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�®§­¨ª îé¨¥ ¥áâ¥áâ¢¥­­ë¬ ®¡à §®¬ ¯à¨  ­ «¨§¥ æ¥­âà «ì­®-á¨¨¬¥âà¨ç­®© ®¤-

­®ç áâ¨ç­®© § ¤ ç¨ áä¥à¨ç¥áª¨¥ £ à¬®­¨ª¨ Ylm ¬®¦­® ®¯à¥¤¥«¨âì ª ª á®¡áâ¢¥­­ë¥

¢¥ªâ®àë ®¯¥à â®à  l̂3
l̂3Ylm = mYlm;

ã¤®¢«¥â¢®àïîé¨¥ á®®â­®è¥­¨ï¬

l̂�Ylm =
p
(l �m)(l �m+ 1)Yl;m�1:

�á«¨ l̂� à¥ «¨§ãîâáï ª ª ¤¨ää¥à¥­æ¨ «ì­ë¥ ®¯¥à â®àë, â® Ylm áâ ­®¢ïâáï äã­ª-

æ¨ï¬¨ áä¥à¨ç¥áª¨å ã£«®¢, ª®â®àë¥ ¬®¦­® â®«ª®¢ âì ª ª ®¯¥à â®àë ã¬­®¦¥­¨ï,  

¯à¨¢¥¤¥­­ë¥ ¢ëè¥ à ¢¥­áâ¢  ¬®¦­® ¯à¥¤áâ ¢¨âì ª ª ¯¥à¥áâ ­®¢®ç­ë¥ á®®â­®è¥­¨ï

[l̂3; Ylm] = mYlm;

[l̂�; Ylm] =
p
(l �m)(l �m+ 1)Yl;m�1:

�â®¬ã ®¡à §æã á«¥¤ã¥â ®¯à¥¤¥«¥­¨¥ ­¥¯à¨¢®¤¨¬ëå â¥­§®à®¢.

�¥¯à¨¢®¤¨¬ë© â¥­§®à à ­£  j{ íâ® á®¢®ªã¯­®áâì 2j + 1 ®¯¥à â®à®¢

T̂jm; �j � m � j;

ã¤®¢«¥â¢®àïîé¨å ¯¥à¥áâ ­®¢®ç­ë¬ á®®â­®è¥­¨ï¬

[ĵ3; T̂jm] = mT̂jm;

[ĵ�; T̂jm] =
p
(j �m)(j �m+ 1)T̂j;m�1:

�§ íâ®£® ®¯à¥¤¥«¥­¨ï ­¥¬¥¤«¥­­® ¯®«ãç îâáï ®¡é¨¥ ¢ëà ¦¥­¨ï ¬ âà¨ç­ëå í«¥¬¥­-

â®¢ ­¥¯à¨¢®¤¨¬ëå â¥­§®à®¢ ¢ ¡ §¨á¥ j
; j;m >, á®áâ®ïé¥¬ ¨§ á®¡áâ¢¥­­ëå ¢¥ªâ®à®¢

®¯¥à â®à®¢ ~J2 ¨ Ĵ3 ¨ ¤àã£¨å ®¯¥à â®à®¢ �̂, ¤®¯®«­ïîé¨å ¯¥à¢ë¥ ¤® ¯®«­®© á¨áâ¥¬ë

­ ¡«î¤ ¥¬ëå.

1) < 
1; j1;m1jT̂jmj
2; j2;m2 > 6= 0; ¥á«¨ m1 6= m+m2;

2) < 
1; j1;m1jT̂jmj
2; j2;m2 > = < 
1; j1jTj j
2; j2 >< j2m2jmjj2jj1m1 >;

