MHTErpasa Ji jaer
a 2
—Jl = ——/r cos v dv, —%{Jl = % (2.119)

Torna coorHomenue (2.117) npespainaercs B

pdr 3 1ldp de 1% (dv
L) P R R fet 2.120
PP dt SR Y TP TaR T ( )
rJie BBEJIEHO 0D0O3HAUEHIE
2
= —/ cos v dv. (2.121)
p?
0

[Toce mOACTAHOBKH BMECTO IPOM3BOAHLIX dp/dt, de/dt n
{dv/dt} nx Beipazxenuit u3 (2.100) u (2.106) coornomenue (2.120)
[PEBPAIACTCS B CJIEYIONIee

wd
d_7t- = —3riT' + JopsinvS'+
+pJy |cosv + (e + cosv)— ] T'— (2.122)

p
2
_ [COSUS/ — sinw (1 + f) T’} )
pe D

OTCIO,H&, II0CJI€ BBE€ACHMA 0003HaYCHUA

p2
N="==J, (2.123)

r2
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U TPUBEJICHUS TIOJIOOHBIX YUJIEHOB, CJICyeT PABEHCTBO

d 2
d:f_ p(eN sinv — cos v); S+

+p [—3\/ﬁep’3/2(t — T)— + N (th +ecosv + e cos v) +
r

P 2
+ (1 + C) sinv} T—QT'.
p p
(2.124)

[IpaBast yacTsb ypaBuenus (2.124) cymiecTBeHHO yIpOIIAeTCs
C TIOMOIIBIO CJIEAYIONINX COOTHOIIEHUIT

d 2
{ (1+ )smv} :C<1+C) COS V€ sin vr— (1+2 )
dv P P P P p
(2.125)
C yueroM TOXK1eCTBa

2 3
e cos vr— (1 +2— ) (1 + C) - 27’_3 (2.126)
p? p p p p

coorHotenue (2.125) npespaiaercs B e/ Iyoriee:

d ) r? r3
1+ 5 ) sino| = =e— |1+ 2" ) + 2—cosv.  (2.127)
dv p p? p p

I[anee C TIOMOIIIBLIO €IMe OJHOIO TOXKIECTBA

1+2° =3 -2 ¢cosw (2.128)
p p

pasencTBo (2.127) npuobperaer dopmy:

d 1+ 2 ) sino| = 3eﬁ +2(1 - 62)r—3 cosv.  (2.129)
dv p P A

Unrerpuposanne paserncrsa (2.129) B mpenenax or 0 g0 v
JlaeT

v 9 v 3
r <1+f) sinv:36/%dv+2(1—62)/%cosvdv. (2.130)
D p ) p ) p
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D70 pasencrso ¢ momompio (2.114), (2.121) u (2.123) upwu-
BOJIUTCS K BUJLY

2
r r\ . m N
- 1+—)s1nv:3 —e(t—7)+ (1 —e“)—=N. 2.131
p< p \/pg( )+ ( )p2 ( )

C momomipro 31oi dopmysnsl u coorromenus 1 = p/(1 +
ecosv) cilaraemoe, cojiepzkaliee Bo3Mylnatoliee yckoperue 1"/
B paBeHcTBe (2.124), npunuMaer BuJ

P {—3\/;7617_3/2(75 — T)]—j + N (th + ecosv + el cosv) +
r p

p
2
+ (1+ C) sinv] T—2T’ =
D p

2 2
r r r
=pN {— + (1 + —) ecosv} —T' = p—NT,,
p p p r
(2.132)
OTKY/Ia OKOHYATEILHO cieayeT quddepennuaibHoe ypasHeHne,
olpeJIeIAIoNee OCKYIMPYIoNee 3HAUYCHNEe MOMEHTa IPOXOZKIe-

HUA 9€PE3 IMEPUICHTD T:

dr pr? , p
g N - ENT]L
o \/; . [(esmv cosv)S’ + . (2.133)

DTO ypaBHEHHE CIIPABEIIUBO I JIOOBIX THUIIOB OCKYJIUPY-
IOIUX OPOUT (S/UIMITUYIECKUX, TUIEPOOIMIECKUX U MIP.).

[Tonas cucrema nuddepeHIuaibHbIX ypaBHEHUT BO3MYIIEH-
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HOT'O IBUZKCHUA MMECT BUI:

dp
D _ o
di pri -,
d
d_::psinvS’+p cosv+(cosv+e)f T,
p
di
d—z:rcosuW’
a (2.134)
i rsin u cosec iW’,
d
d_C: — P osus’ + rtp sinvT" — retgisinulW’,
e e
d 2
_T:\/Er— [(esinvN—cosv)S'—i—Z—)NT' ,
dt e r
e
1 1 1
S'=—8 T'=—T W =—"W,
v/ KD v/ KD v\/,up
2 3
— p ., u=w+u, N:2p— T—cosvdv,
1+ ecosv r2 ) p?
0
(2.135)

a UCTUHHa:Ad aHOMaJInAd v CBA3aHa CO BpeMEHEM { COOTHOIIIEHNEM

Iy O/<1+€d§057})2 - \/g(t—f). (2.136)

Cucremy (2.134) ypaBHeHUIT BO3MYIIEHHOTO JIBIZKEHUSI B OCKY-
JINPYIOIIUX 3JIEMEHTaX P, e,%, ), w, T HA3bIBAIOT ypaBHEHUSIMU
Hwviomona-isepa.

2.9.3.5 5. YpaBHeHHUs B OCKYJ/JUPYIOIIIX
JTANITUIECKUX dJIeMEeHTaX

B ciiyuae JBUKeHUI SJUTHITUYECKOTO THIIA UCTIOJIB3YIOT KeILIe-
POBCKHE 3JIeMEHThI SJITUITHIECKOTO JBUKEHUS a, €, 1, 2, w, M.
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[Tosromy 1pu mepexojie K JBUKEHUIM C IKCIEHTPUCATETOM
e < 1 B cucreme (2.134) u3MeHATCS TOIBKO IEPBOE U HOCTIE/HEE
yDaBHEHUSI.
Jucdbdepentupys 1o spemenu ¢ coornomenne p = a(l — e?)
dp da 9 de
— =—(1—-¢€") — 2ae— 2.137
dt dt( ) dt ( )
U UCnosb3ys it dp/dt u de/dt ux BbIpazKeHus U3 ypaBHEHUIl
(2.134), noxyuanm juddepeHuaibHOe ypaBHEHHE JIJisi OCKYJIU-
pyIoIIeit 60BINoi moIyocH

da 2 . 1 P

i 2a <esmvS + TT ) . (2.138)
[TposenbiBas aHaJOTHYHBIC ONEpPAIlUN ¢ COOTHOIICHUEM 7, =

= /t/a*?, nonyunm guddepennuaibioe ypaBHEHHE 15 OCKY-

JIMPYIOMIETO CPEIHEr0 JIBUYKCHIS 10

dn 3nda ) ;P
a__2nda —T). 2.1
o 50 g 3na (e sinvS’ + " (2.139)

BeiBo ypaBHEHUS [UIsT OCKY/IUPYIOIIe CpeHeil aHOMAaIun

B 3TOXY t( MOXKHO OCYIIECTBUTD, UCIIOIb3Ys OJIHY U3 JIBYX (hop-

MYyJI, BBIPAYKAIOIINX CBsI3b cpeaHeil anomaanu M u BpemeHn t:
Jib0 B BHUIE

M = My + n(t —ty), (2.140)

10510)0)
t

M = My + /ndt, (2.141)
to
rae sesmaunbl Mo u M) HasbIBalOTCA OJMHAKOBO - CPeIHAS
aHOMAaJINA B 3MOXY g.

B meBosmymenaoM jBuzkeHnn 06e 3T OPMYJIbl TOXK IECTBE-
HBI JIDYT JIPYTY, TaK KaK CpejiHee JIBUXKEHHE N IIOCTOsIHHO, T.e.
My = M. B Bosmymennom apuzkennn semaunbl Mo u M)
He COBITQJIAIOT, U UX MOYKHO CBA3ATH CJICIYIONICH 3aBUCUMOCTHIO

t

to
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[Tosromy jmcbdepenimaibioe ypaBHEeHUE JIJIsi OCKYJIUPYIO-
mieit cpeJiHeil aHOMaJIuK B STI0XY o 3aBUCAT OT BBIOOpA B Kate-
crBe ucxoznoro ypasuenus nin (2.140), nan (2.141). eiicrsu-
TeJIbHO, IPUMEHsIsi OCHOBHYIO OIIEPAINio K YKa3aHHBIM ypaBHe-
HUSIM TIOJIYIMM pasHble BbIPazKeHWsl /sl OCHOBHOI oleparun

{dM/dt}:

dM dMy dn
{E} _W_'_E(t_to)’ (2.143)
dM)  dMy,
= . 2.144
=% 2114

Broranras u3 ypasuenus (2.144) ypasuenue (2.143), mosryanm
cBsA3b MexKty npousBoaubiMu dMy/dt w dMy/dt B Bune

My Mg _ iy ), (2.145)
dt dt dt
YTO JIAeT BO3MOXKHOCTH OPAHIIUTLCH BBIBOJIOM Trddeperin-
aJIbHOrO ypasHeHus i Mgy, a ypasuenne jyuis My Torma mo-
ayanM u3 (2.145).
[Ipumenenue ocnoBHOI oneparuu K ypasuenuio Keriepa £—
esin E = M u coornomennio r = a(1—e cos F') npuBouT K cJie-
JIYIOIIUM COOTHOIICHHSIM:

M E
{dd—t} :(1—ecosE){a;—t}—sinE%, (2.146)
rda de dE
- — E— inkEq—7»=0. 2.14
—p —acosEo + aesin {dt} 0 (2.147)

Beipaxkas {dE/dt} n3 (2.147) n moxcraBiass pe3yabraT B
(2.146), npuxoanuM K paBeHCTBY

dM de 12 1 d
{ }:(Lcth—sinE)—e L ¢ (2.148)

dt dt  adesinE dt’

ae
3aBUCUMOCTHU

T . r 1 .
cos B —e = —cosv, sin B = ———=sinwv (2.149)

a a+/1—e?
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HO3BOJISIOT TIpeobpaszoBaTh Koadduimenter npu de/dt w da/dt
B (2.148) K BuIY

cosFEE —e 1—¢?

Lcth —sin F = - = ctgv,

ae esin B e (2.150)
1 <r>2 1 V1 ez r
ae \a/) sinE e a’sinv

[Moacrasmisas (2.150) B (2.148), moayvaem
dM d d
‘ —ctgos - L2 (2.151)
V1i—e2 | dt dt a?sinv dt

wim ¢ yaerom (2.106) u (2.138) npuxoumM K ypaBHEHUIO

‘ {dM} = (pcosv — 2er)S '+

V1 —pe2 dt (2.152)
+——(cos®v + cosvcos B —2)T".
sin v
Tak kak Gmaromaps (2.149)
cos? v + cosvcos B — 2 = —T+psin2 v, (2.153)
D

To (2.152) mpuHuMaeT BU/T

e dM
= (pcosv — 2er)S’ — (r + p)sinvT’. (2.154)
V1-—e? { dt }

Eciu Bocrosib3oBarbes Boipazkenusivu (2.144) u (2.154), To
st Mgy mostydunM OKOHYaTeIbHOEe ypaBHEHHE B BUJIE

dM(o) . \/1 — e2
dt e
Eciu ke ncnonpzosars coornorenue (2.143), o B coorseT-
creun ¢ popmyiioit (2.145) moyunm juddepernuaabHoe ypas-
HEHHE JJId OCKYJIMPYIOIMIEI'O KEIJIEPOBCKOI'O 9JIEMEHTA MO

dMO vV 1 —e2

el [(peosv — 2er)S" — (r + p) sinvT'] +

[(peosv —2er)S" — (r + p)sinvT’]. (2.155)

+3na <e sinvS’ + BT') (t —tp),
r
(2.156)
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rJie BMeCTO HPOU3BOJHON dn/dt momcTaB/ieHO ee 3HAYEHHE W3
(2.139).

[IpaBas gactb ypashenus (2.156) coOIepKUT MHOXKUTEIEM
BpeMs t, BeeJcTBUE 4ero Benmduna My ¢ TedeHHMeM BpeMeHH
MOXKET IPUHUMATH OOJIBITNE 3HAUEHUS JIayKe TIPU MaJIbIX BO3MY-
marommx yckopenustx S’ u T, a 310 npuBojauT K Heymo6cTBaM
npu poBejiennu Bbrancaenuii. [lo aToit npuaune B actpoHoMun
B KauecTBe Cpe/IHeil aHOMAJIMH B 31I0XY ty B BO3MYIIIEHHOM JIBU-
JKEHIM IPAKTHYCCKU BCEIrJla UCHOJb3yercs Besmanna Mg (xo-
Tsl IIPU 9TOM JIJISI IPOCTOTHI €€ MO-TIPEKHEMY 0003HAYAIOT Yepe3
MO).

Bea cucrema puddepennumaabubix ypaBHEHUN B OCKYJIHPY-
IOMINAX JUTANITUYECKUX dJIeMEHTaX UMeeT BUI:

d

@b _ 542 (esinv5'+ BT’) ,

dt T

d

ac_ psinvS’ +p [cosv + (cosv + e)t] T,

dt p

i

d—i = rcosulW’

ds?

— = rsinucoseciW’,

dt

d

w _ P cosvS’ + rp sinvT" — retgi sinulW’,

dt e e

dM, V1 —e?

dt(O) = ¢ [(pcosv — 2er)S" — (r + p) sinvT’],

e

(2.157)

e Mgy - oCKyupylomias CpejiHas aHOMaJIus B 310Xy to, CBe-
t

sammas ¢ M ypasuennem (2.141), r.e. M = Mgy + [ ndt.
to

DTy cucreMy Ha3bIBAaIOT ypaBHeHusMEH Hvromona-irepa
B OCKYJIUPYIOIIUX 3dJEMEHTaX JIJId JIBUZKCHUNA SJIIUITUICCKOIO
THIIA.

Ecmu gns onmcanust OBUXKEHHUI SJUTAIITUYIECKOIO THIIA, UC-
110JIb30BaTh OCKYJIUPYIOIIUE 3JIEMEHTHI @, €,%, T, W,E, TJe T =
= ) + w - gosiroTa mEpHUIEeHTpa, a € = 7 + My - cpeaHss 10
roTa B 3O0XY lg, TO YPaBHEHU:A BO3MYIICHHOI'O JBUXKEHUSA JIJIA
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9JIEMEHTOB T U € 0€3 Tpy/la BBIBOJAATCA U3 ypasHeHuil (2.157):

J .
ed—: = —pcosvS’'+ (r+p)sinvT’ + Tetg%W',

e = —[p(1 — V1 —e?)cosv + 2erv1 —e?]S'+ (2.158)

6% |
+(r+p)(1 —vV1—e?)sinvT’ + e'r’tg% sinuWW'.

Cucrema (2.157) mmeer ocobernocTr (HysIb B 3HAMEHATEIIE)
mpu e =0 u ¢ = 0. 9T 0COOEHHOCTHU CBS3aHBI C OIIPEIETEHUEM
KEIJIEPOBCKUX 3JIeMEHTOB. B camom jierte, ipu e — () apryMeHnT
[EPUIIEHTPA W U CPeJHssS aHoMaJus B 310Xy M, craHoBATCs
HEOIIPE/IEJIEHHBIMU, TaK KaK JIJisi KPYIOBOIl OpOUTHI MEPUIIEHT]
ue orpejiesied. YTobbl m30eKaTh ITON HENPUSITHOCTU CJIEIYET
epeifiTi OT KEeIJIEPOBCKHUX 3JIEMEHTOB €,w, HAIPUMep, K 3Je-
MenTam Jlarpamxka h, k, a Bmecro My K € - cpejHeil g0Jrore B
910Xy 1o 110 hpopMyJiam

h =esinw, k=ecosw. (2.159)

AHAJIOTUYIHO TepsieT CMBIC JI0JIOTa BOCXOJISINEro y3ia )
pu ¢ = 0. 9Ty 0COOEHHOCTH MOYKHO YCTPAHUTD, €CJIM OT KeIle-
POBCKUX 3JIEMEHTOB %, {) TIepeiiTi K dJIeMeHTaM P, q:

p = tgisin €, q = tgi cos €. (2.160)

Huddepennuaabublie ypaBHEHUs JIJ1sT BBEJIEHHBIX TAKUM 00-
Pa30M OCKYJIUPYIONIUX JIEMEHTOB TOJIyJaloTcd ImyTeM udde-
PEHIITPOBAHUA 110 BPEMEHU

dh e do dh_ oo de o
at Y a T a at — ar  ar
dp ds) N , di  dg ds) N , di
— =q— secicoseci—, — = —p— sec i coseci—
it~ Tar T dt’ dt Par 1 dt
(2.161)
u nojicraHoBkY 1yt de/dt, dw/dt, dS)/dt w di/dt wx BbpazkeHuii
u3 (2.157). Hukakux ocobennocreit mpu e = 0 n i = 0 stn

YpaBHEHUA HE UMEIOT.
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2.9.3.6 6. Ockynupyolniue ypaBHeHUs JIBU>KEHUS
JJIsl TeJI C TIepeMeHHbBIMU MacCcaMu

B 3zanaqe I'nibiena-Merepckoro tTakke MOYKHO HCIIOJIb-
30BaTh OCHOBHYIO OIEPAIUIO IIPU BLIBOJIC YPABHEHUI JTBUKEHUS
B OCKYJINPYIONTNX 3J€eMEHTaX IS TeJ ¢ TepEMEHHBIMI MaccaMn
mo = mo(t) m m = m(t), T0 ecTb ¢ MEPEMEHHBIM TDABUTAIMOH-
HBIM napamerpoM g = f(mg+m) = p(t). Ucxomusie ypaBHenus
OTHOCUTEJILHOTO JIBUZKEHUS UMEIOT TOT K€ BUJI: IPEYKHUE UHTE-
rpupyemMble ypaBHEHUs HEBO3MYIIIeHHOTO JBrzkernst (2.80) 3a1a-
YU JIBYX TEJI C OCTOSTHHBIME MaCCAMMU 1M U M U YPABHEHUS BO3-
MYIIEHHOTO JBHKenus (2.82) 9THX TeJl ¢ MePEeMEHHBIMI Macca-
MU, OIIPeJIe/IseMbIMU 3a/IaHHOI HeIPepbIBHON uddepeHiupye-
Moit byHKIHeR (1 = () U IPEeKHUME BO3MYIIAIOIIUME YCKOPe-
Husvu F = {S,T,W}. Eciu B kauecrBe pyuknun ¥, aHajgornd-
HOit (2.81), BeIOpaTh JieByto YacThb ypasaenust V(t, 7, 7 €, u) = 0,
CIIPABEJJIMBOTO JIJIsi HEBO3MYIIIEHHOTO JIBUZKEHUA, TO OCHOBHYIO
OIIepAIUIO JIJIsi 3TOI0 PABEHCTBA C YUE€TOM II€PEMEHHOCTH MAaCC
B BO3MYIIIEHHOM JIBUYKEHUH MOXKHO 3allUCATh B BUJIE

AT OV ~ OUde OUdu
—=——F+—=—+——7=0, (2.162)
dt or o€ dt  Ou dit
e F - PABHO/ICHCTBYIOIAs TEX YK€ BO3MYIIAIONINX YCKOPEHMUIA,
YTO U JIJIs TIOCTOSTHHBIX MAacC.

Bea nporneypa BeiBosia jinddepeHnaibHbIX YpaBHEHUN B
OCKYJIIPYIONIUX JIEMEHTAX OCTAeTCH MpeyKHell, HO IIPHU NUCIOJIb-
soBaHuM B KadecrBe W yHKuii, cogepxkanux (1 = ((t), B cooT-
BeTCTBHU ¢ (hopMmyJIoii (2.162) mobaBiisercs 4ieH ¢ MHOKUTEIeM
dji/dt, KOTOpBIil XapaKTepu3yer JOIMOJHUTEbHBIE BO3MYIIEHUS
U3-3a U3MEHEHUs MACChI.

Hampumep, npu BbIBOjie ypaBHeHuit st p,i,{) paBeHCTBa
(2.95) u (2.97) ciremyer mepenucaTth B BUJE

dc  \/ppdp de*  \/ppdp
@@ _VIPW o | st VPO 2.163
at - op dtt VMg o w e (2.163)
Vdp_. . do.  di, . . ldu.
%d—fe Fsini— Oy — ey = rlex F'] — ﬂ—'[;e (2.164)
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JlabHeiiniue BBIKJIQIKU MTOKA3bIBAIOT, UYTO BUJ[ ypPaBHEHUI
JIJIsL OCKYJIUPYIOIIUX 3JIEMEHTOB ¢ U {) He M3MeHsAeTCs

di ds?
& cosulW”, — = rsinucoseciW’, (2.165)
dt dt
a 1151 POKATBLHOIO [apaMeTpa MOJLy THM
1d ~ 1d 1d
— P eex Pl — P 2 (9.166)
2p dt 2 dt 2p dt
TO €CTh
dp pdu d(pp)
2o - 222 —— =2uprT’. (2.167
atc P T MM T T (2.167)

AmnajiornvaHo BeIBOAATCA quddepeHnnabHble yPABHEHUS JI/TsT
OCKYJIMPYIONIETO 3KCIEHTPACUTETA U UCTUHHON aHOMAJIAN Iy TEM
[IPUMEHEHNA OCHOBHOM Ollepallid K COOTHOIICHUAM

. D p
esinv—,/—=V, =0, l14+ecosv)—,/—=V, = 0. (2.168
e ( "y =0 2165)

COOTBGTCTByIOHLHG YpaBHEHUA BOSMYIICHHOI'O JIBU2KEHUA Ta-
KOBBI:

d 1d
d_j = psinvS’ + p [cosv + (cosv + e)]ﬂ T — (e + cosv);d—'LtL,
d 1d
e {d—:} =pcosvS’ — psinw <1 + %) T + sinv;d—’l;.
(2.169)
[TpunMeHeHre OCHOBHOMN Ollepanuy K COOTHOIIEHUIO
rcos(w +v) — (zcosQ +ysinQ2) =0 (2.170)

U uCcnob30BaHue T depeHnajibHbIX YPaBHEHUN /It JI0JITO-
ThI BOCXOJISIINET0 y3/1a 1 UCTUHHOM aHOMAaJIMU IPUBOIUT K JAud-
dbepeHIaIbLHOMY YPaBHEHHIO JIJI OCKYJIHPYIOMIEro apryMeHTa
MIUPOTHI HEPUIEHTPa W
dw _ _p cosvS’ + = P sinvT” — retgisinuW’ — Sy ld—u
dt e e e wdt
(2.171)
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CoBepIneHHO aHAJTOTUYIHO BBIBOJLY YPABHEHUS JIJIA OCKYIHPY-
IOIIer0 MOMEHTA IIPOXOZKACHUA Yepe3 IIePULICHTD T TeJI C IIOCTO-
AHHBIMYA MacCaMU C IIOMOIIbIO IIPUMEHEHNA OCHOBHOII ollepanun

K COOTHOIIEHUIO
pt)(t —71)p 3 —J =0 (2.172)

BBIBOJIUTCSH COOTBETCTBYIOIIEE JnpdepeHIuajbHoe ypaBHEHe

dr pr
E_\/j; [(esmvN—cosv)S + NT]+

(2.173)
p? r? 1du
\ = |21 - Jo — —— ——
+ M{ 1 — (e +cosv)Js p%smv]udt’

J / v J 2/v3 do, N =2
meJi= | — 3 = — [ r’cosvdv = —=.Js.
AC (I+ecosv)?” 2 pd ’ r2?

0

Urak, iuddepeniuaibable ypaBHEeHUs B OCKYIHPYIONINUX JJ1€-
MEHTaxX B CcjIydyae IepeMeHHBIX MacC UMEIOT BU/I

dp pdp
R T'———
at ~ T T A
de 1dp
o S T _ it
gt psinv +p{cosv+(cosv+e)p] (e + cosv) L
d—z:rcosuW’
dQ
e r sin u cosec iW’,
d inv1d
W P osus + L P sinvT” — rctgisinuW’ — smv__,u’
(;lt e , e e pdt
—T:\/Er— [(esinvN—cosv)S'—l—BNT'}jL
dt e r
p? r? 1du
JE 2 Ty — — ey
+ p { 1 — (e +cosv)y p2esmv] L

(2.174)



158 I'maa 2. BOSMYIIIEHHOE JIBU?>KEHUE

[Ipu e < 1 ¢ MOMOIILIO OCHOBHO#I Oollepaliuu B CJIydae mepe-
MEHHBIX MACC MOYKHO BBIBECTH ypaBHEHHs BO3MYIICHHOI'O JBU-
JKEHHS B OCKYJIUPYIONIUX SJUTUITUYECKUX 3JIEMEHTaX a, e, 1, ),
w, Mgy . 1151 5TOr0 UCIOJIL3YIOTCA U3BECTHbIE (DOPMYJIbI 3JL/IAII-
THIECKOTO JIBUKEHUST

p=a(l—é?), n?a® = u(t), (2.175)

U3 KOTOPBIX IOJIY1Ial0TCAd:

da ) p 2a’%e 1du
R 2 2 ( S/ _TI> _ -
d o = 20" (esinvS’+ <2+COSU)Mdt’ d
2 1
d—;l:—iina (esinvS’+§T’)— {g— ae(eJrcosv) ;d_/z
(2.176)

[IpumeHeHe OCHOBHO OIlepaIii K COOTHOITEHUSIM
E —esinE =M, r=a(l —ecosE) (2.177)
[OCJIE COOTBETCTBYIOIINX BBIKJIAOK IIPUBOIUT K PABEHCTBY

() e )

= — — 2.1
dt e dt a?sinv dt (2.178)

C yueroMm ypaBHEHHI Jjisi OCKYJIUPYIOIIErO SKCIEHTPUCHTE-
ta n3 (2.174) u ockymupyiomieit Gosbiioi moyocu u3 (2.176)
BbIpazkenue jist {dM /dt} npurnmaer Bu

{dM} V1—e?

(- [(pcosv —2er)S" — (r + p)sinvT '] +
e
e + cosv <26T ) 1du
TR

sin v

(2.179)

Ecimm 3aBucuMocCTb cpejiHeil aHOMauu OT BPEMEHH B BO3-

MYIIEHHOM JIBUYKEHUU B cooTBeTcTBHE ¢ popmysioit (2.141) na
t

cTp.150 npescrasiisiercsa coorHomennem M = f ndt + M), To
to
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IIpUMCHEHNE OCHOBHOMI ornepanyu K 9ToOMy COOTHOHIECHUIO ITPUBO-
JAUT K PaBEHCTBY

dM(O) vV 1—e2

ek [(pcosv —2er)S’ — (r + p) sinvT ']+
e
+e—l—cosv (267’ ) 1du

sin v
(2.180)

Ecnn ke Bmecro (2.141) ncnonbsyercst 3apucumocts (2.140)
M = n(t —ty) + My, T0 aHAJIOTHIHBIM IIyTE€M HOJIYy9UM ypaBHE-
HITe

dMy V1—e2

= [(peosv — 2er)S" — (r + p) sinvT'] +

dt
+3na (e sinvS’ + ]—?T') (t—to)—
2a? 1d
I ae(eJrcosv) o
2 P W dt

(2.181)

Beipazkenue jist npoussognoit dMy/dt comepxkut ciarae-
Moe, JinHeitHo 3aBucsiiee ot spement. [losromy My 6yaer O6bicT-
PO MEHATHCsI CO BPEMEHEM TIPH JIFOOBIX (J1aske MaJIbIX) 3HAYEHM-
gx BosMymamomux yckopenuit S’ T n (du/dt)/p, a sro conps-
JKEHO C 3aMETHBIMU HEYJ00CTBAMU IIPU IPOBEJEHUU BbIUUCTIE-
unit. [lo sToit mpuamnme, KaK yxKe 0TMEYaJIOCh, B aCTPOHOMUIE-
CKOIl mpakTuke 00BIYHO mcrosib3yercs dhopmyra (2.141). Ilpu
9TOM 3a4acTylo BejuduHa Mgy, olycKasa Kpyr/ble CKOOKH, 000-
3nadaercd depe3 My, 9To OOBIYHO HEe TMPUBOJUT K HEJI0Pa3yMe-
HUSIM.

OxkonuarebHas cucrema MudepeHImaIbHbIX YpaBHEHUN B
OCKYJIUPYIOIINX SJUTUITHIECKIX JIEMEHTAX JIJI TeJI C TIepeMeH-
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HBIMU MaCCaMM UMeECT BUJL

d 2a? 2a? 1d
&~ 9a2esines’ + 2L ¢ e(e+cosv)——'u,
; dt r P W dt ;
1
d_: = psinvS’ + p |cosv + (COS’U+6)% T — (e+cosv);d—l:,
di
d = rcosulW’,
dt
ds?
= = rsinu coseciW’,
d inv1d
X P osus + usian’ — retgisinuW’ — va——'u,
dt e e e pdt

dM, V1 —e?
dt(O) = . ¢ [(pcosv — 2er)S’ — (r + p) sinvT ']+

e+ cosv (267’ ) 1du
+7

sin v

(2.182)

Ypasuenus (2.174) u (2.182) Obuin BbIBEJEHBI JJIsI 38141
[Mubnena-Merepckoro, HO UX MOXKHO UCIOJIB30BATD U JIJI 3a-
nagu Memepekoro, T. €. ¢ y4eTOM JeiCTBUS PeaKTUBHBIX CHJI.
Jluist 31010, ONpE/Ie/IUB BEJIMYNHBl U HAIIPABJIEHUS PEAKTUBHBIX
CHJI, JIOCTATOYHO BKJIIOYUTD CO3/IaBAEMble UMU YCKOPEHUsI B BO3-
mymatommue yckopenus S’ T/ W' He usmensis camMu ypaBHe-
HUSL.

Bo Bcex BBIBEIEHHDBIX YPABHEHHAX JJIsI TEJI KAaK C HOCTOSH-
HBIMH, TaK ¥ [I€PEMEHHLIMU MACCAMU UHIEKCBI | Y OCKYJIUPY-
IOIIUX KEIIEPOBCKUX 3JIEMEHTOB €;, BO3ZMYIIAIONINX YCKOPEHMI
S;', T, W;', rpaBUTAIIMOHHBIX HapamerpoB j; = f(mg + m;)
U Jpyrux BesudnH Oblam omyrneHbl (em. crp. 137). ITostomy
Jutst Kaxkoit maper Tea My u M; (CosHne-nianera) ypaBHeHUsI
JIBUZKEHUS BBINISIAT OJUHAKOBO, XOTS B JICHCTBATEILHOCTH 3TO
pasHble yPaBHEHMS.
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2.9.4 Meton Bapuanmum MpOU3BOJIbHBIX
MMOCTOSHHBIX i KAHOHUYECKNX CHCTEM

Juddepennmaapubie ypauenusi HpioroHa-Ditnepa co-
JiepzKaT BO3MYIIAIONINE YCKOPEHUs! TPOU3BOJILHON 1pupojibl. C
UX IIOMOIIBIO MOXKHO BKJIIOUATH B PACCMOTPEHHUE JIaXKe JUCCH-
[ATUBHBIE CHUJIbI. YPaBHEHUs JIBUKEHUS CUCTEMbI MHOIUX TeJl
SIBJIIETCST JACTHBIM CiydaeM ypapHeHuit Hbrorona-Ditrepa, Ko-
I/la BO3MYIIAIONINE YCKOPEHUA MOXKHO ITPEJICTABUTH YaCTHBIMU
[IPOU3BOHBIMU 1T€PTYPOAITMOHHON (DYHKITUH.

s BBIBO/IA TAaKWX yPaBHEHMU BOCIOJIB3YEMCH IAEMEHMA-
Mu SKob6u, METOJIOM BapUaIK ITPOU3BOIBLHBIX TIOCTOAHHBIX JIJIst
raMUJIBTOHOBBIX CUCTEM ¥ OOIIMMU CBEJIEHUSIMU 00 ypaBHEHUU
lamunbrona- Akobu.

Haunem ¢ kaHoHMYeCKHX ypaBHEHUII OTHOCUTEIBHOIO JIBU-
JKeHHs B 3ajiade JByX Tel. B kadecTBe 0OOOIIEHHBIX KOODJIM-
HaT BbIOepeM cdepudeckne KOOPJMHATBL: 7" - MOJYJ/Ib PaJinyca-
BEKTOPA, (p - MHUPOTa, OTCIUTHIBaeMasi oT 1ockocTu Moxy m A
- JosroTa, orcauTbiBaeMasi or ocu Myx (em. puc. 2.1 Ha crp.
167). C nomoInpio BbIpayKeHust Jjisi KHHETHIeCcKoit sneprun 1T =
(72 + 120% + 12 cos? pA?) /2 BBeieM 0GOBIIEH DI HMITYIIbCHI:

T T T :
= —667* =7r, &¢= —ggb =r¥p, A= —g)\ = 12 cos® .
(2.183)

Kanonunueckue YpaBHEHUA 3a/la9U ABYX TEJI TO'ZIa 3allUCbhl-
BalOTCd B BHU/E ypaBHeHI/Iﬁ TamuabToHa

R

dr  OH, dR OH,
dt  OR’ dat - or’
dp _0Hy —db__OHy (2.184)
ik e & g
AN 9H,  dA 0Hy
dt 9N’ dt o’

rne Hy =T — U - dyukmua lamuibrona 3ajiadu JIByX Tes, a
U = p/r - cunoBasi GyHKIHST TPUTSIKEHUS.
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Ypasuenus (2.184) BO3MOXKHO IIPOMHTETPUPOBATH METOIOM
Famuinbrona-kobu. B kadyecTBe MOCTOSHHBIX MHTEIPUPOBAHUS
[OJIyYUM HOBBIE IIPOU3BOJILHBIE IIOCTOAHHBIE (v1, (va, (i3, (31, [a,
(3 - smeMenTsl Y1KoOu, CBA3aHHbIC ¢ KEILJICPOBCKUMU 3JICMEHTA-
M.

B meroge lamuibrona-kobu ncnob3yercs XapaKTepucT-
dJeckas (mpousBojsias) yHKIMs S, ¢ TOMOIIBI0 KOTOPOii nc-
XOojiHAsT KaHOHWYecKas cucrema (2.184) mpeobpasyercst B HOBYIO
KAHOHMYECKYIO CUCTEMY ypaBHEHUil

o =0, 3=0(i=1,23) (2.185)
C HYJIEBBIM I'aMHWJIbTOHUAHOM

Fy=Hy+ 8—5 = 0. (2.186)
ot
Unrerpupyst ypasuenus (2.185), moryuaem HEBO3MYIIEHHbIE
anemenmol Srxobu o; = const u [3; = const.
Ecymm Tenepb paccMoOTpeTh KAaHOHUYECKUE YPABHEHUST BO3MY-
IIEHHOTO JIBUKEHUS

OH ﬁ ~ 0H
0@ ’ o 80@ ’
rine H = Hy+ Hy, H, - Bo3aMymaronuii raMiujIbTOHUAH, U YIECTh

(2.186), TO HOBBIl rAMHJIBTOHUAH JIJIsl BOSMYIIEHHOTO JIBUYKEHUST
3allUIIeTCI B BUJIE

F:H+@:(HO+@)+H1:H1, (2.188)

(i=1,2,3), (2.187)

o =

ot ot

%1 ypaBHeHI/IH BOSMyH_LGHHOFO ILBHH(GHHH HpI/IMyT K&HOHI/ILIGCKYIO
bopmy

o, 5 O
8,81 ) 1T 80[2"

rie a(t) u B(t) - ockynupyromme 1eMeHTsl fKoou.

d; =
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OTu ypaBHEHHs BbIBEJIEHBI METOJOM JlarpaHrka Bapuarum
[IPOU3BOJIBHBIX TTOCTOAHHBIX JIJI1 TAaMUJIBTOHOBBIX CUCTEM.

Ecin B ypaBuenusix (2.189) oT OCKyJIUPYIONINX 3JIEMEHTOB
HAkobu repeiiTu K KeIJIEPOBCKUM OCKYJIUPYIOIIUM 3JIeMEHTaM
(dpopmysbl mepexosa OyayT ONpe/IeIeHbl HUXKE), TO IOJIYIUM
nuddepeHImabuble YpaBHEHUS BO3MYIIEHHOTIO JIBUXKEHUA, Ha~
3bIBAEMbIE YPasHeHuAMY Jla2parotca B OCKYIUPYIOMINX dIEMEH-
Tax.

2.9.5 SDuemeHTbl AKOOM

Kamnonntiexkoe mpeobpaszoBamme, OCyNIIECTBISIONEE Iepe-
XOJl OT WCXOJIHOW cucTeMbl auddepeHnuaIbHbIX ypaBHEeHNUIT
(2.184) k cucreme (2.185), IPOBOAUTCS C IIOMOIIBIO ITPOU3BO/ISI-
mieit byuknuu Buga S(t,r, p, A, o, @z, a3). YaurbiBas, 9T0 3a-
Jlada JIBYX TeJI SBJISETCS KOHCEPBATUBHOMN (TaK KaK CYIIECTBYET
unHTerpas sueprun Hy = h = const), 10 BMeCTO S MOKHO BBe-
CTU JPYTYIO MPOU3BOASILY 0 DyHKIWIO W, He 3aBUCAIILYIO SIBHO
OT BPEMEHH:

S =W —mt, (2.190)

riae a; = h/2.

[Tepexojr OT cTapblX KAHOHHYECKUX IIEPEMEHHBIX 7, 0, A, R,
®, A K HOBBIM (1, (g, i3, (31, B2, F3 OCYIIECTBIIAETCS C IIOMOIIBIO
PaBEHCTB:

ow | ow

o TR Boy Pt

ow oW

=t =0 — = 2.191
ow . ow

ﬁ = T2 COS2 QO)\ = A, % = /83.

Coornomenust (2.191) cyTh nepBble HHTEIPAJIBI, BBIPAYKAIO-
muecst Yepe3 0000IIeHHbIe KOOPAUHATEL 1, 0, A\, R, &, A un s7e-
MeHTHI fko0u vy, 3; (i = 1,2, 3) u obpasyromue obIuii HHTerpast
ypasuenuit (2.189).
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Jls1 onpeiesienust XapakTepUCTHICCKOH (DYHKINE BOCIIOIb-
3yeMcsl MeToJoM 'amuiibrona-fIkobu, CBOASANM UHTErPHPOBa-
HUe KAHOHIYECKUX ypaBHeHH [aMUIbTOHA K HAXOXKJAECHUIO N0A-
1020 UNME2PAAG YPABHEHNS B YACTHBIX IIPOU3BOIHBIX ['aMiIbTO-
na-#lkobu, xkotopoe ¢ yaerom (2.190), (2.191) u (2.186) npunu-
MaeT BHJI:

OWN® L OWNT L (O 2
or r2 \ Op r2cos? o \ O\ po T
(2.192)

[TostHBII MHTErpasI ypaBHEHUST B YaCTHBIX IPOU3BO/IHBIX TT€P-
Boro nopsiika (2.192) - sro Takoe pemenne W = W (r ¢, A, aq,
(g, (3), KOTOPOE KPOME KOOPJMHAT T, (0, A COJEPAKUT TAK¥Ke TPH
HE3aBUCHUMbIE TTPOU3BOJIbHBIE ITOCTOSTHHBIE (v1, (g, (3. COryIacHo
TeopeMe fkobu 06 obiem mHTErpasie ypapuenuii [amuibrona
3HaHWE IIOJIHOIO mHTerpaja W mosBosser olpee/nTh obIee

pertienrie ypasHenuii jiukennst (2.184) u3 cucreMbl paBEHCTB
(2.191).

Ucxonst u3 crpykrypsl ypaBHenus [amuibrona-fkobu, ero
UHTEIPUPOBAHUE MOXKHO IIPOBECTH METOJIOM pa3/eJIeHus Iiepe-
MEHHBIX, 3aJ1aB GyHKIMO W B BUJe CyMMBI TpPeX CaraeMblX,
KazKJ10€ 13 KOTOPBIX €CTh (DYHKIUS TOJIHLKO OJHOM KOOP/IMHATHI:

W(r, ¢, A) = Wi(r) + Wa(p) + Ws(A). (2.193)

Torna nocie noxcranosku (2.193) B ypasuenne (2.192) mo-
cJie/iHee IPUBOIUTCS K (bopMe:

dawi\? 1 (dWn)\? 1 dw;\* 2
et + = 2 + 3 _ _M = 204.
dr r2 \ dp r2cos?p \ d\ r
(2.194)

Orcrona s orbickanus dyuxuuit Wi(r), Wa(y) u Ws(A)
IOJIY9AI0TCs TPU OOBIKHOBEHHBIX [T (DEPEHINAIBHBIX ypaBHe-
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HuA IIEPBOro IopdaKa €¢ OAHUM HEU3BCCTHDLIM!:

dWs
d)\ 0537
dW,\? a2
<d—(p2) + Cos:jgo = a2, (2.195)
(dW1)2 02y,
dr r r

Nnrerpupyst 9TH ypaBHEHHs, TOJLY M IPOU3BO/ISILY IO DY HK-
IIAIO CKOMOTIO KAaHOHIMIECKOro Ipeobpasosanns (2.191) B Buge

W(r, o, \, a1, az, az) = azA+

/\/war/\/mﬁ___?d (2.196)

rje rp = rly—o - POKaIBHOE PACCTOSHIE B MEPUIIEHTPE OPOUTHI.

Buanune nosHOTO MHTErpasia B dopme (2.196) mospossier, mo
Teopeme fkoOu, mpecTaBUTh OOIIUIT MHTErpaJsl CUCTEMbI KaHO-
HUYECKUX ypaBHEHUN JBrzkenns (2.184) B Bujie COBOKYIMHOCTH
IIECTH TTEPBBIX WHTEIPAJIOB:

ow 2u o dr
LAY VT L S 2.1
or ot r r2 dt’ (2.197)
2 d
W _ oz 0 _ 288 (2.198)
0y cos? p dt
%—v)‘\/ = a3 =r%cos’p %, (2.199)

2

2

2a1+———2
T

8W /\/ dr = t+ 4, (2.200)
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® r
oW = Ozz/ g &%) ar = [
2 )
8@2 . o2 — oz% P TQ\/QQ1+2_M_Q_22
2 2 r r
cos? p
(2.201)
%)
W _ - a3/ de = B (2.202)

Cootrnormenus (2.197)-(2.202) npe/craBisior HesBHyIO Hop-
My OOITEro perreHns 3aa91 JIBYX Tesl B BUJe TPUTOHOMETpHYe-
cknx KBaJparyp. C UX MOMOIIBIO yCTAHABINBACTCS CBA3b MEXK-
Jly 3jieMenTaMu fIKoOM U KeIIepOBCKUMU SJIEMEHTAMU.

Coornomenne (2.197) - 970 WHTerpaj SHEPIUH, WHTErpaJl
(2.202) - 10 ypaBHeHue opbuTasibHOI mrockocTH, (2.201) - mo-
JsipHOe ypasHenue opbutel, (2.200) - ypaBHeHUe, OIpPeIesIso-
1ee M0JI0YKeHue TeJia Ha opouTe B MOMEHT BpeMenu t. 13 cTpyk-
Typsl uuTerpasos (2.198) u (2.199) BuHO, 9TO OHU CBA3AHBI C
HHTErPaJIOM ILIOINA Iel, 3aIlICAHHBIM B BUJIE 721 = NI

Y100b! yCTAHOBUTD 3TY CBS3b, PACCMOTPUM HPIMOYTOJILHBII
cepudeckuit Tpeyrosibnuk N M L, nzobpakenubiii Ha puc. 2.1.
Ucrionb3ys uzsectHble 13 chepuaecKoil TPUrOHOMETPUU Teope-
MBI CHHYCOB, KOCHHYCOB U TAHT'€HCOB, MOYKHO 3aIIICaTh CJIEIyIO-
e 3aBUCUMOCTH MKy IePEMEHHBIMU BeJIMYMHAMU ©, A, U:

sin ¢ = sinusini, cosu = cos @ cos(A—1), tgy = sin(A—Q)tgi,
(2.203)
rje 4, §) - OCTOSIHHBIE KEIlJIEPOBCKIE SJIEMEHTHI.
Huddepennupyst 1o ¢ mepBoe cooTHoteHue B cucteMbl (2.203),
[IOJTy MM B3aMMOCBA3b MEXKIY ¢ U U

dy  sinicosu du

= — 2.204
dt cosp dt’ ( )

a muddepeHpyst TpeThbe paBeHCTBO cucteMbl (2.203) u wc-
HOJIb3yst BTOPYIO dbopmyiry B cucreme (2.211) u coorHomeHnune
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Puc. 2.1. IIpsimoyrosbHbIii cdepruueckuii Tpeyrospauk N M L. O6o-

3HAYEHUST: JIyTa NM = u, IOyra NL =\ - Q, myra LM = ©, yroJ
ZMNL =i, yron ZMLN = 90 rpajycos.

(2.204), noyanm

d\ B 1 dy B
dt — cos? pcos(A — Q)tgi dt
1 sini cosu du cost du (2:205)

cos? pcos(A — Q)tgi cose  dt  cos®p dt

C yuerom pasencts (2.204), (2.205) u coornomenus r2u =

= /pp nepsble unrerpans (2.198) n (2.199) nepernmmyrest B

BUJIC
) ol 5 dp sinicosu\/_ (2.206)
a3 — =r'—=— .
2 cos?y dt cos @ HP,

d\
as =r?cos’ o i COS i/ UP. (2.207)

DTH 1epBble HHTEI'PAJIBI IIPEJICTABIISIIOT CODOI MPOEKITNH BEK-
TOPHOrO MHTerpaja Iomaieil ¢ = r’0e™* cooTBeTCTBEHHO Ha




168 I'maa 2. BOSMYIIIEHHOE JIBU?>KEHUE

HallpaBJieHNe, TEPIEHINKYIIPHOEe K MECTHOMY MEPUJINaHY, T.€.
Ha BEKTOp €) = {sin A\, —cos\,0}, u nHa ocb Myz - Ha BEKTOD
é¢3 = {0,0, 1}, Tak KaK BBIIOJHSIOTCS PABEHCTBA

du, du .. .
7“2%(6 ey) = TQE sini(sin Q2 sin A + cos Qcos \) =
=7’ —sini —Q)=r2-—" 2.208
r sin i cos(A y=r TR ( )
TQCCZZ—?:((?*(%) = 7“22—7: COS 1.

Pasencrso (2.207) ompejerser cBa3b v1eMenTa Jxkobu ag ¢
keriepocknmu vemenTamu. C ee momorpio n3 (2.206) naxo-
JINTCS 3JIEMEHT (vg

dp\° a? dp\” cos? i
frd 2 3 frd 2T frd
@2 \/(r dt ) * cos? "t * P os? ©

. . 2 9 -
B < 2smzcosudu) cos?i
- r BN =+ up 9 -
cosp dt cos?
. 9. 2 9 .
SIn” 2 cos u + CoS” ¢ 1 —sin“ ¢
= \/Mp\/ " = VIP\| ——5— = Vip.
(2.209)

Vunreisas 3asucumocts h = p(e® — 1)/p, noaydum cBs3b
ajieMenTa JKoOU vy ¢ KEeIJIEPOBCKUMHU B BU/IE

h p g

=—=—(e"—1). 2.210

a =g 2p(€ ) (2.210)

N3 dopmyner (2.200) mpu r = 1, u u3 (2.202) upn ¢ = 0

HOJTY 4UM

pr = —T, B3 = Q. (2.211)

B dopmyse (2.201) BMecTo nepeMeHHON HHTErpUPOBAHUS

nepeiiieM K apryMeHTy IMUPOTHI « B cooTBercTBHH ¢ (2.204).
Torna, yuurbiBas, 4TO

cos?i  sinicosu

1-— = 2.212
cos? ¢ cosp ( )
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HOJTY M
e (2.213)
a (2.201) npeobpasyercs K BUIy
/ d
T L = By, (2.214)
2u Al
Feor2y )20 + 2 - 22
rooor
OTKYy/Ia, HoJIarast ' = 7'y, MOJIy4UM
By = w. (2.215)

OxkonuarebHbIEe (POPMYJIBI, CBI3BIBAIONINE IIeMEHThI SIKoOm
U KEIJIEPOBCKHE 3JIEMEHTBI JIJIsd CJIydas JBUKEHUI JLIAIITHYIC-
CKOI'O THIIA, IIPEJICTABUMBI B BHJIC

- _ "
a1 = o0’ a 2041’
ozloz%
ay = /pa(l —e?), e=y[1+2—,
i
az = y/pa(l —e?)cost, cosi = %, (2.216)
&%)
M,
ﬁlZYO_tO, Q:ﬁi’n
Op = w, w= [
B3 =, My = np;1 + niy.

C IIOMOIIBIO 9TUX 3aBUCHUMOCTEN JIETKO BBIBOJAATCA ypaBHE-
HHUA BOSMYIIEHHOI'O JBUZKEHWA, UMEHYEMbIEC YPaBHEHUAMN Jlar-
PaH2Ka B OCKYJ/JIMPYIOIIUX 3JIEMECHTaX. OFpaHI/I‘{I/IMCH cJlydaeM
,H‘BI/I)KGHI/Iﬁ QJIJIUIITHYIECKOI'O THUIIA.

2.9.6 VYpasHenus Jlarpanxa

OpbOuraabHbIe 371eMeHTHI SIKOOU ABJISIIOTCS KAHOHUIECK -
MU 3JIEMEHTaMU, TaK KaK ypaBHEHUA BO3MYIIEHHOT'O JBUKEHUSA



170 I'maa 2. BOSMYIIIEHHOE JIBU?>KEHUE

tesia M; B OCKYJIMPYIONIUX 3JIEMEHTaxX fKOoOM MMEIOT KaHOHUYe-
ckuii By (2.189):

(i=1,2,3), (2.217)

dt — 95’ dt — Oa;’
rie R = —H;, T.e. Mbl BHOBb BEPHYJINCH K 0D0O3HAYEHUIO BO3MY-
IAIOIIEro noreHmata Hy depe3 nepTypobannoHnyio (pyHKIHIO
R (2.68).

Ilepexon K KeljlepOBCKUM OCKYJIUDYIOIIUM 3JIeMEHTaM MOXK-
HO OCYIIECTBUTH C C MOMOINBIO 3aBucumocreii (2.216). Hampu-

Mep, C y94EeTOM TPETHEIro 3aKOHa Kenﬂepa n2a3 = U TIOJIyIUM

da  pday  p OR 2 OR 2 OROM, 2 OR
dt 203 dt 20208 n2adB n2adMy 081  nadM,’

' (2.218)
s Q mosyaum
@ dBs  OR
dt  dt  das
_ OR O 1 orR 1 R
~ 0i Doz sinin/pa(l —e?) 0i na?siniy1—e? 0i
(2.219)

AHAJIOTUIHBIM Iy TEM BBIBOJIATCS BCE OCTAIbHBIE YPABHEHNSI.
Nrak, ypasuenus Jlarpan:ka B OCKyJITUPYIONINUX SJITUITHICCKIX
3JIEMEHTaX TaKOBBI:

da 2 OR

At nadMy’

%_1—62 OR \/1—628_R

dt  ena? OM, ena? Ow’

di 1 OR 1 OR

dt  natg iVI—e20w naZsinivi— 2 0Q’ (2.220)
dQ 1 OR |

at na?siniv/'1 —625’
dw_\/1—628_R 1 OR

dt  ena? Oe na2tg v/ 1 — e2 E’
dM, 2 0R 1—¢€’0R

dt ~ nada  ena® Oe
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CeecTu mHTErpUPOBaHUE ITUX yPaBHEHMIT K KBapaTypaM He
yraercd. [loaTomy juts mosrydenus penrennii UCIOIb3YIOTCA JIU-
00 YuCIeHHOE UHTErPUPOBAHNE, JIN0O AHAJTUTUIECKOE IIPEJICTAB-
JIEHUE PeIIeHnil B BUJIE YACTHIHBIX CYMM OECKOHEYHBIX PsIJIOB.

2.10 IIpubanmkeHHoe pelleHne
ypaBHEHU JIBUKEHUA

Jlnst npoBejieHEs OOIUX PACCYKJIeHU OyIeM 3aIMChIBATD
ypasaenns Hbrorona-Dittepa nin ypasuenus Jlarpanzxka B OCKy-
JINPYIOIIHMX 3JIEMEHTAX B BHJIE

dq,
dqt = e fu(t a1 o o s), (s=1,2,..,6),  (2.221)

e 9epes ¢s 0003HaAUEHBI OCKYJINPYIOMINE KeILIEPOBCKNE 3JIeMEH-
el opbuthl, fs(t,q1,qz,...,qs) - COOTBETCTBYIONIAS STOMY 3Jie-
MEHTY TIpaBasi 4aCTh ypaBHEHUI BO3MYIIEHHOIO JIBUXKEHUSI, € -
MaJIbIii TIapamerp.

Posb Majioro napamerpa B IJIaHETHBIX TEOPUSIX UIPAET Mac-
ca BO3MYIIAIOIIEro TeJia. Kc/in moJIoKuTh MaJIblil IlapamMerp pas-
HBIM HYJIIO, TO ypaBHeHusi (2.221) mpeBpammalTcs B ypaBHe-
HUSI HEBO3MYINEHHOIO JABUZKEHHsI C XOPOIIO M3BECTHBIM KEILIe-
POBCKUM pEIlIeHUEM ¢, = q§°’ = const, (s = 1,...,6). Moxuo
paccMaTpuBaTh 60Jsiee ODIIYIO IOCTAHOBKY, KOIJIa IIPABbIe YacTH
[PEJICTAB/ISIIOTCS B BUJIE 3a/IaHHBIX PSIJIOB 110 CTEIEHSIM MaJIo-
ro napamerpa. Jljis IpocToThl OrpaHnYUMCs YKa3aHHBIM CJIyYa-
€M, KOIJIa MAJIbIii TapaMeTp BXOAUT B IIPABbIC YaCTU B KAYECTBE
MHOZKHTEJIA.

Bynem nckarh pernenue ypaBHEHWIT BOSMYIIEHHOIO JIBUKE-
Hust (2.221) B Bu/Ie PSAJIOB 10 CTEMEHsIM MaJioro [apaMeTpa &:

@ =¢" +eqV +2¢% + .., (s=1,2,..6), (2.222)

rjie KO3 PUIMEHTHI PAJIOB MIPEJICTABISIOTCH OOBIYHBIMU BbIpa-
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KenusMu it psjioB Teitmopa

1 (qu )
(k) — — s
qs’ = , (2.223)
k' \ dek ) __,
pugeM q§°> = const - HEBO3MYIICHHBIC 3HAYCHHUS 3JIEMEHTOB
OpOUTHI.
D1r psaapl OyIeM 3alnChIBaTh TAKKE B BUJIE
¢ = ¢ + 615 + Gaqs + ..., (s=1,2,...,6). (2.224)

BJech 01¢5 orpejiesisier BO3MYIIEHUsT IEPBOTO MOPsIKa (OT-
HOCHTEJIBHO €), J2¢s - BOSMYIIIEHHsI BTOPOT'O TOPSAIKA U T. JI.

st onpenesienust BO3MYIIEHNI EPBOTo IOPSIKa IIPOId-
dbepennupyem ypasaenus (2.221) o € u 3arem mojaoxkum € = 0:

1
dqg )
dt
Orcrofa myTeM MHTerpUPOBAHMS IOJIYIUM 3HAYEHUs] KO-

durrenToB 1pu MEPBOil CTEIeHN MAJIOTO IapaMeTpa € B pajax
(2.222)

= ft,a” ). (2.225)

/fs t q10)7QQ 9. 7Q((50))d (2226)

U BBIParKeHUs JIJIsd OCKmeponnmx 9JIEMEHTOB (s B IIEPBOM IIPH-
OJINZKEHUN
qs =~ q(o) + eq(l) = qs ) 4 01qs. (2.227)

[IponsBoJibHBIE TTOCTOSTHHBIE, BOSHUKAIOIINE IIPU UHTETPUPO-
BaHUM, ABJIAIOTCH HECYIIECTBEHHBIMU M UX MOYKHO CUUTATH PaB-
HBIME HYJIO (UM BKJIIOYEHHBIME B [IOCTOSTHHBIE 3HAUCHUST q§°> =
const).

st onpejiesienns BO3MYIIEHUIT BTOPOTo Hopsaka Judde-
penrpyem ypashenus (2.221) 1o € JBaKJIpl, OCJIE 9€ro OlATh

nojraraeM € = 0. TOF,H& IIOJIyYUM

dqs of,
Sl OV +Z( ) ¢V (2.228)
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C mOMOIIBIO HOCTIEIYIOMEr0 HHTEIPUPOBAHHS OIPEIEISIeM
KO0(DDUIMEHTBI TP BTOPOii CTEIIEHI MAJIOro IIapaMeTpa € B Psi-
nax (2.222)

t o6 of
<2>_/ <_) M g 2.2
g5 = % (2.229)
; 01 ) e~y
to
U BbIpaXKeHUsi JJIsg OCKYJUPYIOIINX 3JEMEHTOB (s BO BTOPOM
pUOJIMZKEHUN

s ~ q\¥ +eqlV + %P = ¢!V + 51¢, + Sags. (2.230)

[TomobHBIM 00pa30M MOXKHO OIPEJIC/IUTh B IIPUHITUIIE JTI000E
KOHEYHOE YHUCJIO TIOC/IE/IYIOMUX YIEHOB psiioB (2.222).

CyIecTBYIOT U JAPYTrue METObI OIpee/IeHsT BO3MYIIEHMIA.
MoxkHO, HaIIpUMe]p, BOCIIOJIb30BATHCSA METO/IOM IT0C/IE/I0BATE b
obix npubsmkenuii [lukapa. B kadecrse HysieBoro mnpub/imzke-
HUS B 9TOM MeTojie OepyTcs HeBO3MYIIEHHbBIE KEILJIEPOBCKUE JIe-
MEHTBI q§°>. s onpejiesieHust BO3MYIIIEHUI TIEPBOTO MOPsiJIKa B
MIPaBBIX YaCTAX YPaBHEHMUIT BO3MYIIEHHOTO JIBUZKEHUS BCE OCKY-
JIMPYIOIIHE 3JIEMEHTHI TPUHUMAIOTCA PABHBIMU HEBO3MYIIIEHHBIM
KEeILJIEPOBCKUM 3HAYEHUSAM U MPOBOJUTCA II€PBOE MHTEIPUPOBa~

nue. Torma jaisa qgl) nojtygaercs Boipazkenue (2.226). Jlist ompe-
JIeJIEHUST BO3MYIIIEHUI BTOPOT'O TIOPSIJIKA B MIPABbIX YaCTAX YPaB-
Hernit (2.221) oCKymMpYyIOIie SJeMEHTHl 3aMEHAIOTCH YKe I0-
JIy9YEHHBIM TPUOJIMZKEHUEM (s = q§°) + 01¢s 1 TaKKe TPOBOJIUTCS
HHTErPUPOBAHUE. DTy HPOIEIYPY MOYKHO MPOJIOJIZKATH BILIOTH

JIO BO3MYIICHUI CKOJIb YT'OJIHO OOJIBIINAX TOPSJIKOB.

2.10.1 AmnajmTudeckasi CTPyKTypa pelleHui

[Teprypbanuonnas dyuxnus R, BXojdinas B IpaBble Ya-
cTu ypaBHeHMil Jlarpamka B OCKYJIMPYIOIIUX 3J€MEHTAX, 3aBU-
CAT OT KOODJWHAT U KOMIIOHEHT CKODOCTH, KOTOPbBIE JJIs 3JI-
JIMIITUYECKOTO THIIA JIBUZKEHUS pa3IozKUMbI B psjibl Oypwe. [lo-
9TOMY BCe IpaBble 4acTu ypaBHeHuii Jlarpanzka Takke MOKHO
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IIPeJICTaBUTh B BuJe pasyoxkenuil B paapl Pypoe. Torma ypas-
Henus (2.221) MOXKHO 3amucaTh B 00IIEM BUJIE

dqs

52 A(k cos kM + B¥ smk;M} (2.231)
k=0

rie Agk) u ng) - U3BeCTHBIE (DYHKIINN IISATH 3JIEMEHTOB a, €, 1, §2,
w. Ilecroit ssmemenT My BXOIUT TOJIBKO IOCPEICTBOM CpeTHEit
anomasuu M = n(t — t(o)) + My, tne My - cpeands aHoMaJIus
B 310Xy t(0), 0O03HaueHre KOTOPOil BPeMeHHO U3MEHEHO, YTOObI
n30eKaTh CXOJICTBA C HAYAJbHBIM MOMEHTOM BpEMeHU tg, HC-
HoJsib3yeMbIM B hopmystax (2.226) u (2.229).

[Tocsie mojcTAHOBKY B IIPaBble YacTH HAYAJbHBIX 3HAYCHHI
9JIEMEHTOB OPOUTHI, KOI(MDDUITUEHTBI Agk) u ng) CTaHOBATCH TIO-
cTogHHbIMU. Tor/a myTeM MHTErpUPOBAHUS 110 BPEMEHHU ¢ T0JTy-
FAIOTCA BO3MYULLHUA NEPE020 NOPAJKA:

0 (k) (k)
01q zeA(O)(t—t )+5Z A;sink:M— £coskM
SR T L e ©) kn(©)

(2.232)

0) - cpenmee JIBMIKEHNE B HAYMAJBHBINA MOMEHT BpeMeHI/I to.

e nl
[lepBblit WieH B 9TOM pa3jIo:KeHUU, COACPIKAIIII AsO , Ha3bI-
BAIOT GEKOBHIM BO3MYWEHUEM TIEPBOTO MOPSIKA, WK GEKOGHIM
HEPABEHCMBOM, & TPUTOHOMETPUIECKHUE JIEHBI - Nepuoduvecku-
MU BO3MYUWEHUAMY TIEPBOTO TTOPAJIKA.
Bosmymiennst BToporo u 60/1€e BHICOKUX HOPSIJIKOB ITOJTyIa-
IOTCS B BUJIE

e = <51t — 10)"2[A®) sin KM + B cos kM],

(ki >1,ky >0,k >0). (2.233)

Ob11ee BbIpazkenue Jisi JITOOOTO OCKYJIUPYIOIMIETO SJIEMEHTa
TOIJIa TIPEJICTaBUTCH (DOPMYJIOit

s = ¢+ Z H(t—t0)"2[A®) sin kM +B® cos kM], (2.234)
ki oka,k
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T7le HapsIy C BEKOBBIMH W TEPUOINYECKUMH BO3HUKAIOT CMe-
WAHHDLE BOBMYWEHUSA, TTPEJICTABIIAIONINECS IEPUOTNIECKUMU KO-
JIeDaHUSMU C HEOIPDAHUYEHHO PACTYIIel aMILTUTY 101

[ u3ydenusa BauaHAs BO3MYyIaioniero Teja M; Ha jBuzKe-
HIEe pacCMaTpPUBAEMOIO BO3MYIIIaeMoro reja M 3ammiinemM pas-
JlozkeHue neprypbarmonnoit dyukimy B Buje psjga Pypne:

o
R= Y [Apu, cos(koM,+k;M;) + By, sin(k,M, + k;M;)).
ks,kj=—o00
(2.235)
Kosdpdunuentor Pypbe 3TUX PAJIOB, B CBOIO OUEPE b, MOXKHO
Pa3JIOKUTH B PsAJIbI 110 CTEIEHSIM MAJIbIX SKCIEHTPUCUTETOB U
HaKJIOHHOCTEI:

A (kseyksi)

kek; | _ ksk;j kse pkje iksi ki

ol D DENR B TR LY
kisk; kse,kje,ksi ki ksk;

rJie A(k“’ W)y B,(;:;:v’kﬁ) 3aBHUCAT TOJILKO OT OOJIBIIUX TIOJIyOCeit
as u aj. ’

Touno Takymo »Ke CTPYKTYPY HMEIOT pPa3/I0KEHUsl ITPaBBIX
gacreit nuddepeHIuaibHbIX YPABHEHII BO3SMYIIIEHHOTO JIBUKE-
HUsl, KOTOPbIE COJIEPYKAT IPOU3BO/IHBIE IIEPTYPOAINOHHON DYy HK-
nun. Coxpansis Te ke 0003HaYeHUs Jijid KOI(DDUIINEHTOB STUX

paszioxkenuit, popmyiy (2.234) MOXKHO 3ammcaTh B BUJe

©0) 4 Z gf1(t — tg)2 A in (ki M, + ki M)+
ds = 4, \k ksk; SIN(KgiVlg G4y
k1,ko,k3,ks,k; (k:sns + kjnj) ’
+Bkskj COS(ksMs + ]{ZJMJ)]
(2.237)

[lepuoauaeckue BO3MYIIEHUS, BXOISIIIE B 9TY (POPMYILY, IO/
pas’essioT Ha Kopomxonepuoduveckue, JIjis KOTOPBIX 9acToTa,
ksns+ kjn; cpaBHnMa ¢ ng (uam n;) 1 doazonepuoduyeckue BO3-
MyIIIEHN, XaPAKTePU3YOIIHECs MasIoif 9acToroil (ksns+kn; <
< ns) 1 OOJIBIIION aMILIUTYIOM.
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2.11 Teopemnl Jlamaaca

Baxxnyro pojib B aCTPOHOMHHU HI'PAIOT TEOPEMbI, XapaK-
TEPUIYIOINIIEe HEKOTOPbIE KAYeCTBEHHbIE OCOOCHHOCTH JIBUKCHU T
wianeT B CojiHeIHO cucTeMe.

2.11.1 Teopema Jlanaaca
O BO3MYIIIEHUSX OOJIBIIUX ITOJIyoceii

Teopema umeer ciemyrorryo GopMmyaupoBKy. Ecin Ha-
JaJIbHbIE€ 3HAYCHUSA CPEJIHUX JIBUKEHUI ngo) Bcex rest M, Tako-
BBI, 4TO JI/IsA J11000# napul Ten M, u M; Bemmanna ksngo) + kjng»o)
obparmaercss B Hy/Ib TOJIBKO 1pu ky = k; = 0 (T.e. cpegane 18u-
JKEHUsI TJIAHET B HAYAJIbHBI MOMEHT HECOM3MEDPHUMBI), TO BO3-
MYIIEHHUsI TIEPBOTO MOPSIKa OOJBIINX ITOJIYOCel OCKYJIHPY IOITIX
OpOUT IIJIAHET He COJIEP:KAT BEKOBBIX UJICHOB.

Jlist moKasaTebCTBa TEOPEMbBI CHAYAJIa 3aMETUM, UTO

]{ZSMS —+ k]’Mj = (ksns -+ kjnj)(t — to) —+ ksMSO -+ ]{Zijo, (2238)

rjie My u Mjo - cpejinue aHOMaJIMK BO3MYIIAEMOI0 U BO3MYIIa-
IOIIEro Teja B 310Xy tj.

Obpammasich Ternepb K ypaBHeHUIo Jlarpanzxa Jjist OCKYJ/Iupy-
forreit OOJIBITION MOTyoCH

dag 2 OR, (
= s .
dt  ngas OMy’ T

n), (2.239)

MTOJTyYUM YTBEPXKJICHUE TEOPEMbI, €CJIU TOKAXKEM, UTO TEePTYyp-
bannonnas oyumus R, He 3apucut or M. s sToro 3ame-
THM, YTO BEKOBBIE UJIEHBI IIEPBOIO IMOPSIAKA B OOJIBIINX IIOJIY-
0CAX TOABATCA TOJIBKO TOIJIA, KOIJIa I10J] 3HaKaMU CHHYCOB H
KOCUHYCOB HE COJICPXKHUTCS BpeMs, T.€. TIpU ksngo) + kjn§-0) = 0.
[To ycyioBuIO TeOpeMbl TaKOE€ PaBEHCTBO BO3MOXKHO TOJIBKO IIPH
ks = k;j = 0. Ho yaursiBast, aro B coorBercrBun ¢ (2.238) vite-
meHT My BxojuT B ypasuenue (2.239) TOJBKO ¢ MHOKHUTEIEM
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ks, KOTODBIi paBeH HyT0, TosydaeM ORs/0Mgy = 0, u, ciaeno-
0

BaTeJIbHO, (s = al” = const. Taxmu 00Opa30M, BEKOBBIX BO3MY-

[IEHN TIEPBOrO MOPSIIKA B OOJIBIIUX IOJIYOCAX B CAMOM JIEJIe

HET.

2.11.2 Teopema Jlanmgaca
00 ycroitunBoctu COJITHEYHOI CUCTEMBbI

QopmynpoBKa TeopeMbl. [1ycTh ago), ego) u igo) - Ha9aJTh-

Hble 3HaYeHI OOJIBIINX HOJIyOCGfI, IKCIEHTPUCUTETOB U HAKJIOH-

nocreit. Torma ecmu:
0 (0
- BHAYCHUS eg ) u zg ) - Mastbie BEJIMYUHBI,
- 3HAYEHUS (; B T€YEHUU HEKOTOPOT'O MPOMEXKYTKA BpEMEHU

o 0
(to, T) MaJIO OTJINYalOTCd OT CBOMX Ha4YaJIbHBIX 3HaYC€HUU Cl,g ),

- IPOMBBEJCHUA Mg/ fhs\/ ago) CYyTh BEJIMYUHBI OJIHOT'O U TOT'O
JKe TTOPSJIKA,

TO JIJIsT BCEX 3HAUEHUIT BpeMeHU B TPOMeKyTKe (to, T') BeJIMInHbI
€s U i OyIyT TaK:Ke OCTaBAThCA MaJIbIMU.

JlokazarenbcrBo. Bee Masibie BenauHb, (UTYPHUPYIOIIHE B
YCJIOBHSIX T€OPEMBI, CUUTAIOTCS OJHOTO (IIEPBOIO) MOPSIKA Ma-
soctu. [losromy, ucnosb3ys ussectuble obosnadenusd lleano u
Kormu, nasee Oyiem ux obo3HaqaTh OJIHON U TOI 2Ke, BOOOIIE ro-
BOpsI, TiepeMeHHo# BesmanHoi O(g), a BeJIMYIUHBI BTOPOTO U 60-
Jiee BBICOKHX TOPSIJIKOB MaJIOCTH - 0(€). B wacrHocTH, yunThiBas
peIbLIyILyio Teopemy Jlammaca, ajist O0IbIIIX OIyoceil opouT
IJIAHET MOXKeM 3alliCaTh PABEHCTBO (g = ¥ + o(e), crpaBe/-
JBOE B poMexyTKe (tg,T').

OCHOBHBIM ypaBHEHHEM, C TOMOIIBIO KOTOPOTO TTPOBOIUTCS
JIOKA3aTe/IbCTBO TEOPEMBI, SIBJISETCS MHTErPAJ MOMEHTa KOJIV-
JeCcTBa JBMXKEHUS 3aJ[a9i MHOTHX TeJI, 3allMCaHHbIil B OapuIleH-
TPUIECKON CHCTEMe KOODJMHAT B BUJIE:

n n
E mst X 7:ts = mOFO X 7:’0 + E mst X T_‘; = 5, (2240)
s=0 s=1

rJie BbIJIeJIeHHbIE YJIeHbl ¢ HHEKCOM ~ 07 XapaKTepu3yioT BKJIA/L
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CoumHnla B IOJIHBIA KUHETUYECKHiI MOMeHT €. YToObI OICHUTD
9TOT BKJIaJ[, BOCIIOJIb3yeMCd WHTErpajaMu JIBUXKEHUS IeHTPa
MacC CUCTEMbI TaKxKe B ODApUIIEHTPUIECKON crcTeMe KOOPIMHAT

n n n n
E MeTs = MoTo+ g mgrs = 0, g MeTs = MoTo+ E mers = 0.
s=0 s=1 s=0 s=1
(2.241)
Orcrofia BUJIHO, YTO BEJIMYUHBI 7y U T UMEIOT IIepPBBIii opsi-
JIOK MAJIOCTH OTHOCHUTEJILHO IapaMerpa &, a BeJIMIIHA MoTo X T
- BTOPOW:

(2.242)

Torma ¢ TOYHOCTBIO JIO YJIEHOB IIEPBOIO IIPsi/IKA MAaJIOCTH

BKJIIOUUTE/IbHO MHTErPaJIbl Itomaeit (2.240) npuHuMaioT ce-
JYIOUIU BUJ

n
E msTs X Ts = €+ 0(¢€) (2.243)
s=1
WJIN, EPEXOIA K OCKYJIUPYIONIUM KEIIJIEPOBCKUM 3JIEMEHTaM, T10-
Iy IAM

Z Mms/IisPs €. = €+ o(e), (2.244)

rie € = {sin € sin iy, cos s sin i, cOS i3} - €AMHUIHBINA BEKTOP
MOMEHTa KoJmdecTBa JBrzkennst tena Mg, a ps = f(mg + my) -
rpaBATAIMOHHBIN TTapaMeTp cucTteMbl CoTHIE-TIIaHETA.

Bribepem Tenepnb B KadecTBe I10CKOCTH MyTy IJIOCKOCTH
Jlamaca, meprieHINKyJISApHYIO K BEKTOPY €. 1oraa Mo/Iy/ib WH-
TerpaJia IJIOAIell IpeJIcTaHeT B BUJIE

Z Msy/IsPs COSis = ¢+ o(g). (2.245)

s=1



2.11. 'Teopemsr Jlamaaca 179

VuursiBast 3apucumocty p, = as(1 — e2) u a, = al” + o(e),
paBeHCTBO (2.245) mepermiieM B Bujie

Z ms\/ psal /1= e2 cosis = ¢+ o(e). (2.246)
s=1

Bsemem oboznavenue

n

Z ms MsagO) =G (2.247)

s=1

u, Berauras (2.246) u3z (2.247)

st\/ 101 — /1= 2 cosiy] = co— c+ole), (2.248)
s=1

IPUXOIUM K PABEHCTBY

sm zs+e 005228
ms\/ s@ =cy—c+ole). 2.249
Z Ve et = —etole). (2249

Iosarass B 3ToM ypaBueHun t = fp U y4IUTBIBas yCJIOBHS
TEO -0 =0
pemsl e5° = O(e) u is’ = O(g), ycraHOBUM, 9TO PA3HOCTD

Co — € ABJIFETCS MAJION MOPSAJIKA 0(£), TaK KaK:

n 2,00 (02 2.(0)
co—c= m/pal sy tes” costds] o(s). (2.250)
s=1 1 +

1-— (0) CcoS zgo)

Orcroma ciresyer, 9To JieBas 9acThb ypasuenus (2.249) Oymxer
TaKzKe MaJIoi BEJIMINHOM MOpsijiKa 0(€) B IPOMEKYTKE BPEMeHH

(to, T)

2
/ (0) sin? 28+e COS” 14

E ms ss = ol¢g), 2.251
H 1+ /1 —e2cosig (€) ( )

9TO0, B CBOIO OYepeJib, BO3MOKHO TOJIHKO IPU MAJIbIX BEJMINHAX
= O(e) n iy = O(g). Dro n nokaspiBaeT Teopemy Jlarraca.
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Jlokazanuble TeopeMbl Jlaliaca nMe0T BaykKHOE 3HAUYEHUE B
HebecHOI MeXaHWKe M, BOOOINe, B aCTpOHOMEH. BBuIy orcyT-
CTBHUSI BEKOBBIX BO3MYIIEHUI ITEPBOIO MOPsIKa OOJIBININX TOJIY-
oceil OpOUT IJIAHEeT MOYXKHO YTBEPK/IATh, YTO IKCIECHTPUCUTETEI
U HaKJOHEHUS ILJIAHET OY/IyT OCTaBaTbCd MAJIbIMU, 110 KpaitHeit
Mepe, B TedeHnne HECKOJIbKUX ThICAYeJIETUIA.

O 1HaKO 9TU pe3yJIbTaThl HEJIb3s PACIPOCTPAHSITh Ha OYE€Hb
6osibIe (KOCMOIOHUYIECKHE) TIPOMEZXKYTKU BPEMEHH.

Tak>ke HeIb3s1 MPUMEHSITH TeopeMbl Jlariaca K MaJbIM Te-
sam CoJtHe"HO# cucTeMbl. YCI0BHUs TeopeMbl Jlammaca st mMa-
JIBIX TeJI (aCTepOI/IILOB, KOMET 1 T. H.) HE€ BbIIIOJIHAIOTCA BBUAY

0
TOI'0, 9TO IIPpOU3BECICHUA Mg/ [Us (L(q ) JJId 9TUX TEJI 6y,ILyT BeE-

JINYMHAMYU 3HAYUTETLHO OOJIBINErO MOpsIKa MAJIOCTU, UeM JIJIs
OOJIBIINX ILIAHET.

CymectBennbIM j1obaBeHneM K Teopeme Jlamraca 06 ycToii-
qnBocTr COJTHETHOM CHCTEMBI SIBJIsTETCST TeopeMa APHOJIbIa, KO-
TOpas YTBEPKJIAET, UTO IPU BBIOJHEHUH TEX K€ YCJIOBUI T€O-
pembl Jlamiaca BO3MyIIEHHbIE JIBUYKEHU [JIAHET JIJIst OOJILITTIH-
CTBa HAYAJILHBIX yCJIOBUI B CMbIc/Ie MephI Jlebera umeror ycyios-
HO-TIEPUOJINYECKUl XapaKTep Ha OeCKOHEYHOM WHTEpBaJie Bpe-
MeHn —o0 < t < 00. TeM caMbIM MOYXKHO YTBEDKJIATH, YTO JIBU-
JKEHUs TIJIAHET YCTOWYUBBI B cMbIcse JlarpanzKa jijig OOIbITNH-
CTBa Ha4YaJbHBIX yCJIOBUI HE TOJILKO B IIEPBOM, HO U B JIIOOOM
npubmkenun. MoyKHO CIUTATh, 9TO C BEPOSATHOCTHIO OJIM3KOI K
eaunuie CoJinevunas cucrema ycroitausa 1o Jlarpamxky. Toabko
JIJIS HaYaJIbHBIX YCJIOBHIl MepPhI HYJIb, COOTBETCTBYIOIIUX PE30-
HAHCHBIM COOTHOIICHUAM MEYKJIy CPEJIHUMU JIBUKCHUAMU T1Ia-
HET, YCJIIOBHO-IICPUOINYCCKUNA XapaKTep [ABUKCHUIl He rapaHTu-
poBaH, u Teopema ApHosbIa He "paboraer'.



I'1aBa 3

OTPAHITYEHHA 51
3AJTAYA
TPEX TEJI

B oanom u3 BapuaHnToOB 9TOI HEMHTEIPUPYEMON 3a/lauu 13-
BecTeH MHTEerpas ZKodu, ¢ IMOMOMIBI0 KOTOPOTO MOXKHO TIOJIY-
YUTDH PE3YJILTATHI 00JIee CUIbHBIC, YeM B 00IIIeil 3a/1a4e TPeX TeJl.
[TosToMy orpannvdeHHas 3a7a49a TPeX TeJ JOCTONHA OTJIETBHOTO
paccMoTpenus 0J1aro/iapsi MHOTOYUC/IEHHBIM €€ TTPUJIOKEHUSIM.

3.1 IlocranoBKa 3aja4n

CroBo o2paruvennas B Ha3BAaHUU 33J1a9H O3HAYACT, ITO
Ha 33Jady TpeX TeJ HaJOXKEeHO HEKOTOpOe OIDaHHYeHHE. DTO
OrpaHIYeHUE OOBIYHO 3aKII0YaeTCHd B TOM, ITO MaCCa OJHOTO N3
TeJl UMeeT WMCUe3alole Majioe 3Hadenue. Ecim XoTaT momdepk-
HYTb OTJINYHE OIPaHHYCHHON 3a/[auu TpeX TeJl OT MCXOIHOM 3a-
JIa9qn TPEX TeJl, TO MOCJIEIHIO HA3bIBAIOT obuiell 3amadeiil Tpex
res1. OrpaHnyenHag 3ajada HoJIydaeTcd U3 oOlIel 3a7a4u IIy-
TeM IPeeTbHOTO TIePeXo/ia, KOT/Ia Macca, OTHOTO Tejla CTPEMUT-
csl K HYJIO. DTO TeJI0 OOBITHO HA3BIBAETCS TEIOM MAJIon (mim
HyJIeBOIT”) MACCHI, a Teja ¢ KOHEIHBIMU MACCAMH HA3BIBAIOTCH
0CHOBHBIMU.
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(DI/ISI/ILIGCKI/I fCHO, 9YTO pPaBHbIC IIO BCJIMYNHE M IIPOTUBOIIO-
JIOXKHO HAITPABJICHHBIE CHJIbI IPUTSKEHUS MEXKy TEJIOM MAaJIoit
MacCChl U OJIHUM U3 OCHOBHBIX T€JI CO3/IAI0T CYIIECTBEHHO pa3-
JIMIHbIC YCKOPEHUA B HX JIBUXKEHUAX: HCHE3a0MIEC MaJIlo€ IJId
OCHOBHOTO TeJIa U KOHETHOe JIJTsT Majoro Teja. [loaromy MokHO
CUUTaThb, 9YTO ABUXKEHUA OCHOBHBLIX T€JI HE€ HCIILITHIBaIOT HHKa-
KX BOBMYIIEHUN CO CTOPOHBI TeJIa MaJIOi MAaCCHhI, T.€. JIBUKYTCS
1101, IEHICTBUEM TOJIBKO B3AMMHOT'O IIPUTSI?KEHHS 110 3aKOHAM 3a-
Jagn AByx Tes1. Takum o6pa3om, orpaHuvIeHHasT 3a/1a49a TPeX T
IpeJiCTaB/IgeT co0O0M 3a/1ady 00 OIpeJIe/IeHUN JIBUXKCHHUS TeJia
MaJIOff MAcChl B IIEPEMEHHOM TI'DABUTAIIMOHHOM II0JIE, CO3/IaBa-
€MOM OCHOBHBIMU Te€JIaMU, ABU2KYIIUMHUCA IIO 3aKOHaM 3aJa4vU
JIBYX TeJI.

B 3zaBucuMocT oT TOro mo KakKmm TPAaCKTOPUAM ABU2KYTCA
OCHOBHBI€ T€JIa OI'PaHUY€HHad 3ala"9a TPEX TEJI ITOAPaA3AE/IACTCA
Ha:

- KpY206Yy10, KOTJIa OCHOBHBIE TeJja JBUXKYTCS 110 KPYTOBBIM
opbuTam,

- ANAUNMUMECKY?O, TIPA JIBUZKEHUU OCHOBHBIX TeJI TIO JLIHII-
THUYECKUM OpOuUTaM,

- NapabosuMecKyr0 OrPAaHTICHHYIO 3a/1a9y TPEX Te,
- 2uNePObOAUNECKYI0 OTPAHUYCHHYIO 3aJIa9y U

- npﬂMOJLUH@&HyTO 3a/la41y, B CBOIO O4Y€pedb IIOAPaA3IaEJIAT0-
HOIyIOCd Ha HpﬂMOJIHHGfIHO QJIJIMIITUIECKYIO, Hapa6OJII/I‘{eCKyIO n
I‘I/IHep6OJII/I‘{eCKyIO OI'baHUY€EHHbIE 3a/la9X TpeX TEJI.