£¤¥ < j2m2jmjj2jj1m1 > { ª®íää¨æ¨¥­âë �«¥¡è -�®à¤®­  { áª «ïà­ë¥ ¯à®¨§¢¥¤¥-

­¨ï, à¥ «¨§ãîé¨¥ à §«®¦¥­¨¥ á®¡áâ¢¥­­ëå ¢¥ªâ®à®¢ ®¯¥à â®à®¢ J1
2, J2

2, J2, J3 ¯®

á®¡áâ¢¥­­ë¬ ¢¥ªâ®à ¬ ®¯¥à â®à®¢ J1
2, J13, J2

2, J23:

jj1j2jm > =
X
m1m2

jj1m1j2m2 >< j1m1j2m2jj1j2jm > :
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�â¨ á®®â­®è¥­¨ï ¯®«­®áâìî ®¯à¥¤¥«ïîâ § ¢¨á¨¬®áâì ¬ âà¨ç­ëå í«¥¬¥­â®¢ ­¥¯à¨-

¢®¤¨¬ëå â¥­§®à®¢ T̂jm ¢ ¡ §¨á¥ j
; j;m > ®â  §¨¬ãâ «ì­ëå ª¢ ­â®¢ëå ç¨á¥« m ¯à¨

«î¡ëå ç¨á« å j; j1; j2. �å ¬®¦­® ¯¥à¥äà §¨à®¢ âì â ª, çâ®¡ë ­¥ ¨á¯®«ì§®¢ âì ª®-

íää¨æ¨¥­âë �«¥¡è {�®à¤®­  ï¢­®. Ǳà¥¤¯®«®¦¨¬, çâ® áãé¥áâ¢ã¥â â ª®© ­¥¯à¨¢®¤¨-

¬ë© â¥­§®à Q̂jm, ¬ âà¨ç­ë¥ í«¥¬¥­âë ª®â®à®£®< 
1; j1;m1jQ̂jmj
2; j2;m2 > ­¥ à ¢­ë

â®¦¤¥áâ¢¥­­® ­ã«î. � íâ®¬ á«ãç ¥ á¯à ¢¥¤«¨¢  ä®à¬ã« 

< 
1; j1;m1jT̂jmj
2; j2;m2 > = C(
1; 
2; j1; j2) < 
1; j1;m1jQ̂jmj
2; j2;m2 > :

�ë¤¥«¥­¨¥ ­¥¯à¨¢®¤¨¬ëå â¥­§®à®¢ ¢ ®á®¡ë© ª« áá ¢¥«¨ç¨­ ¤®«¦­® ã¯à®áâ¨âì  ­ «¨§

áâàãªâãàë ª¢ ­â®¢ëå ä®à¬ã«. Ǳà¨¢¥¤¥¬ ­¥áª®«ìª® ¯à¨¬¥à®¢ ­¥¯à¨¢®¤¨¬ëå â¥­§®-

à®¢.

�¥¯à¨¢®¤¨¬ë© â¥­§®à ­ã«¥¢®£® à ­£  | íâ® ®¯¥à â®à T̂ , ª®¬¬ãâ¨àãîé¨©

á® ¢á¥¬¨ ®¯¥à â®à ¬¨ ¬®¬¥­â  ª®«¨ç¥áâ¢  ¤¢¨¦¥­¨ï Ĵ�:

[Ĵ�; T̂ ] = 0;

�â® | ®¯¥à â®à áª «ïà­®© ¢¥«¨ç¨­ë ¢ ­ è¥¬ áâ à®¬ ®¯à¥¤¥«¥­¨¨. � âà¨ç­ë¥ í«¥-

¬¥­âë áª «ïà  ¨¬¥îâ ®á®¡¥­­® ¯à®áâãî áâàãªâãàã:

< 
1; j1;m1jT̂ j
2; j2;m2 > = Æj1j2Æm1m2 < 
1; j1jT j
2; j1 >

�¥ª àâ®¢ë á®áâ ¢«ïîé¨¥ ¢¥ªâ®à  A� ã¤®¢«¥â¢®àïîâ ¯¥à¥áâ ­®¢®ç­ë¬ á®®â­®è¥­¨-

ï¬

[J�; A�] = i���
A
 :

�§ ­¨å ­¥âàã¤­® ¯®«ãç¨âì á®áâ ¢«ïîé¨¥ ­¥¯à¨¢®¤¨¬®£® â¥­§®à  ¯¥à¢®£® à ­£ .

�¥©áâ¢¨â¥«ì­®, ­¥âàã¤­® ¯à®¢¥à¨âì, çâ® âà¨ ¢¥«¨ç¨­ë

T̂1;�1 = b(Â1 � iÂ2); T̂1;0 = dÂ3; T̂1;1 = c(Â1 + iÂ2)

ã¤®¢«¥â¢®àïîâ ¯¥à¥áâ ­®¢®ç­ë¬ á®®â­®è¥­¨ï¬

[J3; T̂1m] = mT̂1m:

�å ¬®¦­® áç¨â âì á®áâ ¢«ïîé¨¬¨ ­¥¯à¨¢®¤¨¬®£® â¥­§®à  ¯¥à¢®£® à ­£  ¢ â®¬ á«ã-

ç ¥, ¥á«¨ ¢ë¯®«­¥­ë á®®â­®è¥­¨ï

[Ĵ+; T̂1;0] = �d(Â1 + iÂ2) = �d

c
T̂1;1 =

p
(1 � 0)(1 + 0 + 1)T̂1;1;

[Ĵ+; T̂1;�1] = �2ibÂ3 = �d

c
T̂1;0 =

p
(1 + 1)(1� 1 + 1)T̂1;0:

�â¨ à ¢¥­áâ¢  ¯®§¢®«ïîâ á¢¥áâ¨ ª®íää¨æ¨¥­âë b ¨ c ª d:

T̂1;�1 =
dp
2
(Â1 � iÂ2); T̂1;0 = dÂ3; T̂1;1 = � dp

2c
(Â1 + iÂ2):
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�®íää¨æ¨¥­â d ã¤®¡­® ¢ë¡à âì â ª¨¬, çâ®¡ë ä §ë â¥­§®à®¢ T̂1m á®¢¯ «¨ á ä § ¬¨

áä¥à¨ç¥áª¨å £ à¬®­¨ª Y1m. � ­¥¥ áä¥à¨ç¥áª¨¥ £ à¬®­¨ª¨ ¡ë«¨ ®¯à¥¤¥«¥­ëä®à¬ã«®©

Ylm(~n) = (�1)
m+jmj

2 il

s
2l + 1

4�

(l � jmj)!
(l + jmj)!P

ĵmj
l (cos�)eim�;

¯®íâ®¬ã ¥áâ¥áâ¢¥­­® ¢ë¡à âì ®¯à¥¤¥«¥­¨¥

T̂1;�1 =
ip
2
(Â1 � iÂ2); T̂1;0 = iÂ3; T̂1;1 = � ip

2c
(Â1 + iÂ2):

�¥ª àâ®¢ â¥­§®à ¢â®à®£® à ­£  T�� ã¤®¢«¥â¢®àï¥â ¯¥à¥áâ ­®¢®ç­ë¬ á®®â­®è¥­¨ï¬

[J�; T̂�
 ] = i����T�
 + i��
�T�
:

�§¢¥áâ­®, çâ® ¤¥ª àâ®¢ â¥­§®à ¢â®à®£® à ­£  ¬®¦­® ¨­¢ à¨ ­â­® ®â­®á¨â¥«ì­® ¯®-

¢®à®â®¢ à §¡¨âì ­  á¨¬¬¥âà¨ç­ãî ¨  ­â¨á¨¬¬¥âà¨ç­ãî ç áâ¨:

A�� =
1

2
(A�� +A��) +

1

2
(A�� �A��):

�­â¨á¨¬¬¥âà¨ç­ ï ç áâì á¢®¤¨âáï ª ¢¥ªâ®àã, â.¥. ¯à¥¤áâ ¢«ï¥â á®¡®© ­¥¯à¨¢®¤¨¬ë©

â¥­§®à ¯¥à¢®£® à ­£ .