3.2 OrpaHnmdyeHHasi KpyroBasi
3a1a4a TpexX TeJl

DTa 3a/1a9a IPEICTaBIAeT HAnOOJIBIINI HHTEPEC, TaAK KAK
JOIIyCKaeT CYIIEeCTBOBAaHUE HOBOI'O IIEPBOI'O MHTEI'pPaJia YpaBHE-
HUI JIBUZKEHU.
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3.2.1 VYpaBHeHUus JIBUKEHUS
BO Bpalllaolieiicss cucteMe KOOpaAuHaT

Brejiem 6apurieHTpuYecKyo NpsaMOyTOJIbHYIO CUCTEMY KOOP-
jmHatT Gryz, BpaIlaiolyocs ¢ TIOCTOSTHHON yTJIOBON CKOPOCTHIO
71, PABHOI YIVIOBO# CKOPOCTH OOpAIleHusi OCHOBHBIX T€J1 OTHO-
curesbuo sipyr jgpyra. Ocb G BbibepeM Tak, 4TOOBI OHA BCe-
718 MMPOXO/INJIa Yepe3 OCHOBHBIE TeJjIa 110 HAIIPABJIEHUIO BEKTOPA
M Ms;. Ocb Gz HanpaBuM 110 BEKTOPY 71, a ocb Gy BeIOEpeM Tax,
9TOOBI OHA JIONOJIHSIA CUCTeMy 0 TpaBoil. He orpanmampast
OOIHOCTH OyJIEM CUYUTATH, 9TO MACChl OCHOBHBIX TE€JI CBSI3aHBI
HEPABEHCTBOM My > M.

Torna koopauHaThl OCHOBHBIX Test My u My 6yayr: Mi(xq,0,
0) u Ms(x9,0,0), a Teso Masoit Maccbl M uMeer TeKyIie Koop-
munatel M (x,y, z). [lnockocts Gy sBASETCS IIOCKOCTHIO JIBH-
JKeHUsI OCHOBHBIX T€JI, a BEKTOD YIVIOBOW CKOPOCTH HAIPaBJIEH
HepIeH/MKY/ISAPHO K 91oil miockoct 11 = {0,0,n}.

Eciu obo3HadnmM paccTossHusg OT OCHOBHBIX TeJI JI0 TeJia Ma-
J0ff Macchl cooTBercTBeHHO Yepes 11 = /(v — 21)2 + 42 + 22 u

re = /(% — 12)2 + y2 + 22, a Maccy Tesna M uepes m, TO cuio-

my ma
ByIO (DYHKIIMIO MOXKeM 3armcarh B Buje U = fm | — + — |.
1 T

YpaBHeHus JIBUKEHUsI IMIPEJICTABUMBI B (hopMe ypaBHEHUit
Jlarpanzka BTOpOro poja

d (OL oL ,

rie L =T + U - dyukius Jlarpamxka, ¢ = x,q2 =y, q3 = 2.
s onpesiesieHus KUHETUYIeCKOn sueprun 1 Boraucgmm ab-

COJIIOTHYIO CKOPOCTB V, B BUJIE CYMMbI OTHOCHUTEJIbHOM V' 1 Tie-
penocHoit ckopocteit Vi

7= {zy 2}, V="_iugz}, V,=adx7

- SRS 3.2
Vo=V +V,={&—ny,y+nz, 2}. (3:2)
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Torna xkunerudeckas sueprug 1 = me /2 3ammIneTcsa B BU-
ne T = m[(z — ny)? + (y + nz)? + 2%]/2. Macca masoro Tesa
dburypupyer B KadecTBe MHOXKUTEIA B JIEBOII U IIPABON dacTdaX
ypasuenuii Jlarpanxka. [TosTomy Ha Hee MOXKHO COKPATUTH WU
cauTaTh m = 1 U B JaJIbHEIIIeM He BBIIHCBIBATH. B IpUHATHIX
obo3HadeHuax ypasHenns (3.1) TakoBbI:

x—ny—n(y+n:p)—g—g:0,
i+ ni+n(t—ny)— %ij 0, (3.3)
oU

ECJ'H/I BBECTHU BCIIOMOI'aT€JIbHYIO (byHKL[I/IIO, nHOT'la Ha3bIBa-
eMyto ¢pyHryuet Axobu,

21’2 +y2
n —_—

Q:
2

+ T, (3.4)

TO ypaBHEHHA JIBU2KCHUA MaJIOI'O TEJIa ITPUHUMaIOT BUJ:

x—2n'—a—Q n2x+a—U
y_a n oz’
oUu
2Nt = = 3.5
§+2mi = - ny+ay (3.5)
0z 0z

Ota cucreMa JuddepeHnaabHbIX YPABHEHU MIeCTOro 1o~
pAliKa, OIKChIBAIONIAA JIBUXKEHUE MaJlor'o Tejla B OrpaHu4deH-
HOt 3aj1ade Tpex Tes. B orpannyenHoit KPyrosoit 3ajade Tpex
TeJI YIVIOBad CKOPOCTb OCTACTCH BCerjia IIOCTOAHHON BEJIMYNHOM],
n = const.
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3.2.2 HWnarerpan fxobdmn

YMHOKUM ypaBHeHus (3.5) COOTBETCTBEHHO Ha &, 1,2 U CJIO-
JKUM TIOWIeHHO. B pesysbrare nmosrydanm

PP 8Q:,C+8Q '—l—an‘ 1d (224 22) ds2
= —1+—y+—2 wm —=— = —.
v Ox 0yy 0z YT 4 dt

(3.6)

3/1ech PABYIO YaCTh YJAJ0Ch IPEJICTABUTL B BUJE IMOJIHOMN
[IPOM3BO/IHOI 110 BPEMEHH TOJILKO OJ1arojiapsi TOMy, 9To (DyHK-
st §) He 3aBHCHUT sIBHO OT BpeMeHH, T. e. J2/0t = 0. s s51-
JIMIITHIECKON 3a/1a91 9TOTO CJesiaTh He YJIAeTCsl, BBUMY SBHOM
3aBUCHUMOCTH YTJIOBOW CKOPOCTH OT BpeMeHH. VIMEHHO MMO3TO-
My TIOJIyIEHHBIH Jlajiee TEePBbIii UHTErPaJ CYIIECTBYET TOJILKO
B paMKax OrpaHUYEHHON KPYTOBOil 3a/la9i TPeX TeJl.

Unrerpupyst paBeHcTBo (3.6) npuxoanm K uaTerpaty fAxobu

1
§(¢2+g2+z2):9+h wm V=20 - C, (3.7)

rge C = —2h - npousBosibHAsT HOCTOSHHAS WHTETPHPOBAHMS,
NMeHyeMas NnocmoarHot Hrxobu.

YacTo B orpaHnYeHHOl KPyroBoii 3ajiade TpexX TeJl UCIIOJIb-
3YIOT CIIENUAJBHYIO CTAHJAPTHYIO CHCTEMY €JIMHUIL N3MEPEHHsI.
A umeHHO, 33 €IMHUILY JIJIMHBI IPUHAMAETCST PACCTOSTHIE MEK-
JIy OCHOBHBIMH TEJIAMH, T.€. Ty — T3 = 1, 3a €JIUHHILY MAacChl
- CyMMa Macc, T.e. my + mg = 1, u caMm Maccel Torja OyayT
L—p=m/(mi+mg) up=my/(mi+m), (p<1/2), a
eJINHUIIA BDEMEHHU BbIOMPAETCsi Tak, YTOObl DABHAIACH €/[IMHIIIE
YHUBepCaJbHas I'paBUTalMoHHasi nocrosuHas, f = 1. 13 Tpe-
Thero 3akona Kemyiepa n? = f(my + my)/a® samaan asyx e,
HOJIyYUM, 9TO IPH BBIODAHHBIX €AMHHUIAX M3MEPEHHs YIVIOBAs
CKOPOCTH TaKzKe MMeeT 3HadYeHne, paBHOe enuHuIe: n = 1. Yau-
THIBas COOTHOIIEHNE M1 21 + MaXs = (), KOTOPOE BBIIOJIHSIETCS B
GApUIEHTPUIECKOI CHCTeMe KOODJUHAT, JJisi KOOPAUHAT OCHOB-
HBIX TeJ B BBIODAHHOI CHCTeMe eMHUI[ U3MEDPEHUs IOJTyIuM
SBHAYEHUS: T1 = —[L U Ty = 1 — [i.

s rakux epuann u3mepennst dyuxipn U u ) npejcras-
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JIAIOTCA B BHUJIEC

2 2
1 —
PR A S S ()
2 1 T2
r=y (@t 2ty = (ot =12 4y + 22
(3.8)
a YpaBHEHUA JIBU2KCHHA B Pa3BEPHYTOM BUJ/IE CYTh:
. . 1—p 1
P-2y=uv———(w+u) = Flrt+p-1),
1 2
.. . 1-—
A
51 ry

1 —
éz—z( 3M+ﬂ3).
Ty )

Beenenne Takoil craHgapTHON CHCTEMBI €IUHUI] U3MEPEHHS
IIOKa3bIBA€T, 4YTO YPAaBHEHNA ABUKEHUA I JIA OFpaHI/I‘IeHHOIU/I Kpy-
TOBO 331291 3aBHUCST TOJIBKO OT OJTHOIO CBOOOJIHOTO ITapaMerpa
4. DTO TaK Ha3BIBAEMBIN Macco6wvil napamemp - de3pazMepHast
Macca MEHBIIIEro U3 IVIABHBIX TeJl.

3.2.3 Touku subpanun

[Tonipobyem HANTH cmayuoraprvie 9aCTHbIE PEIIEHUA YPaB-
HeHWil JBuzKeHns (3.9), T.e. TaKue peIeHwus, s KOTOPbIX KO-
Op/IMHATHI BO Bparmarorieiics cucreme Gryz ABJSIOTCS TTOCTO-
AHHBIMHA BeJIUYMHAMU © = const, y = const u z = const. nsa
9TOrO TOJCTABUM STH (IIOKA HEM3BECTHBbIE) KOHCTAHTHI B yPaB-
Henus (3.9). JleBble yacTu 9TUX ypaBHEHUN 00PATITCS B HYJIU U
JJIsl OlIpesieieHNnsl JIefICTBUTEIbHBIX TOCTOSTHHBIX 3HAUYEHUH KO-
OPJIMHAT I, Y, 2 TOJIYIAIOTCA TPU aJIreOpPanvIecKnX ypPaBHEHU:

o0 1—p ]
D — = —1)=
o0 1l—p p
Ay y( ry 7‘5’) . (3.10)

o L—p )
9: ( %)‘0'
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Nmerorcst Tpu KaueCTBEHHO PA3/IMYHBIE BO3MOXKHOCTH YIIO-
BJICTBOPEHUSI STHX YPABHEHUil MMOCTOSTHHBIMU 3HAYCHUSIMU KO-
OpJIUHAT:

(i). z=0, x #0, y = 0 - 970 TOUKH, JiezKame Ha ocu G,

(i)). 2 =0, z # 0, y # 0 - 970 TOUKH, JiezKAII[He HA ITIOCKOCTH
Gy,

(iii). 2 = oo, 2z = 0, y = 0 - 970 GECKOHEUHO Y/IAJICHHBIE
TOUKH, Jiexkaiye Ha ocu Gz.

Hukakux apyrux jaeficTBUTEIbHBIX CTAIMOHAPHBIX PEIIeHUi
ypasaenwuit (3.10) He cymiecTByer.

PaccmorpuM Bce BO3MOXKHOCTH TO-TIOPsiziKy. B ciydae (i)
BTOpOE U TpeThe ypaBHeHus B cucreme (3.10) ymoBiaeTBopsaoTCs
TOYKJIECTBEHHO, U 3a/1a49a CBOJIUTCS K ONPEJIEIEHII0 KOPHEii mep-
Boro ypasuenus B (3.10) 1mocJie mpeiBapuTesIbHON MOICTAHOBKH
Baeroy =z =0,T. e.ry = /(v + p)?, ro = /(v + p— 1)2. To-
rJla JIEBYIO YaCTh 9TOrO YPABHEHUsI MOXKHO IIPEJICTABUTD B BUJIE
dYHKIIMU OJTHOH ITepeMeHHOl T

gp(x):x—1;%”(:E+u)—%(x+u—l):0. (3.11)

[Ipoussommas GyHKIMI ¢(2) BCeraa MOM0KHATEIbHA:

1—- 1—-
ot ) g 3k (a1

Px)y=1+3
1 Ty

(3.12)

DOynknus () uMeeT JiBe BEPTUKAJIbHBIE ACUMIITOTHI (B TOY-

KaX pas3pbIBa BTOPOIO POJIA) T = — i, T = 1 — {4 1 OJIHY HAKJIOH-
Hyio p(x) = x:

(3.13)

Orcioma cpagy cieiyer, uro ypasuenue (3.11) umeer tpu
JefCTBUTEIbHBIX KOPHS

—oo < < —p, —pu<zo<l—p, l—p<zs<oo. (3.14)
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o (x) i

—

— "L M
— 2

.
|
4_
|
|.
|
1
|
1

M|

0

Ll
; 4 :
/ 1 -

/
/
/
/
/

/

|
|

|
T

|

' |
|

1 |
|

' |
| |
|

_ |

Puc. 3.1. ®yukuust ¢(x) npu g = 0.1. O6o3HaYEHUsI: ITPUXOBBIE JIH-
HUU - HAKJIOHHAS U BEPTUKAJIbHBIE acUMITOTHI GyHKIuu @, My, Mo -
ocHoBHble Tena, L1, Lo, L3 - upsiMosinHeiinbie Touky jubpaimn (Hy/iu

dbyukuun ).

DTu pelieHnst Ha BPAIIAIONIEiCs OCU T OIPEJEIISIOT TPU NpPA-
moaunetnvie (KoaruneapHvie) TOIKI JTHOPAIN

L1 = (ZL‘l,0,0), L2 = (ZL‘Q,0,0), L3 = (ZL‘g,0,0). (315)

I'pacduk dbyuximm ¢(z) mag g4 = 0.1 npejcrasieH Ha puc.
3.1.

Ypasuenue (3.11) HEBOBMOMKHO DEIIUTH B KOHEIHOM BHJIE.
Ero MoKHO cBeCcTH K ypaBHEHHIO HSITON CTEIIEHN OTHOCHTETBHO
T ¢ pas3sHbIMH KOdpuimenTaMu Jjisi pa3JIndHbIX TOUYeK. BbI-
BOJI TaKuX ypaBHeHuii npusogutcs B yuebHuke [5|. B momno-
rpacun 9] npuBossTes 11-3HavHbIE TAGIHUIBI KOOPMHAT TOYEK
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Ly, Ly, Ly juta 3Ha4YeHUit (1, U3MEHAIONINXCA C I1aromM He 60Jjiee
0,01, a TakzKe JIsd Pa3IMIHBIX KOHKPETHBIX 1ap Te CosHedHoii
CHCTEMbI, BLIOMPAEMbIX B KAYeCTBE OCHOBHBIX.

BoJtee ynobublit Buj ajiredOpandecKuX ypaBHEHUH JIJId THC-
JIEHHOT'O OlpeJie/ieHns: abCIUCe MPAMOJIMHEHBIX TOYEK JIMOpa-
UK [IOJIy9aeTCs PHU MePexoIe OT 6apUIIEeHTPUIECKONH CUCTEMBbI
KOOPJIMHAT K OTHOCUTEILHOM.

MozkHo tostyunTh perienusi ypasaerust (3.11) B Bujie psijioB
1o cremenam g 43 (em. [5]), OHAKO yIOBIETBOPUTEIBLHYIO
TOYHOCTD OHU JAIOT TOJIBKO JJIS JJOCTATOYHO MAJIbIX 3HAYCHUI L.
B ycs1oBusX mmMpoKoilt KOMIIBIOTEPU3aIUK BHIMACICHUI Hanboree
[POCTOi TyTh JIJIs pellleHusi HeJnHefiHoro ypasHenus (3.11) -
YCJIEHHOE PEIeHre 9TOI0 yPaBHEHUsI OJHUM U3 U3BECTHBIX Me-
TOJIOB OIIpeJIe/IeHNsI KOPHel HeJIMHeHHbIX ypasHenuii. Heobxo-
JIIMO TOJIBKO CJIEJIUTH 3a Pa3Jie/IeHueM KOPHeil B COOTBETCTBUU
¢ mepasencrsamu (3.14).

PacemorpuM Terepb BTOpyo BO3MOKHOCTS (ii). B sTom city-
Yyae CTalMOHAPHbBIE PEINeHKs OIPEJIEIAIOTCA ePBbIMU JIBYMsI
ypaBrenusimu cucrembl (3.10), B KOTOpbIE CJIe/yer MMOJCTABUTD
z = 0. DT ypaBHEHUS MOYKHO 3aIlUCATH B BUJIE

l—p p 1 1
l——— =5 | +pl=—p | -3 +=3) =0,
i 2 LS (3.16)
kB
===
ST T3

] IIEPBOI'O YpaBHEHUA ITOI CUCTEMBbI IHOJIYIUM T'1 = T2, A
3aTEM U3 BTOPOI'0 OKOHYATEJILBBI BBITEKAECT, IYTO

7’1:7’2:1. (317)

YauThiBas, 9TO B IPUHATON CHCTEME eJIMHUL] U3MEPEHUsT PAC-
CTOSIHUE MEKJy OCHOBHBIME TejamMu M; u My paBHO eauHuUIE,
[OJIyYEHHBIA Pe3yJIbTaT 03HAYAET, YTO TOYKa L, onpejeisemast
perterneM (3.17), BMecTe ¢ OCHOBHBIMU TeslaMu oGpasyeT Ha
IIOCKOCTH XY PaBHOCTOpOoHHUI Tpeyrogbuuk My MyL, mauHb
BCEX CTOPOH KOTOPOTO PaBHbI €IMHMAIAM. JIerKo 3aMEeTHTh, 9TO
Ha IJIOCKOCTHU Ty CYIIECTBYIOT JIBE TaKKe TOYKH - OjiHa L4 1pu
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1.0q Y

Ly

0.5

-1.0 -0.5

Ls

-1.0-

Puc. 3.2. Ilpsimosuneiinsie (L1, Lo, L3) u Tpeyrosnbubie (Lyg, L) T0o4-
KU JTUOpAIIIH.

y > 0, Bropasa Ls npu y < 0. Takue crarumonHapHble TOYKH B
I0CKOCTU Gy HA3BIBAIOTCH MPEY20AbHHMU TOIKAME JTHODa-
uu:

121 /3 1 -2 3
L= (122 V3 ) T",-%,o . (3.18)

Buepsbie npsimosinneiinbie perieHus ObLI OOHAPYZKEHBI B
1767 r. Ditepom. [losToMy MX HA3LIBAIOT IUAEPOSHIMU PeIlie-
nuamu. Tpeyrosbabie perrenus ObLIn HaiijaeHbl JlarpamxeMm B
1772 1., X HA3BIBAIOT AA2PAHHCESLMU PEITEHUSIMEI. AHAJIOINY-
HO HA3bIBAIOT U COOTBETCTBYIOIINE TOYKHU JUOparuu. BripodeM,
MHOT/Ia BCIO COBOKYITHOCTH 9TUX PEIeHNT HA3bIBAIOT JIarDaHzKe-
BBIMU U JIaXKe AGNAACOEVLMU, ITO HE BIOJIHE KOppeKTHO. HyMme-
parus IpsiMOJIMHEHbIX Touek Jmbparuu Ly, Lo, Ly Takxke He
SIBJIAETCA OOIIEIPUHSATOIA.

Ha puc. 3.2 nmokazano pacroJjioyKeHue mpsaMOJIMHEHHBIX U TPe-
YTOJBbHBIX TOYEK JUOpaIuu Ha miockoctu Gry.

Uccnenosanne Boamokuoct (iii) He npejcrasisier Tpyja. B
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9TOM CJIydae II0JIy4aroTcsi HeCOOCTBEHHBIE, OeckonewHo YdaseH-
Hble BIOJIb OCH Z TOYKH JIMOpAIuu

Lo = (0,0, £00). (3.19)

B sTom MoOxkHO yOeauThCA HEIMOCPEJICTBEHHON TPOBEPKON Y10~
BaeTBopenus ypasuenuii (3.10) koopaunaramu (3.19).

3.2.4 IloBepxHOCTU HYJIEBOII CKOPOCTH
UJIA TTIOBEPXHOCTU XUJLJIA

Ob61mero nnrerpasa ypasaenuii (3.10) B u3BecTHBIX DYHK-
muax He cymecrsyer. OaHako cymecrsyer uarerpan flkobu, Ko-
TOPBIIi II03BOJIAET B IPOCTPAHCTBE KOOPAMHAT TYZ OTICIUTE 00-
JIACTU BO3MOKHOCTH ABUZKCHUI NACCUBHO 2pacumupyiowets mac-
cbl OT 00J1aCTell HEJOCTYIIHOCTU. DT 00JIACTH PA3IEIAIOTCI 10-
BEPTHOCTAMYU HYACEOT (0MHOCUMENLHOT) CKOPOCTIU WA N.0-
seprrocmamu Xuiia.

Jlist oTBICKaHMS 00sIaCTEll BOBMOXKHOCTH JBUKEHUI BOCIIOIb-
3yeMmcsl HepaseHcTBoM V2 > 0, clpaBe /IMBBIM JIJIs JIIOOBIX Jiefi-
CTBUTEJILHBIX JBUzKeHuil. VI3 aToro yenosus n uarerpaia sIkoou
(3.7) cieryer HEpABEHCTBO, OIIPE/IEJISTIONIee 061aCTh BO3MOKHO-
CTU JIBU2KEHUN B BUJE

20> C wm x2+y2+21_—”+2ﬂ > C. (3.20)
1 )

Ecisin nocrosiunast suepruu Heorpunareabua h > 0 (r.e. O <
< 0), T0 06TACTHIO BOBMOXKHOCTHU JIBUZKEHHUSI SIBJISIETCST BCE MIPO-
CTPAHCTBO Y%, & 00/IaCTh HEJOCTYITHOCTU OTCyTCTBYeT. O0/I1aCTh
HEJIOCTYITHOCTHU TOsIBJIIeTCst TObKO pu C' > 0, HO 3TO0 HAnbO-
Jiee MHTEPECHBI ¢ TOYKHU 3PEHUs] aCTPOHOMUYIECKUX ITPUJIOZKE-
HUI citydail, TaK KaK OTHOCHTCsSI K ITPOCTPAHCTBEHHO OTPaHM-
YEHHDBIM J[BUKEHUSIM SJITUITHIECKOIO THUIIA.

YpaBHeHus IMOBEPXHOCTEHl HYJIEBOI CKOPOCTHU IIOJIYYAIOTCs
u3 (3.20) 3aMeHOIT 3HAKA HEPABEHCTBA HA PABEHCTBO

1—
F(z,y,2) =2 +y* + o —H ol _ ¢ (3.21)
! T2
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Papercreo (3.21) B mpocTpaHCTBE Xyz OLpEessieT ceMeii-
CTBO ToOBepxHOCTel ¢ oxuum mnapamerpom 0 < C < oo. g
IIOCTPOEHUSI CeMefiCTBa MOBEPXHOCTEHN CJIe/IyeT:

- HaliTu Bce 0COOBIE TOUKHU IOBEPXHOCTEH 3TOI0 ceMeiicTBa,

- OIpPEJIe/INTh 3HAYEHUs ITOCTOSTHHON YIKOOM B TOUYKax Jmb-
panuu C1, Cy, C3,Cy = C5,Cioo = 0,

- HIPOBEPUTDH CIIPABEIIUBOCTH IEIMOYKN HEPABEHCTB MEXKLY
aumu: 00 > Cy > C3 > C1 > Cy =C5 > Ciyy =0,

- YCTAaHOBUTH THII OCOOBIX TOYEK YKA3aHHBIX ITOBEPXHOCTEI,

- W3YYNTh IOBEJIEHNE TTOBEPXHOCTEN XM/IIa B OKPECTHOCTH
9THX TOYEK,

- UCCJIEJIOBATDH JBOJIIOIHUIO MOBEPXHOCTEH XUJLIa IPU H3Me-
Herunu nocrosgunoit fkodbu C' ot oo 10 0.

JL1st OThICKAHUST OCOOBIX TOYEK HEOOXOIUMO 3allicaTh YCJI0-
BUS UX CYIIECTBOBAHUS - 9TO TOUKHU, B KOTOPBIX OTCYTCTBYET OJI-
HO3HAYHasd KacaTeJIbHas IJIOCKOCTh y ToBepxHocTeir Xusia. Ta-
KAMW TOYKAME SBJISIIOTCS T€, JIJIsT KOTOPBIX BBITIOIHSIIOTCS YCIO-
BUS

oF oF or

- e _ et _ — F =
or / 0, o/, 0, 0z /, 0. (Flo=0C,
(3.22)

rJie HIZKHAN HHJEKC (...)o o3HadaeT, 410 dhyHKIima F u ee qacr-
HbIE TIPOM3BOJIHBIE BBIUUCIAIOTCS B PACCMATPHBAEMOI 0CODOIT
TOYKe.

C ygerom Toro, uro F' = 2, u cpaBHenue paBeHcTs (3.22) u
(3.10) HPUBOIUT K HOJIHOMY COBIIAJICHUIO OCOOBIX TOYEK C TOU-
Kamu jimbpanun. Takum 06pa3oM, 0COOBIME TOYKAME CEeMEHCTBa
noBepxHOCTel (3.21) ABAAIOTCS TOUKH JTUOpAIAN

L17L27L37L47L57L:|:OO' (323)

Ecii KoOpimHATHI 9TUX TOYEK I0/ICTaBUTh B (3.21), To 3Ha-
YeHUsl HOCTOAHHON fIKoOM, COOTBETCTBYIOIIEE STUM TOUKAM, CyTh!

017027037047057C:|:OO' (324)

Kpome Toro, ocobbiMu TOYKaAMU SBJIAIOTCH TaKKe TOYKU, B
KOTOPBIX obpaiaercs B 6eckoHedHOCTh byHKIWMA F(x,y,2) u
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BCe ee YaCTHBbIE TPOU3BOHBIE JTIOO0TO MOpsIKa. TaKuMu ToOIKa-
MU SIBJIAIOTCS OCHOBHBIE Tejia-Touku My u My, 3Hadenue mocTo-
auaHoil flkobu B 3THX TouKax paBHO beckoneunoctu Chy,, = +00.

HermocpeicTBennoii mpoBepKoit MOXKHO YCTAHOBUTH, 9TO JIJIsi
3HAYEHU OCTOSTHHBIX S1K06H B 0COOBIX TOUKaX Beera (Ipu JIro-
6om 0 < p < 1/2) umeror MecTo HepaBeHCTBa

OO>CM12>CQ>03201>C4:C5>C:|:OO:0, (325)

rjie 3HaK paBeHcTBa Mexkjry C3 u C] HOSBIISETCS TOJBKO HPH
@ = 1/2, 1. e. st TaK Ha3bIBAEMOI “KOIICHIareHCKON 3ajadn’
Tpex TeJl.

Hng ycranoBsenns tuna ocoboit Touku (Kpome Touek My u
M,) paccmoTpuM niepBble WieHbl pasJiokenus GyHkun F(z, y,
z) B psig, Teitsopa B okpecTHoCTH 0c060i TOUKM (Xq, Yo, 20)

oF
F(z,y,z) = F(, Y0, 20) + <8—) (r — x0)+
T /o

(3.26)

CHadvaJjia BCIIOMHUM KaKue BOOOIIE MOTYT CYIIEeCTBOBATEH OCO-
Oble TOYKM y MPOU3BOJILHBIX CEMEHCTB TPEXMEPHBIX TOBEPXHO-
creii. Bee gacTHbIE TPOU3BOJHBIE TIEPBOTIO TOPSJIKA B OCOOBIX
TOYKaxX B pasioxkennn (3.26) obparaiorcsa B Hy/Ib B cuity (3.22).
Ecsin B (3.26) cymiecTByoT OTJIMYHBIE OT HYyJisl YACTHBIE TPOM3-
BOJ[HBbIE BTOPOIO MOPs/IKA, TO IOJyYaloTCs HanboJiee MPOCThIe
0coOble TOYKHU BTOPOT'O THOPSJIKA, €CJIU YKe BCE YaCTHBIE ITPOU3-
BOJIHBIE BTOPOT'O MOPSIIKA OOPAIIAIOTCA B HYJIb, TO OCOObIE TOY-
KI OyJIyT OIpEe/saThcd YIeHaMu 0oJiee BBICOKOI'O IOPS/IKa B
paznoxenun Teitsopa (3.26). 910 Toukm Gosiee CJIOKHOTO TH-
1a, TpeTbero min 6oJjee BHICOKOTO mopsika. HermocpeacrBeHHBIM
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BBIUUC/IEHUEM YaCTHBIX TPOU3BOIHBIX BTOPOTO MOPSIIKA MOMKHO
yOeIThCst, 9TO Bee 0cobble TOUKH (3.23) MMEoT BTOPOil mopsi-
JIOK. 3HAYUT, B OKPECTHOCTU TAKOW 0CO00I TOYKHU ITOBEPXHOCTU
Xunuta UMerOT BT, OJIU3KUI K TOBEPXHOCTSIM BTOPOTO MTOPSIIKA.

Kakne KOHKpeTHO MOBEPXHOCTH BTOPOTO MOPSIIKA 3/1€Ch MO-
IyT UMeTh MecTo? JIJIsT 9TOT0 UCKITIOUUM U3 PACCMOTPEHUS J1-
JINIITUIECKAN U TUnepOoTmIecKnii 1apaboIonIbl, TaK KaK WX
KAHOHWYECKUEe YPABHEHUS JOJIZKHDBI COJIEPXKATD YJICHBI IIEPBOrO
HOPsIJIKA, 9TO HEBO3MOXKHO u3-3a paseHcTs (3.22). Kpome Toro,
UCKJTIOYAIOTCA U3 PACCMOTPEHUs! SJUTUITUIECKUN, ruiepoosmde-
CKUil MIJIMH/IPHI U TTapa MePeceKafoNnnxcsl IMI0CKOCTeH, TaK Kak
JUTST 9TUX TTOBEPXHOCTEN O[HA U3 YACTHBIX IMPOU3BO/IHBIX IT€PBO-
ro HopsijiKa He paBHA HyJ0. Takue MOBEPXHOCTU MOLYT CyIIe-
CTBOBaTb TOJILKO B OKPECTHOCTH HEIPEPBIBHOMN JIMHUU OCOOBIX
Touek (0coboil JIMHNUMK), B TO BpEMsI KaK BCe 0COOBbIE TOUKH HAITIEit
3aJ1a"1 SIBJISTIOTCST W30/ TAMPOBaHHbIME. VcKTiouaercs: Takyke BO3-
MOKHOCTB CYIIECTBOBAHUS ABYX COBIAJIAIOIINX NI TTAPAJIIE b
HBIX IIJIOCKOCTEH, 9TO MOXKET OBITH TOJIBKO JIJI HEIIPEPBIBHOTO
MHOKECTBa OCOOBIX TOYEK, JIEXKAINX Ha HEKOTOPOi MOBEPXHO-
cru (ocobast TIOBEPXHOCTD ).

[TosTomy o0cobble TOYKH paccMaTpUBAEMOl 3aJadu MOTYT
OBITH JINOO TOYKAMU THUIIA "KOHYC, JTUOO TOUYKAMU TUIA TIEHTD .
YVauThIBasi, 9TO MEHTP MOXKHO PacCMaTPUBATh KAK MHUMBIN KO-
HyC (T.e. JIeHiCTBUTEIbHON SBJISETCS TOJBKO BEPIIMHA KOHYCA),
BCIO COBOKYITHOCTH TAKUX OCOOBIX TOUYEK HA3BIBAIOT KOHUYECKU-
MU 0cobbimy moukamu. Cama ocobast TOUKA PACIOJIOKEHA B
BepllnHe KOHyca. BHyTpr KOHyca pacrojiaraeTcs JIBYIOJI0CTHDI
runepboston, (Hampumep st C' < Cp), & BHE - OJJHOIOJIOCTHBII
(st C' > Cy), nim waobopor. Bésmsu ocoboit Touky Trma MeHTp
PACIIOIAralOTCsT SJUTAIICOUIBI. Bt moBepxHOCTEH B OKPECTHOCTH
KOHUYECKUX OCOOBIX TOUEK IpejcTaByieH Ha puc. 3.3 u 3.4.

Henpepoinoe nsmenenne nocrostaaoit Axodbu C' BOM3M KO-
HUYECKUX TOYEK IMPUBOJIUT K MPEeOOPA30OBAHUIO TOBEPXHOCTEIH,
OJIM3KUX K OJIHOMOJIOCTHOMY TUIIEPOOJION/TY, B IOBEPXHOCTH, OJTU3-
K€ K JBYIOJJOCTHOMY THUIIEPOOIONTY, TTOCPEICTBOM TPOXOXK Te-
HUA Yepe3 oOImuii mpejiebHbIil KoHyc. Bo3Moxken n oOpaTHbIi
IIPOTIECC.
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Puc. 3.3. IloBepxHocTu HyJI€BOI cKOpOCTH BO/IM3KM 0COOO# TOUKU THU-
ma "konyc’. Jjisi HATJISIIHOCTH CAEJAaH pa3pe3 MOBEPXHOCTEH IBYMsI

MepuanoHaJIbHBIMU IIJIOCKOCTAMM.
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=

Puc. 3.4. TloBepxHocTH HYJI€BOit CKOpOCTU BOJIU3U OCOOOI TOUKM THIIA
”HeHTp”.

B ciaydae ocobbIx TOUeK THIla MEHTP AHAJOTUIHOE H3MeHe-
nre C' TPUBOJUT K CTATUBAHUIO B 9Ty OCOOYIO TOUKY IOBEPX-
HOCTEH, OJIMBKUX K SJUIAICOULY, U IMOCICAYIONEMY HX HCUe3-
HoBeHmio. [IpormBornosokuoe m3menenne C' Mpu TPOXOXKIEHUN
0c000# TOYKM TPUBONAT, HAOOOPOT, K BOSHUKHOBEHUIO TTOBEPX-
HOCTell SJUIUIICOUIATLHOTO THUIIA.

[Ipusenenne KBajpaTuaHoii hopMbl B pasiaoxkenun (3.26) K
KAQHOHUIECKOMY BUJLY TOKA3BbIBAET, UTO MPIMOJUHETHbIE TOUKN
Ly, Ly, L3 ABASIOTCA KOHUYECKUMU TOYKAMU C OCHIO KOHYCa, COB-
naamomneii ¢ oceio abermee Gx. A Tpeyrosbhbie TOYKEH Ly, Ly
OKa3bIBAIOTCS TaKKe KOHUIECKMMHU TOYKAME, HO C OChIO KOHYCa
napaJuieabHoit ocn Gz.

Beckoneuno yrasennbie TOUKu Lo, SABISIOTCH HECOOCTBEH-
HBIMU TOYKaMU. VIX yCJIOBHO MOYKHO OTHECTH K OCOOBIM TOYKAaM
THIIA TIEHTP. DTUM TOTKAM COOTBETCTBYET 3HAYEHIE ITOCTOSTHHOMN
Axobu Cyy = 0. IIpu C' — 0 moBepxHOCTH XMJL/Ta CTATUBAIOTCST
K 3TuM TouKaMm, a upu C' < 0 mepectaior CymnecTBOBaTD.

Kpowme Toro, K 0coObIM TOYKaM IMOBEPXHOCTEl HYJIEBOI CKO-
pOCTHU cJielyeT OTHECTU TaK»Ke OCHOBHBIE Tena-Touku My u M.
B sTnx Toukax dyHKIua [ u Bce ee YaCTHBIE TPOU3BOIHBIE 00-
paIaTcs B OECKOHEYHOCTb. JTO 0COObIe TOYKHU THUIA TIOJIOC .
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[ToBepxnocTn BOJIM3HM 9TUX TOYEK UMEIOT BU/I, OJIU3KHUI K KOH-
nenTpudeckuM cdepam, Kotopbie 1pu C' — 00 CTATUBAIOTCH K
CAMUM TOYKAM.

Kpome m30/1MpoBaHHBIX OCOOBIX TOYEK MOBEPXHOCTH XMUJLIA
UMEIOT 0COOYI0 GECKOHEUHO yIaIeHHYIO (HeCOOCTBEHHYIO) IH-
JIMHJIPUYIECKYIO MOBEPXHOCTD Z - MPsAMON KPYTOBO#l KOHYC %+
y? = C Geckoneunoro pajuyca C' = 00 ¢ 0CbIO MUIMHIPA, COB-
najratomieit ¢ ocpio amumkar Gz. [Ipu C' — 0o mosepxnocTu
Xwuta Ha OOJIBIMUX YIAJIEHUSAX CTATUBAIOTCS K TAKOMY 0CODO-
My IIJIAHAPY Z.

Taxum ob6pazom, MOBEpPXHOCTU XUJLJIa UMEIOT JIEBATH U30JIH-
pPOBaHHBIX 0COObIX TOYeK Ly, Lo, L3, Ly, Ls, Lo, L_oo, M1, My 1
OJIHY OCODYIO MOBEPXHOCTH Z .

st mocTpoennst Becero cemeiicra nosepxHocteit (3.21) pac-
CMOTPUM HEIPEPBIBHOE YMEHBIIICHUE BEJIUINHBI TOCTOSTHHON KO-
ou C or oo 1o 0.

[Ipu C' = oo noepxnoctu Xujjia BBIPOXKIAOTCH B TOYKHU
My, My u B yKa3aHHbIII 0COObINl OECKOHEYHO YIaJ€HHBIN I11-
JIMHAD Z.

s ouennb Gosbinux, HO KoHeYHbIX 3HadeHuil C, u3 (3.21)
ITOJTy YAIOTCA TIOBEPXHOCTU, OJIN3KKE K CPepUIECKUM, B OKPECT-
HOCTH 0COOBIX TOouek My u My um B "oKpecTHOCTH 0COOOTO IHU-
JINHJIpA Z - TIOBEPXHOCTHU, OJIU3KHE K IPAMOMY KPYTOBOMY IIH-
JimuJIipy ¢ ocbio Gz:

L—p
1

" _c + €3, - kBazucdepa Bokpyr Ms,

= (C + &5, - kBasucdepa Bokpyr My,
(3.27)

)
22 +y? =C + ey, - KBa3UIWIMHID, OJU3KHUN K 7,

rjie €1,E9,E3 - MaJIble BEJIUIUHBI.

Orcrojia JIEeTKO YCTAHOBUTH OOJIACTU BO3MOYKHOCTH JIBUZKE-
HUst Jist 6osibiux 3Hadenuii C' (T. e. Jyisi MaJIbIX 3HAYEHUHA OT-
HOCHTEJILHOM SHEPIUH TeJia MAJIOi Maccel): Jubo BHYTpU chepbl
¢ neaTpoM B My, ubo BHYTpU cdepbl MeHbInero (pu pu < 1/2)
paJjmyca ¢ 1ieHTpoM B My, mub0 BHE OECKOHETHOTO MIPSIMOT'O KPY-
TOBOI'O ITUJIUHJIPA.
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Puc. 3.5. Cedenne 1moBepxHOCTEN HYJIEBOW CKOPOCTH IIOCKOCTBHIO XY.

Ecnan masoe Te1o B HaUAIBHBIIT MOMEHT BPEMEeHHN HAXOIUTCS
BHYTPH OJIHOI M3 3TuX objacreil n 06J1agaerT Takoil CKOPOCThIO,
410 nocrosinias FIkobu C' He MeHbIIe pacCMaTPUBAEMOT0 3Hade-
HUs, TO TAKOE TEJIO OCTaHeTCs B 9Toi obyractu "Haeuno . Takue
JIBUKEHUST HA3BIBAIOT YCmMOotiuusuiMy no Xuaiy B 9eCTh UX MEp-
Boro ucciesioBarestd k. Xumia. YCToduBOCTb 10 XUJLTY CTPO-
r'0 TapaHTUPYET CYNIECTBOBAHUE CIIyTHUKOBOI'O THUIIA JIBUKEHUST
MaJjIoro Tejia BOJIM3KM OJHOIO M3 OCHOBHBIX Tesl. Kpurepuewm, ra-
PAHTHUPYIOIIUM YCTONINBOCTD 110 XUJLITY, SIBJIAETCA BBIIIOJTHEHUE
uepaserctsa C' > (.

3a nocsie Ay oMMy n3MEHeHIAME [TOBEPXHOCTel HyJIeBOit CKO-
pocTH yI00HO CIIEAUTD, eIl 001aCTh HEIOCTYIIHOCTU IPEICTaB-
JIATH B BUJIE CTBOJIA TUTAHTCKOIO pa3pylIalonerocs aepesa. Pas-
pYIICHHAS 9aCTh OIPEJe/IseT 00JaCTh BOZMOKHOCTH JIBUKCHUS,
a HepaspyIlleHHast (TeJso JepeBa) - 00J1acTh HeJocTyHOCTH. [Ipn
C' = 00 06/1aCTh HEJOCTYIIHOCTH 3aII0JIHAET BCE IIPOCTPAHCTBO.
Paspyienue jilepesa HaulHAETCs U3 TPeX 049aros - IOBEPXHOCTH
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Puc. 3.6. Cedyenne noBepxHOCTEl HYJIEBOI CKOPOCTHU ILJIOCKOCTBIO TZ.

ocoboro muJIMHApPa Z, u 0cobbix Touek M; u My, B nanbheii-
eM paspylieHre TPOUCXOIUT B KaxKJI0i TOYKE COOTBETCTBYIO-
el MOBepPXHOCTU XUJLIa, HO C PA3HBIMU CKOPOCTSIMU PCIAJIA.

3a u3MEHEHHEeM IIOBEPXHOCTel XWJIIa, CBSI3aHHBIM C HU3Me-
nernueMm C'; MOXKHO CJIEUTD 110 puc. 3.5 u 3.6, Ha KOTOPBIX U300-
paskeHbl cedeHns MOBepXHOCTeill Xuila KOOPIUHATHBIMU ILIOC-
KOCTSIMU XY U TZ.

Cuagasia ymenbienne 3uadennss C' MPUBOIUT K U3MEHEHUIO
pa3MepoB u JedopMalu IMIKHIPa U cdep, HO TOIIOJIOTrtIe-
CKUIl XapaKTep MOBEPXHOCTENH Xuljia He M3MEHSETCs 0 TeX 10D,
noka pejuauia C' He pocturter suadenus Cy. 1o 3uadenue C'
XapaKTepu3yeTcsi TeM, 9T0 KBasucdepbl BOKPYT OCHOBHBIX TEI,
BBITSATUBASACH B HAIIPABJIEHUH JIPYTI K JIPYTY, IEPECEKAIOTCS B
OJTHOT 00MIelt ToUKe - 9T0 ocobas Touka Lo. A mocsemyroriee
yMmenbIiieane C' TPUBOJUT K TOMY, YTO MOBEPXHOCTH HYJIEBOM
CKOPOCTHU IpUHUMaeT BUJ TanTe/nn . /IBa "ouara pazpyrienus’
BOKPYT KazKJIOI'O U3 OCHOBHBIX TeJI 00pa3yIoT OJIUH - YKa3aHHasI
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“ranTesnib’. Ecian B HavabHBI MOMEHT BpEeMEHU MaJjioe TeJI0 Ha-
XOJIMTCSl BHYTPHU 9TOi ranTesn u rnocrognnad C' 110 BeJIMYnHe He
MEHbIIIe PACCMATPUBAEMON, TO MaJjloe TeJ0 OCTAHETCS BHYTPH
raHTes M HABCEr/a, T.e. CTaHeT OOIIMM CIIyTHUKOM ODOMX OCHOB-
HbIX Tes. Takme JABUKEHUS TAK)Ke SIBJISIIOTCA YCTONIUBBIME 110
Xwuty. YemoBueM rapaHTUPYIONIIM TaKy0 YyCTONINBOCTD SBJIS-
erca HepaBeHcTBo C > (.

Hasnbueiimee ymenbinenue C' BeJleT K mosgBieHnio va ocu Gx
o0I1ell TOYKH y TMOBEPXHOCTH "KBA3UIIMJINHJIPA~ U FaHTEN - 3TO
touka Lz. A ipu C' < C3 y "crBosia” obpazyercs "nyiio”. Cede-
HUE TOBEPXHOCTU XUJLJIA IJIOCKOCTHIO GXY B 9TOM CJIyUae UMeeT
BT, TTOJTKOBBI.

[Ipu nocrmxkennn Besmaunnoit C' 3nadenns C AyILUIO U BHEII-
Hsisl TIOBEPXHOCTD JIepeBa MEePECceKaIoTcs B 0bIeil 0coboi Touke
Ly n upu noceayiomnem ymenbiienun C'y pa3pyIiaronierocs
JiepeBa BJIOJIb OCU T obpaldyercs CKBO3HOI 1mpoxoi. Cedenue 1mo-
BepXHOCTH XMJLIA IJIOCKOCTBIO Gy B 9TOM Cilydae IPUHUMACT
BUJI JIBYX 'TOJIOBACTUKOB', BHYTPU KOTOPBIX HAXOJATCHA 00JIACTH
HEJIOCTYITHOCTHU JIJIs TeJia MAJION MacChl.

C nanbreiiniuMm ymenbinenneM C' pasMepbl I'OJIOBACTUKOB
yMmenbiarcsd, u npu C = Cy = C5 OHU CTATUBAIOTCS B O0COObIE
touku Ly u Ls. IIpu C' < Cy paspymaomnuiicss CTBOJI PACIIEILIs-
ercs Ha jBa 'HeHbKa” GECKOHETHON JIMHDLI (MX HA3LIBAIOT TAK-
Ke "3aHaBecsiMu”), M TIOBEPXHOCTH HYJIEBON CKOPOCTHU [EPECTAIOT
[epecekaTbCs ¢ IIOCKOCThIo Gry.

[Tocnemytomee ymenbinenune C' o C' = 0 BegeT K HOJHOMY
Pa3pyUIEHUIO IIeHbKOB, & HOBEPXHOCTU HYJIEBOM CKOPOCTHU IIpU
C — 0 craruBaroTcss B OECKOHEYHO yaJIeHHbIE OCOObIE TOYKHU
L. ObacTh HEJOCTYITHOCTHU MTEPECTAET CYIECTBOBATH. JHEP-
r'ud TeJjia MaJio MacChl JJOCTATACT 3HAYCHUN, II03BOJIAIONINX €My
oHacThb (HpH COOTBETCTBYIONINX HAYAJIbHBIX YCJIOBI/IHX) B JIIO-
OyI0 TOYKY IPOCTPAHCTBA.
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3.2.5 MHNcnoJjsab30BaHue OTHOCUTEJIbLHOMN
CUCTEMBbI KOOPpAUHAT

Wuorna yaobHee ypaBHEeHUsT OIPAaHUYEHHO KPYTroBoii 3a-
JIaYU 3alUChIBATL B OTHOCUTEJILHON crCTeMe KOOPAUHAT ¢ HAaua-
JioM B Touke M. s mepexojia oT OapuIleHTPpUIeCcKo Bpalaio-
mmieiicst cucreMbl Gryz K OTHOCUTENBHON My TyZz, Bpamaromeiicst
C TOM Ke IIOCTOSTHHOM YIJI0BOi CKOPOCTBIO 1, OCYIIECTBUM IIepe-
HOC HadaJia (CABUT BJIOJIb OCH abCIHCC ) € TIOMOIIBLIO (hOpMYT
peobpa3soBaHuUs:

rT—x1 =2, Y=y, 2z=2. (3.28)

Torga ypasnenus (3.5) u (3.9) neperminyresa B Buje

S = 00 ~
x—Qny:%:nQ(x+$1)+g—ga
S = 00 _ 0
Y+2nT = — =n*y+ —[z, (3.29)
dy Iy
= 0 oU
Z:—~:—~’
0z 0z
WK |
L X~ — U~ mo~
=T — - —LE-1
ToW =T T T%(a: ),
L on o L—p  p
%W =7g(1- -
Y+ 21 y< = r§,>, (3.30)
= fl=p p
()
rjie

=R APRA2, =@ -12+72+22 (3.31)

a MACCOBBIIl ITapaMeTp fi CUNTAETCS M3MEHSIONUMCH B JIUala-
zone 0 < p < 1.

ODTu ypaBHEHHs IO CPaBHEHUIO C YpaBHEHUSIMU B OapuIleH-
TPUYeCKOil cucreMe KoopinHaT Gryz NMEIOT IPENMYIIECTBO, 3a-
KJIIOYaloIeecss B TOM, YTO B3aUMHOE PACCTOSHUS HE 3aBUCAT OT
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Puc. 3.7. 3aBucumocTh MaccoBOro mapameTpa f OT abCIUCChI T Mpsi-
MOJIMHEIHON TOYKM JIMOPAIIUN.

BEJIMYUHBI MAcCOBOro napamerpa j. Murerpan Axkobu coxpansi-

et npexkunit Bu (3.7), a dyuknus {2 npeobpasyercss K BULY

(T — )+ ¥
2

0= +U. (3.32)

Koopmunarer Touek yimbparyuu Ly, Ls n L4, B OTHOCUTEb-
HOIT cucreme MyTyz GyIyT TAKOBBI, 9TO

Ly= (1 \/g 0) , Ls= (1 _£70> R ([L,O,:tOO),

227 27 2
(3.33)
a JIJisl OIIpeJieJIeHnsT KOOP/IMHAT MPAMOJIMHENHBIX TOYEK JTHOpa-
uuu Ly, Lo m L3 nosydaercs ypaBHeHUE
(z—1)=0. (3.34)

Ln
3 3
Ty

Tak kak B dopmyaax (3.31) paccrossHUS T U Ty HE 3aBUCAT
or f, To ypaBuernue (3.34) MOXKHO pa3peruTb OTHOCUTEIBHO [i
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1 3allicCaTb

5 T
l‘ —_— —
3
_ "
Y = (3.35)
re r3

CToJ1b IPOCTYIO 3aBUCUMOCTD HE YJIAETCA MOIYIUTh it Oa-
PHUIEHTPHUYIeCKOil cuctembl Koopaunat Gryz. B stom cmbicie
BBeJIeHUE OTHOCUTEIbHON CUCTEMbI KOOPJMHAT JIaeT Ollpe/iesIeH-
Hble mpenMyIecTa. I Xora KoopnHATH TPAMOJTUHENHBIX TO-
YeK JIMOpaIuu B BUJI€ U3BECTHBIX (DYHKIINI OT [i HE YaeTCs I0-
JIy9UThH U 3/1eCh, HO YIAETCA TOJYIUTHh OOPATHYIO OJHO3HAYHYIO
3aBUCUMOCTH HOPMUPOBAHHON MAaCChI ft KaK (DYHKIIUA OT KOOP-
JIMHATHI TPAMOJINHENHOW TOUKN JimOparun L;. DTa 3aBUCUMOCTD
npuBejieHa Ha puc. 3.7.

Ecim Boconb3oBarbes paB€HCTBaMMU

rn=-—-x, ro=1—2, jgua L;, Te.upu —1<z<0,
ri=x, rTo=1—2, ana Lo, Te.upu 0<T <1,
ri=x, To=—142, anma Ls, Te.upn 1<T <2,

(3.36)
To u3 (3.35) JyIsi onpe/ieieH s KOOPIMHAT MPSIMOJIMHEHBIX TO-
YeK JIMOpaIuy 110 33/ [aHHOMY 3HAYEHHIO MAaCCOBOIO IapaMeTrpa
{4 MOZKHO TIOJIYIUTh YPABHEHUs MATON CTEleHn

P -2+t + (1+2u)3 + (1 — p)z? —2(1 — p)a+

+(1—p) =0, Ly
2 — 2+t + (1+2p)3° — (1 — p)a® +2(1 — p)i—
_<1 - ,LL) =0, Ly
2= (24 p)7" + (1 +20)7° — (1 4+ p)@® +2(1 — p)i—
—(1=p)=0. L
(3.37)

[ToBepxHOCTH HYJIEBOI CKOPOCTH B OTHOCHTEIHHON CHCTEME
KoopjuHaT MiZTyZ MMET TOT »Ke BHJI, HO C y4eTOM IepeHoca
HavaJja Koop/mHaT B Tejio M.
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3.2.6 O cummerpumu 3aaa4u

VpaBHeHHsI JBUKEHHUSI OI'PAHUYEHHON 3241l TPeX TeJl
JOILyCKAIOT CYIIECTBOBAHUE CJICAYIOIINX CUMMETPUYHBIX perle-
HUIA:

TR s R " M) NEN )
—HCXOJIHOE  DEIIIeH.
SL’(t), y(t)v _Z(t)v i(t)v y<t)7 —Z’(t),
—CHMM. OTH. UL T,
w(=t), —y(=t), =(=1), —@(=1),  y(=1),  —=(=1),
—CHMM. OTH. UL ZZ,
(—t), —y(—t), —A(—t), —i(=t), g, A1),
—CHMM. OTH.  OCH Z,
(3.38)
rje apryMent (—t) o3HadaeT JBHKEHHE Tesa B 0OpATHOM Ha-
npasiiennn. CyIecTBOBaHMEe TAKUX PEIIEHNiT JIETKO POBepsieT-
Csl TlyTeM WX TIOJICTAHOBKU B ypaBHEHHUs JBuzKeHus. [Iposepum,
HAIIPUMED, CYIIECTBOBAHNE PEIIeHUs, CHMMETPHIHOTO HCXOJIHO-
My OTHOCHTEJIBHO IJIOCKOCTH TZ. JIJIs 9TOr0 MO/ICTABUM 9TO Pe-
HIeHne B ypaBHEHUs 1BrzKeHus (3.9). YauTsiBas 3HAUCHUS BTO-
PBIX pom3BOIHBIX &(—t), —i(—t) u Z(—t), Torma u3 (3.9) mo-
JIy IaeTCsT:

() =200 = gy
—ij(=t) — 2&(—t) = —%; (3.39)
0
A0 = B

Orcro/ia BIIHO, 9TO, KAK U MCXOJIHOE pPeIleHne, CUMMEeTPUI-
HOE pelleHne yI0BJIeTBOPsAeT YPaBHEHUAM JIBUZKEHUSI.

Ecmu, Kpome TOro, oTHOCHTEIbHAS Macca MMeeT 3HadeHUe
i = 1/2, To nogBisieTcs ele CUMMETPUsi OTHOCHTETHHO TLIOC-
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KOCTH Y2

x(t), y(t), =z(@t), (), y(t), 2(t), —wucxomuoe permr.,
—z(t), y(t), =z(t), —z(t), y(t), —2(t), — cummerpudHOE
OTH. IUL YZ.

(3.40)

Ecimm TpaekTopus nepecekaeT oCb CUMMETPHUU TIOJI, ITPAMBIM
YIJIOM, TO PEIlleHHe CTAHOBUTCS CUMMETPUUIHBIM caMomy cebe.
CBOIICTBO CUMMETPUU PEIEeHUt IMUPOKO UCIIOIL3YIOTCS TPU OTHIC-
KaHUU TTePUOJINIECKNX TPAEKTOPUI, MepPeceKaoNnnX, MIOCKOCTb
T2 TIOJ, TPAMBIM yTJIOM.

3.3 OrpaHndyeHHas JIINNTIYECKAS
3aJa4da TpexX TeJl

Nzyuenne smunTuydeckoil orpaHuYeHHON 3a/1a91 TPEX TeJl
HAYaJI0Ch 3HAYUTE/IHLHO [103/1Hee KPYroBoii. Briepsbie ypaBuenust
JIBUPKEHUsI MAJIOrO TeJia B OIPAHUYEHHON S/INIITHIECKON 3a/1a-
4e BO Bpalllalolleiicd U IIyJIbCUPYIOUIeill cucreMe KOOpAUHAT 110-
gyuam [Taiibaep B 1866 romy. Bosee nosyseka crycrd, B 1918
rojty, ObLna omybsmkoBana pabora Ilerpa m Hexsusa, B Koto-
pOil BbIBEJ/IEHbI YpPaBHEHUS TOH »Ke 3aJiadu, HO JIJId ILJIOCKOTrO
nBrkenusd. Vcnosib3oBanue myIbCUPYIONUX KOOPJIUHAT B 9TO
pabote npeoxkeno Ilerpom, a BBeneHne UCTHHHON aHOMAJIMI
OCHOBHBIX T€JI B KauecTBe He3aBUCUMON Iepementoir — Hexsu-
sgoM. B nasmpreitmem HexBum ciemraa mombITKY 00OOIIIEHNS 9THX
ypPaBHEHMIT HA TPEXMEPHbBIH CjIydail, HO PU BBIBOJIE JIOIYCTUII
omubKy, Koropyio B 1940 rony ncnpasuia Haranba @emoposHa
Peita (mormenT MoCKOBCKOrO yHUBEPCHUTETA).

[Tosromy Ha3bIBaTh ypaBHEHHS JIBUKEHUS SJLIMITHYECKOI
sajaun uMeHeM HexBuia (Kak 9TO OOBIYHO JIEJIAIOT) HEIOCTa-
TOYHO 0O0CHOBaHHO. VX MMeeT CMBIC/T Ha3bIBATH YPABHEHUSIMU
nekennst [amsep’a (o mepBeiM GyKBaM BCEX BBIIIEYTIOMSIHY-
THIX aBTOPOB).
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3.3.1 VYpaBHeHUs JIBUXKEHUS

Bresem nnepruasibHyo IpSMOYTOJbHYIO CHCTEMY KOOp-
jqunat GENC Tak, 9To0bI II0CKOCTh (GET) COBIIAJA C ILIOCKOCTHIO
JIBUKEHU ST OCHOBHBIX (aKTUBHO TpaButupyoniux) rejx My u Ms.
B raxkoii cucreme KoopimHAT ypaBHEHNUsT JBUKEHHUS MAJIOTO Teja
UMEIOT IIPOCTON BUJL

. ou . oUu . OU o fmu | My
§_6§7 n_anv C_a§’ FrH\e U_f<7‘1+7“2).
(3.41)

TpaexkTopus tena My ornocurenbuo My onpesensgercs ypas-
HEHUEM
r=—2> (3.42)
14 ecoswv
rjie p - POKAJIBLHBII TapaMeTp OPOUTHI, € - SKCIEHTPUCUTET, U -
NCTUHHAA aHOMAJINI.
[lepeiiiem K Bpariaolieiicss cucTeMe KOOPIUHAT Géﬁg jate}

dopmynam
€ =¢Ecosv—fsinv, n=~Esinv+icosv, (=C. (3.43)

TOI‘IL& YpaBHEHWA ABU2KEHUS 3allUIITYyTCA B BUIE

= ~ oU
— 201 — D26 — ¥ = —,
§ — 201 — v — U o
ﬁ+2®§—@2f;+i}§:—a({, (3.44)
on
E_@U
oc’

= JE-EP R =\ JE &P iR+

~ mar ~ meoT

2 .
mi + ma mi + ma

(3.45)
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Hainee, cienysa lletpy, cienaeM mepexoji K IyJIbCUPYIOIIEH
cucreme Koopaunar Gryz 1o dopmysram

E=pr, N=py, (=pz, tie p= (3.46)

1+ecosv’

a, cienyda Hexsuiry, BMecTo BpeMeHH ¢ BBeJleM HOBYIO He3aBU-
CUMYIO TIepEMEHHYIO U - HCTUHHYIO aHoMmasunio Ttena My, Torma,
YIUTHIBas, 9TO

r*0=c=/fp(mi+mg), r=pp,

E=(Pu+pr')o, &= (p'z+202 + px")0* + (p'x + pa')ov,
(3.47)

ypaBHeHwUsl JBIzKeHust (3.44) npuBeieM K OKOHIATETbHOMY BHJLY

of) o9 o9

=2 =—, ¢y +22=—, =—, 3.48

4 ox 4 y 0z ( )

rJie MTPUX o3HavYaeT JuddepeHImpoBaine M0 KCTHHHOM aHOMAa-
qun v, () - anasior dyuknun kobu B KPyrosoii 3aade,

1 1-—
Q=p [§(x2+y2—ez2cosv)+p3 (T—I'LLJr%)] . (3.49)

= - 2+ 22, = m) 2,
Ty =—pp, va =p (1l —p), (3.50)
p=my/(my +my), 1—p=mi/(m+my).

OTu ypaBHeHus OyjieM Ha3bIBaTh ypashenuamu Lllannepa.

3.3.2 Touku jubparnun

Orpanudentas JIMITAYECKAs 3a/1a49a, JIOyCKAET CYIIe-
CTBOBAHME CTAIlMOHAPHBLIX perteHuit B koopaunarax [[lamnepa
x = const, y = const, 2z = const. /g ux oTbicKanus 3 ypaBHe-
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Huit (3.48) mostydnm cucteMy ajreGpandecKux ypaBHEHU

L—p 2
z—p——(z+pp) —p’5 (@ +pu—p) =0,
1 T
L—p I
3 3
yl1l—p —p= | =0, 3.51
7“%1 rs (3.51)
—2 (ecosv —|—p3;3u +p3ﬁ3) = 0.
i 3

[TepBbie jBa ypaBHeHUsI B 3TOH CHCTEMe COBIIAJIAIOT C aHa-
JIOTUIHBIMUA yPaBHEHUSIMA B OIPAHUYEHHON KpPYroBOil 3ajade,
[I0O3TOMY MOYKHO Cpa3y YTBEPKJATh, 9YTO OT'PAHUYCHHAS JIIUII-
THUYeCKas 3ajlada JIOMYyCKaeT CyIIeCTBOBAHUE ITPAMOJIMHEHHBIX
Ly, Ly, Ly u Tpeyrosibubix Ly, Ls Touek gubparuu. Koopaunaro
9TUX TOYEK ONIPEJIEAIOTCS TaK Ke, KAK U B KPYTOBOIl 3a/1ade.

Tperne ypasrenue B cucreme (3.51) ommdaercs oT aHATIO-
IUYHOIO ypaBHEHUs B KPYroBOil 3ajadue HAJIUYHEM CJIaracMoro
€COS U, M3-3a UYero IMepecTaloT CYIIeCTBOBATH OECKOHEYHO Ya-
JIEHHBIE TOYKH JIMOPAIUN.

Takum o0OpazoMm, B OrpaHUYEHHON SJITUITUYECKON 3a/atie
TPeX TeJl CYIIECTBYIOT TPU IPAMOJIUHENHbBIE U JIBE TPEYTOJIbHbBIE
TouKkM JinOparuu. HuKakmx JIpyrux cTporux 4acTHBIX PeIeHmit
ypaBHEHUs JIBUKEHUS HE JIOMYCKAIOT.

3.3.3 O 3akoHe coxpaHEHUS dHEPTUU

[TonbITKa OTHICKAHNS B OTPAHMYEHHOMN SJLIMIITHIECKOl 3a-
Jlage TpexX Tel MHTerpaJia, aHaJOrMIHOro HHTerpaty sIkoou, ne
IPUBOJAUT K IIOJIO2KUTEJIbHOMY DPE3YJIbTaTy, TaK KaK d)yHKLH/IH
() 3aBucHT sBHO OT v. JleficTBUTEIbHO, YMHOYXKAsT YPABHEHUS B
cucreme (3.51) coorBercTBenHO Ha ', Yy, 2/, CKiaJbIBas W WH-
TErpupys 0 UCTUHHON aHOMAJUU OCHOBHBIX T€JI U B IPEIe/Iax
OT Vg JI0 ¥, HOJIY UM

VE V2 /00 00 o0
5 - % = / (—xxl + —y + —z') dv, (3.52)
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rine V2 = 2?4y + 22 - "ckopocts” Teqa M B cucTeMe KOOTIMHAT
[ammepa, V2 = (V?),_, .

Boipaxkenue, crosiiee 1oJi 3HAKOM HHTerpaJia, He sBJIsIeT-
ca ostabIM muddepennmaiom rnpu e # 0. [losromy ypaBrenune
(3.52) me Gyjer mepBbIM HHTErpaJjioM. Ero cieayer paccMarpu-
BaTh KaK MHTErPaJbHOE NHBAPUAHTHOE COOTHOIIEHUE.

JlobaBiisisi ¥ BbIYUTAS U3 IMOJABIHTEIPAJIBHON (DYHKITMHM YaCT-
HyI0 TpousBojHyto 0€)/0v, Bbliessst TOJHBINA Juddepenimat
dbyuknuu Q u uaTerpupysi, u3 (3.52) HoJLyIUM JAPYTON BUJL MH-
TerpajibHOr0 MHBAPUAHTHOI'O COOTHOIIEHUS

V2 V2 [ o0
Q=2 Q- [ = dv. .
2 2 0 a0 " (3:53)

Vo

Beramcsisis gacTHy0 nponsBojHyo J€2/0v B SBHOM BHJIE

o0 esinv 1, , o5 3(1—,u u)]
= (@) P T
o (1+ecosv)’ {2( Y ) +p 1 T2
(3.54)
U noJcTasists ee B (3.53), mosryanm
V2 V2 K :
——Q:—O—QO—/%WCZU, (3.55)
2 2 (1+ ecosv)
Vo
riue 0603HaYCHO
2 .2 L2 1_
oSt s <_ﬂ+ﬂ) ' (3.56)
2 Ty T2

Eciin, kpome TOrO, C/ejiaTh 3aMeHy MepeMEeHHO MHTerpu-
POBaHUA, T€PEX0/Is OT MCTUHHON aHOMAJIMU U K BEJIUIUHE ) =
=1/(1+4 ecosv) = r/p, yucaeHHO paBHOIl He3pa3ZMEPHOMY pac-
CTOSTHUIO ME3K/Ly OCHOBHBIME TeJIaMU, TO HHBAPUAHTHOE COOTHO-
menne (3.53) MOKHO 3aIlCATh B BHJIE

V2 %2 .
——Q:——QO—/de. (3.57)
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YT100bI BLIYUCIUTH UHTETPAJI B IIPABOIl YacTU MHTETIPAILHO-
ro coorHomenus (3.57), HeOOXOJAUMO 3HATH SBHbBIE 3aBUCUMOCTH
KOOp/IMHAT X,%, 2 OT UCTUHHON aHoMajuu v. Ecium Takume 3a-
BUCUMOCTH 33/1aTh KAKUM-JTHO0 YaCTHBIM PEIeHuEM ypaBHEHU
nsrzkenus (3.48), To coornomntenue (3.57) cBOANTCS K KBaIpaTy-
pe, KoTopas BBIIIOJTHIETCH TOJIBKO BJIOJIb TPACKTOPUU, COOTBET-
CTBYIOIIEH 9TOMYy YacTHOMY pernienuto. /[jasg japyroro gacTHoro
pellieHnsl MOJIYIUTCA KBaJpaTypa ¢ JPYroil pyHKIMOHAJIBHOM
3aBHUCUMOCTBIO.

Kpome Toro, eciim npeJiioioKuTh, YTO U3BECTHO 0DIIee pe-
meHne ypapHeHuit neuzkenusi (3.48) B Buje ABHBIX (DyHKIHMIL
BPEMEHU U MECTH ITPOU3BOJILHBIX TIOCTOAHHBIX NHTEIPUPOBAHUS,
TO, TOJICTABJISASA ITO PEIIeHne B IMOABIHTErPAIbHYIO (DYHKIIMIO 1
BBITIOJIHAA KBAIPATYPY, HOJTYIUM

—dv =u(v) —u(vy), (3.58)

rje u(v) - BoobIIe TOBOps, HEM3BECTHAA 1IePBOOOpasHast (byHK-
ysl, TaK Kak [ ee OlpejeeHns Tpedyercs 3HaHUe OOIIEero
pelleHnst UCXOAHBIX ypasHenuil. Vcnonbsys (3.58), KBazuunTe-
rpai (3.53) mpejicTaBuM B BUJE

V2
o5 Q+u(v)=h, (3.59)
rae h = VE/2 — Qo+ u(vg).

JBa HepBBIX cJlaraeMbIX B JIEBOH HYaCTH 3TOrO ypaBHEHMS
UMEIOT BUJI, aHaJIOTMYHBINA JIeBOil 4YacTW MHTerpaJa sIkobu B
KPyToBoii 3aa4e. VX cyMMy MHOI/IAa HA3LIBAIOT 2Hep2ueti meaa
M, XOTd ¢ TOYKH 3peHHd MEeXaHUKU OHU TaKOBBIMU HE ABJISIOT-
cs1. OBIIEIPUHATOrO HA3BAHUS JIJIsd STOM CyMMBI HE CYIIECTBYET.
Tperuii wien u(v) oupeienser donosHUMEALHYIO FHEPLUIO TEJIA
M, oTnaBaeMyio WIK IIOJIy9aeMylo UM OT IIEPEMEHHOI'O I'DaBU-
TAIMOHHOI'O 110JI OCHOBHBIX TeJI IIPU UX JIBUKCHUH 110 SJIIAITHU-
geckuM opburam. [IpaBast yacts h ypasaenus (3.59) o dopme
aHAJIOIMYHA JICBOM, HO BBIYUCJIAETCS JIJId HAYaJIbHOIO 3HAUYCHHU
vV = Vp.
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Ypasuenue (3.59) B OrpaHHYEHHON SJITHITHYECKON 3a/a4e
IpeJicTaBjisteT coboit "3akon coxpanenus sueprun’ tena M | Ko-
TOPBIT MOYKHO C(HOPMYTHPOBATD B CJIELYIOIIEM BH/IE.

[osnas sueprus tena M, cocrosimast u3 skobuesoit V2 /2—)
U JIONIOJTHUTEBHON SHeprun 1 (v), eCTh BeJInYnHa TTOCTOSHHAS,
KOTOpast 3aBUCUAT HE TOJHKO OT HAYAJBHOIO 3HAYEHUS ~STKOOMe-
BOIl 9HEpPruu”’, HO M OT BHIOUPAEMON TPAEKTOPHUH (T.€. OT IIECTH
HE3aBUCUMBIX [TPOU3BOJILHBIX TOCTOSHHBIX ). Ha Kax1oil Tpaek-
TOPUU BBITIOJTHAETCST CBOI 3aKOH COXpAHEHWs SHepruu. Beman-
HY h MOYKHO PacCMaTpUBaTh KaK MOCTOSTHHYIO SHEPTUU, WMEO-
YO0 CBOe KOHKPETHOE 3HAYEHNEe Ha KaXKJI0i TPACKTOPHM.

[Ipu e = 0 coornorenue (3.59) mpeBpamaeTcs B MHTEIPAJT
fAkobu. Ho ypasuenne (3.59) Hesb3s cauTaTh IE€PBBIM HHTEIDa-
JIOM YpaBHEHWI JIBUKEeHHUsI, TaK Kak MepBooOpasHast yHKIHsI
u(v) He W3BECTHA.

U3 ycnosus nepuouaaoctu p(v+271) = p(v) ¥ COOTHOIIEHUS

[ 90

0 dv = /de =u(v) —u(vo) (3.60)

Vo PO

caetyer, 9to u(v) - ecTb 2m-TIepuoandeckas QyHKINA UCTHHHOI
anomasmu: u(v + 2m) = u(v). deiicrBurensio:

v42m p(v+2m)
u(v+2m) — u(vy) = / g—vdv— / Wdp =
o) ) ;)Q (3.61)
= /de— /%dv—u(v) —u (vy) .
p0 vg

N3 (3.56) Bugmo, uro dyuKIma W Bcerja MOIOKATEIbHA,
[OTOMY TIepBOOOpa3Hasi u(v) MOHOTOHHO BO3PACTAET IIPH JIBU-
JKEHUH OCHOBHBIX TeJl OT [IEPUIEHTPA K alloleHTpy, u Teso M
[OJIy9aeT JIONOJHUTEIBHYIO SHEPIHIO B IPABUTAIIMOHHOM IIOJIE
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OCHOBHBIX Te€JI. HpI/I JABU2KEHWU OT allOOEHTPa K IIEPUIEHTPY 10-
IIOJIHUTEJ/IbHaA HEPIruAd y6bIBaeT, a Teso M OTHJa€eT SHEPI'UIO OC-
HOBHBIM Te€JIaM. HOQTOMy HJId 7T Z v Z 0 BBINOJIHAIOTCA HEpa-
BEHCTBa

u(m) > u(v) > u(0). (3.62)

B amornenTpe u nepuiienTpe opouT OCHOBHBIX Tes u(v) J10-
CTUTAET CBOEI'0 MAKCUMAJIBHOIO M MUHIMAJIHHOIO 3HAYEHHUN CO-
OTBETCTBEHHO.

U3 (3.59) u (3.62) BUIHO, 9YTO B OMPAHUYEHHOI SJUIHIITHIE-
CKOIl 3a/1ae Tpex Tes skobuesa sueprus V2 /2 — () Takike ABst-
eTcs neproaeckoit gynknueit ¢ nepuogom 27. Ona gocruraer
MaKCHMAJIbHOTO ¥ MUHUMAJIBHOIO 3HAYEHUIT COOTBETCTBEHHO B
[EPUIEHTPE U AIIOIEHTPE OPOUT OCHOBHBIX TEJI, TAK UTO BCEI/Ia
BBIIOJIHAIOTCA HEPABEHCTBA

V2 12 V2

-, <—=-0<—=-0Q

I/le HIDKHWM WHIEKC P COOTBETCTBYET IEPUIIEHTDY, @ - AIIOIEH-
TPy OpPOUT OCHOBHBIX T€JI.

Oyukiusa W nenpepbiBHA B J1I000H 3aMKHYTON 00JIACTH U
orpanmdena cHuzy W > 0, mostomy cymiecTByeT MUHUMYM 3TOMN
dynkmun. HeobxomnmMpre ycioBus CyIecTBOBAHUS SKCTPEMYMa
dyuxmuu W sanuceiBaiorcs B BUJIE

W _ it
or b

p

ow 1l—p
= —yl1- =l =o0
i y‘[ 2 (5 w)] -

ow 1—p

— 1 =9 =1 =0.

k3 { p<r% *)}

DTH yCIOBHs YIOBJIETBOPSIOTCS Ha OKpyKHOCTH & = p(l—

—2u1)/2, y? + 2? = 3p*/4, nosTOMY MUHMMAJbLHOE 3HAUEHHE
Winin dyuknum W pasno:

Wmin = pQM (365)
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Ecnu BBecTn dpyHKIMN

ii; =W — menin =
2 2 2
+y° + 1-— 1—u(l— 3.66
L2 (lop g alop(l—p) (366)
2 T T9 2
B W
u(v) = o min 3.67
u(v) = u(v) 1+ ecosv’ ( )

TO 3aKOH coxpaHeHwusi suepruu (3.59) MOXKHO IIPeJICTABUThL B BU-
ze

‘/2 Lvvmin ‘/2 Lvvmin

@ _Q, 7 =— Q4+ ———+1u =
2 +1—ev—2i_u<ﬂ) 2 +1+ecosv+u<v)
W
— r gz min ~ —h

5 p—|—1+e+u(0) h

(3.68)

3.3.4 IloBepxHOCTU MUHUMAJILHOI SHEPruun

[onaras pg = 1/(1+e) n yuursbiBas, 410 W > 0, MOXKHO
3aMmncarh

1/(1+e) 1/(1—e)

/de< / Wdp < / Wdp=0,  (3.69)

1/(1—e)
oTKya i byHKIMI (V) MOTy9IatoTcst HepABEeHCTBA,

() > wi(v) > @(0) = 0. (3.70)

Ucnonb3yst paBercTBO (3.67), epermiiemM KBa3snMHTErPaJl SHEP-

run (3.59) B BujIE

V2 Wi V2 Wi
Va gla min ~ - 0 _ "Vmin ~ —
2 + 1_€+u(7r) 2 + 1+ecosv+u<v)
V2 W
:—p—Q min ~ )
5 p—|—1+e+u(0)
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YuaursiBas yerosus (3.70), oTciofa mosrydaores 60/1ee CHThb-
Hble HepaBeHCTBa, deM (3.63):

V2 Win V2 Wns % W,

—G—Qa min <——Q min <—p—Q mln.

2 +1—6_2 +1+ecosv_2 p+1+e
(3.72)

Ecm ncnosb3oBaTh HepaBeHCTBO V2 > (), crpaBeiInBoe IS
JIFOOBIX JICHCTBUTE/IbHBIX JIBUKEHUI, TO 13 (3.59) mosryanm 06-
JIACTh BOBMOYKHOCTH JIBUYKEHUS B BHUJIE

u—Q<h (3.73)

Eciu, Kpome Toro, Bocmo/ib3oBaThcs HepaercTBamu (3.70),
TO 06J1aCTh BO3MOXKHOCTH JIBHKEHHA [IOJIyIUM B BUJIE

Wmin ‘/;)2 Wmin

lfecosv — P 2 1+e

(3.74)

['panuity sToit obsiactu OyjieM Ha3BIBATH NOGEPTHOCTIIGIO MU-
HUMAALHOT sHepauy. e ypaBHEHNEe 3aIUIIeTC B BUJIE

F =2 +y? — ez’ cosv+
+2p? Lop + 2y 2Whin = C(1 + e cosv),
Tl T2

rie C = Cp —2Whyin/ (1 +¢),C, =29, — Vp2.

CeMeiicTBO TOBEPXHOCTEH MWHUMAJIbHON SHEPIUU 3aBUCHT
OT TSATH TTapaMeTrpoB: p, (i, e, C' u v. Bequunna C' onpenesnser
suepruto Teja M. QokanabHbIil napaMerp p haKTUIECKH OIpe-
JieJisieT JIMHeHHbI MaciTad mnosepxuocteit. [losTomy, He orpa-
HAYUBasg OOIHOCTH, MOYKHO HPUHATH €ro PaBHBIM €JIUHUIE, a
CeMENCTBO TTOBEPXHOCTEH CUYUTATH 3aBUCAIIUM OT YeThIPEX Ia-
paMeTpoB.

[Ipu 3a/1aHHBIX 3HAYEHUSX TAPAMETPOB P, €, (i, C' 1 v Teso M
He MOXKeT BBIATH 3a mpejesbl mosepxuoctu (3.75). [pu Wiy, =
(0, MOBEPXHOCTU MUHUMAJILHOM SHEPTUU MTEPEXOJIAT B IIOBEPXHO-
CTU HYJIEBOH CKOPOCTU U HYJIECBOH JOIOJHUATEJIBHONU 3HEPruu, a
npu e = 0 (a Takxke npu cosv = 0 u e # 0) npeobpasyror-
Cd4 B IIOBEPXHOCTU HYJIEBOI CKOPOCTH OI'PAHMYCHHON KPYrOBOM
3a/1a49U TPEX TeJl.

(3.75)
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3.3.5 Ocobble TOYKHU TTOBEPXHOCTH
MUHUMAJBbHON SHEPruu

Asrebpanteckne ypaBHEHHSI ISl OIPEIEJICHHS OCOOBIX
TOYEK ceMeiicTBa moBepxHocreil (3.75) Takume »Ke, Kak U I
OLpe/ie/IeHHsT TOYEK JINOPAIN:

L—p 7
z—p——(z+pu) —p’5 (@ +pu—p) =0,
1 T3
L—p I
y|\1-p’—— -1’5 =0, (3.76)
Tll T3
—2 (ecosv + p? 3M +p3ﬂ3) = 0.
r T3

ITosTomy ocobbIMu TOUKaMH HOBepXHOCTEH (3.75) OyayT TOU-
ku jioparun Ly, Lo, Ly u Ly, Ls.

Jpyrux Touek JuOpanyy He CyIIeCTBYeT, HO CYyIIECTBYIOT
npyrue ocobbie Touku. HecMoTpst Ha TO, 9TO TOUKHU JIMOpaluu u
0coObIe TOUKHU OIPEJIEISIIOTCS U3 OJHUX U TeX YKe ypaBHeHuit, 00-
Iee 9rC/Io TAKUX TOYEK pa3jindHo. HecoBnajenue dnciia To9eK
JIMOPAIUU U OCOOBIX TOYEK OObICHIETCS TE€M, UYTO MOBEPXHOCTH
MUHUMAJIBHOI SHEPTUU CTPOATCHA OTJIEIBHO I KaXKJI0T0 3HAYe-
HUsl ICTUHHON AHOMAJINHN U, T.€. BeJINYMHA U B ypaBHeHUsX (3.76)
[IPU OIPEJICJICHIN KOOPJIMHAT OCOOBIX TOYEK CUUTAETCS ITOCTO-
STHHOM. A TIpU ONpeJie/IeHNN JIaCTHBIX CTAIMOHAPHBIX PerTeHnit
ypaBHeHUi JBIKeHust (TOYeK Jubparui) MCTHHHAS aHOMAJIHSI
ABJIACTCA ITEPEMEHHON BEJTMINHOMN.

[TosTomy ocobbiMu TOUKAMU OyJIyT HE TOJIBKO TOYKHU JIUO-
paryu, HO TakxKe U perieHus ypasrenuii (3.76) mpu z # 0 u
v = const. /lyja ux orbickanus coorHomenue p>(1 — p)/ri+
+p3u/r3 = —ecosv, NOMyUEHHOE U3 TPEThero ypaBHEHHs CH-
crembl (3.76), mojicTaBUM BO BTOpPOE, KOTOPOE 3allUINeTcsi B BU-
e y(1+ecosv) = 0, orkyna moayaum y = 0. D10 o3HAUAET,
YTO UCKOMBbIE TOYKU PACIOJIAraiOTCd B IJIOCKOCTU T2 U JIJI WX
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ompeJiesIeHnsl TOIyJaeTcsl CUCTeMa JIBYX ypaBHEHUIt

1 1
x(1+ecosv) —piu(l—p) o =0,
1 2 3.77
sl —p 3K ( )
ecosv +p —— +p — =0.
1 3

W3 BTOpOTrO ypaBHEHNS 3TOI CHCTEMBI BUJIHO, YTO IIPH COS U >
> () 1eficTBUTEIbHBIX PENIEeHUil He CyIIecTByeT. Takue penienus
MOT'YT cymiecTBoBaTh TobKO npu cosv < (. Tak kak 2z BXo-
JquT B ypaBHenus (3.77) TOJBKO MO 3HAKOM KBaJpaTa, TO 9TU
pelenusi JJOJKHBI CYIIEeCTBOBATH CUMMETPUIHBIMEI OTHOCUTE b~
HO ocn r mapamu. Takne pemenus Oyjem Ha3bIBATH KOMNAG-
HAPHBLMU 0COOBLMU ToYKamu, 1 obosHadarb Lg = (xg, 0, 26) u
L; = (27,0, 2z7) , tie x7 = xg, 27 = —2¢. llpu v = 7/2 KOM-
IJIAHAPHBIMU OCOOBIMU TOYKaMU OYIyT OECKOHETHO y/asleHHbIe
roukn Jmbparu Lo, = (0, 0, £00), u3BecTHbIe JJisi KPyTO-
BOit 3aaqan. Ypasuenus (3.77) HMEIOT TakKe OUEBHIHOEC Tpe-
yroJIbHOE perienue 11 = ro = 1 npu cosv = —1 u e = 1. [Ipn
e — (0 KoMILIaHApHBIE O0COObIE TOUKU CTPEMATCH K OECKOHETHO
yJIaJIeHHBbIM TOYKaM JimOpaiuu. B ocTajbHBIX caydasax KOOp/iu-
HATBhI KOMIIJIAHAPHBIX OCOOBIX TOYEK MOXKHO OIIPE/IETUTH TOJTBKO
9UCJIEHHO, YTO IIpeJICTaBJIeHO Ha puc. 3.8.

OcobbIMU TOUKAME TTOBEPXHOCTEH MUHUMAJIBLHOM SHEPTUH 5B~
JitoTed Takzke To9Ku My u Ms, B KOTOPBIX PACIOJIaraloTcs oc-
HOBHBIE TeJIa.

3.3.6 IlocTpoenue moBepxHOCTEI
MUAHUMAJBbHON SHEPruu

OCHOBHBIM TTApaMeTpPOM ceMeiicTBa moBepxHoCcTel (3.75)
sBJisieTcs nocrostiias flkobu C. Ho jyist pukcupoBaHHBIX 3HA-
aennii C, e u p paBeHcTBO (3.75), B CBOIO OU€pe/ib, OLPEIE/IseT
erie OJIHO ceMeicTBO moBepxHOCTell ¢ mapamerpom v. To ecTb,
B TO BpeMd KaK JIJId prFOBOI'?I 3aJa491 IIpU IIOCTOAHHBIX 3Ha4e-
nugx C' u p CymiecTByeT eJMHCTBEHHAs! MOBEPXHOCTH HYJIEBOM
CKODPOCTH, JIJIsl JUIMIITUYECKOH 341891 1IPU MOCTOSHHBIX 3HA-
genngx C, e ¥ @ CyIIeCTBYeT IeJI0e CeMEeHCTBO IIOBEPXHOCTENl
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1.5

1 -
0.866

Puc. 3.8. Koopaunarsr koMiianapubix ocoObix Touek Lg. Ecim uz-
MEHUTH 3HAK Z HA OTPUIATEJbHBINA, TO MTOJIYyIUM KOOPIHHATHI OCOOBIX
Touek Lr.