�¨¬¬¥âà¨ç­ë© â¥­§®à ¢â®à®£® à ­£  ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ä®à¬¥

A�� =
1

3
Æ��TrA +

�
A�� �

1

3
Æ��TrA

�
:

Ǳ®áª®«ìªã á«¥¤ â¥­§®à  ­¥ ¨§¬¥­ï¥âáï ¯à¨ ¯®¢®à®â å, â® ¯¥à¢®¥ á« £ ¥¬®¥ ¯à¥¤áâ -

¢«ï¥â á®¡®© áª «ïà,   ¢â®à®¥ { á¨¬¬¥âà¨ç­ë© â¥­§®à ¢â®à®£® ¯®àï¤ª  á ­ã«¥¢ë¬

á«¥¤®¬ { ®¯à¥¤¥«ï¥âáï ¯ïâìî ¯ à ¬¥âà ¬¨. �§ ¥£® á®áâ ¢«ïîé¨å ¬®¦­® ¯®áâà®¨âì

­¥¯à¨¢®¤¨¬ë© â¥­§®à ¢â®à®£® ¯®àï¤ª . �¥âàã¤­® ­ ©â¨ ï¢­ë¥ ä®à¬ã«ë, ¯¥-

à¥¢®¤ïé¨¥ ¤¥ª àâ®¢ á¨¬¬¥âà¨ç­ë© â¥­§®à ¢â®à®£® ¯®àï¤ª  T�� á ­ã«¥¢ë¬ á«¥¤®¬ ¢

â¥­§®à T̂2;m:

T2;0 = �
r
3

2
T33; T2;�1 = �(T13 � iT23); T2;�2 = �1

2
(T11 � T22 � 2iT12):

T�� = T��;
X
�

T�� = 0:

�â¨ á®®â­®è¥­¨ï ®á®¡¥­­® ã¤®¡­ë, ¥á«¨ â¥­§®à Q̂jm ¯®áâà®¥­ ¨§ á®áâ ¢«ïîé¨å

®¯¥à â®à  ¬®¬¥­â  ª®«¨ç¥áâ¢  ¤¢¨¦¥­¨ï. Ǳà¥¦¤¥ ç¥¬ ¯à¨¢¥áâ¨ ï¢­ë¥ ä®à¬ã«ë, § -

¬¥â¨¬, çâ® ®­¨ á¯à ¢¥¤«¨¢ë «¨èì ¯à¨ j1 = j2, â ª ª ª ¢ ¯à®â¨¢­®¬ á«ãç ¥ ¯à ¢ ï

ç áâì à ¢¥­áâ¢  â®¦¤¥áâ¢¥­­® à ¢­  ­ã«î (¢ á¨«ã ¯¥à¥áâ ­®¢®ç­ëå á®®â­®è¥­¨©

[ ~J2; J�] = 0).
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1) �¥¯à¨¢®¤¨¬ë© â¥­§®à ­ã«¥¢®£® à ­£  T̂ ã¤®¢«¥â¢®àï¥â ¯¥à¥áâ ­®¢®ç­ë¬ á®®â-

­®è¥­¨ï¬

[Ĵ�; T̂ ] = 0;

çâ® á®¢¯ ¤ ¥â á ¯à¨­ïâë¬ à ­¥¥ ®¯à¥¤¥«¥­¨¥¬ áª «ïà .

� ª ç¥áâ¢¥ â¥­§®à  Q̂jm ¬®¦­® ¢§ïâì ¥¤¨­¨ç­ë© ®¯¥à â®à Ê, ¯®íâ®¬ã

< 
1; j;m1jT̂ j
2; j;m2 > = C(
1; 
2; j) < j;m1jÊjj;m2 > = C(
1; 
2; j)Æm1m2
:

�ëà ¦ ï ­¥¯à¨¢®¤¨¬ë¥ â¥­§®àë ¢ â¥à¬¨­ å ¤¥ª àâ®¢ëå á®áâ ¢«ïîé¨å â¥­§®à®¢,

¬ë ¯®ª § «¨, çâ® ¢¥«¨ç¨­ë T̂jm ¤¥©áâ¢¨â¥«ì­® áãé¥áâ¢ãîâ.

�¤­ ª®, ¯à¨ ä®à¬ã«¨à®¢ª¥ ¯à ªâ¨ç¥áª¨ «î¡®© ä¨§¨ç¥áª®© § ¤ ç¨ ®¡ëç­® ¨á-

¯®«ì§ãîâáï ¤¥ª àâ®¢ë â¥­§®àë | ¢¥«¨ç¨­ë T̂��:::, ¯à¥®¡à §ãîé¨¥áï ¯à¨ ¯®¢®à®-

â å ª ª ¯àï¬ë¥ ¯à®¨§¢¥¤¥­¨ï ¢¥ªâ®à®¢ u�
v�: : :. �â®¡ë  ­ «®£¨ç­ë¥ ä®à¬ã«ë ¤«ï

¤¥ª àâ®¢ëå â¥­§®à®¢, ­¥®¡å®¤¨¬® ¢ëà §¨âì íâ¨ ¢¥«¨ç¨­ë ¢ â¥à¬¨­ å ­¥¯à¨¢®¤¨¬ëå

â¥­§®à®¢ T̂jm. Ǳà¨¢¥¤¥¬ ­¥ª®â®àë¥ ï¢­ë¥ ä®à¬ã«ë.

�ª «ïà Ŝ | íâ® ­¥¯à¨¢®¤¨¬ë© â¥­§®à ­ã«¥¢®£® à ­£ :

Ŝ = T̂00:

�¥ª àâ®¢ë á®áâ ¢«ïîé¨¥ ¢¥ªâ®à  ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ä®à¬¥

V̂1 = � ip
2
T̂1;�1 +

ip
2
T̂1;1;

V̂2 =
1p
2
T̂1;�1 +

1p
2
T̂1;1;

V̂3 = �iT̂1;0:

� ª®­¥æ, ¤«ï ¤¥ª à®¢®£® ­¥¯à¨¢®¤¨¬®£® â¥­§®à  ¢â®à®£® ¯®àï¤ª ,

D�� = D��; T rD̂ = 0;

á¯à ¢¥¤«¨¢ë á®®â­®è¥­¨ï

D̂11 =
1p
2
(T̂2;�1 � T̂2;1 + +

r
2

3
T̂2;0);

D̂12 =
i

2
(T̂2;2 � T̂2;�2); D̂13 =

1

2
(T̂2;2 � T̂2;�2);

D̂22 =
1

2
(T̂2;1 � T̂2;1); D̂23 =

i

2
(T̂2;1 + T̂2;�1); D̂33 = �

r
2

3
T̂2;0:

� ®¡é¥¬ á«ãç ¥ ­¥¯à¨¢®¤¨¬ë© ¤¥ª àâ®¢ â¥­§®à à ­£  j ¯à¥¤áâ ¢¨âì

4



ª ª

T̂
(j)

��
::: =
X
m

N
(j)

��
:::T̂jm:

Ǳ®íâ®¬ã á¯à ¢¥¤«¨¢ë ä®à¬ã«ë ¢¨¤ 

< 
1; j1;m1jT̂ (j)

��
:::j
2; j1;m2 > =

X
m

N
(j)

��
::: < 
1; j1;m1jT̂jmj
2; j1;m2 > =

C(
1; 
2; j1; j)
X
m

N
(j)

��
::: < 
1; j1;m1jQ̂jmj
2; j1;m2 > =

C(
1; 
2; j1; j) < 
1; j1;m1jQ̂j

��
:::j
2; j1;m2 >

£¤¥ Q̂
(j)

��
::: ¯à®¨§¢®«ì­ë© ­¥¯à¨¢®¤¨¬ë© ¤¥ª àâ®¢ â¥­§®à. �ã¦­® â®«ìª®, çâ®¡ë ¥£®

¬ âà¨ç­ë¥ í«¥¬¥­âë ­¥ ¡ë«¨ â®¦¤¥áâ¢¥­­® à ¢­ë ­ã«î.