MUHUMAILHON sHeprun. [loBepxnoctu 3Toro cemeiicTsa ¢ yBe-
mrdenreM v ot (0 10 T HempepbiBHO MeHstoTcst (cM. puc. 3.9 u
3.10), 3amo/Hsist IPOCTPAHCTBO MEXKJLy JIByX IIOBEPXHOCTENl, CO-
OTBETCTBYIOIINX JIBYM 3HAUEHUAM UCTUHHON aHOMasuu v = 0 u
v =T

1—
Fo=a*+9y* —e? +2p° (—u—i—ﬂ) —2Whin=C(1+¢),

™ L)
g v = 0,
(3.78)
1 —
Fﬁzx2+y2+622+2p3 (—u—i—ﬂ) —2Whin =C (1 —e),
™ T2
I U = TT.
(3.79)

[Ipu nasbHeiineM yBeJu4deHun v oT v = 7 Jio v = 27 dop-
Ma TIOBEPXHOCTE N3MEHsIeTCsT B 0OpATHOM HalpaBaeHuu. A mpn
¥ — 00 MOBEPXHOCTU MUHUMAJIbHON sHepruu (3.75) npejcraniis-
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_0.5_-
“1.04]

-1.5

Puc. 3.9. Ceuenne II0CKOCTBIO XY CEMEHCTBA IOBEPXHOCTENH MWHMW-

MajbHO# sHeprum st 4 = 0.3, e = 0.25 u C = 1. Bee cemeiicTBO

n300pakKeHoO MMOBEPXHOCTAMU JIjIsi 3HAYEHUN MCTUHHON AHOMAJIUH U
or v =0 10 v =7 ¢ marom 15°.

Puc. 3.10. Cedenne 1mIOCKOCTBIO T2 ceMEHCTBa TOBEPXHOCTEN MUHM-
MaJIbHOIT sneprun g y = 0.3, e =0.25 u C' = 1.
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0T cO0OI MYJIbCUPYIONIIE TOBEPXHOCTH, 3aKIIOUEHHBIE MEXKTLY
aByx nosepxuocreii (3.78) u (3.79). Ilepuox mynbcanuu coBra-
JIaeT C MEePUOJIOM OOpAIleHnsl OCHOBHBIX TeJI.

[IpocrpancrBo Mex ity mnoepxuoctamu Fy u F) yBenmuduBa-
eTCsI C YBeJIMIeHNeM KCIIEHTPHUCHTETA e, a Tpu e — (), Hao0opoT,
CTATUBAETCS K COOTBETCTBYIOIIEN TOBEPXHOCTH HYJIEBOW CKOPO-
CTH.

s mnockoit 3atadu, 1. e. npu 2 = (), ypaBHEHUS KPUBBIX
MUHUMAJILHOI SHEPIUH ITOJTHOCTHIO COBITAJIAIOT C AHAJIOTTIHBIMEI
yPaBHEHUSIMH KPUBBIX HYJIEBOI CKOPOCTH KPYTOBOI 33,1891, BbI-
YUCJIEHHBIME JJTs cooTBeTcTBYIoNnuX 3uadenuii C'. [losTomy ce-
qeHNs TTOBEPXHOCTEN MUHUMAJIBHONU SHEPTUN TIJIOCKOCTHIO 2 = ()
Oy/yT TOYHO COBIAJIATH C COOTBETCTBYIOMIMM 00Pa30M BhIOpAH-
HBIMH CEYE€HUSIMU TTOBEPXHOCTEN HYJIEBOI CKOPOCTH.

Ceuenns TOBEPXHOCTENH MUHUMAJIHLHON SHEPIUU ILIOCKOCTHIO
y = 0 oTyImIaroTcsa OT aHAJIOTUIHBIX CeYeHU TOBEPXHOCTEN HYy-
JIEBOI CKOPOCTH, IPUYEM OTJIUYUS TeM CHJIbHee, UeM OOJIbIIe
3HAYEHUS MPUHUMAET 2.

Ha ouenn Gosbninx yianeHusax OT Hadaa KOODJIUHAT IIPU
ouenb Gosbiux C' ypaBaerue (3.75) MOXKHO 3aIICATH B BHJIE

rje € — Majag peqmanHa. OTCIoaa BUIHO, 9TO HA OOJIBITNX yiIa-
JIEHUSAX 9Ta MOBEPXHOCTH ¢ U3MEHEHUEM U ITPEoOPa3yeTcs OT Bbi-
TSHYTOIO JUIMIICOUA BpalneHus (npu cosv > 0) 110 ojHOIO-
JIOCTHOTO rurepbosionia ¢ ocbio z (mpu cosv < (), npuHUMAs
(pu cos v = 0) BuL GECKOHETHO OOJIBIIIOTO KPYTOBOIO MUJINH DA,
C OChIO 2.

[Ipocieum 3a M3MEHEHUEM IMOBEPXHOCTEH MHHUMAJIbHOMI
SHEPIUU B IIPOIECCe MOHOTOHHOI'O yMEHbIIeHus MocTogHHOoi O
HadnHas ¢ OeCKOHEYHO O0JIbINX 3HaUeHnit. Jjist oueHb OOIbIITNX
sHadennit C' MOBEPXHOCTH MUHUMAJIBHON SHEPIUH IYJIHCUPYIOT
60 MeK Ty SJunconsioM (3.79) 1 0HOIOJIOCTHBIM TUIIEPOOIIO-
uyoM (3.78), b0 MekK Ty JBYX MOBEpXHOCTEl, Om3KuX K ce-
pam, BOKpyT Tesa M

20—p)/r+e=C2+e), 2(1—p)/ri+e=C(1—e) (3.81)
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nn BOKPYT Tesa Mo
2ufro+e=C(1+e), 2u/ro+e=0C(1—e). (3.82)

Pasmepsl 3THX mOBEpXHOCTE TAKOBBI, UTO SJLIUIICONT BCETIA,
pPAaCIOJIOXKEH BHYTpPH rurepbosionia, a cdepbl, COOTBETCTBYIO-
e 3HadeHussM v=0, Ha0b0POT, JiexKaT BHYTpHU chep st v=r.
s npyrux suadenunit v€(0, 77) MOy IUM HEKOTOPBIE TPOMEKY-
TOYHBIE IIOBEPXHOCTH. B 3aBHCHMOCTH OT HAYAJIHLHOIO IIOJIOZKE-
Hus Teaa M ob1acT BOSMOXKHOCTH JBUXKEHUN HAXOMATCS JIU-
60 BHYTPH YKA3aHHBIX IIYJIbCUPYIONX chep (CIyTHUKOBBINA TUII
JIBUYKEHUs ), JInbO BHE TOBEPXHOCTH, IIyJILCUPYIOMIE MEK Ly 9JI-
JINTICOUJIOM U THIEPOOJIOUIOM.

C ymenbineruem C' pa3zmMepsl chep YBETUIUBAIOTCS, & JITUI-
conjia U TUNepodbOosIoOnIa yMeHbInaTcesa. But obacteil nckazka-
eTCsl, HO KadeCTBEHHAsI KapTHHA COXPAHSIETCS JI0 IepecevdeHus
[oBepxHOCTel B TOUKe Lo 1Ipu

C = (Cy — 2Waain) /(1 — e). (3.83)

Hanbueitmee ymenbienne C' TPUBOIUT K MOsIBJIEHUIO 0OJ1a-
creil Tuma "raHTe/ N, OXBATHIBAIOIIIX 00a OCHOBHBIX Tesa. OHu
MOSIBJISIFOTCST CHAYAJIA JIJIs HCTHHHON aHOMAJIUU BOJIM3U allOIeH-
Tpa opOuTHl OCHOBHBIX TeJl. [Ipu mocemyromem ymenbinennn C
00J1aCTH OXBATBIBAIOT BCe OOJIBbINNE 3HAYCHUS NCTUHHON aHOMa-
JIN.

XapakTep JBUKEHUI 11pu jrasbHedinemM ymerbiinenuu C' Cuib-
HO 3aBUCHUT OT JKCIIEHTPUCUTETA OPOUT OCHOBHBIX TeJs. Ecim
SKCIIEHTPUCUTET MaJl, TO BUIOM3MEHEHHUsI TIOBEPXHOCTEN MITHU-
MaJTLHO SHEPTUH KaTeCTBEHHO TOBTOPSAIOT U3BECTHBIE JJI KPY-
rOBO¥ 3a/la41 U3MEHEHHs TOBEPXHOCTEN HyJIeBoi ckopoctu. Ho
[MOBEPXHOCTH MUHUMAJIbHOM SHEpruu it v=7 u jajid v=0 mo-
I'YT PacIoiaraTbCs B 00JIaCTAX JINOO OJIMHAKOBBIX, JIMOO pa3/Ind-
HBIX (CMEXKHBIX) TomoJorndeckux tunos. Tak npu C(1 —e) <
< Cy — 2Whin < C(1 + €) moBepxHOCTH MUHUMAJBHON SHEP-
TUU TPECTABIAIOT COOOH MyIbCUPYIONIAE MTOBEPXHOCTH, KOTO-
pble [T 3HAYeHN T HCTUHHON aHOMAaJ MU OCHOBHBIX TeJI B OKPECT-
HOCTH HEPUIEHTPA PACIIOIAraloTcs B 00JIACTH CIIy THUKOBOTO TH-
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I1a, JIBUZKEHUs, & B OKPECTHOCTH AIONEHTPa B 00/IACTH TUIIA TaH-
ey’

[Ipu mocnenytomem ymenbinerauun C, xkorga C3 — 2W, <
<C(l—-e)<C(l+e) < Cy— 2Wpin, BCE MyJIbCUPYIOIINE O~
BEPXHOCTH OKa3biBatorTcss BHyTpu ‘ranrein’. Tns C(1 —e) <
< O3 — 2Whin < C(1 + €) aBuKeHust Tejia MaJioil MAcChl B
OKPECTHOCTU OCHOBHBIX T€JT IIPU PACIIOJIOKEHUN UX BOJIU3H AIl0-
[EHTPa CTAHOBATCS HeOorpaHwdeHHbIMU. Ho BO/M3M mepurieHTpa
JIBIZKEHUsI OcTatoTcs orpanmdenubivu. [Tpu yemosun C(1—e) <
< C1 —2Whin < C(1+ ) cedenue myabCUPYIONIEii MOBEPXHOCTH
[JIOCKOCTBIO XY MU3MEHSIeTCs OT THUIa 'TOIKOBBI (BOIM3U mepu-
HeHTpa) 0 Tuna ‘ronoBactuka’ (BOJM3M amoreHTpa). A mpu
yeaosun C(1 —e) < Cy5 — 2Whin < C(1 + €) m3menenue mo-
BEPXHOCTEN TTPOUCXOINT COOTBETCTBEHHO OT YIIOMSIHYTOTO THUIIA
"roJIoBacTUKa” JI0 "3aHaBeceil’, He ePeceKaronux MI0CKOCTh LY.
[Ipu 3TOM JijIsi OTPUTIATE/IBHBIX 3HAYCHHIT COSU BMECTO OECKO-
HEYHBIX 3aHaBeceil’” MOSBJIAIOTCS HEKOTOPbIE OBAJIbI, KOTOPhIE
c yMmenblenneM C' CTATIBAIOTCA K 0COOBbIM TOuKaM Lg 7. Ilpn
C(l—e) < Cor—2Wpin < C(1 + €) apuxkenus BOIM3N aro-
nenrpa mndeM e orpanndensl. [Ipu C(1 —e) < Cg7 — 2Wiyin
u C(1+e) > Csr — 2Wiyin TAKOBLIME CTAHOBSITCS BCE J[BHIKE-
HUSI MAJIOTO TeJia, JIJIsk 3HAYEeHUI UCTUHHON aHOMAJINU OCHOBHBIX
renn v € (7/2,m]. Hust v < 7/2 ocraiores 0b6acTu HEJOCTYII-
HOCTH, OT'PaHUYEHHbIE '3aHaBeCAMU , aHAJOTMIHBIMU TAKOBBIM
B KPyroBoil 3aja4e.

[Tynbcupyromnue MOBEPXHOCTH MUHUMAJILHON SHEPIUH J1JIst
v<m /2 npoposzKaoT cymecrsoBarh it C'<0 10 C— — 00, Ko-
I71a BCE MMOBEPXHOCTU CTATUBAIOTCS K OECKOHEYHO VIaJeHHOMY
JIBYTIOJIOCTHOMY THUITEPOOJION/TY.

[ToBesienne moBepXHOCTEH MUHUMAJIBHOW SHEPIUU JJI J0-
CTATOYHO OOJIBINMNX 3HAYEHWI SKCIEHTPUCUTETA MOYKET OTJIN-
9aThCsI OT BBIMIEONMCAHHOTO. [Ipn n3MeneHnn NCTUHHON aHOMA~
JINU TyJIbCUPYIOIINE TTOBEPXHOCTH MOTYT OXBATHIBATH HE OJIHY
TOYKY JIHOpAI, Kak ObLIO PACCMOTPEHO BBIIE, a JiBe u GoJiee
TAKUX TOYEK.

Bce mzioxkennble BbINIE pe3y/IbTATHI TOJTYyYIEHBI BO BpaIla-
fomieiicss u myabcupyorieit cucreme kKoopaunat Ilamaepa xyz.
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-
-1.5  -1.0 -05 0.0 0.5 1.0 1.5
X

Puc. 3.11. Ceuenne miockoctbio XY MOBEPXHOCTEN MUHUMAJIBHOM
sueprun misg g = 0.3, e=025u C =1

T
-1.0  -0.5 0.0 0.5 1.0 1.5
X

Puc. 3.12. Ceuenne mirockocTbio X Z IOBEPXHOCTENl MUHUMAJIBLHOM
sneprun i p = 0.3, e=025u C = 1.
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s mepexosia K HelysibcupyIomieit (HO BPAIAOIIEHcsI) CrcTeMe

koopaunar XY Z, cieayer BOCIOJIb30BaTLCA (pOpMy/IaMu Iepe-
X0/

X=px, Y=py, Z=pz (3.84)

VYpaBHeHHe [TOBePXHOCTEl MUHIMAJIbHON SHEPTIUN B CUCTEME

koopauHaT XY Z 3anmiinercss B BUje

(X% +Y?—eZ%cosv)(1 + ecosv)+
2 1—p 2Whnin (3.85)
Ky _lmin o
+(1+ecosv)2< Ry +R2) 1+ecosv

rie

2
Ry = <X+L) +Y2+ 272
1+ ecosv

(3.86)

(e i)
Ry = X+—| +Y2+ 22
1+ ecoswv

Ha puc. 3.9 u 3.10 npescraBienbl cedeHnss KOOPINHATHBIMI
IUIOCKOCTSIMH TTOBEPXHOCTEHl MUHUMAJILHOW SHEPTUU JJIS [I =
0.3, e=0.2u C =1 B myJbCUPYIONNX BPAIIAIOIINXCSA KOOP, N~
Harax ryz, a Ha puc. 3.11 u 3.12 3Tu ke MOBEPXHOCTH H300pa-
JKEHBbI B HEIyJIbCUPYIoIieil cucreme Koopjunat XY Z.

[Iporecc mocTpoeHns MOBEPXHOCTEH MUHUMAJILHON SHEPTUU
[IOKA3bIBAET, YTO UMEETCS OIPEJIeJIEHHOE CXOJCTBO UX C IIOBEPX-
HOCTAMU HYJIEBOI CKOPOCTH B OI'DAHMYEHHOI KPYTOBOI 3a/1a4e
Tpex Teyn. Ho, BMecTe ¢ TeMm, MMEIOTCS HPUHIUAIHAILHBIE OT-
JITYHS, OOYCJIOBJIEHHBIE IYJILCAITME TTOBEPXHOCTENH MHHUMAJIb-
HOIl SHEPTHUH, HAJTMIUEM KOMILJIAHAPHBIX OCOOBIX TOYEK, & TaK¥Ke
CYIIIeCTBOBAaHUEM T'DAHUYHBIX MOBEPXHOCTEN JIJIsT CKOJIb YTOHO
OOJIBIINX [TOJIOYKUTE/IHHBIX SHEPIUL.

3.3.7 HekoTopbie acCTPOHOMUYIECKNE
NPUJIOYKEHNS MOBEPXHOCTEMN
MUAHUMAJBbHON SHEPruu

[TorsaTne ycroiramBocTH 10 XWUJLTLY OCTA€TCS CIIPABE/ JIN-
BBIM M JIf JUIMIITHYECKOH 3ajaun. Kpurepnit ycroitunBoctn
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o XWLy JJjis JBUKEHHI CIyTHHKOBOI'O THIa BOJIM3U OJIHOTO
U3 OCHOBHBIX T€JI MOYKHO IIOJIYIUTH U3 (3.83) B BHIE

C(2 -2 Wmin

C >
1—e¢

(3.87)

Torma st J00BIX 3HAYEHUN v OY/IET BBIMOJHATHCA HEpa-
BercTBo C(1 + ecosv) > Cy — 2W,. Ecim xe C(1 +e) >
> Cy — 2Whin > C(1 — €), To jBUMkKeHHs CIIyTHHKOBOI'O THIIA
Oy/LyT HEyCTONYIUBEI 110 XUJLLY, XOTS JIJIsI 3HAYCHUNH U B OKPECT-
HOCTHU TIEPUICHTPA €IT[e TTPOUCXOIAT JBUKEHUS YCTONIHBOIO 110
Xuny xapakrepa. [Ipu C(1 + e) < Cy — 2W i, umeer mecTo
6e3yc/I0BHAS HEYCTONINBOCTD JIBUKEHU CIIYyTHHKOBOI'O THUIIA.

YeroitanBocTh 110 XUJLTYy CPABHUTEIBHO CJIab0 3aBUCUT OT
MaCCOBOTO ITapaMeTpa i, B TO BPeMs KaK 3aBUCHMOCTD OT IKC-
IEHTPUCHTETa BecbMa cuiibHas. C yBeIndenueM e 006J1acT yCTodi-
YUBOCTH yMeHbIaTcsA. [Ipu e—1 jo0ble JIBUKEHUsT CITY THHKO-
BOT'O THIIA CTAHOBSITCS HEYCTONIMBBIME 110 XUJLTY.

AnajiornaabiM 00pa3oM MOYKHO PACCMOTPETH YCTONIHUBOCTD
1o XWJLTy JIBUKEHUI BHYTPHU "TaHTe M, OXBATBIBAIOIIE 06a 0c-
HOBHBIX Tejia. Kpurepuem ycToiiauBocTr 10 XUJLIY JIJIsi TAKAX
JIBU2KEHUI SIBJISIETCS BBIIOJTHEHNE HEPABEHCTBA,

C%) -2 Wmin

C >
1—e¢

(3.88)

B pamkax orpanmdennoit kpyrosoii 3ajaqn Cosraiie-3eMiis-
Jlyna /. Xwust ycranoBui, 94To JBuzKenne JIyHbl OTHOCHTETEHO
3eMJIl yCTOWYMBO, TaK KaK BBINOJIHAETCS HepaBeHcTBO C' =
= 3.25440 > C5 = 3.0009264.

[TomydenHble BBIIE Pe3yJIbTaTHl JAIOT BO3MOYKHOCTH IIPOBE-
PUTH BBIIOJTHEHUE YCJIOBUS YCTOWYUBOCTH O XWUJIY C yIeTOM
SJUTUITUIHOCTH OpouThl 3emiiun. s 3Toro HeobxXo Mo IpoBe-
puTh BbINOHeHNe HepasencTBa (3.88), rine Cy = 3.0009264 —
3HaYCHUE TOCTOsTHHON fKo6u B TOUKe JmOpaiuu Ls (9T0 3HA-
YeHue COBIA/IACT C aHAJIOIMYHON BEJIMYMHON JJId KPYI'OBOM 3a-
ngaan). [lpuanmas SKCIeHTprCHTeT OPOUTHI 3€MJIN PABHBIM € =
= 0.01675104, a oTHOIIEHNE CyMMBI Macc 3emuin u JIyHBI K Mac-
ce Cosuna pasabiv 1:328906, noayanm C(1 — e) + 2Wii,
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= 3.23284 > 3.0009264. CienoBarenbHO, B paMKaX SJIIAITATE-
CKOil 3aj1a4u reorieHTpudecKas opoburta JIyHbr ocraercs ycroitun-
Boit o Xwmuty. Eciin 661 axciieaTpucuTer opouThl 3eMiin ObLI B
[ATh pas3 OoJIbIle, TO JABUKeHWUE JIYHBI OBLIO ObI HEYCTONIMBBIM
o XuJuty.

Jlpyrum nmpuioKeHneM siBISeTCsl BO3MOYKHOCTD UCTIO/Ib30Ba~
Hust Kpurepus Tuccepana Jijisi OTOXKJIECTBJICHUS MaJIbIX TeJl B
cucreme Costane—FOnurep ¢ yaerom jsrkenus FOnurepa 1o 3.1-
JirnTuydeckoit opoure. Eciau obo3HaunTs depes vy, )y u V) 3Ha-
JeHus ucTuHHOI aHoMasmu FOmurepa, dyuknun () u ckopocTn
V' maJjioro Teja mpu ero mepBoM HAOJIIOJIEHUN, a depe3 Vo, (o U
V- ipu BTOPOM, TO MOXKHO 3aITMCaTh HEPABEHCTBO

V2 Wmin V2 Wmin
_1_914_7__2‘1‘92 = 0’

3.89
2 1+ecosv; 2 ( )

_1+ecosv2 <0,

riae BerHI/Iﬁ SHaK HEPaBEHCTBaA BbLIIIOJIHACTCA IIpU YCJIOBUU
COSVp > COSVy, a HUXKHUI - Ipu cosv; < COSVy. BBOmd cran-
JIapTHBIE 0003HAYEHUS JIJIsI OCKYJIUPYIOIIUX 3JIEMEHTOB OPOUTHI
MaJIoro TeJjia P IEPBOM B BTOPOM HaOJIIOJIEHUSIX COOTBETCTBEH-
HO a1, P1,%1 4 g, P2, to, STU HEPABEHCTBA 3aITUIIIEM B BUJE

1 2VVmin
— —2¢/p1costy — ——m—
a1 1+ ecosv; (3.90)
1 9 . 2VVmin > 0; '
—— —2y/pycosiy — ———
a2 b2 > 1+ecos Vg < 0.

Orcrona Busno, uro Kpurepuit Tuccepana s s/uIunTHde-
CKOHl OIpaHMYCHHON 33/1a4U TPEeX TeJl IIPeACTaB/IAeTCA HepaBeH-
CTBOM (BMECTO PABEHCTBA B KPYTOBOIl 3a/a4e).

[IpejcraBiger nuHTEPEC TPUJIOZKEHUE TIOJTYIEHHBIX PE3YJIbTa-
TOB K HCCJIEJIOBAHUIO TECHBIX JIBOMHBLIX 3Be3/. llpu msydenun
3BOJIOIUU TECHBIX JBOMHBIX 3BE3/IHBIX CUCTEM IIMPOKO UCIIOJIb-
gyerca Mojiesib Porta. Qurypbl paBHOBecUs U pa3Mepbl 3Be3]]
[IPEJICTABIAIOTC SKBUIIOTEHITHAILHBIMU TOBEPXHOCTAME chepu-
YeCKOW U T'PYIIEBUIHON (POPMBI.

OOBIYHO JIsT O0'bSICHEHUSI TIEPETEKAHNsT MacChl PACCMaTPHU-
BaIOTCS IMOJIOCTH TaHTEJEeBUIHON U rpytieBuaHol (dopmbl. [le-
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pereKaHue BEeIecTBa CIUTACTCS ITPOUCKOJIAIIIM Yepe3 TOPJIOBU-
Hny BOM3uM BHyTpenneit Touku Jlarpamxa Lo ranrteneodpas3Hoit
nosioctu Pormma ot 3Be3jpl-ruranTa Ko BTOPOil 3Be3/1e, BO3MOK-
HO, peasituBucTcKoit. [locrpoenne mosocreit Porra iponssBoant-
C4 IIPU IIOMOIIHU IIOBEPXHOCTEN! HyJIeBOI CKOPOCTU OI'PAHUYICHHOMN
KPYTOBO#l 3aJladul TpeX TeJI, T.e. B IPEJIIOJIOKEHUH, UTO JIBU-
JKEHUsT KOMIIOHEHT JIBOWHOMN 3BE3/IbI IIPOUCXOJIAT 110 KPYTOBBIM
opburam. st sjummnTudeckux opOUT, a TAKOBBIMU SIBJIAIOTCH
GOJIBIIIMHCTBO OPOUT 3Be31 (11151 HEKOTOPBIX JIBOHBIX 3BE3/] IKC-
HeHTpucuTeT JocTuraeT 3Hadenuii 0.8 u 6osiee), MOJIENIb OrPaH-
YEeHHON KPYTOBOIi 3a/la4u, CTPOTO TOBOPS, BOODIIE He PUMEHU-
Ma, HO, TeM He MeHee, €€ UCIOIb3YIOT BBUJLY OTCYTCTBUS JIPYTOii
6oJiee npueMJIeMoil HeDECHO-MEeXaHUIeCKON MOJIeIH.

st syminrudeckoit 3aiaun (B OTJIMYUE OT MOJIETH KPY-
rOBOIi 3a/1aun) Heperekanue OygeT JMOO IPEPBIBUCTBIM, JHOO
HEIPEPbIBHbIM (IIpU HEGOJIBINX 3HAYEHUAX SKCIEHTPHCUTETA),
HO C TEPUOJIMYECKU U3MEHAoIIelicss mHTeHCuBHOCTRIO. [lyiben-
pyIOIuil XapakTep IepeTeKaHnsl BeleCTBa YBEePeHHO HabJII0/1a-
€TCsl BO MHOTUX TECHBIX JBONHBIX 3BE3/IHBIX cCUCTeMbI. Vcroms-
30BaHUE MTOBEPXHOCTEHl MUHUMAJILHOW SHEPTUU B OIPAHUYEHHOI
SJIMIITUYECKO 3a/1ade TPEX TeJI JIAeT BO3MOXKHOCTb T€OpEeTUYe-
CKOr'0 OObSICHEHUS 9TOTO SIBJICHUS.



I's1aBa 4

OBIIIA S 3AJTAUA
TPEX TEJI

B Tevenun mocsieHIX TPEXCOT JIeT 3a/iada TPeX TeJl UrpaJia
BayKHYIO POJIb B Pa3BUTHH MATEMaTHIECKOI'O €CTEeCTBO3HAHMUS.
Eit Tounble HAayKu 00si3aHBI MHOMUME 3(MDMEKTUBHBIMU METO/Ia~
Mu ucciaegosanus. Ul 1o ceit jienb 3ajiatua TPeX TeJl HAXOJUTCS
Ha [epeHeM Kpae HaydHOTO Mporpecca. bjaromaps MaTeMaTu-
YeCcKoil mpocToTe (POPMYJIUPOBKU 3aJa4U, OHA CJIYKHUT TIPOO-
HBIM KaMHeM’ JIJIsT BCeX HOBBIX METOJIOB MCCJIeOBAHUS JBUKe-
Huit HeOECHBIX TeJI U, B YaCTHOCTH, Ij1aneT COJIHEYHOM CUCTEMBI.
B npejiaraemoii riiaBe Takum “IpoOHBIM KaMHEM sIBJISTIOTCS T10-
BEPXHOCTU 3YHJ/IMAHA, KOTOPbIE paHee HUKEM He U3Y4aJjIuCh.

4.1 YpaBHeHUd JBUKEHUS
1 CTPOrue 4YacTHbIE pelleHusd

Ecim maccewt Tesr My, My, M3 0603HAYUTD COOTBETCTBEHHO
gepes3 mq, My, Mz, TO ypaBaerusi (2.20) MO3BOJISAT 3amucarh 6a-
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PULEHTPUYIECCKUE YPAaBHECHUA 3aJa91 TPpEX TEJ B BUIEC

i _fmlmzﬁ fmims
mis1 = —3 T2 — —3 731,
12 T'31
N _mem?H fmaomy 41
M8y = ——35 T3 — — 5 T2, (4.1)
23 1o
) _fm:smlﬁ fmams
m3s3 = 3 I'31 — 3 123,
T
31 23
e 1o = —To1 = Sg — 81, T3 = —T32 = 83 — 82, I'31 = —T'13 =

§1 — §3.
C HOMOIIBIO COOTHOIIEHUIT

Tij = 85 = Siy Tig = S5 = Siy Tij = S5 = Sis

(6,j =1,2,3, i # )

ypaBrenus (4.1) MOXKHO peoGpasoBaTh B ypaBHEHHUs] OTHOCH-
TeJILHOIO JIBMZKeHus BH/Ia (2.66):

(4.2)

5 f(ma+ma) JSms Jms

T2 = — 3 T2 + —3— T3 + —3—T31,
T2 Ta3 3

-, f(ma + ms) fm fml

T3 = — 3 T3 + 31+ “5—T12, (4.3)
Ta3 3 P

-, f(ms +mq) fmzﬁ Jms

r3p = — 3 T3+ T2 + —5—T23.
r31 i T3

K coxanenuro, nosyuutsb obiee perieHus ypaBHEHUN JBU-
JKEHUs 33JIa9u TpeX TeJl B KOHEYHON aHaJMTUYeCKoir opme
HneBo3MoxkHO. Ho 9Tn ypaBHEeHUS JIOMyCKAIOT CYIIECTBOBAHUE TTPO-
CTBIX YaCTHBIX PENICHUN, aHAJOTMYHBIX PACCMOTPEHHBIM BBIIIIE
CTallMOHAPHBIM PEIICHUdAM B OIpaHMYCeHHON 3aJade TpexX Tell.
710 - npsAMOJIHHEHbIE (KOJIIMHEAPHBIE) PellleHust, OOHAPY KEH-
Hble DiljlepoM, U TpeyroJibhuble, Halijennbie Jlarpamkem. /Joka-
ZKEM CYIIeCTBOBAHUE 3TUX PELICHUN HellOCPEeICTBEHHON IIpoBep-
KOU WX YJOBJIETBOPEHUSA YPABHEHUAM JBUZKCHUS.

KosutnreapHbie (9ii71€poBbI) pellieHnst XapaKTepu3y0TCsT pac-
[IOJIO?KEHUEM BCEX TPeX Tesl B JiIo00i MOMEHT BPEMEHU Ha OJI-
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HO¥ TIPSIMOIA, TTPOXOJIAIIEN depe3 1meHTp Macc cucteMbl Test. Ca-
Ma I[psiMasi MOYKET OCTABAThLCA HEIOJBUKHON B OapuileHTputie-
CKOM IPOCTPAHCTBE (Crydail MPSMOJIMHEHBIX JIBUZKEHUA TeI)
WA BPaIaThCAd BOKPYT IIEHTPa MacC, OTCACKNUBasA CHHXPOHHBIE
TN THYECKUE, TUIIepOoTIecKre Il apaboImIecKne Kere-
POBCKHe JIBUKEHUsT TeJl. JKCIEHTPUCUTETHI OPOUT y BCEX Tel
OJINHAKOBDLI, B TO BPeMs KaK UX OOJIbIINE ITOJIyOCH PA3JIMIHBDIL.
Besmmaunbt 60/1b1THX [TOJTyOCel 3aBUCAT OT MACC TEJI, OTHOIIEHUS
B3aUMHBIX DACCTOSIHHI 15 /7 BCEI/Ia OCTAIOTCS HEM3MEHHBIMY,
a KeIIEPOBCKIE OPOUTHI TeJT - MOI00HBIMU JPYT JPYTY.

JIBuzKeHUsT TeT HA3bIBAIOTCA 20M02PAPULECKUMU, €CTTH KOH-
duryparuu, obpa3oBaHHbIE STUMU TeJIAMU, BCEITIa OCTAETCS 110~
nobubiMu. B wacTHOM citydae, KOrjia JIBUYKEHUS TeJT ITPOUCXOJIAT
[0 HEIOJBUKHBIM (HEBPAIIAIOIINMCS ) MPIMBIM, UX HA3BIBAIOT
20MOMEMUNECKUMU.

B zaBucummocTu OoT TOro Kakoe TeJIO PACIOJIaraeTcsd MeXK-
Ay AByMd JIPYTUMHU, CYIIECTBYIOT TPU KOJJIMHEAPHDBIX PEIICHUd.
J171s1 onipeiesIeHHOCTH PAcCMOTPUM KOJITTMHEAPHOE PEIeHne, CO-
OTBETCTBYIOIEE PACIOJIOKEHUIO TeJI Ha Bpallaroleiica IIpaMoi
B niopsijike My Mo M3 IlpusnakoM CyIecTBOBAHUS TAKOTO TOMO-
rpaduvIecKoro perieHus sBJISIOTCA YCIOBUS:

T2 Tz T3 N

T =T T12 + To3 = T31,

12 T23 31 (4.4)
T'23 31

— = = const, — =147,

712 712

rJie 7y - HOJIJIEZKAIIUIT OTIPe/IeJICHUIO OJIOKUTEIbHBII TTapamMeTp.
C momorpio yenosuit (4.4) ypasnenus (4.3) sanmiryTcs B
BHJIE:

77122—i m1+m2—@+ ks 12
i R b DL
- f [me+ms my R
Yrig = ——— 1| "2, (4-5)
7’%2 2 (1 + )2
N f[ms+my meo |
(1_'_/7)7'12:__ — + Mg + —| T2
7’:1)’2 (147)? 2
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13 sTux Tpex ypaBHEHHI HE3aBUCUMBIMHU SBJIAIOTCA TOJIb-
KO JIBa, TaK KaK TPeThbe ypaBHeHue B cucreme (4.5) mosydaercs
CJIOZKEHUEM TepBbIX JBYX. [loaromy ybeauThest B CyIIeCTBOBa-
HUM [IPAMOJIMHEHOTO PEIICHUs, YIOBICTBOPSAIONIErO YCAOBUSIM
(4.4), MOXKHO BBIGOPOM TAKOT'O 3HAYEHUS TIOCTOSTHHOTO TIApAMEeT-
pa 7y, 9TOOBI YI0BIETBOPAINCH ABA MEPBBIX YPABHEHUSA B CHCTE-
Me (4.5). [yist 97010 yMHOKIM [IepBO€e YpaBHEHUE Ha 7Y U BBIUTEM
u3 "Hero Bropoe. Torja mojyduM ypaBHEHHE JIJIsl OlIPeJIeIeHUsT
napamerpa y B BHJE

ms3 ms3
Y m1+m2—_2+m —

—my :0,

(4.6)

_ |:m2 + ms ma
7 (1+7)?

KOTOPO€ MO2KHO IIPUBECTU K YPaBHEHUIO IATON CTENeH!U OTHO-
CUTEJIbHO 7Y:

(m1 +ma)y” + (3ma + 2ma)y* + (3my +ma)y’ —
—(my + 3m3)y* — (2mag + 3mz)y — (ma +m3) = 0.  (4.7)

Kosdpdunmentsr MHOTOUIEHA TATON CTEIEHW UMEIOT OJIHY
IepeMeny 3HaKOB, 03TOMy 10 TeopeMme JlekapTa cymiecTByeT
eJIMHCTBEHHBIIl [OJIOKUTEJIbHBII KOpeHb ypaBHeHust (4.6) v =
= ~*. Ilpu sToM 3HaYeHNN 7* BCce TPH ypaBHeHus B cucreme (4.5)
peobpas3yroTcs Jpyr B Jipyra, W JiJisi OlpeJIeeHrs OpOuT TeJl
[PUXOIUM K €JUHCTBEHHOMY JDPepPEeHITnaIbLHOMY YPaBHEHUIO
JULSL 719

- T2 ms3 msg

T2 = —Ho—3 po=—f m1+m2——*2+71 o | (4.8)
T2 v (L+%)

& BEKTODBI Th3 U T31 3aT€M OIPEJIeISIIoTcs 1o hopmysam (4.4).
HermocpecrBenno Bujso, ato ypasuenue (4.8) mpejcras)is-
eT coboii ypaBHEeHHe OTHOCUTEJIBLHOIO JIBUXKEHUsT TOYKU My OT-
HOCHUTEJILHO TOUKN M7 IIPU COOTBETCTBYIONIUM 00PA30M BBLIOPAH-
HOM TI'DaBUTAIIMOHHOM IapaMeTpe [i, T.€. 110 3aKOHAM 3aJIa9H
O JIBUZKEHUH JIBYX BCIIOMOTaTEJIbHBIX ((DUKTUBHBIX) TEJ-TOUEK.
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Puc. 4.1. Disteposl JBrKeHus B 3aatie Tpex tej. Tema My, Mo, Ms

BCera pacloJiaraioTCs Ha OTHOM MPSIMON, M300paKeHHOM TyHKTUD-

HO#t simHAed. CIJIONHBIMY JIMHUASIMI U300paskeHbl OPOUTHI TeJI, KOTO-

PBIME MOTYT OBITH MOJIOOHBIE JUIUAIICHI, TUIIEPOOJIBbI, TapabOJIbl MK
npsiMble ¢ GoKycoMm B bapurieHTpe G.

Kondurypanus, obpazyemasi TejaMu, BCerja OCTACTCA IO00-
HOIt camoii cebe, T.e. JBUKEHUS TPEX TeJI IPOUCXOMIAT 110 TOMO-
rpaduvYecKuM KeIIEPOBCKUM OpOUTaM, a B CJIydae HEBPAIIAIO-
meiics MpsiMoil - 110 TOMOTETUIECKUM OPOUTAM.

Takum 0O6pa3oM, HENOCPEJICTBEHHON MTPOBEPKOI yCTaHAB/IN-
BaeTCs CYIIECTBOBAHME ITPSIMOJIMHENHOTO PEIEHNsT, COOTBETCTBY-
IOIIEr0 PACIOJIO?KEHHIO TeJT Ha BPAIaoNIeiicss TPAMON B TIOPs/I-
ke MqMyMs. AHajmorndHo MOXKHO IIOKa3aTh CYIIECTBOBAHME
JIBYX JIDYTUX TPAMOJIMHEHHBIX PEIIeHnii, COOTBETCTBYIONINX JIPY-
IOMY IIOPAAKY PacCIIOJIOKEHUdA TeJ Ha Bpallaloleica 1IpaMoii:
MoMs My wia M3zM;Ms. A coorBercrByiOliee ypaBHEHUE IIsi-
TOM crerneHu moJrydaercs u3 (4.7) myreM KpyroBoil epecTaHoB-
KU UHJIEKCOB.

Hasee nokazkem cymiecTBOBaHUE TPEYTOJBbHBIX (JIarpaHzKe-
BBIX) DEIeHNil, T.e. TAKUX PEIIeHN, COIJIACHO KOTOPBIM B JIFO0Oi
MomeHT Bpemenu tesia My, My, M3 obpa3yioT paBHOCTOPOHHUI
TPEYTOJIbHUK:

T12 = T3 = T'31, T12 + 723 + 731 = 0. (4.9)



232 I'maa 4. OBIIIA$ 3AJ/IAYA TPEX TEJI

Puc. 4.2. JlarpameBbl JBUKEHUsS B 3ajade Tpex Tea. Tesa

M7, My, M3 BCcerna obpa3yioT paBHOCTOPOHHUI TPEyTrOJIbHUK, U300~

parkaeMblil IyHKTUPHbIMEU JinHIsAME. CIJIONTHBIMYU JIMHUSIMUA 1300pa-

JKEHbI OPOUTHI TeJ (SJUINICKL, TUIePOOJIbI, TapabOJIbl UM PSIMbIE C
dbokycom B Gapuientpe G).

C yderoM 9TuX yCa0Buii Bee ypaBHeHust B cucreMe (4.3) mpe/-
CTaHyT B OJMHAKOBOM BHJIE
Tij = —f—gmﬁja (4.10)
ij
e m=my+ms+ms;t,j=1,2,3;1#j.

Orcroa BUIHO, 9TO ypaBHeHust 3ajadn Tpex tei (4.3) Gy-
JIyT YJAOBJIETBOPEHBI TOXKIECTBEHHO, €CJIM OTHOCUTE/IbHDBIC JIBH-
JKeHUsl KaxKJoii mapel test M; u M; onpeienaTs ypaBHEHUAMI
OTHOCUTEJILHOI'O JIBUYKEHUS BCIIOMOIaTe/IbHOM 3a/1a9u JIBYX TeJl
C IPaBUTAIMOHHBIM HapameTpoM fm, T.e. ypaBaerusmu (4.10).
Ypasuenus (4.9) u (4.10) 10Ka3BIBAIOT CYIIECTBOBAHKE JBYX
JIArPAHZKEBBIX PEIIeHUH - OJHO COOTBETCTBYET OOXOJy BEPIIMH
tpeyrosbauka My My M; 110 4acoBoii cTpesike, BTOpoOe B IIPOTHU-
BOIIOJIOZKHOM HAIIPABJICHIH.
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U3 ypasuenwuit (4.10) sicHo, 9TO JIBUZKEHUsT KayKJIOT0O M3 TPEX
TeJI ABJISIIOTCS TJIOCKUMU ¥ [TPOUCXOJST MO OJHOMY U TOMY ¥Ke
KOHMYECKOMY CEYEHHUIO C OJMHAKOBBIM 3KcIieHTpucuTeroM. Ho
OpOUTHI TEJT TOBEPHYTHI OTHOCUTEJILHO JIpYT Jipyra Ha +120°.

Bapurientpudeckne ypaBHeHus Jprzkerust Tpex tes (4.1) ¢
ydaeroM ycaoBuit (4.9) mpeacTaBiIsioTcs B BUJIE

§5=-lg (1=123) (4.11)

riue 0603HaYCHO

fmiy +mi s+ Miy1 M)

Ecim B nocsenneii opmysie m;; WIX M;yg MOJIYIaOTCS
PaBHBIMU My WA M5, TO UX CIEAyeT 3aMEHUTL Ha M U Mo
COOTBETCTBEHHO.

U3 (4.11) caemyer, 910 B GapUIEHTPUIECKOi crCTEME KOOD-
JIMHAT TPU TEJIa JBUXKYTCA BOKPYT IEHTPa MACC 10 KOMILIAHAD-
HBIM KeIJIEPOBCKUM opbutaM (3jummicam, runepbosiaM, napabo-
JIAM WJTH TIPSIMBIM ) € OJIJMHAKOBBIM 9KCIIEHTPUCUTETOM, HCTHHHOI
aHOMAaJINEl, BpEMEeHeM ITPOXOXKJIEHNS Yepe3 MEePUIEeHTp U Mepu-
ooM (ripu e < 1) obpaleHus o TaKUM 3aKOHAM, UTO

Di

2.
T ocony G = Si0 [ip (4.13)

Si

a OapUIEHTPUYIECKUE PACCTOSIHUS S; U PA3HOCTH apI'yMEHTOB IIe-
PHIIEHTPOB OPOHUT W; — W; OUPEIEJIAIOTCA U3 yPaBHEHN

_ 2 2
ms; = T \/mi+1 +mi o + Mip1Mit2, (4.14)
) )

22
i = 87 + 85 — 2885 cos(w;j — w;).
B citydae npsimosiHeRHBIX jBuyKeHui (€ = 1) mosrydatorcst
TPEYTroJIbHbIE TOMOTETHIECKIE OPOUTHI.
Takum obpazom, mokazaHo, uto juddepeHimaibuble ypaB-
HEHUSsI JIBUYKEeHNs 00ITeil 3a/1a91 TPeX TeJI JI0MYCKAIOT CYIeCTBO-

BaHUe TPeX MPSMOJINHENHDBIX (9IIEPOBBIX) U JBYX TPEYTOJbHBIX
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(marpaHzkeBbIX ) YacTHBIX pentennit. Ha puc.4.1 u 4.2 uzobpazxe-
HBI COOTBETCTBEHHO SIJIEPOBBI 1 JIArPAHKEBbI JIBKeHus. Opou-
THI T€Jl HA PUCYHKAX MPEJCTaBICHBI HEKOTOPBIMUA WX YACTSIMHU.
DTO MOTYT OBITH YACTH SJIIUICA, TUIEPOOJIBI WIN TapabOJIbL.

4.2 IloBepxHocTu 3yHIMAaHA

NsBecTHoe 1oMopuCcTHYECKOE 3aMedanne (DPaHILy3CKOTO Ma-
TeMaTuka IMUIsg Bopess riacut, 910 "B HEOECHON MexaHUKe,
KaK W y BapBapoB, MHOI'O PaBHSETCSI TpeMm . DTO BbICKA3bIBa-
HUE OTparkaeT TOT (pakT, ITO MHTErpUpPYyeMOil B KBaJipaTypax
SBJIAETCA TOJBKO 3ajlada JIBYX Tes. YiKe 3aJlada TpexX Tesl He
UMeeT NMPaKTHYECKH IPUTOIHOTO OOIIEro pPerieHus, U BCeoOb-
eMJTIOIIee IIPeJICTaB/IeHIe O CBOMCTBAX JIBUKEHHS OKa3bIBaeT-
¢ HEeJIOCTUKUMBIM. 3HAMEHUTBIE PSAbl SYHIMAHA, IIPeICTaB-
JIAIONIMEe MaTeMaTUYeCcKu Oe3ylpedHoe odIllee pelieHne 3aja-
9d TpeX Tes, JIO CUX IMOp He HAILIA HUKAKUX aCTPOHOMUYE-
CKUX TPUJIOKEHUI U3-3a UX UYJIOBHIIHO MEJJICHHOW CXOIUMO-
CTH. DTO JIydlllee CBUJETEIbCTBO Iopas/io OOJIbIIell CI0KHOCTH
3a/a490 TPeX TeJI 110 CpaBHEHHIO ¢ 3aja4deii 1Byx Tes. Obiee pe-
menne JuddepeHnuaibHbIX YPaBHEHUN JIBUKEHIS 3a1a91 TPEX
TeJI, CYIeCTBOBAHUE KOTOPOT'O rapaHTupyer Teopema Korrm, mo-
BUJIIMOMY, He IIPEJICTABUMO B KOHEUHO# popme. TeopeMbl Hecy-
mectBoBanusg bpynca, [lyankape u obmupHbIE UCCIETOBAHUS
TPOWHBIX CHCTEM, BBIITOJHEHHBIE METOMAME YHUC/JIEHHOI'O HHTEe-
IPUpPOBaHUsl YPaBHEHUI JBUKEHUS JIJIsT PA3JIUIHBIX KOMOMHA-
Ul MacC W HAYAJbHBIX YCJIOBUI, IOJITBEPKIAI0T 0OOCHOBAH-
HOCTDH ITECCUMHUCTUYECKUX YTBEPKIECHUN 00 aHAJIUTUIECCKONW MH-
TErPUPYEMOCTH 3aJladu TpexX Tejl. VIMeHHO STHM O00CTOATE b~
CTBOM OObSICHSIETCs IIUPOKOE IIPUMEHEHHEe METOI0B KaueCTBEeH-
HOil Teopun jauddepeHnuaJIbHbIX ypaBHeHuii. Hampumep, pas-
paboranHas BukTopom Cebexeem Ha OCHOBe ypaBHeHus Jlarpan-
Ka-fkobu Kimaccudukaius JTUHAMIYECKOrO ITOBEIeHUsT TPOii-
HBIX CUCTEM SBJIAETCHA NPpUMEPOM 3(DEHEKTUBHOTO TTPUMEHEHUS
KaueCTBEHHBIX METO/I0B HEOECHON MEXaHUKU, TPEJICTABIIAIOIIIM
TaK:Ke HECOMHEHHBIN MHTepPeC J/isi KOCMOI'OHUM KPATHBIX 3BE3/I.
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Xoporro u3BecTHBI eme co Bpemen Anpu Ilyankape m mHOTO-
YUCJICHHBIE UCCJIEJIOBAHUSA YCTONYIUBOCTU OPOUT, B TOM HHCJIE
U TEePHOJIMIECKUX, TAKXKEe OTHOCSIINECs K KadeCTBEHHON Teo-
puu cucreM jauddepennnaabHbIX ypaBHeHuit. B oryimaune ot Ko-
JIMYECTBEHHBIX METOJOB (KaK AHAJIUTHYECKHUX, TaK U UHUCJICH-
HBIX), KadeCTBEHHbIE METOJIbI, BOOOIIE TOBOPsI, He TPEOYIOT 3HA-
HUsI YACTHOTrO Wi 00Iero perrenus JTuddepeHiaibHbIX ypaB-
HeHuil nBruKeHus. Bojiee TOro, 3T METO/BI MO3BOJISIIOT CY/IUTH
O CBOMCTBAX JUHAMHYECKON CUCTEMbI, OIUPAsCh Ha 3HAHUE OT-
JIEJIbHBIX TIEPBBIX WHTETPAJIOB, MHBAPUAHTHBIX COOTHOIIEHHI,
HEKOTOPBIX BCIIOMOTATEIbHBIX (DYHKIWI, Hampumep, GyHKINT
Jlamynosa. [Ipmmepom, cTaBmmM yke XpeCTOMATHITHBIM, STBJIsI-
eTCsl MOHSATUE YCTOWYUBOCTU B CMbIC/Ie XUJLIA, OA3UPYIONIeecs
Ha 3HAMEHUTOM uHTerpaJe Jkobu B 3aja4ue Xuuia - HeOeCHO Me-
XAHUYIECKONM MOJIC/IN, JeKalllell B OCHOBAHUMW COBPEMEHHON aHa-
JINTUIECKON Teopun JBrKeHust JIyabl. AHaTOrMIHBIM 0Opa3oM
IpuMeHseTcd nuTerpast flkoou B orpaHnyeHHON KPYToBOii 3a/1a-
Ye Tpex TeJl U HHTerpajibHOe MHBAPUAHTHOE COOTHOIIEeHNE (KBa-
sunHTEerpas IKko0m) B 9/UIMITHIECKOl U MHIIEePOOJINIECKO Orpa-
HUYEHHBIX 33/1a9aX.

C momoIIpo HepaBeHCTBa 3yHIMaHA, YCTAHABIMBAETCS CY-
IeCTBOBaHME 00JIACTH, BHYTPU KOTOPOW TTPOUCXOINT JIBUKEHUE
mapbl TeI, B TO BPpeMsi KaK TPEThe TeJ0 He TOJHKO HaXOIUTCs
BHE 9TOi 00JIACTH, HO U MOXKET YJIaJIUThCs OT 9TOH napbl Ha Oec-
KOHEYHO 0oJibInoe paccrosiane. [loBepxHOCTH, OrpaHIYIHBAOIIIE
00J1aCTH BO3MOYKHOCTH JIBUZKEHUIl, Jlajiee HA3BIBAIOTCA NOGEPI-
HOCTAMY 3YHOMAHA.

Bce nzygaembie moBepxHOCTH Oy/IeM pacCMaTPUBATDH B IIPs-
MOYTOJILHOW CHCTeMe KOODJMHAT ¢ abCIUCCON 719, OPJAUHATON
T93 1 AIIVINKATOMH 131, TJE 7;; - PACCTOAHIE MexKIy Tesamu M; u
M; (i=1,2,3;5=1,2,3;i # j). Pusnueckuil CMBICJI HMeET Ta
JaCTh TPEXMEPHOI'O M300parKaroIiero MpoOCTPAHCTBA 12793731, B
KOTOPO# B3aMMHBIE PACCTOSHUSA Y/IOBJIETBOPSIIOT HEPABEHCTBAM
TPEyTroJIbHUKA,

0<rip<roz+r3, 0<rey <13 +1i2, 0 <13 < 19+ 13.
(4.15)
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B TpexmepHOM mIpOCTpaHCTBE B3aMMHBIX PACCTOSHUNI STH
HEpPaBEHCTBA OIPEJIE/ISIOT 001aCTh, OIPAHNIEHHYIO ITPaBUILHOMN
TPEeyroJibHoi nupaMugoin P ¢ pebpamu OECKOHEYHOW JIJIMHBI,
COBIQJIAIONIUMU C COOTBETCTBYIOIIMMU OMCCEKTPUCAMU KOOP/IH-
HATHBIX ILJIOCKOCTEM.

WNurerpast sHeprun B 3a/1ade Tpex TeJl 3aluIleM B B

T—-U=h, (4.16)

rje 1 - KuHeTHu4ecKas: SHeprus TpoitHoi cucrembl, U - ee cuiio-
Basgd (DYHKIWS, h - IOCTOSHHAST WHTEI'PAJIA SHEPIHUH.

Bwmecre ¢ mepasencrBamu (4.15) yesiosue T > 0 onpejessier
00J1aCTh BO3MOXKHOCTHU JIBUXKEHU JIONOJTHUTE/IbHBIM HEpPABEH-
CTBOM (MMEIOIIIM HETPUBUAJIBHBIN CMBICT TOJBKO 1ipu h < 0):

U>c, (4.17)

rae C' = —h. Dra 001aCTh B MPOCTPAHCTBE B3aUMHBIX PACCTOSI-
HUIl [IpeJICTaBIgeT co0oit "TpeHory” - purypy, o018 1ar0ILyIo ro-
JIOBHOI 9aCThIO, PACIOJIOKEHHO BOM3N Hadaa KoopauHat O,
U MCXOJISIIUMU U3 Hee BIOJIb pebep nupaMuibl P TpeMs “Hora-
M’ GeCKOHEUHOI AuHbl. SHadeHns 1’ < 0 ompeaessior 06/1acTh
HEJIOCTYITHOCTH.

['panmureit 5Toit 001aCTH SIBJISIIOTCA 'paHd mupaMujbl P u
[MOBEPXHOCTH HYJIEBOW KUHETUIECKON IHEPTUU, YPABHEHUE KOTO-
poil uMeeT BUJL

U — f mimea + momms n msgmq _ C, (418)

12 723 731

e f - yHuBepcajibHasl I'PaBUTAIMOHHAA ITOCTOSHHASI, 1M1, Mo,
mg - Maccel Teqn My, My, M3 coorsBerctBenno. [lo oany cropo-
Hy noBepxuocTH (4.18), BHyTpH nupaMuibl P, pacrosozxkena 00-
JACTh BO3MOXKHOCTH Jprkenuil (4.17), mo apyryio - o6acTb
nejocrynnoctu, riae U < C.

Kazkmas "Hora” obracTt BOSMOXKHOCTH JIBUZKEHNI OIPaHIIe-
Ha JBYMsI COOTBETCTBYIOIIUMU I'PAHIMU THPaMUIbl P 1 moBepx-
HOCTBIO HYJIEBOI KMHETHIeCKoi sreprun. Ha GostbIux ynaaeHu-
sIX 0T Hadasa KoopauHaT O "Hora’” CTaHOBUTCST TOHBIIE U ACHMII-
TOTUYIECKU TPUOJINKAETCS K HEKOTOPBIM (DUKCUPOBAHHBIM pa3-
MepaM. Ecim, nanmpumep, reino My ymanuiocs ot ten My u M,
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)

Puc. 4.3. O6muit Buji TOBEPXHOCTH HYJIEBOH KUHETUYECKON SHEPIUU

Ha 3HAYUTEIbHOE PACCTOSHEE, TAKOEe, YTO OTHOIIEHUS T12/T93 U
T12/7'31 MOXKHO CUUTATH MAJTBIMU BEJMYUHAME, TO YPaBHEHHUE T10-
BEPXHOCTHU HYJIEBOM KMHETUYECKON SHEPTUU TOT/Ia MOYKHO TIPe]I-
CTaBUTb B BUIE

12 C 1, ¢1 C 2¢2 13/, <2 T23’ 3 7,‘317
(4.19)

TJIE £1, €9 U €3 - BEJIMYMHBI OJIHOTO TIOPsIIKa MaJiocTu. B mpeieste,
npu yiaajgeHuu Teyna Mz Ha OECKOHETHO OOJIBIIIOE PACCTOSHHE,
TTOJTY YUM
Jmims
g — ———, T93 — OQ, r31 — OQ. (420)
C
AHnajlornyHasi KapTUHA UMEET MeCTO IPH YJIAJEHUN U3 TPOHHOMN
cucreMbl Teya My wan M.
Orcrosia, B 9aCcTHOCTH, CiejyeT, 91o upu h < 0 HeBO3MOKeH
HOJTHBIH pactajy (pas3jier) cUCTeMbl Tpex Tesl. Bo3MOoXkKeH ToJIb-
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KO "yxo1 B GECKOHEYHOCTH' JIHMIh KAKOrO-TO OJHOTO (IPUTOM
J060r0) Tea.

Bce obstact BO3MOXKHOCTH JIBUKEHHIT KAYECTBEHHO UMEIOT
O/IMHAKOBBIN BU/I, NIPEJICTABJICHHBI B M30MeTpun Ha puc. 4.3,
rje m300parkeHbl: nmupamMuja P B BHJe yCeUeHHOW MTUPAMUJIBI
OADFE un nepecekarolasicsi ¢ Heil TTOBEPXHOCTh HYJIEBON KWHE-
TUYECKOW SHEPIrUu - ceTyaTasi IMoBepxHOCThb. Ha pucynke BujHa
rOJIOBHASI YaCTh TPEHOTH , IPUJIEralonias K HadaIy KOOP/IUMHAT
O, 1 ucxojidIye u3 Hee TPU "HOTU ', YCEUEHHbIE IJIOCKOCTBIO TPe-
yroabanka ADE.

Bce dpusmyeckn Bo3MOXKHBIE JIBUXKEHUS TPeX TeJ1 OyIyT BCe-
718 1300parkaThCsi HEKOTOPBIMU KPUBBIMU WM TOYKAMU, PACITIO-
JIOKEHHBIMU BHYTPU TUpaMujibl P, BKovast ee rpanu. Hampu-
Mep, JIArPAH?KEBbI TPEYTOJIbHbIE U SJIePOBBI MPAMOJIMHERHBIE
peIeHns JJTs CJIyvas KPYTOBBIX JIBUKEHUI Tel n300parKaroTcs
COOTBETCTBEHHO TOYKAMH HA BBICOTE MUPAMUILI M €€ TDAHIAX,
a JUI CJIYYIAeB SJLTUITUIECKUX U TUIePOOIMIeCKIuX JIBUZKEHU
TPeX TeJl - HEKOTOPBIMU OTPE3KaMU U JIydaMu HpsMbiX. Kpu-
Bble W TOYKHU, PACIOJIOXKEHHbIE BHE IUPAMUJIbI, HE UMeoT (hu-
3UYECKOT0 CMBIC/IA, TAK KaK JIJIsi HIX HapYIIalTCs HePaBEHCTBA
Tpeyrosbanka (4.15).

Ceuenns MOBEPXHOCTEH HYJIEBOW KHHETHIECKON 3SHEPIHUN
MOYKHO OIPEJIEIATh MO-JIPYTrOMY, 8 MMEHHO, IJIOCKOCTBIO, Iep-
MEH/IUKYJISIPHOI K BBICOTE ITUPAMUJIbL P, 1 OPTOrOHAJILHOM K Hell
IJIOCKOCTBIO, TIPOXOIAIIEH depe3 TOUKy A U BBICOTY MUPAMUJIBI
P. Jljist 9TOro OCymiecTBUM IMEPEXO/l OT B3AUMHBIX PACCTOSHU
712, 23, T'31 K JINHEWHBIM (PYHKIIUAM STUX PACCTOAHUN 12, 23, (31
1o chopmysiaM mpeobpa3oBaHusd

1 V2
T = % qi12 — ﬁ qs1, (4.21)
1 1 1
T23:?Q12+\{—QQ3+\{BC]317
Pal = —— (o — —— (o3 + —— (a.
31 \/§(J12 \/§Q23 \/6(131

Cucrema koopmuHaT (g12¢23¢31 BbIOpaHa Tak, 9T0 0ch O¢1o
HallpaBJ/ieHa 110 BbICOTe IupaMuibl P.
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Ceuenne mmpaMuabl P I0CKOCTBIO @19 = d, T11€e d - HEKOTO-
pas 3apamnee BbIOpaHHAs IOCTOSTHHAS BEJIMYNHA, BCErJIa OIpeie-
JIsieT PABHOCTOPOHHU{T TpeyroibHuk ADFE co cTOpOHOI, paBHOI
d\/3/V/2.

Ceuennsg cemeiicTsa (4.18) mIocKoCTSAMHI ¢12 = d MOXKHO IIPO-
BoAUTh 60 tipu dbukcupoanaoM d € (0, 00) it pa3JInIHBIX
suadennit C' € (0,00), b0, HAOOOPOT, MpU (HBUKCHPOBAHHOM
C g paznunanbix 3Hadenuit d. [Ipu sTom pesynbrar Oyner oji-
HUM ¥ T€M K€, UTO SBJIAETCS CJIeJICTBUEM I10/I00Us U TTO00HOIO
PACIIOJIOZKEHUA ITOBEPXHOCTEH HYJIEBOH KUHETUYECKON IHepruun
orHOCHTEIHbHO Hadasa koopgauHar O. Ilosromy Bce cemeiticTBO
noBepxHoCcTeil (4.18) MOXKHO M3YUINTh, UCCIEIYS KAKYIO-HUOY/b
OJIHY €JIMHCTBEHHYIO MOBEPXHOCTh. Ho, ciielyss CIIOKUBITUMCSH
TpajuIuaM, OyJileM OIpPEJe/IATh CeYeHus] ceMeficTBa MOBEPXHO-
cTeil I pa3/IMIHbIX 3HadeHnit sHeprun C' npu GUKCHPOBAHHOM
3HAYECHUH TapaMerpa d, MOJINHEHHOM ycjioBuio d = 1.

[Tocieree paBeHCTBO MOYKHO PacCMaTpUBATL KaK BBIOOD
€JIMHUIBI W3MepeHus JnHbl. KpoMme Toro, 3a eJMHUIy u3Mepe-
HUsI MACCBI IPUMEM CYMMY MAacCC TPeX TeJl m = mi+mo+mgz = 1,
a eJIMHUILY U3MEPEeHUs] BPeMEH! BhIOePEM TaK, ITOObI BBIIOJIHS-
sock yeaosue f = 1. [TomoOHBIi BEIOOD €UHUI] U3MEPEeHnsT da-
CTO MUCHOJIb3YeTCs B ONPAHNYIEHHOi 3a/1ade Tpex Te1. On ynoben
JUTst TpadUIecKnX MOCTPOEHUHN U MCIIOIb3yeTCsl Ha BCEX ITPUBe-
JIEHHBIX Jlajlee PUCYHKAX.

Bo Bropom um Tperbem crosibmax Ttabsunbt 4.1 npuseje-
Hbl KOODJMHATBHI XapaKTEPHBIX TOYEK B CHUCTEMAaX KOOP/IMHAT
Oriar93r31 1 Oq12G23G31 -

[ToBepxuocTH HyseBOI KuHeTHYeCKON sHeprun (4.18) Torma
[PUMYT BU]
mM1Ms mamng

U:

+

1 1 1

% Q12 — % q31m mﬁ Q2 + 5 23 + 5 B (4.29)
+ - =C.

%Q12—%Q23+%Q31
Ha puc. 4.4 u 4.5 npuBejieHbl cedenns nopepxuocteit (4.22)

JUIst 3HauYeHwuit macc my = 1/2, mg = 1/3, mz = 1/6. Ceue-
HHUSI IIJIOCKOCTBIO 12 = d TIOKA3BIBAIOT, YTO JIJI OYEHb OOJIBIINX
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Tabmuia 4.1. Koopaunarsl xapakrepHbix Touek mpu d = 1.

Touxka | B cucreme Oria7r93731 B cucreme Oqq2q23G31
O (0,0,0) (0,0,0)
A (0323 (1,0,1/v2)
D (v/3/2,0,v3/2) (1, —V3/(2v2), —1/(2v2))
E (v/3/2,/3/2,0) (1,V3/(2v2), —1/(2v2))
F (\/3/27\/5/47 \/§/4) (1707_1/(2\/5))

Tabmumna 4.2. Ilponoikenne Tabymin 4.1.

Touka B cucreme Opiapazpsi
(0,0,0)

(1/\/57 07 _1)
(3/(2v2),V3/(2v2),0)
(3/(2v2), —v3/(2v/2),0)
(3/(2v2), —v3/(4v/2),0)

Rl

sHaveHnii C' 06/1acTH BO3MOYKHOCTH JIBUKEHUN COCTOSIT U3 TPeX
vacreit: mbo BOm3n Toukn A (okpecrHocTh Toukn A coorset-
crByeT TecHOMY cOsmkenuto test My u My), Korja paccTosiue
r12 Mexk 1y Tesamu My u My mago, a Tejto M3 pacnosiaraercsd Ha
JIOCTATOYHO O0sIbIIOM yraajeruu oT Teia My u My, jubo BOM3M
Touku [, Korjia o3 MaJio, b0 BOJIM3M TOYKU F Ipu MajIoM 73;.
N3 cedenwnii mI0CKOCTBIO o3 = (0 BHJIHO, YTO ¢ NPUOJIMZKEHUEM
K Hadva/ly KOOPJUHAT TPHW "HOI'M CJIMBAIOTCH, 00pa3ys OOIILYIO
TOJIOBHYIO YaCTh ~TPEHOTH .

CeueHns IIOCKOCTBIO 12 = 1 IOKa3bIBAIOT TaK>Ke, YTO C
yMenbIneHneM Konctautol C' obstactu BOm3u Touek A, D, E yBe-
JINUUBAIOTCS, JOCTUTast IpU HeKOTOpoM 3unadenun C' obieit Tod-
KU, PACIOJIOKeHHON Ha OJHON M3 cTOPOH TpeyroybHuKa ADE.
B 3aBucuMocTn oT 3HaYEHUN MaCC TEJT 3TU TOYKH MOTYT IOSB-
JIATHCA B PA3JIMIHON MOC/IE0BATEIbHOCTHA UJIM OJTHOBPEMEHHO.

Jlanbreiimee ymenbieane C' TpUBOIUT K 00PA30BAHWIO BHYT-
pu tpeyroibauka AD E cHava/ia JBYCBA3HOM, a 3aTeM OHOCBSI3-
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L

—(|),6 —/ 4 —(I),Z 0_ OI,2 :4\\ 0|,6
/) AN \
NN A SN
D E

_0,4_

Puc. 4.4. Cedenust moBepxHOCTEH HYJIEBOH KUHETUYIECKONW SHEPIHH
IUIOCKOCTBIO g2 = 1 mpu my = 1/2,my = 1/3,m3 = 1/6. Illrpu-
XOBble TpsiMble - cederus mwmpamuyabl OADE, nporyMepoBaHHbBIE
cusomabie kKpubbte: 1 - C =1, 2 - C = 0.625, 3 - C = 0.575, 4 -

N _ N E1

93

0,67

0,44

0,2

(=)

-0,2

_0’4_

Puc. 4.5. Ceyenusi nmoBepxHOCTe#l HYJIEBOI KHUHETUIECKON SHEPIUU
IJIOCKOCTBIO @23 = 0. Bee obosnavuenusi - cMm. puc 4.4.
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HOIT 00/1aCTH BO3MOXKHOCTHU JIBUKEHUsI, IIPUJIETAIONIEH K CTOPO-
HaM TPeyroJibHUKa. B menTpalibHOit 9acTi TPeyroIbHUKA PACIIO-
Jlaraercst obstactb nesocrynnoctu. [Ipu mociemyromem ymenn-
mennn C' cedenne 001aCTH HEJOCTYITHOCTH CTSITUBAETCS B TOUKY,
a 00J1aCTh BO3MOYKHOCTHU JIBUZKEHUS 3aIIOTHACT BECh TPEYTOJIb-
nuk ADFE.

Jasmee ¢ ymenbinernem C' 06/1acT HEIOCTYITHOCTH MTPOJIOJ-
JKaIoT CyHIECTBOBATH, HO C IIJIOCKOCTBIO @12 = 1 OHU He Iepece-
KaIOTCs, PAcIojiarasich B 9aCTU MPOCTPAHCTBA, e q1o > 1. Ha
pucynkax 4.4 u 4.5 UX MO2KHO OOHAPYKUTH 110 CEUEHUSIM TTOBEPX-
HOCTel Hy/JIeBOI KMHETUYIECKON SHEPTUHU IJIOCKOCTBIO ¢o3 = (.
Tosbko ipu C' — 0 0061aCTH HETOCTYIHOCTH MOJTHOCTHIO HCHe-
3aI0T, U JIBUYKEHHE MOYKET M300pazKaThCs JI0O0H TOYKON miim
KPUBOIl BHYTpU U Ha T'PAHAX MUpPAMUILI P.

Hanmaune 3aMKHyTBIX OOJIacTell B ceUeHUSX IMOBEPXHOCTEI
(4.22) okoJio BepimH Tpeyrosibauka ADE npu G0/IbIINX 3HaYe-
Husix C' He JJOKa3bIBaeT CYNeCTBOBAHUS IBUKEHHI CITY THIKOBO-
ro THITA, T.€. YCTOWIMBOCTH M0 XUJLTY, TaK KaK 9TH 3aMKHYThIE
obJ1acTu IPeJICTaBIIAI0T co0Ool cedeHnsa Tpex "HOr eauHOI 00-
JIacTH - "TpeHorn”’. DTO BUJHO TAKKe U3 CEUEHUIl IJIOCKOCTBHIO
@23 = 0. IlosTOoMy HeJb3s1 yTBEpXK/IaTh, YTO B PacCcMaTpuBae-
MOM CJIydae JIBHKEHHS TeJl Beerja Oy/lyT m300pazkaTbCsd KpH-
BOIi, O/TM3KO# K 0/1HO# u3 BepiuH Tpeyrosbauka ADE. Tlepe-
JIBUTASICh BJIOJIbL "HO'M B CTOPOHY HadaJjia KOOPJMHAT, U300pa-
JKAIOMIAsd TOYKA MOYKET Uepe3 T'OJIOBHYIO YacTh TPEHOru Iie-
PEMECTUTBCA B JAPYTYIO "HOTY’, WIIIOCTPUPYS paciiaji OJHON u
BO3HUKHOBeHUeE JIpyToit TecHoii mapwl. Ojinaxo npu h < 0 Bceria
OyJIeT cyIecTBOBaTh, 110 KpaifHeil Mepe, ojHa TeCHas 1apa TeJl.
Kakne KoHKpeTHO Tejia 00pa3yioT Takyio 1apy 3apaHee cKa3aTb
HEBO3MOKHO, TaK KaK Tejla MOI'YT OOMEHUBATHCS ~'CILyTHUKOM .
WNupivu coioBamu, uHepaBenctBo h < (0 He JIOIyCKAeT IOJIHOIO
pacriajia TPOHHOI CUCTEMBI, IPU KOTOPOM BCE B3aMMHBIE Pac-
CTOSIHUSI CTPEMSATCSI K OECKOHETHOCTHU. TaKash CUTYaIs MOYKeT
BOBHUKHYTH TOJIbKO Tipu h > 0. Iloceinee HepaBeHCTBO, Kak
U3BECTHO, €CTh JOCTATOYHOE YCJIOBUE HEYCTONINBOCTH CUCTEMBI
HebeCHBIX Tesl B cMbIcse Jlarpanxa.

[TocTpoenue obJracTeit BOBMOKHOCTH JIBU2KEHUI YI00HEe TPO-
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BECTHU C MOMOIIHIO HEPABEHCTBA JyH/MAHA, 3alllCAHHOTO B Oa-
PHUIIEHTPUIECKON cucreMe KoopuHatr (2.56):

2[(U+h) —c* >0, (4.23)

rjie ¢ - MOJIyJIb IIOJIHOI'O MOMEHTa KOJIUYeCTBa JBUXKCHUS TPON-
HOIT cucTeMbl, h - TIoJiHast MexannJdeckas sueprus. Yepes [ 3mech
0003HAYE€H MOMEHT MHEPIUUA CUCTEMBbI TPEX TeJI OTHOCUTE/IHHO
Hadajia OapUICHTPUIECKON IMPSAMOYTOJILHON CUCTEMbI KOOD/IU-
HAT:

_mamary, + Mamaris + mamars

mi + Mo + M3

I

(4.24)

YuursiBag, 4TO JId A€HCTBUTELHBIX aBuzkennit (dI /dt)? >
> 0, u3 (4.23) moy9InM HepaBeHCTBO, yI0OHOE sl IOCTPOEHHsT
obJtacTeil BOBMOXKHOCTHU JIBUKEHUIA:

S(T127 T23, T31) == I(U - C) Z B) (425)
rie C = —h, a B = ¢?/2 - nocrogunas 3yHMana.

[ToBepxHOCTD, OrpaHmYUBaIONIas 3Ty 00/1aCTh, OIUCHIBAETCS
ypasaenueM S(r12,r93,731) = B win B IBHOM BuJI€:

+

2 2 2

MAMaTsy + MaMmgras + msmary [f (mlmg
712 (

4.26)

m
mom msm
L mamg _mg 1)_0]237

T23 731

r7e f - HbIOTOHOBCKAs TPABUTAIIMOHHAS TIOCTOTHHAS, M = M1+
+m2 + ms.

B 1ects aBropa nepasencTsa (4.23) nosepxuoctu (4.26) 6y-
JIeM Ha3bIBaThb noseprrocmamu 3ynomana. IloBepxaocTu HyJie-
BOIl KMHETHYECKOH SHEPIUU SABJISIOTCS YACTHBIM CJIy9aeM I10-
BepxHOCTE 3yH/IMaHa, COOTBETCTBYIONNM 3HadeHno B = 0.

Kak u moBepxHOCTH HYJI€BOW KHHETUYECKOW SHEPTHH, I10-
BEpXHOCTH 3yHIMaHA ABJSIOTCA (DYHKIUSIMU TPeX B3AMMHBIX
paccrosamit. [TosTomy nx mocrpoenue 6yjieM TPON3BOJUTD B UC-
[I0JIb30BAHHBIX paHee KOOPAUMHATHBIX cucreMax OT1aT93r3; 1
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Oq12q23q31- Kpome Toro, BBejieM B pacCMOTpPEHUE HOBYIO CHCTE-
My Op1apagPsi1, CBI3aHHYIO ¢ cucTeMoit 0115793731 3aBUCUMOCTSI-
MU

2 1

T2 = %pm + ﬁp:n, (4.27)
1 1 1

23 = %Pm - ﬁpzs - %P:n,
1 1 1

31 = —=

+ — - — .
\/6p12 \/§p23 \/§p31

Hosas cucrema koopjmuar BbiOpaHa Tak, u4To ocb Ops; Ha-
npasjeHa 1o Hopmasn K rpaan O D FE nupamuiast P, ocs Opis -
o 6uccekTpuce yriia DOFE| a ocb Opag TOTOTHIET CUCTEMY KO-
opJIHAT JI0 IpaBoii. KoopmHaTsl XapaKTepHbIX TOYEK B ITOI
cucTeMe KOODJMHAT IPUBEJIeHbI B Tad uIe 4.2.

st onpesiesiennsi 0COOBIX TOYEK IMOBEPXHOCTEH 3yHIMaHa
PACCMOTPUM CUCTEMY TPEX yPaBHEHMUI:

05 oM, —c) - LMy
Oris m 775
oS MoMms fmams

=2 — — I = )
87“23 m TQg(U C) T%?’ 0, (4 28)
aS = 2m3m1 7"31(U — C) — fmgmlj = 0
Ors; m T3

W3 3Tux ypaBHEHUII JIETKO TOJTydaeM:

/ I
T2 =T23 = T3 = { % (4.29)

Jlist oJrydeHusi KOHKPETHBIX 3HAYEHUI B3aUMHBIX PacCTo-
suuiit mozgctaBuM B (4.28) Beipakenus jyisa U u3 (4.18) u [ u3
(4.24). Torma, yuursiBast (4.29), nHoayduM ypaBHEHHE JJIsi OLIPe-
JIeJIEHUs] B3aUMHBIX PACCTOSHUIA 7;; B BUJE:

T (Tz’j B %) =0, (1,7 =1,2,3; 1 # ). (4.30)

31ech BBeAeHO 0DO3HAYEHNE m™ = mymey + Maoms + msmy.
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Permenne ypasuenusi (4.30) onpejessier oJiHy TPeyTroJIbHYTO
0COOYIO TOUKY

Las = ( 2C ' 2C " 2C ) ' (4:31)

DTa ocobas TOYKA OJIHOBPEMEHHO $BJISETCHA 00Pa30oM JIBYX
TPEYTOJIbHBIX TOYeK Jubpanuu Ly u Ly, Onpeensionmnx Kpyro-
BbI€ JIArPAZKEBBI PEIeHns B 3a/late TPeX TeJl.

TpeyrosibHasi ocobast TOUKA PACIIOIATAeTCs HA BBICOTE ITUPa-
Muabl P. Jj1st pa3mnaHbIx 3HaMeHuH ToCTOAHHON C' IOy 9at0Tcst
pasHble TOYKHU. Besi COBOKYITHOCTH TaKUX OCOOBIX TOYEK BCIO/LY
IJIOTHO 3AITOJTHSAET BBICOTY THPaMUIbl P.

Eciim koopjiunaTsr 0coboii Toukn Ly5 110JICTABUTH B YpaBHE-
mne cemeiicrsa (4.26), To s 3agantoro C' MOTydnM 3HAYUCHEE
nocrosgHHol 3yHamana B = Bys, cOOTBETCTBYIOIIEE 0CODOH TOU-
Ke Lus:
f2m*3
4mC'

Ypashuenue (4.30) oIycKaeT TakyKe TPUBHAJIBHOE DEIIeHUe
ri; = 0 (TpoitHoe coymapemHme), KOTOPOE OLpEIeseT 0CobyIo
Touky Lg cemeiictBa (4.26), COBIAJIAIONLYIO C HAYAJIOM KOOD/IU-
Hat O: Ly = (0,0,0). DT0it 0c060it TOUKE COOTBETCTBYET 3HAE-
Hne B = By = 0. Touky Ly MOXKHO paccMaTpuBaTh KaK OJIHY
U3 TPEYTrOJIbHBIX TOYEK, COOTBETCTBYIOILYIO IMPE/ICTLHOMY 3HA-
genuio C' — 00.

Tpeyronbayio 0ocobyio ToUKy L5 MOXKHO KJIacCU(DUIIUPOBATH
KaK KOHUYECKYIO 0CODOYIO TOYKY C OChIO KOHYyCa, COBIIQJIAIONIE
¢ oceio Ogqo. Touka Ly saBisieTcs OoJiee CJI0KHON 0co00i TOU-
koii. Yepes Hee POXO/IUT KaxK/1as MIOBEPXHOCTb JYH/IMAHA JIJIsi
JIIOOBIX 3HAYEHUl B, BCJEJICTBUE YEro ee MOXKHO KJIacCUUITU-
poBaTh KaK CJIOXKHYIO OCOOYIO TOUKY.

Hukakux Jpyrux jeficrBuTebHbIX perenuii cucrema (4.28)
e umeeT. OHAKO 3Ta CHCTEMa HE OIPEIEISeT BCEX 0COOBIX TO-
Jek moBepxHocTeil 3yHamana. leo B ToM, 9TO paccMaTpuBa-
eMoe TpeXMepHOe IIPOCTPAHCTBO B3aMMHBIX PACCTOSHUIN (BHYT-
PEHHsIsl 9aCcTh MUPAMUJbl P 1 ee rpaHu) OTJIMIAETCsT OT OOBIU-

Bys = (4.32)
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HBIX OTKPBITBIX JICKAPTOBBIX IIPOCTPAHCTB TEM, YTO OHO sIBJISACT-
csd 3aMKHYTBIM Ha rpansx rupamu/isl P. [losromy monck ocobbix
TOYEK CJIEJIyeT IPOBOJIUTH M HA IPAHAX MUPAMUJIBL PP, 9T0 HEBO3-
MOYKHO OCYIIECTBHUTbH C TIOMOIIbIO TOJBKO ypaBHeHuii (4.28).
[IpsimosinHeitHbie 0COObIE TOYKM PACIIOJIATAIOTC Ha T'DAHAX
mupamuael P. OHn gBisgroTcs oOpasaMu U3BECTHBIX KOJLTHHe-
apHbBIX Touek JimOparuu. [TosroMy s ux orpejiesieHust MOXKHO
BOCIIOJIb30BAThCS U3BECTHBIMY METOJAMU, HAIIPUMED, U3JI0YKEeH-
HBIM B IIPeJIbLILYIIEeM pasjiene. B gacTHOCTH, KOOD/IMHATDI MIps-
MOJIMHERHOI 0c000it Toukm, jexkareil Ha rparun ODE, korma

T12 = T3 + 731, (4.33)

HOJTy9alOTCsT TIPU [IOMOIIY ypaBHeHUsT sAToil crenenu (4.7), 1mo-
cJIe YUCJICHHOTO PEIICHUs KOTOPOI'O B3aUMHbBIE PACCTOAHUS BbI-
YUCJIAIOTCS 110 POPMYIam

T3 = YT31, r12 = (1 +v)rs1, (4.34)

[JIe Y - eIMHCTBEHHbIIT TI0JIOKUTEBHbII KOpeHb ypaBHeHust (4.7).

Taxkum obpazom, Ha KayKJI0i rpaHu nmupamMu/ibl P pacrosara-
ercs oJiHa IPsAMOJInHEiHAs ocobasi TOUKa IMOBEpXHOCTEH 3yHJI-
MaHa, KOTopas OJHOBPEMEHHO dABJIAeTCH IPAMOJIMHEHHONl TOY-
KO JIMOpaIuu Jijist KPyroBbIX JIBUZKEHUI TPEX TeJl.

Kaxktag npsamosinaeiinasg TOYKa ABJISAETCS y3JI0BOIH 0COOOI
TOYKO# KPUBBIX, 0OPa30BAHHBIX IE€PECEUCHUEM ITPOEKITHil T10-
BEepXHOCTE 3yH/IMaHa HA COOTBETCTBYIOILYIO I'PDAHb ITHPAMU/JIbI
P. Ocobbim Toukam Ly, Lo, L3 COOTBETCTBYIOT 3HAYEHUS I10-
crosianoit 3yuamana By, By, B3, KOTOpbIE OIPEIEISTIOTCS TTOC/Te
BBIYNCJIEHNST B3ANMHBIX PACCTOSHUIA.

3amMeTnM, 9TO B HEOTPDAHMIEHHOM IIPOCTPAHCTBE 112793731 ITU
TOYKU SIBJIAIOTCS CEJIJIOBUIHBIMU TOYKAMU [TOBEPXHOCTEH 3yHI-
MaHa U He SABJIAIOTCS OCOOBIMU, TAK KaK IJIOCKOCTH COOTBETCTBY-
IOIell TPaHu MUpaMuIbl P dBJIeTCs eIMHCTBEHHOM KacaTeb-
HOM TIJIOCKOCTBIO K TOBEPXHOCTH 3yH/AMAana B 3Toi Touke. [1po-
U3BOJIHAS OT (PYHKINK S 110 HAIIPABJIEHUIO, ITEPIIEHINKY/ISTPHO-
MY COOTBETCTBYIOIIEH I'paHm, OTJIMIHA OT HYyJIsI, HAITPUMED, I
rouku Ly 1o npoussomnast 0S/0py3 # 0.
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Hukakux apyrumx ocoOBIX TOYEK MOBEPXHOCTH JYHIMAaHA HE
UMEIOT.

Uccnenosanune nosepxuocreit 3ynamana OyaeM TPOBOIUTD C
[IOMOIIBIO CEYEHUN IIJIOCKOCTAMH G2 = d, ¢a3 = 0 ¥ ILIOCKO-
croio ODE (p3; = 0) mmpamuiel P ¢ HCHOIB30BANEM Damee
BBIOPAHHOW CUCTEMBbI €IUHUIL U3MEPEHUA.