������� �������� ��Ǳ��������� ��������

�®®â­®è¥­¨ï ¯à¥¤ë¤ãé¥£® à §¤¥«  ®á®¡¥­­® ã¤®¡­ë, ¥á«¨ â¥­§®à Q̂
(j)

��
::: ¯®áâà®-

¥­ ¨§ á®áâ ¢«ïîé¨å ®¯¥à â®à  ¬®¬¥­â  ª®«¨ç¥áâ¢  ¤¢¨¦¥­¨ï. Ǳà¥¦¤¥ ç¥¬ ¯à¨¢¥áâ¨

ï¢­ë¥ ä®à¬ã«ë, á«¥¤ã¥â ¯®¤ç¥àª­ãâì, çâ® ®­¨ á¯à ¢¥¤«¨¢ë «¨èì ¯à¨ j1 = j2, â ª

ª ª ¢ ¯à®â¨¢­®¬ á«ãç ¥ ¯à ¢ ï ç áâì à ¢¥­áâ¢  â®¦¤¥áâ¢¥­­® à ¢­  ­ã«î (¢ á¨«ã

¯¥à¥áâ ­®¢®ç­ëå á®®â­®è¥­¨© [ ~J2; J�] = 0).

� á«ãç ¥ â¥­§®à  ­ã«¥¢®£® à ­£  ¢ ª ç¥áâ¢¥ â¥­§®à  Q̂ ¬®¦­® ¢§ïâì ¥¤¨­¨ç­ë©

®¯¥à â®à Ê. � à¥§ã«ìâ â¥ ¯®«ãç îâáï â ª ­ §ë¢ ¥¬ë¥ ¯à ¢¨«  ®â¡®à  ¤«ï ¬ âà¨ç-

­ëå í«¥¬¥­â®¢ áª «ïà .

< 
1; j;m1jŜj
2; j;m2 > = Æm1m2 < 
1; jjSj
2; j > :

� âà¨ç­ë© í«¥¬¥­â áª «ïà  ¤¨ £®­ «¥­ ¯® ¨­¤¥ªá ¬ m ¨ ­¥ § ¢¨á¨â ®â

­¨å.

� á«ãç ¥ ¢¥ªâ®à  ®¯¥à â®àë Q̂� ¬®¦­® § ¬¥­¨âì ®¯¥à â®à ¬¨ ¬®¬¥­â  ª®«¨ç¥-

áâ¢  ¤¢¨¦¥­¨ï Ĵ�:

< 
1; j;m1jV̂�j
2; j;m2 > = C(
1; 
2; j) < j;m1jĴ�jj;m2 > :

�¨§¨ç¥áª¨© á¬ëá« íâ®© ä®à¬ã«ë ¬®¦­® (­¥ á®¢á¥¬ â®ç­®) ¢ëà §¨âì ãâ¢¥à¦¤¥­¨¥¬:

áà¥¤­¥¥ §­ ç¥­¨¥ ¢¥ªâ®à  ­ ¯à ¢«¥­® ¢¤®«ì ¬®¬¥­â  ª®«¨ç¥áâ¢  ¤¢¨¦¥­¨ï.