Benmnuuna d BeiOupaeTcs paBHOI 3HAYCHUIO KOOPIMHATHI (12
JUtd nepBoit Touku Jimbparnuu L. Hymepanus npsimosinHeitabx
TOYEK JINOPAIUU COOTBETCTBYET MOPSIKOBOMY HOMEPY UX I0siB-
JIEHUS B IIPOTIECCe YMEHbBIEHHS IIOCTOAHHOM 3yH/IMAaHa OT 00 JI0
0.

Ceuennst mupaMuibl P Ha TPUBOJMMBIX PUCYHKaX M300pa-
JKAIOTCsT Y HKTUPHBIME JIMHUAME. Bee gacTtn moBepxHOCTH 3YH/I-
MaHa, paclioJiaraloliuecsd BHe I'paHeil nupamupl P, He UMeT
dusnIecKoro cMbiciia, TeM He MeHee CeUeHNsT HEKOTOPbIX M3 HUX
TaKzKe MMPUBOJATCH JIJId 00JIee TIOJTHONO NeOMETPUIECKOTO TIPE/I-
CTaBJIEHUS O MOBEPXHOCTAX 3yHIMaHA.

[Ipexx e Bcero 3amernm, uto ipu B = 0 HepaBeHcTBo (4.25)
npeppamaercs B HepapercTBo U > (', onpenensiomniee 06/1acTh
BO3MOKHOCTH JIBUKEHUsI, OIPAHUIEHHYIO MMOBEPXHOCTHIO HYJIe-
Boit kunerudeckoit sueprun U = C. D10 03HAYAET, UTO HPU
zastaHHOM C' 00J1aCTH BO3MOXKHOCTH JIBUKEHUST JIJTsT JIFOOBIX 3HA~
JeHnit B pacrojiaraloTcs MeKy COOTBETCTBYIOIIEH TOBEPXHO-
CTBIO HYJIEBOIl KHHETHYECKON SHEPIUM U IPAHAMU THPaAMUIbI P,
npuserasi K mocyieHuM. A 06/1acTh HEJIOCTYIHOCTH, PACIOJIO-
JKeHHasl 110 JIPYT'YIO CTOPOHY IOBEPXHOCTH JyH/IMAaHa, BCerja
OXBaTbIBAET AHAJOTUYHYIO O0JIACTD HEJIOCTYITHOCTU IS COOT-
BETCTBYIOIIEH ITOBEPXHOCTU HYJIEBOH KUHETUYECKON IHEpPruu u
TosibKO Ipu B = 0 coBiiajiaer ¢ Heii.

[TosTomy moBepxHOCTH 3yH/IMaHa CyTh 0OJiee CTPOrUe rpa-
HUIIBI 00J1aCTell BO3MOXKHOCTH JIBUYKEHUIT U 00JI1acTell HEeJIOCTYII-
HOCTH 110 CPABHEHUIO C MMOBEPXHOCTSAMM HYJIEBOW KUHETHIECKON
SHEPI'MH, KOTOPBIE SBJIAIOTCS YaCTHBIM CJIydaeM IOBEpXHOCTel
3yH/MaHa, COOTBETCTBYIONNM 3HadeHnio B = 0.

PaccvoTrpum 6ostee oapoObHO M3MeHeHne TTOBEPXHOCTEH Sy H/T-
MaHa B IPOIECCE YMEHBIIeHUs MOoCcTogHHON B ot 0o jio 0 mpu
3aJIaHHOM TocTosgHHOM 3HadeHuu C' > 0.
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Kaxk noe 3aannoe suadenne C' onpesiesisier MOBEPXHOCTD HY-
JIEBOW KMHETUYIECKON SHEPIUU M COOTBETCTBYIOIIYIO €if 00/1acTh
nveoctynnoctu. Vckiovast 9Ty 001acTh HEJOCTYITHOCTH U3 BHY T-
peHHeil yacTu nupamMuibl P, moyduM o00J1acThb, B KOTOPOI pac-
[I0JIAraloTCs BCEe MOBEPXHOCTH JyHAMaHa mpu 3ajaHHoM C' n
0 < B < 00. /1151 pa3HbIX 3HAUYeHN 3aaHHON Beananabl C' 1mo-
JIYIaIOTCsI Pa3Hble KOJTMYIECTBEHHBIE XapaKTePUCTHKU ITOBEPXHO-
creit 3yHAMaHa, HO KAUeCTBEHHBII XapaKTep U I0CJIeI0BaTe /b
HOCTH OmdypKaluii MoBepxXHOCTel 3yHIMaHa OCTAIOTCA HEU3-
MEHHBIMU W COOTBETCTBYIOT OIUCAHHOMY HIKE ’CIIeHAPUIO .

[Ipu B = oo 006sacTh BO3MOXKHOCTU JBUKEHWUII OTCYTCTBY-
eT. Bea nupamuia P okasbiBaeTcss B 00J1ACTU HEJIOCTYITHOCTH, a
Tesla pacloJaraloTcd Jub0 Ha OECKOHEUHBIX PACCTOTHUAX JIPYT
OT Jpyra, Jimbo Ha pebpax MUPaMUJibl, JIUOO B OJIHOI TOUKE -
nadaje koopaunat O.

Ecnu Besinunna B ovyenb OoJibIiiasi, HO KOHEYTHAs, TO 00J1aCTh
BO3MOKHOCTH JIBH2KEHUI TIPEJICTaBIIAET cO0OI TpHU y3Kue "Horn”
pacroJiaraionuecs BHYTpu mupamMuibl P Biob ee pebep. Toi-
IUHBL "HOT ¢ TIPUO/IMKeHneM K Hadajy koopauaat O st JTro-
ObIX 3HAYEHUIT TIOCTOSTHHBIX 3yH/IMaHa B cTpemMsTcs K HYJIIO, & ¢
yJlaJleHreM B OECKOHEYHOCTb CHavasa yBEJIUIUBAIOTCS, a 3aTeM
ACUMIITOTHYECKU TPUOJIMIKAIOTCA K pa3MepaM, OIpe/IeIsseMbIM
MOBEPXHOCTBIO HYJIEBOI KHHETUIECKON SHEPTUN C TeM JKe 3HAUe-
uueM noctogauoit C'. [lpu ymajmeHnn 0HOTO U3 TesI, HAIPpUMeED,
teia M3 oT JBYX JApyrux Ha OECKOHEYIHO OOJIBITIOE PACCTOSHUE
ypaBHEHUs IMOBEPXHOCTU 3JyH/IMAaHa, KAaK U yPaBHEHUS IOBEPX-
HOCTH HYJIEBOW KUHETUIECKON SHEPIUH, IIPEJICTAB/ISIIOTC B BUJIE
(4.19). A upesiesibHbIe 3HAUEHUsI B3AUMHBIX DACCTOSIHUI MpH-
HUMAIOT Te Ke camble 3HadeHus (4.20), npudIeM 3TH pe3ysibra-
ThI CIIPABEJJINBLI JJIs1 JIFOOBIX 3HAUYeHUl B 1pu pUKCUPOBAHHOM
C. Anajiormanbie pe3ysbTaTbl UMEIOT MECTO JJIs JIBYX JIPYTHUX
"Hor”. Takyio 06JiIaCcTb BO3MOXKHOCTU JIBUYKEHHIT MOXKHO TaKKe
CYUTATH 'TPEHOTOil”, HO ¢ T'OJIOBHOM YaCThIO, BHIPOXKIAIOIIECs
B Touky O - Hadajo xKoopjuHat. OOmuit Bu "TpeHorn” mpeji-
craBjieH Ha puc. 4.6, a Ha puc. 4.7 u 4.8 n300paKeHbl CeUeHUT
moBepxHOCTel 3yH/IMaHa I BHIOpAHHBIX 3HAYEHUN MaCcC TeJr:
my = 1/2, mo = 1/3, ms = 1/6
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(0]

Puc. 4.6. O6muit Bux nopepxHoCcTH 3yHIMAHA

N3 stux pe3yabraToB MOXKHO CJIE€JATH CPa3y JIBa BAXKHDBIX
BBIBOJIA. Bo-11epBhIX, 13 OECKOHEYHBIX Pa3MEPOB "HOI' CJIEJIYeT,
9TO MMOBEPXHOCTU 3yHIMAHA BCETJIa JOMyCKAIOT YXOJ OJIHOTO U3
TeJ B OECKOHEYHOCTh. DTO MOJATBEPXKIAETCS TEM, UTO IIPHU Oec-
KOHEYHOM yJIaJIeHUH OT Havasa KOOPJAUHAT JII00as MOBEPXHOCTD
3yH/iMaHa aCUMITOTUYECKH COJIMZKAETCS € MOBEPXHOCTHIO HYJIe-
BOII KMHETUYECKON SHEPIUM.

Bo-BTopbIx, Kaxkgas U3 Tpex "HOI” He MMeeT OOIIMUX TOUYeK
¢ apyrumu “Horamu” (MCKJIHOYasi HAYAJIO0 KOODJMHAT), YTO Ta-
panTupyer "BeuHoe”’ CyIECTBOBAHME OJIHOI OJIM3KOI Hapbl Tell,
COOTBETCTBYIOITEE TOJIOKEHUI0 M300parkKaroIieil TOUKN BHYTPHU
oJHOI 13 "HOTr”.

Ecnn uzobpazkaroras ToUKa B HAYAJIBHBIIT MOMEHT BPEMEHH
pacIojioXKeHa B OJHOI u3 "HOT”, TO OHA OCTaHeTCd B 3TOi obJia-
CTHU HABCETJIa, 9TO O3HAYAET YCTONIMBOCTD M0 XUJLITY JIBUKEHUST
COOTBETCTBYIOMEN Tapbl Tesl. Kaxiaasd u3 Tpex "HOr” COOTBET-
CTBYET CIIlyTHUKOBOMY THUILY JIBU2KEHUs, KOIJIa J[Ba TeJa BCerja
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pacrojiaraloTcd B HEKOTOPOI KOHEYHON OKPECTHOCTHU JAPYI IAPY-
ra, a TpeTbe TeJ0 MOYKET OBbIThb YJAJIEHO OT TOM MMapbl Ha JI0-
CTATOYHO DOJIBINIOE WK Jlayke OECKOHEeTHOe paccTosinue. BuyTpn
KaXKJI0if U3 Tpex "Hor” OJIM3KYIO mapy oOpa3yioT pa3Hble TeJa.

Bosnuknosenue ycroifiunBocTu 1o Xujiy IpHU IEpPexojie OT
[IOBEPXHOCTEH HYJIEBOM KUHETUYCCKON SHEPIUU K IIOBEPXHOCTAM
3yH/MaHa 00YCJIOBIEHO OTCYTCTBHEM T'OJIOBHO# dacTu y 00J1a-
cTeil BOBMOXKHOCTH JIBUKEHUsI, BCJIEJICTBUE Y€ro IPHU OOJIbINNX
C' HEBO3MOKEH ITepexo/] n300parkalomeil TOUKU U3 OJHOi "Horn”
B Jpyryio. Teoperudueckn n300parkaroiias TOUKa MOYKET OCYIIe-
CTBUTH TaKOU IIepexo/i, HO JijId 3TOr0 efl Hy»KHO LPOATH depes
HaYa/I0 KOOPJIMHAT, T.e. 4epe3 TpoitHoe coyiapenue tei. lasee
MBI OyJIEM IIPEJIIIOJIAraTh, YTO TPORHOE COy/IapeHIe OTCYTCTBYET.

YMeHbllleHre MOCTOAHHONW B He u3MeHseT OTMEYEHHOIO Ka-
YECTBEHHOT'O XapaKTepa IOoBepXHOCTell 3yH/IMaHa 0 TeX Iop,
[IOKa 9Ta MOCTOsIHHAS He JIOCTUTIHET 3Ha4ueHus By, Ipu KOTOPOM
MMOBEPXHOCTH 3yHIMaHa MPOXOJUT depe3 o0coOyio Touky L Ha
rpaan ODE mupamuasr P. IloBepxHOocTh 3yHIMAaHA TIPU ITOM
pacriosiaraercs 1o obe ctoponsl rpaan O AD nupavusr P, T.e. n
BO BHerlHell (He uMmerorneil dhusnaeckoro cMmbicsia) obacru. Ha
CEYEHUN TIOCKOCTBIO G132 = (q12)r, (9TO cedeHme Ha PUCYHKAX
He n300pazkeHo) Touka L; pacrosiaraercst MexK 1y Toukamu D u
E. Touka L; mpuHa/UIEKUAT cpa3y JABYM 'HOraM~ YIOMSHYTOMN
"Tpenorn’. DTa TOUKA XapaKTepu3yeT MpeJiesl YCTONINBOCTH TI0
Xwuty, Tak Kak 1ipu B < Bj nosiBisercs o01ast 9acTb 3TUX 00-
Jlacteil, n n300pazKarolas TOUYKa MOYXKET [ePEMECTUThCH 110 Hel
u3 0JiHo# "HOrW’ B JPYTYIO, HUJLIIOCTPUPYs OOMEH KOMIIOHEHTA-
MU B cHCTeMe Tpex Tes: Teno Mz u3 ciiyrauka teia M, MoxKer
cTaTh cinyTHUKOM Teja My, u naobopot. Ho pu B < B; B posn
CIyTHUKA HE MOT'YT BBICTYIIATH Teja ¢ 66 bimmmu Maccamu My
u M. Tonbko npu B < By u, Tem 60siee, ipu B < B Teyio M,
u3 cryrHuka tesa My mMoxker crarh ciuyTHUKOM Tesa Ms. Ecin
MaCChI TeJT OKaXKyTCsl PABHBIMHU, TO BCE MIPAMOJIMHENRHBIE 0COObIE
TOYKHU JIOCTUTAIOTCA OJHOBPEMEHHO 1pu By = By = Bj.

[To moctmzkenun 3nadenus B3 06/1acTh HEJOCTYITHOCTU PaC-
[IOJIATaeTCA B IEHTPAJIBLHON YacTH IMUPaAMUJIbl P, OXBaTbIBas ee
BbIcOTY. Pasmepn! 0b/1acTu HEJIOCTYITHOCTH HEOT'PAHUYIEHHO YBe-
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Puc. 4.7. Cevyennst nopepxsocreil 3yH/MaHa IIOCKOCTBIO ¢12 = 1 Jyist
C' = 0.6 u 3navenuii macc m; = 1/2,my = 1/3,mg = 1/6. O6oznaue-
nng kpuBbix: 1 — B = 0.05,2 — B =0.0167,3 — B =0.0119,4 — B =

= 0.005,5 — B = 0(ceyeHne NOBEPXHOCTH HYJIEBOW KHHETHYECCKOMN
SHEPTHUH).
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Puc. 4.8. Ceuenusi noBepxHocreil 3yHIMaHa ILJIOCKOCTBIO oz = 0.

Bce oboznatenus - cm. puc. 4.7
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JITYUBAIOTCS C yAaJIeHHEeM B OECKOHEYHOCTH OT HadaJjia KOOP/IU-
HatT. B oKpecTHOCTH PAMOIMHEHBIX TOYEK HAOTIONAETCS Cy¥Ke-
Hue 00JIACTU HEJIOCTYITHOCTU, KOTOPOE IIPU YMEHBIIEHUU TOCTO-
stHHOM SyHAMaHa 10 B = Bys craruBaercsa B 0Co0yI0 TOUKY Lys.

Jaibueiiiee ymenbienne B TPUBOJIUT K Pa3pbIBy 00JIaCTH
HEJIOCTYITHOCTH Ha JBe dacTu. O6/1acTh BO3MOXKHOCTHU JIBUKE-
HUIl CTAHOBUTCS TOXOXKell Ha (UTYypy C IMeCThI0 "HOTaMu U
JIBYMsI TOJIOBHBIME dacTaMu. OJIHA MOJIOBHAS YaCThb - IPEXKHsA
touka (O, a Jpyras - HEKOTOpas 00JIaCTb BOKPYT TOYKU Lgs.
O06e roJIOBHBIE YaCTH CBSI3aHBI JPYT C JAPYTOM TpeMs "HoraMu'
a U3 BTOPOIl NOJIOBHON YaCTU MCXOIAT B OECKOHEIHOCTD €I1le TPU
"Horn”. IHbIMU CJIOBAMU, Y UCXOHOM "TPEHOrU TOsIBUJIACH €I
0/IHa T'OJIOBHAS YaCTh BOIU3U TOUKU L45.

[Ipu nocsemyromnem ymenbittenuun B 10 0 001aCTh HEJOCTYII-
noctu Mexry Toukamu O u Ly crdruBaeTcd B 0COOYIO TOU-
Ky O, a BTOpasi 9acTb 00JIACTH HEJIOCTYITHOCTU MpeodpasyeTcs
B aHAJIOTMYIHYIO 00JIACTH JIJIsi TIOBEPXHOCTU HYJIEBON KUHETHYe-
ckoit sueprun U = C.

Ha »Tom mpomnemypa ymenbiienns B ot oo go 0 m coor-
BETCTBYIOIIEI0 M3MEHEHUs IOBEepXHOCTell 3yHjmana oT pedep
U rpaHeil mtupamMu/ibl P 10 ITOBEPXHOCTU HYJIEBOI KMHETHIECKOI
SHepTUH 1pu 3aaHHoM 3HadeHnn C' > () 3aKaHINBAETCS.

[TosepxuocTn 3ynMana (KaK U MOBEPXHOCTH HYJIEBOH Ku-
HeTuueckoii sueprun) npu C' > 0 gormyckarmor yxoJ B GeCKOHEd-
HOCTb TOJIBKO OJIHOT'O Tejla M He JIOIyCKAIOT ITOJIHOTO Pacia/ia
TPOWHOI CUCTEMBI.

Ecmn ke C' < 0, To moBepxHOCTH 3YHJIMAHA UMEIOT JPYTOit
Bl st C' = —0.6 cedeHnst 97X MOBEPXHOCTEH MTPEICTABIEHBI
na puc. 4.9 u 4.10. Kak Bu1HO U3 pUCYHKOB, HUKAKUX O0JIacTeil
YCTOMYIUBOCTH 110 XUJLTYy WK 110 JlarpaHKy Takue MoBEPXHOCTH
He jiorryckaior. O6/1acTu BOSMOXKHOCTH JIBUKEHUI B 9TOM CJIyvae
JUTs JIIOOBIX 3HaYeHuit B JI0MyCKAI0T KaK yXOJ[ OJTHOO U3 TeJl B
OEeCKOHEYHOCTh TaK U IOJIHBII pacia/i CUCTeMbI TPeX TeJl.

B orpanmuennoii 3ajiavue Tpex Tes MOJ[ YCTONYUBOCTBIO TI0
Xty MOHUMAIOT "BedHOe” IPeOBhIBAHME TeIa MAJIOi MacChl BHY T-
PY IOBEPXHOCTU HYJIEBOI OTHOCUTEJILHOU CKOPOCTH, UMEIOIei
KOHEYHbIe pa3Mepbl U OXBATBHIBAIOINIEN OJIHO M3 OCHOBHBIX TeI,
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T.e. TEJIO PEHEeOPEKMMO MaJjoil MacChl OCYIIECTBIISET JIBUKe-
HUsI CIIyTHUKOBOI'O THUIIA OKOJIO OJIHOI'O M3 OCHOBHBIX ITPUTSTU-
BaIOIIUX TeJI.

Vcnonp3oBanne MOHATHA yCTORYNBOCTH 10 XWJLTY B 0OIIEit
3aJ1ade TPeX TeJl MMeeT CBOIO CHenuduKy, 0OYCIOBIEHHYIO PaB-
HOIIPpABUEM BCEX TPEX MAaCC KaK aKTUBHO IpaBUTHUpPYIONUX. Bo-
[IEPBBIX, MOHATHE YCTOWYMBOCTH OTHOCUTCH KO BCEM TPEM Te-
JIaM, T.e. MOYKHO PACCMATPUBATL CIIyTHUKOBBIN THUII JIBUYKEHUS
OTJIEJILHO JUId Kazkjioi mapwl Tesr: My n My, My u M3, M3 n
M. Bo-BTOpBIX, B OTJINYHE OT OIPAHUYCHHON 3a/1a9M TPEX Tl
JUUTS CITy THUKOBOTO THITA IBUKEHUIT B OOITEll 3a/1a9€ TPEThe TeJI0
MOZKET YJAJUThCA OT OJM3KON Mmapbl HA 3HAYUTETbHOE U JlarKe
OecKoHevHOe PaCcCTOSHUE, TAK KAK ITOBEPXHOCTH 3YHJ/IMAHA MMe-
€T HEOIPDAHUYEHHBbIE Pa3MEPhI.

YVuauTbiBas yKa3aHHYIO CHeluduKy, B O0IIeil 3ajade Tpex
TeJI, CTPOr'o TOBOPH, CJIEJIYET HCIOJIHL30BATDH IMOHATHE ~yCTONIN-
Boctu Tuna Xwmuia'. Ho u B orpanmdennoit u B obIeit 3aa4e
TPeX TeJl pPedb UJeT 00 OJHOM U TOM K€ - O CIIyTHUKOBOM TH-
e JIBU2KEHUs KaKOi-To mapsl Tes1. [loaToMy BrosiHE BO3MOXKHO
u B 00Ieil 3a/iave Tpex TeJl UCIOJb30BATh HMOHATHE yCTOWYM-
BOCTH 110 XHJLIY , B KQUECTBE JIMHAMUYECKON XapaKTEePUCTUKU
CIIyTHUKOBOI'O THIIA JIBUKECHUIA.

JlamnM citeyroriee ompeiesieHne yCTOWINBOCTH IO XUy B
obrieit 3a1ade Tpex Tes. Eciin B cucrteme Tpex TeJl CyIIeCTBYeT
napa tesx M; u M, 11 KOTOPOii ¢ IIOMOIIBIO HOBEPXHOCTH 3y H/I-
MaHa MOXKHO yKa3aTh KOHEUHYIO IOCTOAHHYIO BeJIMIuny a;; > (
TaKyIo, YTO B JI0OON MOMEHT BpeMeHH ¢ € (—00, +00), BKIIIOYast
HavaJo OoTcueTa ty, BHIIOJIHIETCT HEPABEHCTBO

rij(t) < a;; = const, (4.35)

rie r;; - U3MEHSIOIeecsd B IIPOIEeCcce JIBUKEHUS B3aUMHOE Pac-
croginue Mexk 1y Tesamu M; u M;, To ABUzKeHns 3TOM Hapbl TeJl
OyZieM Ha3BIBATh Ycmotinuevimu no Xuanry. Bennauna mocrodn-
HOII @;; B n300pazKalolieM IPOCTPAHCTBE 112723731 IPEJICTABIIACT
coboil paccrosgHue OT IIOCKOCTH T3 = 0 J10 MaKCUMaJIbHO y/la-
JICHHOIT OT 9TOfi IVIOCKOCTH TOYKHY (IIPH HAJIMIIN TAKOBOI) COOT-
BETCTBYIOIIel 1oBepxHocTu 3yHaMana. IIpenesbnbiv 3HaueHn-
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931
4
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o617\

Puc. 4.9. Ceuenust moBepxHocTeil 3yHIMaHa ILIOCKOCTBIO ¢ = 1

st C = —0.6 u 3navennit macc m; = 1/2,mg = 1/3,m3 = 1/6.

Ob6oznavenus kpusbix: 1 — B =0.3,2— B =0.016,3— B = 0.012,4—
B =0.107,5 — B = 0.05.
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Puc. 4.10. Ceuenns mnosepxuocTeii 3yHIMaHa IJIOCKOCTBIO oz = 0.
Bce oboznauenus - cm. puc. 4.9
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eM JlJIsl BeJIMYUHBI @;j fABJIeTCA KOOpJUHATa Tj; 0COOOH TOUKH
Ly mim L.

BakHo oTMeTHTB, 9TO yCTOWYIMBOCTD JIBUKEHUI 10 XUJLTY
B KOHKDPETHOW TPOWHOI CHCTeMe MOYKET BBIIOJHATHCS TOJIHKO
JIJTs KaKOH-J1m00 ofHOM mapsl Tes. HbiMu cioBamMu, HEBO3ZMOK-
HbI JIBU2KEHUS yCTORYIUBDBIE 110 XUJLTY cpaly JJisd JBYX WU TPeX
map TeJ OJHOBPeMeHHO. Ecim ycroitamBoil mo Xuny aBseTcs
napa Ten My, My, To jBuxkenus JByX Japyrux nap tea My, Ms
wiu My, M3 6yayT HeycTOWINBBLIMU 110 XUJLTY. DTO OYE€BU/IHO U3
pamee U3JI02KEHHOT0, 100 M300pazKarolias TOUKa B IIPOCTPAHCTBE
B3aMMHBIX PACCTOAHUI MOXKET HAXOJUTHCS TOJBKO B OJHON M3
Tpex "HOr”, TapaHTUPysl YCTOWIUBOCTH TOJILKO OJHON ITaphl TeJI.
Cpa3y B JIByX WJIH TPEX HEMEPECEeKAIONNXCs "HOTaX M300paska-
0Ilas TOYKa HAXOJUTHCS HE MOKET.

BosmokHOCTE yXOma TpeTbero Tejaa B OECKOHEYHOCTDH IIPH
YCTOMYIUBOM 110 XUJLTY JIBUZKEHUU OJIM3KOM IMapbl O3HAYAET, YTO
JIBUZKEHUSI CUCTEMBI TPEX TeJI IIPU 3TOM HEYCTONYUBLI 110 Jlarpan
’Ky. YCTOWYMBOCTH 10 XWJLIYy MapaHTUPYET TOJbKO HEBO3MOK-
HOCTB pacliajia pacCMaTpPUBAEMOil TECHOI Tapbl U HE UCKJIIOYaeT
BO3MOKHOCTH PACIaJia CUCTEMbI TPEX TeJI KaK IeJIOr0.

Y100b! yCTAHOBUTH KPUTEPHil YCTOWUUBOCTU 110 XUJLILY JIJIsd
JIIOOBIX MCXOJHBIX JAHHBIX, HEOOXOIUMO I 3aJIAHHBIX 3HAUE-
HUI MacC U MOCTOHHOW C' BBIYUC/UTD BEJTMIHHY TOCTOSHHOMN
Synamana B B epBoiil mpsiMosnHeitHO 0coboit Touke. [TocTpo-
eHne objacTell yCTOWYIMBOCTH Ha IJIOCKOCTH TtocTosinHasgs C' -
nocrogHHasi 3yHjamana B’ mposejieHo 4ucieHHo. Pe3ysbrarb
BBIMUC/IEHUI TIpejicTaB/ienbl Ha puc. 4.11.

Bce objract ycTOWYMBOCTH PACIIOJIATAIOTCS TIPABEE U BbI-
me coorBercTByomeit kpusoil. [Ipu 3navenusax C' u B, On3-
KUX K HYJIEBBIM, BCErJ[a UMEET MECTO HEYCTONIMBOCTH 10 XWJI-
JIy. YCTOHYIUBOCTD TOSABJISIETCS TOJBKO st 3Hadennit C' u B,
yJIaJIEHHBIX OT OCeil KOOPJMHAT Ha HEKOTOpble BeauduHbl. [Ipu
Boinosinernu yesoBug C' < 0 Hukakux obJacTeil yCTOMInBOCTH
He CYIIEeCTBYeT.

Kpusbie 1, 2, u 4, nzobpazkennnie na puc. 4.11, onpejesgor
CITy THUKOBBII THUIT JBUKEHHUS OJITHOBPEMEHHO JIJIsT BCeX Tap TeJI:

My u M3, My n M3, My u M,y. Ilpu B < By B ciiydae paBHBIX
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MaccC TMoJiydaeTcd HeycToh4unBocTh 1o Xwuuty. Ho ecimm 3nade-
HUSA MacC yJIOBJIETBOPSIOT YCJIOBHUIO My > Mo > Mg, TO 00JIaCTh
YCTOMYIUBOCTH Tapbl Hambojiee MaccuBHBIX Teq Mp u My pac-
mupsiercst 10 B > B, tne By < B; - nocrosinHasg 3yHIMaHa,
BBIUNCJIEHHAsT B TOYKe JuOparmun Lo. Temo HauMeHbIeir Macchbl
IIPY 9TOM HAXOUTCH HA 3HAYUTE/IHHOM Y/IAJICHIN OT MACCUBHBIX
TeJI U MOXKET JIaxKe yIaJIuThed B OecKoHedHOCTh. s nap My u
M3 nnmu My u M3 B 9TOM cjiydae UMeeT MeCTO HEYyCTOWIHMBOCTD
o XuJuny, Tak Kak Tesio M3z MoxKkeT u3 ciyTHUKa Tejia M craTh
ciyTHUKOM Tesia My u Haobopor (em. puc. 4.7 u 4.8). I'pann-
11a 9Toi objiacTu ycroitunBoctu B = B TakxKe IpejcTaBIeHa
Ha puc. 4.11 (kpusasg 3). 3HavyeHne B3 He BHOCUT HUKAKUX HO-
BBIX PE3YJIbTaTOB B UCCJIEIOBAHUE YCTONINBOCTH 110 XUJLIY, IYTO
BUIHO u3 puc. 4.7 u 4.8.

OKOHYATEILHO yCJIOBUST YCTOWIMBOCTH 110 XUJLTY TIPH 17 >
> Mgy > M3 MOXKHO c(HOPMYJINPOBATH B BHJIE:

B > By — ycroiiuuBOCTb JII000I Iaphl TeI,

B > By — yCcTOWYMBOCTD TOJILKO OJiHOM mapbl Tes1 My u Mo
¢ HAMOOJIBIITUME MAaCCAMHU,

(4.36)
e By < Byupumy > mo > mzu By = By upumy > my = ms.

BosMoxkHOCTD CyIIecTBOBaHUS yCTOMYUBBIX 110 XHUJLTY JIBH-
JKeHuii ycranaBinBaercs yeaosuamu (4.36) cpady st Tpex map
TeJl, HO KaKas KOHKPETHO I1apa peain3yeT yCTONINBOe JIBUIKE-
HHE MOYKHO OIIPEJIeIUTh 110 HAYAJbHBIM YCJIOBUSM, ITPOBEPSIS
[PUHAJJIEZKHOCTD M300pazKaroleil TOUYKN K KOHKPeTHOi "Hore”.
YeroitunBoii mapoit Test OyaeT Ta, napaMeTpbl KOTOPO Y/I0BJIe-
TBOPSAIOT HepaBeHCTBY (4.35) B HAYAJBHBINA MOMEHT BPEMEHH.

B kauecrBe npumepa paccmorpum cucremy Coutane (M) -
Ouurep (M) - Carypu (Ms). Ilpuanmast mjis 970l CHCTEMBI
snadgennsg B = 0,4658 - 107°,C = 0,1064 - 1072 u Bbuuc/isd
pemauny Bp = 0,4492 - 1075 maa storo snadennsi C, y6erx-
JaemMcst, 9ro B > Bj, T.e. BbimosHsiercs yciaosue (4.36) st
ycroitunBoctu jBuzkenuit mo Xusry. Ocraercs IpOBEPUTH Ha-
JaJjIbHbIE T0JIOKeHusT TeJl. KoopmHarsl ocoboit Touku Ly B cu-
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0,0107 B

0,008+

0,006

0,004+

0,002

Puc. 4.11. Obnactu ycroitunoctu o Xuuty. Obozuadenus: 1 - mj =
=mgy=m3=1/3,2-m; =1/2,my =1/3,mg = 1/6 (ycroitunsocrs
JI000iT TIApBI TeJT), 3 - IPH TeX yKe 3HAYCHHUAX MACC, HO YCTOIIUBOCTD
TOJILKO OJiHOU mapbl Tes1 My u Ms, 4 - mqp = mg = 0.495, m3 = 0.01.

CTeMe T3, T93, T3 UMEIOT 3HauUeHUs (B a.e.):
Ly = (5,937; 0,4286; 5,508).

A 3HadeHmMs 3THUX KOOpAWHAT Ha 310Xy to = JD 244 1200.5
pPaBHBIL:

7"12(750) = 5, 0607 T‘Qg(to) = 13, 02, Tgl(to) = 9, 016.
YunureiBast HepaBEHCTBa
9,060 < 5,937; 13,02 > 0,4286; 9,016 > 5,508,

zaksiodaeM, 91o B cucreme Costmre-Onurep-Carypn ycroiian-
BBIM 110 XWJLILY SIBJISETCS JIBUZKEHHE TOJIHKO 0J1HO napbl - CoJrH-
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ne-FOmurep. FOnurep Hukorma He cMoxkeT yaaauTbes ot CotHia
boJtee, yeM Ha 5,937 a.e.

Hsuxenus nsyx apyrux map Cosnne-Carypu u FOmurep-
CaTypH OKa3bIBAIOTCH HEYCTONYMBBIMU MO0 XHUJLIY. DTO COIJIA-
CYeTCsl ¢ M3BECTHBIMU aHAJIUTUICCKUME U IUCJIEHHBIMUA PE3YJIb-
TaTaMM, COIJIACHO KOTOPBIM TE/I0 HAWMMEHbIIel Macchl 00/1a/1aeT
HAMOOJIbIIIell BOSMOXKHOCTBIO Y/IAJIEHUsI OT JIBYX 0OJiee MacCuB-
HBIX TeJ.

[TosepxnocTn 3yHMaHa [MO3BOJIAIOT YCTAHOBUTL yCTONYINU-
BOCTb JIBUZKEHUI B CMBICIE XUJIa JJIs OTIAeJTbHBIX Iap TeJl.
Bosee toro, ecim ymaercss yCTaHOBUTH YCTOHYIUBOCTD O XMJI-
JIy KaKO¥-TO Tapbl TeJI, TO JBe JPYyTue mapbl TeJ OKa3bIBAIOT-
Csl HEyCTONYMBBIME TI0 XWJLILY, a TPeThe TeJIo (He BXOJAINee B
yCTOIUUBY10 TIapy) 00J1a/Ia€T NPUHIUIIHAIBLHON BO3MOXKHOCTHIO
yX0/1a B OECKOHEYHOCTb.

NzmoxkeHHbIe pe3yIbTATHI XOPOIIO BIUCHIBAIOTCA B U3BECT-
HYIO KJIACCU(PUKAIMIO JIBUKEHWI B 3a/ade TpeX TeJl, MPeJIo-
xkeunyio Bukropom CebexeeM, BKJIOUYas (pUHATbHDBIE JBUKE-
HUsl, U TO3BOJIAIOT BBECTU B 3Ty KJACCU(DUKAIUIO HOBBIN I1a-
pamMeTp - HOCTOstHHYIO 3yHaMaHa B = ¢?/2.

BosmozkHbI ciieytomnine Hanboiee MHTEPECHBIE TUITHI JIBUKE-
HUit:

- "pazyier” wm "pacrag’ upu h > 0, B> 0 u liim I = oo,
t—=To0

KOT/Ia BCe TPH TeJIa ¢ MapabOTnIeCKIMU WA THIIEPOO T IeCKIMI
CKOPOCTSAIMU YIAJISIOTCA OT OAPUIIEHTPA,
- "yxox” wim "BeiOpoc” mpu jito0biXx h u B unpu lim [ = oo,

t—=+oo

KOTJIa OJTHO W3 TeJI yJlaJIsieTcsd Ha OeCKOHEYHO OOJIbIIIOE PACCTO-
sIHUE OT JBYX JIPYI'HX, 0OpasyIouX TECHYIO Iapy,

- "obpamenue” upu h < 0, I < Iy = const u B > By, Korja
CUCTEeMa COCTOUT U3 TECHOH MHapbl M yIaJ€HHOTO Ha KOHEUHOE
pacCTosiHIEe TPETHEro Tejia (9TO yCToiunBbe M0 XWILTY JIBUZKe-
HUsI OJIHOM Tapbl Ter),

- "3axBar” u "odmen” npu h < 0 m B > By, xorja Temo Ms
u3 cIyTHUKA Teja M cTaHOBUTCs CIyTHUKOM Teja M.
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BBE/IEHUE B
ACTPOJIMHAMUKY

Acmpodunamuroti Ha3bIBAIOT pa3iesl HAyKH, U3y YOI 10~
cTynaTre/ibHbIE U BpalllaTeIbHbIE JIBUKEHNUST NCKYCCTBEHHBIX He-
OecHbix Tes. Bee pe3ynbTarhbl, pacCMOTPEHHDBIE B ITPEIBLITYITIX
pasjiesiax, OCTalOTCsI CIIPABETUBBIMUI U JIJIT HICKYCCTBEHHBIX He-
OecHBIX Tejl. BMecre ¢ TeM MOSBJIAETCA MHOTO HOBBIX (DaKTO-
POB, BJIMSIIONIUX Ha JBHKEHHE KOCMHUYECKHUX AallllapaToB. DTO
"HOBBIe" CHJIBI, KOTOPBIE B KJIACCUYIECKON HEOECHON MeXaHUKN
0ObIYHO He paccMmarpuBaloTced. Jlajee obOCyxKaaloTcd TpU HaU-
OoJiee BayKHBIE: PEAKTUBHAS CHUJIA JIBUTATEIsI, HEIEHTPAIbHOCTD
[10JIsI TSTOTEHUs ¥ COIPOTUBJICHUE aTMOChEPDI IIJIAHETHI.

5.1 ImiyJjibcHble MaHEeBPHI
KOCMUMYECKUX allllapaToB

JL1st BBITIOJTHEHUS MaHEBPOB Ha OOPTY KOCMUYECKUX all-
napaToB pacuoJaraioT ABUraTeIbHbIC YCTAHOBKY, II03BOJIAIONINC
CO3/IaTh PCAKTUBHYIO CUILY, ACHACTBYIONIYIO B OIIPEICIICHHOM Ha-
npapiennu. [lo BesmvanHe co3maBaeMoil JBUTATEIEM CHJIbI Pa3-
JIMYIAIOT JBUTATEN MaJIOW W OOJILIIION TATH.

K nBuraressim MaJjioil TATM OTHOCATCH JIEKTPOPEAKTUBHbBIE
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asurarenn (DPJI), conmneunsrit u nzoromnuslii mapyc. [lo paboue-
My TEJTy 3JIEKTPOPEAKTUBHBIE JBUTATE/IN PA3JIMIAIOTC HA IL1a3-
MEHHbIE U MOHHBbIE. /IBUrare/m MaJoil TArMM XapaKTepUu3yloTcs
OOJIBIITIM BpEeMEeHEeM PadOThI, HO CO3/IAI0T MaJIble YCKOPEHUs KOC-
MuUIecKoMy armmapary. Brepseie B Mupe DPJI Oblu nctbITanb
Ha COBETCKUX KocMHYecKux Kopabusax "Bocxon-17 n "3oua-2” B
1964 romy.

C oMoIIbIO ABUTATEISI MAJION TATU CKOPOCTD JIBUYKEHHS KOC-
MUYIECKOTO alllapara, HaXosIIerocss Ha KPyroBoit opoure BOII-
3U ILJIAHETHI, MOYKHO YBEJIUYUTD OT II€PBOI KOCMUYECKOM JI0 BTO-
poit. IIpu srom mpomcxomur "packpyrka" ammapara, 3aKIIO-
Jaloascsad B TOM, UTO JIBUKEHHUE OCYIIECTBJISAETCH 110 HEKOTO-
POil MeJIJIEHHO PaCKPYINBAIOIIEHCsT CIIUPAJIHN, B KayK IbIii MOMEHT
BPEMEHU MaJIo OTJIMIAIONIENHCs OT KPYTOBOil OPOUTHI, & CKOPOCTh
ocTaeTcs OJIM3KOH K MeCTHOI KpyroBoii. V1 ToJIbKO 110c/1€ HECKOJTb-
KX COTeH 000POTOB (BUTKOB) BOKDYT ILIAHETHI OPOMTA KOCMU-
YeCKOro allllapaTa CTAHOBUTCS THIIEPOOINYIECKOi, U alapaT 1o-
KUJIAeT ILIaHETY.

Mot murareseit 6osbmoit Taru (2KPJI - KuikocTHBIE peak-
tuBHble jBuraresim win P/ATT - peakTuBHBIE JBUTATEIN TBEP-
JIOrO TOILIMBA) [IPU OCYIIECTBIEHUN MaHEBPOB Ha OpPOUTE BpeMsi
paboThI JIBUTATEIIA ABJISIETCA MaJIOi BEJIMIUHON 110 CPABHEHUIO €
[IePUOIOM OOpAIleHns BOKPYT TJIaHeThl. [[09ToMYy BBOJAT MOHS-
THE UMNYAbCHO20 MAHEBPA, T.€. CINTAIOT, UTO PA3rOH alapara
IIPOUCXOIUT MIHOBEHHO. CKOPOCTDH JIBUKEHUS allllapaTa u3Me-
HsETCsl CKAUKOM Ha HEKOTOPYIO KOHEUHYIO BEJTUIUHY.

YT00bI OIEHUTH BEJIMYUHY CKAYKa CKOPOCTH, PACCMOTPHUM
JIBUZKEHUE PaKeThl B 6eccmioBoM 1oJie. [y 9Toro B ypaBHEeHUT
(1.279) nmosozkum F =0:

m@
dt

—

_dm

=wW—-. (5.1)
dt

Eciu caurars OTHOCUTENBHYIO CKOPOCTH UCTEUYEHUS ~pPado-

gero Tesia’ MocTogHHON W = const, To u3 ypasaenus (5.1) mo-

JIy KM
m

=wln — 5.2

wnmo (5.2)

l

AV =V —

o
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WM TIPU HyJIeBOU HavdaIbHOU ckopoctn Vi = 0

V=@ (5.3)
mo

Ypasuenue (5.3) HazbBAOT Bopmyrot I[uoakosckozo. 1o
YyPaBHEHHE CBA3BIBACT M3MEHEHUe CKOPOCTH € M3MEHEHUEM Mac-
cbl. VIHBIME CJI0BAMI, OHO OLPe/IE/IsieT UMIYILe ckopocTn AV
B 3aBUCHMOCTH OT MACChl BBITOPEBIIEro TOIUIMBa Am 1pu 3a-
JIAHHO} B KaUeCTBE XapaKTEPUCTUKU JIBUTATE/IS OTHOCUTEILHOM
CKOPOCTH MCTeYeHusi Macchl w. HecMmoTpst Ha TpyOBIe mpeno-
noxkernst npu seBoge (F = 0), dopmysa [uonkosckoro naer
JIOCTATOYHO XOPOIIUI PE3yJbTaT B CIydae MaJoro MHTepBaJIa

BpeMeHnun pa6OTbI ABuUratTesid, Korjga OCTaeTCd MaJIbIM HMHTeIrpaJl

t
[ |F|dt. TTosroMy NmpH IPOEKTUPOBAHUE KOCMHYECKUX AlllApa-
to
TOB 3Ta (hOpMyJia MUPOKO UcHojb3yercs. [Ipupaienne ckopo-

ctu, onpejesnsgemoe popmyioit [InoIKoBCKOT0, HA3BIBAIOT Tapak-
MePUCMUYECKot CKOpocmv10. Ita hopMyIIa OIPEIEIICT TAKYIO
BEJIMYUHY CKOPOCTHU, KOTOPYIO IPHOOPE Obl KOCMUYECKHl all-
rnapar Ipu OTCYTCTBHUH MOTEPh OT MHOI'OYHUCJIEHHBIX BO3MYIIa-
0muX (paKTOPOB.

B kadecrBe npumepa MMITYJILCHOIO MaHEBPa KOCMUYECKUX
aIlapaToB PACCMOTPHUM 20MAHOSCKUL TIepesIeT ¢ OJHOU KpPyTo-
BOIl OpOUTHI Ha JPYTYIO, IMpejroJaras, 9To OpOUTHI JIeKAT B
ojiHOM TI0cKocTU. Takoit ManeBp mnpeiokua [oman B 1924 1.
JIJIST OCYIIECTBJIEHUS] MEXKIIAHETHBIX I1€PeJIETOB KOCMUYECKUX
kopabJieit. U iest nepesiera cocTOUT B TOM, 9YTO B HEKOTOPOIl TOY-
K€ HAYaJbHOI KPYTOBOH OPOUTHI C ITOMOIIBIO MI'HOBEHHO OTPa-
OoTaBIIIero JBUTATE s alllapaT MpUoOpeTaeT JOTOJHUTETbHBII
umItysibe ckopoct AV) (MIHOBEHHOE M3MEHEHHE CKOPOCTH) IO
KacaTeJIbHOM K OpOuTe M HEePEeXOUT Ha SJUIMITUIECKYIO OpOu-
Ty C HEPUIEHTPOM, COBIAJIAIONIMM C TOYKON MOJAYU UMILYJIb-
ca ckopocTH. Benmmianna uMmirysibca CKOpoCTH BbIOMPAETCs TaKoil,
4TOOBI B AIlOINEHTpe JINITHYECKas OpOUTa COIpHKacaIach CO
BTOPOIT Kpyropoit opbutoii. B Touke conmpukacanus IOIaeTcs
BTOPOit nMITysibe ckopocTt AV, (BTopoe BKIIIOYEHHE JIBUTATEs )
TaKKe 110 KacaTeIbHO K opouTe. Besmunny BTOporo uMmiryJibca
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CKOPOCTHU BBIOMPAIOT PABHOI PA3HOCTH MEXKJIy MECTHOW KPYTro-
BOIl CKOPOCTBIO U CKOPOCTBIO allllapaTra B alloree 3JUIMITHYCCKONR
opbuThl. B pesynbrare almmapar oKa3blBaeTCs Ha KPyTroBoii Op-
OuTe Ha3HAYEHU.

Ucrnionb3ysa GpopMysbl SJUTMITUYECKOTO JIBUKEHHUS, MOZKHO
OTIPEJIE/INTh BEJIUIUHY CyMMapHOIO UMITyJibca ckopoctn AVs
JJIsl TOMAHOBCKOI'O IIepeJjieTa B BUJIE

AVs = AV) + AV, =

2k 1/ 2 (5.4)
—V B | S
! 1+k - \/; k(1+k) )|

e V; - opburtasibHas CKOPOCTDH allllapaTa Ha HadaJbHON opOu-
Te, & k = rp/r; - OTHOIIEHUE PaJNyCOB KOHEYHON M HAYAILHOI
opouT.

JlokazaTebCTBO ONTUMAJIBHOCTH T'OMAHOBCKOI'O IIE€pEsIeTa,
BOODIIIE TOBOPH, TIPEJICTABIACT COOOI BAPUAIIMOHHYIO 3819y MU-
HUMU3AIIE SHEPTeTUIECKIX 3aTPAT, 3aBUCATIINX OT BEIOOPa Tpa-
eKTOPHH TIepejieTa ¢ OJHOW KPyTroBoil opouTsl Ha apyryfo. O 1Ha-
KO, C yYeTOM IIePBbIX MHTEI'PAJIOB 33/Ia4U JIBYX TeJI, 9TO JJOKA3a-
TEJILCTBO MOYKHO CBECTH K JIOKA3aTe/IbCTBY MUHUMYMa (PYHKIIAN
JIBYX IIEPEMEHHBIX. Y YUThIBas OOJIbIIOE 3HAYEHUE TOMAHOBCKIX
[IepeJIeTOB B aCTPOIMHAMUKE, ITPOBEJIEM JIOKA3ATEHLCTBO UX OTI-
THUMAJIbHOCTH.

[IycTs Ha HaYAJILHON KPYTOBOIT OpOUTE, XapaKTepU3yIoIeii-
cdd MHJIEKCOM [, paJinycoM KPYroBOil OpOUTHI 17 M HAYAJIBLHON
KPYT'OBOI CKOPOCTHIO Vi, BbIOpaHa HEKOTOPas TOYKA C UHJIEKCOM
1, B KOTOPOIi B TPOU3BOILHOM HAIIPABJIEHUN MIHOBEHHO I10/1a€T-
Csl UMITYJIBC CKOPOCTH AV;. Tlocre gero JIBU2KYTIUICS almnapar
npuobpeTaer CKOPOCThb

Vi =V + AV, (5.5)

HAIPABJIEHHYIO IO/ YTJIOM #; K MecTHOMY Topu3oHTy. Momyib
110/IABAEMOI'0 UMITYJIbCa CKOPOCTHU JIOJIZKEH OBITH JIOCTATOTHBIM
JIS JIOCTH2KEHUS OPOUTHI HA3HAYEHUsI - BTOPOIl KPYTrOBOil Op-
ouThl, 0bo3HaATAEMO UHJIEKCOM F' ¢ PaJinycoM Tp U KPYTrOBOit
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OpOUTAJILHON CKOPOCTHIO VF, B HEKOTOPOH TOYKE C WHJIEKCOM
2. CkopocTh anmapara B MOMEHT JIOCTUXKEHUS KPYTroBOil opou-
Thl Ha3HAYEHUs ODO3HAUMM Yepe3 172, a ee HAKJOH K MECTHOMY
rOPU30HTY - depe3 Os.

JLnst Toro, 9TOOBI alapaT ocTajcsd Ha KPyroBoil opouTe Ha-
3HAYCHUSA K HEMY HEOOXOJIMMO INPHUJIOXKUTH UMILYJILC CKOPOCTH
A‘_/;, TaKON ITOOBI BBITIOJIHAIOCH PABEHCTBO

Vo = Vi + AV (5.6)

Mojtytn UMITYJIbCOB CKOPOCTH 110 TeOpeMe KOCHUHYCOB OIIpe-
JIeJIAI0TCs 110 (popMyJsIam

AV, = /VE+VE —2ViVicos b,
AVy = \/VE + V2 — 2Va Vi cos by,

a CyMMapHBIIl UMILYJIbC CKOPOCTHU, OIPEEIAIONINil SHepreTuie-
CKHe 3aTpaThl (XapaKTepUCTUIECKYI0 CKOPOCTH ), HEOOXOIUMYTO
Ha TaKOU IepesieT, TOT/a MOJIydaeTcsa B BUJE

AVs = AV; + AVs. (5.8)

(5.7)

Kak Bugno u3 (5.7) u (5.8) cyMMapHBIi HMILYJILC CKOPOCTH
3aBHCAT OT YETHIPEX HEU3BECTHBIX BEJINUINH

AVg - AVz](‘/l,‘/Q,el,eg). (59)

Ho ¢ momommpio mHTErpasia SHEPTUHN U WHTerpaJIa IO, el
JIJISL TIepeJIeTHOM OpOUTDI

VEi-2=VE-, Virrcosty = Vorpcosfy  (5.10)

YHCJIO HEU3BECTHBIX MOXKHO YMEHBIIUTh Ha JBe eIuHunbl. s
5TOro ¢ moMomipio (5.10) Hy?KHO HCKJIOUATH CKOpocTH Vi u Va
o hopmysiam

5 1 1
a rr e rr cos by

Vi = Va=1——L  (511)

29 1 .
] r7cos 6, T €OS 03
7 COS Oy
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Dopmyisr (5.11) ompeensaoT 3aBUCHMOCTH CKopocTeii Vi u
V5 0T IByX HE3aBUCHMBIX II€DEMEHHBIX Besmaud ¢ u Oy, Ecim
9TH 3aBUCHMOCTH 1ocTaBuThb B (5.7), (5.8), a 3atem u B (5.9) TO
HOJIy9UM 3aBHCHMOCTH CYyMMAPHOI XapaKTePUCTHIECKON CKOPO-
CTH OT IIepEeMEHHBIX #1 1 0

AVs = AVs(6y,605). (5.12)

Yriel 0 u 0y Bxomar B Beipaxkenue it AVs TOJIBKO 101
3HAKOM KOCHHYCA, II03TOMY 1Ipu i dePEeHIINPOBAHNHT 110 STUM
yIJIaM IOSIBJISIETCS. MHOXKUTEJNb sin fy niu sin 0. Heobxoumble
ycsoBus sKeTpemyMa (yHKImH 1Byx nepeMeHubix AV (6, 6;)
TOT/Ia IPUHUMAIOT BT
0AVy, 00 0AVy, 0AVy, 0 0AVy, 0

90, 7 9(costy) 0 00, " 29(cosby)
(5.13)

Bce Bxojigmue cioia IpON3BO/IHbIE JIEIKO BBIMUC/IAIOTCH, Ha-

IpHUMeED:

0AVy, 0AV; OAV,

J(cosfy)  O(cosby) * d(cos 0y)’

AV 0AV,”  0AV: (5.14)
O(coshy)  O(cosby)  O(cosby)’
OAV, WV +Vl—Vzcosﬁl oy ’ (5.15)
O(cos bq) AV, AV, O(cos bq)
oV, 74 2 cos 0,
= 5.16
d(cos by) . rrcosf; \ 2 recos? 6y’ (5.16)
a (rF cos b )
OAV, Vo —Vpcosty OV, (5.17)
O(cost) AV, J(cos )’ '
Vs T oVi  rrcosb;

(5.18)

T )
J(cos b) L cos 6, + d(cos 01) 12 cos by

AHAJIOrMYHO BBIYUCIAIOTC IIPOU3BOJAHLBIE IIO COS 02.
H606XO,HI/IMbIe YCJIOBHUA IKCTPEMYMa BBIIIOJITHAIOTCA IIPU

sinf; = sinfy = 0, (5.19)
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T.€. JIJIsd cJIydas, KOTJla MIHOBEHHBIN UMITYJIbC CKOPOCTH T10/IaeT-
sl IO KacaTeJIbHON K Kpyrosoit opbure (0s = 0 wm 6, = 7, te
s = 1,2), 9TO JIOKA3BIBAET BBIOJHEHNE HEOOXOIMMbIX YCIOBHIA
JIJTs TOMaHOBCKOT'O IT€pEJIETA.

[IpoBepKu BBITIOJHEHUN JOCTATOYHBIX YCJIOBUNH MUHUMYMa
SHEPTEeTUYECKNX 3aTPaT FTOMAHOBCKOI'O IlepesieTa MOXKHO He ITPO-
BOJIUTH, TaK KaK M3 (PU3NIECKUX COOOPAXKEHUI FCHO, 9TO MaK-
CUMyMa 3aTpaT He CylecTByeT (OH - GECKOHEUEH ).

lomanoBCKMiIT MaHEBp SABJISETCH ONTUMAJBHBIM II0 CDaBHE-
HUIO C JIDYTUMHU JIBYXUMITYJIbCHbIMU MaHeBpamu. Ho ecsin pac-
CMATPUBATb TPEXUMIIYJIbCHbIE MaHEBPBI, TO, KaK ITOKa3aJ PyC-
ckuit ucciemoparesib Apu IllTepHdenb, MOXKHO ONpenenTh
6oJ1ee SKOHOMHBIE (B CMBIC/E MEHbBIEro 3HAYEeHHs] XapaKTepH-
CTUYECKOH CKOPOCTH) MAHEBDbI, Ha3bIBAEMbIE TaKyKe OMIJIIUII-
TUIECKUMU.

OJ1HaKO HEIOCPE/ICTBEHHO MCIIOIb30BATH N'OMAHOBCKHIT Ma-
HEBD JI/TsT MEXKILJIAHETHBIX TIePeJIeTOB B 1oJie nputszkenus CosH-
11 HEBO3MOKHO, TaK KaK BOJIM3M KarKJIOH U3 IJIAHET MMeeTCs
0071aCTh, BHYTPH KOTOPO NMPUTAKEHNE KOCMUYIECKOTO amapa-
Ta IUIAHETO OKa3bIBAETCS 3HATUTETHLHO OOJIBIIUM €r0 IPUTIZKe-
uust Costariem. [HoaTomy BBOJIAT TIOHSATHE chepvr deticmeus naa-
HEMBL, BHYTPU KOTOPOH TPAEKTOPUIO JIBUKEHUST KOCMHYIECKOTO
arrrrapara cHadaJia TPUOIMZKEHHO PACCINTHIBAIOT IO (hOpMYyIaM
3aJIa9M BYX TeJl IIJIaHeTa-KOCMHUYEeCKH almapar, a BHe cde-
pbl geiicTBust - 3agadn CoJIHIIEe-KOCMUYIECKUI ammapar (Ho ro-
MaHOBCKOMY 3JLIHICY ). B najbHeiiem mpoBosdT 60jiee TOUHbIe
pacyuerhl C MOMOIIBIO YUC/IEHHOTO UHTErPUPOBAHUS YPaBHEHUI
JIBUKEHUS.

Tak>ke ¢ TTOMOIIBIO YUCIEHHOI'O HHTEIPUPOBAHUS PACCUUTHI-
BAIOT TPAEKTOPUM BBIBEJICHUS alliapara Ha OPOUTY U TPAEKTO-
pun "MSATKOH mocak Ha OOIBINNE TJIaHETHl WJIA WX CIIy THUKU.

5.2 HeI_[eHTpaJIbHOCTb I10JIA TATOTEeHUNA

B nebecnoit MexaHnKe BBUIY OOJIBITNX PACCTOSHUN MeXK-
JIy TEJIAMU CIUTACTCS, ITO TeJIa IPUTATUBAIOTCS KAK TOUKH (1N
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Kak Tea co chepudeckoii CTpPYKTYPOil pacipeeieHns Mace).
B acTtpommnammke KOCMHUYECKHE alllapaTbl MOTYT JJINTETHLHOE
BpeMs HaxO[UThcs BOM3M 1ianeT. [losromy neobxoumo yum-
ThIBaThb HEIECHTPAJIbHOCTD I10JIA TATIOTECHUA I1IJTaHETDI. ,ILJISI 9TOI'O
[IOTEeHIINAJ TITOTEeHUS ILJIaHeThI IIPEJICTABIAI0T B hopMe PasJio-
JKEHUs B P/ IO MAPOBBIM (DYHKIIAAM:

f - n .
v=L0- ;Jn (%) P, (sin )+

o n
n
+ Z (T—O> P (sin ) (Chi cos kX + SppsinkA) |
n=2 k=1 "

(5.20)
rjie M - Macca IJIAHETDL, 7', ©, A - IJIAHETOIEHTPUYECKU Panyc,
IIUPOTA U JIOJIIOTA, Ty - CPEJIHUN SKBATOPUAILHBIN PaUyC IL1a-
nernl, P, - nomunombl Jlexkanjpa, P, - mpucoeinHeHHbie (QyHK-
mnn Jlexannpa, J,, Cpr, Sy - TTOCTOSTHHBIE ITapaMeTpPhl, XapaK-
TEpU3YIOIe IPABUTAIIMOHHOE T10JI€ TIJIAHETHI.

B sToMm pazsoxkenuu UIeHBI, COJEpKAIIUEe OJUHOMBI Jle-
JKaHIPa, HA3bIBAIOTCHA 30HAALHLMU 2apMonukamu. OHE Xapak-
TEPU3YIOT IIOJIAPHOE CKaTHUEC IIJIaHETHI. A YJICHBI, CO/Ep2>Kalllre
npucoemHennble pynkmyn Jlexkan ipa, Ha3bIBAIOTCA MeCCePanb-
HOLMU 2apMOoHuKkamu. OHI XapaKTePU3YIOT IKBATOPUAJIHHOE C2Ka-
THUE TLJTAaHETHI.

[Toste TaroTenust 3emiu orpe/iesgercs 6e3pa3MepPHbIMU KOH-
crautamu Jo = 1,0821073, J3 = —2,57107%, J; = —1,84107°
n.T.7. Bee koabdumuentsr kpome Jo nmetor nopsagox 107% n
MenblIre. [losToMy ocHOBHOI BKJIa/] B BOZMYIIIEHHOE JIBHKCHHE
HNCKYCCTBEHHBIX CITyTHUKOB 3€MJIM BHOCUT BTOPas 30HAJbHAs
rapMoHuKa ¢ kodddurmentom Jo. 3anuceiBas ypapaenus Jlar-
paHKa Jijist OCKYJIUPYIOIIUX 3JIEMEHTOB OPOUTDI CIIy THUKA U BbI-
YUCJIA BEKOBbIE BO3MYIIEHUS TIEPBOrO MOPSIJIKA, It OJIM3KOM K
KpyroBoit opoute Ha BbicoTe 500 KM MOXKHO YCTAHOBHUTDL, YTO Be-
KOBbIe BO3MYIIEHUsI TIEPBOTO TOPSJIKA 38 OJUH 060POT (BUTOK )
CIIyTHUKA, JIjIT OOJIBIION II0JIyOCH, SKCIICHTPUCUTETA U HAKJIO-
HEHUS PaBHBI HYJIIO, & JIJIsI OCTAJIbHBIX 3JIEMEHTOB OTJIMYHBI OT
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HyJId:

5102~ —0,5cosi, Ow=~—0,25(5cos?i— 1),

5. Mo = —0,° 25 (3cos2i — 1). (5-21)

Orcrofia BUJIHO, 9TO [IPU yUIeTe TOJTHKO BEKOBBIX “JIEHOB I€P-
Boro mopsijika opouta MC3 He nu3mensier croeit oOpMbI 1 HAKJIO-
HEHUs K IIJIOCKOCTH 9KBaTopa 3emym. Ho mostoxkerune opOUTHI B
[IPOCTPAHCTBE U3MEHSIETCS BEKOBBIM 00pa30M. A MMEHHO, TLI0C-
KOCTB OpOUTHI 1perieccupyet: pu ¢ < 90° - 310 perpeccus opou-
ThI, ipu ¢ > 90° - mporpeccus, a pu ¢ = 90° WI0CKOCTH OPOUTHI
OCTaeTCsl HEM3MEHHON B IPOCTPAHCTBE.

JIunus arcuy opoOUTHI CITyTHUKA TaKKe BPAIACTC: B I10JI0-
JKUTEJIbHOM HampaBjienuu nmpu ¢ < 63,°5 u npu ¢ > 116,°5, u B
oTpunarejbHoM Harpassenuu mnpu 63,°5 < i < 116,° 5. 3uate-
Hus HakJjioHeHud ¢ = 63,°5 u ¢ = 116,° 5 Ha3bIBaIOT Kpumuye-
ckumu. Jluaus armcuy UC3 npu Takux HaKJIOHEHUSX OCTAETCH
HEM3MEHHOU B HEMOIBU?KHOM ITPOCTPAHCTBE.

Ecyin BbicOTY OPOUTHI CIIyTHUKA yBEJIUIUBATL, TO UUC/IOBBIE
ko3 durrenTsl B dhopmyste (5.21) GymayT yMeHbIIATHCS 1 0Opa-
TATCA B HYyJIb IIPU OECKOHEYHO OOJIBIIOM YBEJIMYEHUH BBICOTHI
opOUTHI HAJI TTOBEPXHOCTHIO 3eMJIU. DTO COIJIACYETCs C M3BECT-
HBIM PE3y/ILTATOM T€OPUU MPUTIKEHNS, COIVIACHO KOTOPOMY BCE
Tesia Ha OYeHb OOJIBINUX PACCTOSHUAX IIPUTATUBAIOT KAK TOYKH.

5.3 Conporusnjienue arMocdephl

HpI/I JABU2KEHUM KOCMHYECKOI'O allllapaTa B aTMoccbepe
IIJIJaHEeThbl Ha HET'O ,HeﬁCTByeT AdpoMHaMMI€eCKasd CUJIa

Q = {Qa&a@ya@z}a (522)

riae (), - a’poJUHaMUYECKOe COIpPOTUBJeHue, (), - MOAbeMHAsd
cuia, (), - bokoBas cuja. Kocmudeckue ammnapaTbl OOBITHO TMe-
IOT TPOU3BOJILHYIO (POPMY, TOITOMY OCHOBHOI BO3MYIIAIOMIEH
CUJION SIBJISIETCSI CHJIA, adPOJAMHAMIYIECKOIO COIIPOTHUBJICHUS AT-
Mocdepsl s Tejia, 0Jm3Koro 1mo opme K cepe. [lasee pac-
CMOTPUM BJINAHHE TOJIBKO 9TON CHJIBI.
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B aspomunamuke cuy COIpPOTHUBJICHUS aTMOChEpbI Ipei-
CTaBJIAIOT B BHUJIE
pV?

Qo= —"5¢.S, (5.23)

e p - IJIOTHOCTH aTMocdepbl, V' - CKOPOCTh JIBUZKEHUST KOCMU-
YeCKOro ammapara, S - XapakTepHasl IIIoIa/ib (MujiesIeBa cede-
HUSI), C;p - KOI(DDUIMEHT aspOAnHAMUIECKOTO COMPOTUBIICHHS.
Buak MuHyc B 1paBoii gacrtu (5.23) o3HaYaer, 4TO CUJIa COIPO-
TUBJIEHUS HAITPABJIEHA B CTOPOHY, IIPOTUBOIOJIOXKHYIO CKOPOCTHU
JIBUDKEHUs alapara. Bo3myinaloriee yecKopeHue, co3/1aBaeMoe
3TON CHUJION, MPEJICTABUMO B BUJE

% = —oq, (5.24)

m

CaS V2
rae 0 = —— - GaJmeTHIecKuii Koadduiment, ¢ = pT - "cKo-
POCTHOI1 I?;Hop”.

MaxkcumaJsibHOe 3HadeHne KO3 OUuImenTa a3poInHaMIIeCKO-
IO COIPOTHUBJIEHUS JIJIsi T€JI HEIPABUILHON (POPMBI B IIJIOTHBIX
citosx aTMocdepbl (Ha BBICOTAX MOJIeTa CAMOJIETOB), IJIe JIJTHHA
cBOOO/THOTO TTpo0era MOJIEKYJI MHOT'O MEHbIIIE PA3MEPOB JIBUKY-
IIETOCs TeJla, COCTABJIAET MPUMEPHO ¢, ~ 1. A B paspe:keHHBIX
ciogx arMocdepbl (Ha BBICOTAX MOJIETOB MCKYCCTBEHHBIX CITyT-
HUKOB ILJIAHET), TJe JJInHa CBODOHOIO MpoGera MOJIEKYJI MHO-
ro 6OJIbIIIe PA3MEPOB CIIYy THUKOB, KOIMDPUITMEHT adPOIUHAMUIIE-
CKOT'O COITPOTHUBJIEHUS JIOCTUTAET 3HAUYEHUN c, = 2 <+ 2.2.

Bayumcruyaecknii koadduimenT o xapakTepusyercs OTHO-
IIEHUEeM ILIOIIA/U IIOIEPEYHOI0 CeYeHusl Teja K ero o0bemy.
st mest, mveronux GoJibiiie pa3Mepbl (TUIA HAYBHBIX OaJi-
JIOHOB) 0 MPUHUMAaeT GOJIBIIIE 3HAUEHNUST, a [ HeOOJIBINX, HO
MAaCCHBHBIX T€JI BEJIUUNHA 0 MaJa.

Hawubosiee HenpuaTHBIM MapaMeTpoM IIPU HPOBEJICHUH PAC-
YeTOB TPACKTOPUIl JIBUKEHUS UCKYCCTBEHHBIX CITYyTHUKOB B aT-
Mocdepe TIaHEeThl SBJFETCH IJI0OTHOCTh aTtmocdepsl. Jlemo B
TOM, YTO 3HAYEHHE IJIOTHOCTU HUCHBITHIBAECT KOJiebaHUs ¢ pas-
HBIMU TIEPUOJIAMU U JIa2Ke Uppery/isipHble u3Menenus. Bce stu
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KOJIeOAHUS CBA3AHbI, B KOHEYHOM CU€Te, C KOPIIYCKYJ/ISIPHON aK-
tuBHOCTBIO Costnna. K rakum kosiebanusiM OTHOCATCS:

- CYTOYHbIE, XapaKTePU3YIOIINEeCs OTHOIIEHUEM MAKCHMAJIb-
HOTO 3HAYEHUs [JIOTHOCTH K MUHUMAIBHOMY kK = pmaz/Pmin B
nuanasone k = 2 + 10,

- Kostebanust ¢ mepuojgoM 27 cyTok (mepuos Bparenus Coth-
Ia BOKPYT cBoeit ocn) - k = 2 + 3,

- TOJIyTO/IOBbIe Kojiebanus - k = 2 =+ 3,

- 11-ieTHUiT UK COJTHEUHOI aKTUBHOCTH - k = 3 -+ 20,

- UpperyJisipHble KoJiebanus (3apaHee He IPeICKa3yeMble COJl-
HEYHbIe BCIBIIIKA) - KOTJa OTHOIIEHNE Kk MaKCHMAJbHO II0T-
HOCTU K MUHHMAJILHON M3MEHSETCS B HECKOJIBKO Pas.

MembIuit unTEpEC 1 U3y YCHUS JIBU2KEHUN HCKYCCTBEHHBIX
CILyTHUKOB TIPEJICTABJIAIOT KOJIeO0aHUs COJTHEIHON aKTUBHOCTH C
oosbmmmu mrepuoiamMu - 110-merunit muks, 1100-j1eTHuil UK
u jip. Ho 0cobyio HENpUATHOCTH MPEJICTABIAIOT UPPEryIapPHbIC
KoJIeOaHus, KOTOPbIE 3apaHee He MPOIHO3UPYIOTCH.

Ecnn ucxonnas opbura 6/iM3Ka K KPyroBoii, TO 10J1 BJIUSHU-
€M COIPOTHUBJIEHUS aTMOCHEPHI TPOUCXOIUT TOCTEIIEHHOE CHU-
JKeHHe BBICOTBI OpOuThI, a (popma opOUThl ocTaeTcs OJIM3KOI K
KpyroBoii. Eciu caurars 6anmuctudeckuii Koapduiment o Mma-
JIBIM TIapaMEeTPOM, TO BEKOBbI€ U3MEHEHHS PaJinyca OpPOUTHI U
CKOPOCTHU JIBUXKEHUsA CIIyTHUKA Ha HEOOJILIIIOM MHTEPBaJe Bpe-
MEHU MOYKHO IPEJICTABUTL (hOpMYyIaMu

§r = —2mogpr?, oV = mogp/ur, (5.25)

IJie [t - TPABUTAIIMOHHBII apaMeTp ILUIAHEThI, § - YCKOPEHUe CH-
761 TsizKecTH. VI3 (5.25) Bumo, 9o npu TOPMOYKEHUH B aTMOoche-
pe CIIyTHUK Pa3rOHSETCs. DTOT MapaIoKC JIETKO OObICHAETCS C
ITOMOIIBIO 3aKOHA COXPAHEHUsT SHEPTUN.

Eciin najee paccMOTpeTh UCXOIHYIO CUJIBLHO BBITSHYTYIO (C
GOJIBIIIIM SKCIIEHTPUCHTETOM ) OPOUTY, MOYKHO 3aMETUTh, ITO OC-
HOBHOI 5 )eKT TOPMOKEHHSI ITPOUCXOIUT B OKPECTHOCTH IIe-
pulleHTpa OpOUTHI, TAK KaK B OKPECTHOCTHU €€ aIlOIeHTPa ILJI0T-
HOCTH aTMochephl 3HAYUTEILHO MeHbIIe. [Iporecc TopMmorkeHms
3/1eCh MHOIJIA CPABHUBAIOT C "YUPKaHUEM , KOTJIa BCE TOPMO-
JKeHMe IPOUCXOJIUT BOJIU3U IEPUIIEHTPA, a Ha OCTAJbHON da-
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cT OPOUTHI MMPAKTUYIECKU BOOOIIE OTCYTCTBYET. Takoii mporecc
IIPUBOJIAT K PE3KOMY CHUXKEHUIO BBICOTHI allONEHTPa IIPH IIPaK-
THYIECKOM COXPAHEHWH BBICOTHI IeputieHTpa. C yMeHbIIeHHeM
IKCIECHTPpUCUTETa pa3/indnue B TOPMO2KCHUU B6,HI/I31/I IIepuneHTpa
n allolIeHTpPa YMeHbH_IaeTCH, HO BCerjga CuJibHee YMGHBLHaeTCH
BBICOTa aronenTpa. 1loaromy MOXKHO 3aK/IIOYUTH, YTO TOPMO-
JKeHne B arMocdepe CTPEMUTCS SJUTHITHIECKYI0 OPOUTY 1Ipeod-
pa3oBaTh B KPYTOBYIO, IIPOJIOJIXKAs ITOCIEIYIONEe CHUKEHUE €€
BBICOTHL.

HOCTeHeHHOG CHU>KEHNE BBICOTHI Op6I/ITbI CHYTHI/IKa IIPOI0JI-
JKAETCs JI0 BXOJIA B IUIOTHBIE cyton arMocdepsl (1st 3emiin 510
150200 &m). [Tocste 917010 MporCxXOUT JOCTATOTHO PE3KOE CHIU-
JKeHne, KOTOPOoe IPU OTCYTCTBUU YIIPABIEHUS TUM IIPOIECCOM
[IPUBOJIUT K PE3KOMY YBEJIUIEHHUIO TeMIIEPATypPbl Ha ITOBEPXHO-
CTn CHyTHI/IKa n ero CropaHuio.

Bpemst or MoOMeHTa BBIBOJIA KOCMIUYECKOIO aIiapara Ha Op-
OUTy 70 BXOJIa B IJIOTHBIE CJIOM aTMOC(EPHI HA3BIBAIOT GpeMe-
HeM CYWECMBOBAHUA WA BPEMEHEM HCU3HU CIIyTHUKA. B 3aBu-
CUMOCTH OT HaYaJbHBIX YCJIOBUI U MCXOJIHBIX ITapaMeTPOB Bpe-
Mgl CYIIECTBOBAHUS MOXKET U3MEHSATHCsI OT HECKOJIBKUX MECsIIeB
1 MeHee JO0 HEeCKOJIBKHUX JIeT U JazKe JeCATKOB JIEeT.
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KOHTPOJIBHBIE BOIIPOCHI
I10 KYPCY

1. ¥YpaBHeHus adCOJIOTHOTO JIBUZKEHUSI B 00IIeil 3a/1a1e Tpex
tes1. O0Imee ompeeaeHne mepBoro NHTerpaJia, 00IIero NHTerpa-
Jla, obIiero perieHus. BbIBoj MHTErpaJjioB JIBHKEHHS IEHTPA
Macc.

2. BoeiBoj, ypaBuenuit ornocurebHoro jasuzkenus. Oupese-
Jienue o0IIero periennsi adCOIIOTHOTO JIBUKEHUS 110 U3BECTHOMY
00IIIeMy PEIIeHUI0 OTHOCUTETHLHOTO JIBUZKEHUS.

3. BeiBoj1 ypaBHenuit 6apuiieHTpuIecKoro JIBUKEHNUs U yPaB-
HEHUIl JBUKEHUS B I10JI€ HEIOJIBUKHOIO IEHTPA.

4. BwiBoy mHTerpaJsa Iviomna/ieil B OTHOCUTE/IHLHOM JIBUKE-
Huu. Y paBHEHUE TIJIOCKOCTU OPOUTHI.

5. BuiBoi nnTerpasia SHEprun B OTHOCUTEILHOM JIBUYKEHUH.
[ToBepxHOCTDH HYJIEBOIT CKOPOCTH.

6. Beisos maTerpasia Jlammaca.

7. BeiBos IBYX 3aBHCHMOCTEN M€Ky TEPBBIMU MHTErpaJia-
M.

8. Unrerpas, cojepzKaluil siBHO BpeMs B OTHOCHTEIbHBIX
[PSAMOYTOJILHBIX U OPOUTAIBHBIX MOJISPHBIX KOOP/IMHATAX.

9. Obmuit nHTErpaJl ypaBHEHN OTHOCUTETHHOTO JIBUKEHUSI.

10. BoiBos ypaBHeHnusi OpOUTHI B OTHOCUTEJIbHBIX U OPOU-
TaJIbHBIX KOOD/IMHATAX.

11. Ilepexoj1 OT OTHOCUTEILHON K OPOUTAILHON cucTemMe KO-
OPJIMHAT.

12. KeriepoBckue 3jieMeHTBI OPOUTHI, UX CBA3b C MOCTOSH-
HBIMU UHTEPUPOBAHUS.

13. [lomydenne oOriero pernieHus B OTHOCUTEJIBHON CHUCTEME
KOODJIMHAT JIByMs CIIOCOOAMMU.

14. NnrerpupoBanue 3aJla49u JBYX TeJ C IOMOIIBIO ypaBHE-
nus bune.

15. O6muit uaTerpas ypapHenuit abcoJIIOTHOIO JIBUYKEHUS.
CBsI3b MOCTOSTHHBIX WHTErPUPOBAHUSA A0OCOJIOTHOIO W OTHOCH-
TEJIbHOT'O JABU2KEHUIA.

16. Onpejiesienne Trira HEBO3MYIIIEHHOT'O JIBUKEHUSI 110 KeTLIe-
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POBCKHM 3jieMeHTaM OPOUTHI, TI0 IIOCTOAHHBIM UHTETPUPOBAHUS,
110 HAYAJIbHBIM YCJIOBUSIM.

17. Oupenenenne 3KCIEHTPUIECKONR aHOMAINN. BBIBOI 3aBH-
CUMOCTHU MEXKJ1y IKCICHTPUYCCKON M MCTUHHOU aHOMaJIneH.

18. Buisoy ypaBuenus Kemiepa. Meros urepamuit s ero
pereHusi.

19. Ilepuon obpalnenns mo JmMITHYecKoil opbure. Omupeae-
JIEHUE MacC TJIaHeT, 0018 Ial0NUX CIIy THUKAMU.

20. AyropuT™ BBIYHC/IEHHS KOODJIMHAT W CKOPOCTEH B 3JI-
JINTITUYECKOM JIBUZKEHUN.

21. BeiBog anajiora ypasuenus Keruiepa Jijisi runepooJimde-
CKOT'O JIBUZKEHUSI.

22. AnroputMm ompejiesieHusT KOOPJIUHAT U CKOPOCTEH B T'U-
11epOOTMIECKOM JIBUKEHUN.

23. BoeiBoj1 ypaBuenusi bapkepa.

24. AnropurMm ompejiesieHIsT KOODJIMHAT W CKOPOCTeH B Tia-
paboJIMIeCKOM JIBUZKEHUH.

25. Beraucjienue HeBO3MYIIEHHBIX 3(eMepu/T JIJIs MaJIbIX TeJT
CoTHETHOI CHCTEeMBI.

26. Pazyioxkenus B psjibl Pypbe KOOpPJMHAT U CKOPOCTEN B
JUINIITAYECKOM JIBUZKEHUU.

27. PazjioykeHus KOOPJAUHAT U CKOPOCTEH B JLUIMITUIECKOM
JIBI2KEHUU B PsiJIbI 110 CTeleHsiM 3KcreHTpucurera. Ipenen Jla-
IIaca.

28. PazjioykeHns KOOPJAMHAT U CKOPOCTEN B 3JUIMITUYECKOM
JIBUKEHUN B PsIbl IO crereHsiM Bpemenu. OOImee mpecrasie-
HUE O PEryJsdpu3alii pelieHnii 1 ypaBHEHUH HEBO3MYIIIEHHOTO
JIBUZKEHUS.

29. 3ajiaga JABYX TeJI ¢ IIepeMEeHHbIMI MaccaMu. BoiBoji ypas-
nenus Merepckoro. Y pasaenns ['nibjiena-Merepckoro u ypas-
neausi Mermmepckoro-Jlesu-Husurel. KoHcepBaTupHast 3a/1a4a
JIByX Te€JI C IIePEMEHHBIMU MaCCaMU, BBIBOJI TIEPBBIX HHTErPAJIOB
JIJIST OTHOCUTEJIBHOTO JIBUZKEHUS B 3TOU 3a/1a4e.

30. 3ajaya MHOTMX Tesl. YpaBHEHUs] AOCOJIOTHOIO JIBUKE-
nud. /lecaTh Kinaccuieckux nHTerpasioB. PopMyimpoBKa Teopem
O HECYIIECTBOBAHUY JIPYTUX UHTEI'PAJIOB.

31. BoiBoy ypaBuenus Jlarpamxka-Akobu, ero npuiozKeHus.
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32. YpaBHEHUSA OTHOCUTEILHOIO JIBUZKEHUS B 3a/1a9€ MHOTUX
test. [leprypbanuonnast dpyuknus. YpaBHeHus OapuileHTPHUYE-
CKOTI'O JIBUKEHWSI, YPABHEHUS B KOODJIMHATAX fIKOOU.

33. Ompeestenne OCKyIUPYIOMUX 31eMeHTOB. OCHOBHAS OlTe-
parus Jiid BeIBOJIA D PepEeHITuaAIbHBIX YPABHEHUN B OCKYJ/IU-
PYIOIIUX 3JIeMEHTaX.

34. BeiBog ypasuenmit Hbrorona-itepa s GoKaILHOTO
rapameTpa, JOJITOTHl BOCXOJIAIIEr0 y3/1a U HaK/JTOHEHUS.

35. BeiBoji, ypasuenuit Hoiorona-ditnepa /i 9KCIEHTPUCH-
TeTa, apryMeHTa IEPUIEHTPa W CpeJIHell aHOMaJud B SIOXY.
OcobennocTn B IpaBbIX YacTsx ypaBHeHuit HoroTona-iiiepa.

36. MeTo/1 Bapuaryy pou3BOJIbHBIX TOCTOSHHBIX JIJIsT KAHO-
HUYIECKUX YPABHEHWI JIBUKEHUsT 3a/1a9M JBYX TeJ. DJIEMEHTHI
fkobu. BeiBoj1 siIBHO#T 3aBUCHMOCTH 9JIEMEHTOB KOO 1 KerLjie-
POBCKHX 3JIEMEHTOB C IOMOIIBIO PEIIeHus ypaBHeHus [aMuiib-
TOHa- YIKOOM MeTOJIOM pa3jie/ieHus IIePEeMEeHHbIX.

37. BeiBot ypasuenuii Jlarpanzka Ji71s1 OCKyIUPYIOMINAX KeTlle-
POBCKHX 3JIEMEHTOB, HCIOJIb3Ysl KAHOHMYECKUE yPABHEHUS T
9JIeMEHTOB I K0oOu.

38. AmanmuTudeckasi CTPYKTypa PeIleHusl ypaBHEHUI JIJIst
OCKYJIUPYIOIINUX 3JIEMEHTOB € yYETOM 3aBUCHUMOCTH ITPABBIX Ya-
cTeil ypaBHEHUI OT MaJIoro mapameTpa. Popma paIoB s Ipejl-
CTaBJIEHUS IIPABBIX YacTell ypaBHeHuii jpuzkenus. [lopsiiok Bo3-
MYIIIEHUIT, BEKOBbIE U TEPUOIMIECKIE BO3MYIIEHUS.

39. Teopema Jlamaca o BOBMYIIEHUSAX TIEPBOIO MOPsAIKA B
OOJIBITOI TTOJTYOCH.

40. Teopema Jlamraca 06 ycroitauoctu CostHETIHON cucTe-
MBI.

41. Orpanndennas Kpyrosas 3ajada Tpex Teji. BeiBoj ypas-
HEHUil JIBUKEHUS U uHTerpasia fkobdu.

42. Toukn ubpanuy B OrpaHUYeHHON KPYTOBOI 3a/1a4ue Tpex
TeJl.

43. IloBepxHOCTH HYJIEBOIl CKOPOCTU. YCTONYUBOCTD 110 XHUJI-
JIy.

44. OrpanuveHHas dJUIHITAYECKAs 33/a9a TpexX Tejl. BriBojg
ypaBHeHuii jiBuzkeHus. Toukn jmbparun.

45. Tomorpaduueckue YacTHbIE perieHus o0Ieil 3a/1a4u Tpex
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TeJI.

46. Ilosepxuoctu 3yHamana B o0IIeil 3a/1a4e Tpex TeJl.

47. Ksazuunrerpasn fkobu B orpaHuyueHHOl S/ ITUITHIECKON
3aJ1aMe Tpex Tejl. 3aKOH coXpaHenns sHeprun. [lopepxHocT Mu-
HUMAaJIbHOI 3HEPIuu.

48. ['omaHoBCKHE TIEpeIeThl KOCMIYECKUX amnapaToB. Mex-
[LJIAHETHBIE TIE€PEJIeThI.

49. Biiusinue HENEeHTPAJIbHOCTU MOJId TATOTEHH 3eMJIU Ha
nrkernss 1C3.

50. Biustame conporusiennst armocdepsl Ha npukenne MC3.
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