�¥âàã¤­® ãâ®ç­¨âì áâàãªâãàã ª®íää¨æ¨¥­â  C. �®á¯®«ì§ã¥¬áï â¥¬, çâ® áª «ïà­®¥

¯à®¨§¢¥¤¥­¨¥ ¢¥ªâ®à®¢ | íâ® áª «ïà. Ǳ®íâ®¬ã

< 
1; j;m1j~V ~J j
2; j;m2 > = Æm1m2 < 
1; j;mj ~J ~V j
2; j;m > :
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� ¤àã£®© áâ®à®­ë, íâã ¦¥ ¢¥«¨ç¨­ã ¬®¦­® ¯à¥¤áâ ¢¨âì áã¬¬®©

< 
1; j;m1j~V ~Jj
2; j;m2 > =
X


;j
0
;m

0

< 
1; j;m1j~V j
; j
0

;m
0

>< m
0

; j
0

; 
j ~Jj
2; j;m2 > :

Ǳ®áª®«ìªã

< m
0

; j
0

; 
j ~Jj
2; j;m2 > : = Æ

2Æj0 j ; < m
0

; jj ~Jjj;m2 >;

â® áã¬¬¨à®¢ ­¨¥ ¯® ¨­¤¥ªá ¬ 
 ¨ j
0

á­¨¬ ¥âáï ¨

< 
1; j;m1j~V ~Jj
2; j;m2 > =
X
m

0

< 
1; j;m1j~V j
2; j;m
0

>< m
0

; jj ~Jjj;2> :

� ¯®á«¥¤­¥© áã¬¬¥ ¬ âà¨ç­ë¥ í«¥¬¥­âë ¢¥ªâ®à  ¬®¦­® ¯à¥¤áâ ¢¨âì ä®à¬ã«®©

< 
1; j;m1j~V j
2; j;m
0

> = C(
1; 
2; j) < j;m1j ~Jjj;m
0

> :

Ǳ®á«¥ íâ®£® áã¬¬  «¥£ª® ¢ëç¨á«ï¥âáï, çâ® ¯à¨¢®¤¨â ª à¥§ã«ìâ âã

< 
1; j;m1j~V ~J j
2; j;m2 > = C(
1; 
2; j) < j;m1j ~J2jj;m2 > =

C(
1; 
2; j)j(j + 1)Æm1m2
:

�á«¨ j ­¥ à ¢­® ­ã«î, â® ¬®¦­® ­ ©â¨ ç¨á«® C. � ª¨¬ ®¡à §®¬

< 
1; j;m1jV̂�j
2; j;m2 > =

(
<
1;j;mj~V ~J j
2;j;m>

j(j+1)
< j;m1jĴ�jj;m2 >; j 6= 0

0; j = 0

� á«ãç ¥ ­¥¯à¨¢®¤¨¬®£® â¥­§®à  ¢â®à®£® ¯®àï¤ª  á®®â¢¥âáâ¢ãîé¨© â¥­§®à Q̂��

¬®¦­® ¢§ïâì ¢ ä®à¬¥

Q̂�� = Ĵ�Ĵ� + Ĵ�Ĵ� � 2

3
Æ�� ~J

2

Ǳ®áâ®ï­­ãî ¢ à ¢¥­áâ¢¥

< 
1; j;m1jT̂��j
2; j;m2 > = C(
1; 
2; j) < j;m1jQ̂��jj;m2 >

¬®¦­® ®¯à¥¤¥«¨âì, ¢ëç¨á«ïï ¬ âà¨ç­ë© í«¥¬¥­â

< 
1; j;m1jĴ�T̂��Ĵ�j
2; j;m2 >;

¯à®¯®àæ¨®­ «ì­ë© Æm1m2
. � §« £ ï, ª ª ¢ ¯à¥¤ë¤ãé¥¬ á«ãç ¥, ¯à®¨§¢¥¤¥­¨¥ ®¯¥à -

â®à®¢ ¯® ¡ §¨áã j
; j;m > ¨ á®¯®áâ ¢«ïï íâ® ¢ëà ¦¥­¨¥ á ¬ âà¨ç­ë¬ í«¥¬¥­â®¬

< j;m1jJ�Q̂��J�jm2; j > = Æ��
1

3
j(j + 1)(2j + 3)(2j � 1);

¯®«ãç¨¬

< 
1; j;m1jT̂��j
2; j;m2 > =
3

j(j + 1)(2j + 3)(2j � 1)
< j;m1jQ̂��jj;m2 > :

6


